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Abstract

We introduce an decision-theoretic characterization of a model (originating in Di-
asakos [10]) of endogenous bounded rationality due to the presence of costs in foreseeing
the structure of a dynamic decision problem. The decision maker is not required to
know the entire structure of the problem when making choices. She can think ahead,
through costly search, to reveal more of its details. However, the costs of search are
not assumed exogenously; they are inferred from revealed preferences through choices.
Thus, bounded rationality and its extent emerge endogenously: as problems become
simpler or as the benefits of deeper search become larger relative to its costs, the
choices more closely resemble those of a rational agent. For a fixed decision problem,
the costs of search will vary across agents. For a given decision maker, they will vary
across problems. The model explains, therefore, why the disparity, between observed
choices and those prescribed under rationality, varies across agents and problems. It
also suggests, under reasonable assumptions, an identifying prediction: a relation be-
tween the benefits of deeper search and the depth of the search. In decision problems
with structure that allows the optimal foresight of search to be revealed from choices
of plans of action, the relation can be tested on any agent-problem pair, rendering the
model falsifiable. Moreover, the relation can be estimated allowing the model to make
predictions with respect to how, in a given problem, changes in the terminal payoffs

affect the depth of search and, consequently, choices.
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1 Introduction

Most economic models assume rational decision-making. This requires, at a minimum, that
the agent understands the entire decision problem, including all possible plans of action and
the terminal consequences of each, and chooses optimally according to well-defined prefer-
ences over final outcomes. For all but the simplest problems, however, being able to make
choices in this way amounts to having access to extraordinary cognitive and computational
abilities and resources. It is not surprising, therefore, that the predictions of a variety of mod-
els of rational decision-making are systematically violated across a spectrum of experimental
and actual decision makers.! Theories of bounded rationality attempt to address these dis-
crepancies by accounting for agents with limited abilities to formulate and solve complex
problems or to process information, as first advocated by Simon [27] in his pioneering work.
Bounded rationality in economics has been widely incorporated but in models that take
the cognitive, computational, or information-processing limitations as fixed and exogenous.?
Yet, a striking feature of bounded rationality in practice is that its nature and extent vary
across both decision makers and problems. More importantly, the variation can depend sys-
tematically on the decision problem itself. This suggests that it is the interaction between
the limited abilities of the agent and the precise structure of the problem that determines the
extent of bounded rationality and, hence, the resulting choices. That is, our understanding of
boundedly-rational decision-making remains incomplete until we can relate the heterogene-
ity in decision-making abilities to the heterogeneity in decision problems. Ultimately, the
nature and extent of bounded rationality should themselves be determined within the model,
explaining (i) why a given agent departs from rational decision-making in some problems
but not in others, and (ii) why, in a given decision problem, different agents exhibit differ-
ent degrees of bounded rationality. Ideally, the variation should be connected to observable
features, yielding concrete implications which could, in principle, be tested empirically.
Diasakos [10] takes a step towards these desiderata for finite, sequential decision problems
with a model of endogenous bounded rationality. The decision maker is not required to
know the entire structure of the problem when making choices but can think ahead, through

search that may be costly, to reveal more of its details. The novelty of the approach lies in

!The extant literature on violations of rational decision-making is vast. For a representative (yet, by no
means comprehensive) review, see Benartzi and Thaler [5], Carbone and Hey [7], Charness and Rabin [8],
Forsythe et al. [11], Henrich et al. [13], Hey [14], Hey and Lee [15], Kahneman and Tversky [16]; Loewenstein
and Elster [18], and Thaler [31], [32].

2To give but a few examples, bounded rationality models have been introduced in game theory (Abreu
and Rubinstein [1], Piccione and Rubinstein [22], Osborne and Rubinstein [20], Rosenthal [23], Camerer et
al. [6]), bargaining (Sabourian [24]), auctions (Crawford and Iriberri [9]), macroeconomics (Sargent [25]),
and contracting (Anderlini and Felli [4], Lee and Sabourian [17]).



constructing a theoretical framework for the complexity costs of search to be inferred from
revealed preferences through observed choices. Specifically, it considers decision-making
under limited foresight, a restriction on the forward depth of search in the decision-tree that
depicts the extensive form of the problem at hand. For a given depth, the horizon of search
is given by the collection of the chains of information sets whose length does not exceed the
depth. For a given finite sequential problem, the decision-tree defines a finite sequence of
nested search horizons.

To abstract from discrepancies with rational decision-making due to sources unrelated to
costly search (errors in choice, misperceptions of payoffs, behavioral or psychological biases in
preferences or information-processing, complete misunderstanding of the problem, etc.), the
agent is taken to perceive correctly the utility payoffs of the terminal nodes within her horizon
of search and to be unrestricted in her ability to optimize across them. Beyond her search
horizon, however, the structure of the continuation problem or the possible terminal payoffs
from different plans of action may not be known exactly. Diasakos assumed that her expected
continuation payoff, from following an available plan of action within the horizon, is given
by a weighting-average of the corresponding best and worst terminal payoffs. This paper
provides an axiomatization of his representation via a framework which views the agent’s
limited knowledge regarding the terminal contingencies of a current action as ambiguity.
The agent assigns a set of lotteries over the terminal outcomes that may realize beyond the
current search horizon from each plan of action available within the horizon. Her expected
continuation payoff, from following an available plan of action within the horizon, is of the
a-MEU form where the weight o between the worst and best lottery depends on the foresight
of the agent’s search.

The resulting choice behavior under limited foresight amounts to a two-stage optimiza-
tion (Theorem 1). The agent chooses first the optimal plans of action for each value of
foresight that can be defined on the decision-tree; then, she chooses the optimal level of
foresight. In general, this choice process will lead to quite different choices than those pre-
scribed by rational decision-making (unlimited foresight) if the cognitive, computational, or
information-processing limitations that necessitate search also constrain its horizon to one
of inadequate foresight. It does embed rational decision-making, however, as a special case
(Theorem 2) and, thus, can be used not only to depict boundedly-rational choices but also
to compare them to rational ones.

Such comparisons are based on features of the representation. They translate readily,
therefore, to welfare comparisons with respect to some underlying utility representation

of preferences over terminal outcomes in the decision-tree under consideration. Welfare



comparisons between observed choices and those of rational decision-making correspond in
turn to the implied complexity costs of bounded rationality; they are given by the welfare loss
relative to rational decision-making. This allows the extent of bounded rationality to emerge
endogenously. As problems become simpler or as the benefits of deeper search become larger
relative to its costs, the choices more closely resemble those of a rational decision maker. In
fact, for a given agent, if the decision problem is sufficiently simple or the benefits of search
outweigh its costs, her choices become indistinguishable from rational ones. For a given
problem, the costs will vary across agents, explaining why the disparity between observed
and rational choices differs across decision makers.

As Diasakos points out, this approach establishes, for any decision maker-problem pair, a
monotone relation between the perceived benefits of deeper search and the depth of search.
More precisely, in decision problems with structure that allows the optimal foresight of search
to be revealed from choices of plans of action, our representation determines lower (upper)
bounds for the percentage change in the perceived continuation payoff when the foresight
of search is extended from the current optimal, say n*, to n* + 1 (from n* — 1 to n*).
These bounds imply that changes in the terminal utility payoffs, which increase (decrease)
sufficiently the percentage change in the maximal perceived continuation payoff, induce the
agent to lengthen (shorten) her foresight of search and, thus, possibly change her choice of
plan of action (Section 3.3).

The monotonicity relation, between the perceived benefits of deeper search and the depth
of search, offers a powerful test that renders the model falsifiable. Moreover, the bounds of
the percentage changes in the agent’s perceived continuation payoff, with respect to a one-
step extension in her foresight of search, are identifiable. By varying the marginal benefit
of further search along the given decision tree, the bounds can be sharpened until they
become binding and, thus, turn into estimates for the percentage changes in the perceived
continuation payoffs. Under our representation, the estimation of these bounds corresponds
directly to calibrating the model’s implied search cost function. That is, it allows the model
to make predictions with respect to how, in the given problem (or in others similar in
complexity), changes in the terminal payoffs affect the depth of search and, consequently,
choices.

Perhaps the most appealing feature of our approach to modeling bounded rationality is
perhaps its versatility. Three different applications in Diasakos [10] show that it is consistent
with violations of timing-independence in temporal framing problems, with dynamic incon-
sistency and diversification bias in sequential versus simultaneous choice problems, and with

plausible but contrasting risk attitudes across small- and large-stakes gambles. The cases



under study correspond to three well-known decision-making paradoxes which are seemingly
unrelated and obtain for obviously different reasons. Accordingly, a variety of explanations
have been suggested in the literature based on case-specific models and arguments. Yet, the
endogenously-implied complexity costs approach provides a common framework for depicting
the underlying limitations that force choices to depart from those prescribed by rationality.
In each case, paradoxical behavior results when the costs of search are large relative to
its perceived benefits, preventing a boundedly-rational agent from considering the decision

problem in its entirety.

2 Limited Foresight

Unlike the vast majority of the extant literature on decision-making under ambiguity, this pa-
per investigates dynamic rather than static decision-problems. We employ a decision-making
under ambiguity approach to analyze boundedly-rational decision-making in problems de-
picted by finite decision-trees. Such trees correspond to a finite set S of underlying states of
the world (states of nature) and a finite set X of terminal consequences (terminal outcomes)
whose typical elements will be denoted by s and z, respectively. Adopting the framework of
Anscombe and Aumann [3], we assume that the decision maker (DM) has preferences over
compound lotteries. A lottery is a device for deciding which prize the DM will receive on
the basis of a single observation that records which one of a set of mutually-exclusive and
collectively-exhaustive uncertain events took place. A “roulette lottery” (prize) is one in
which each of these uncertain events is associated with a known chance (physical probabil-
ity), an element of the probability simplex A (X) = {p € ]R'f‘ Y pex Pr = 1}. In a “horse

Y

lottery,” on the other hand, logical probabilities (probabilities proper) are assigned to at
least some of the uncertain events - the corresponding chances for such events are not known
or cannot even be assigned at all. A compound lottery is a lottery whose prizes are other
lotteries - it may be compounded from roulette lotteries only or from roulette lotteries and
horse lotteries.

Under unbounded rationality (perfect foresight), the DM is called upon to choose amongst
standard Anscombe-Aumann acts. These are crisp mappings S — A (X) assigning to a state
s € S a probability distribution over X as the terminal consequence. In contrast, under
bounded rationality (limited foresight), the DM’s choice-set of acts depends fundamentally
on the foresight and structure of the search process itself (on how and to what extend the
decision-tree has been truncated by search). Our search process truncates the decision-tree

into horizons, a horizon of foresight n consisting of all chains of information sets with length



at most n. Obviously, in a given finite decision-tree n € N, = {1,..., N} for some N < oo.
As demonstrated by the example below, a search horizon of foresight n defines (i) a partition
Th(n) of the underlying state space S, and (ii) a collection Apny of Th(n)-measurable acts, the
set of choices actually available to the DM.

Under our search process, the gradual resolution of uncertainty regarding Nature’s “moves”
along a decision-tree amounts to revealing successive refinements of partitions of S. Let
T = {Ek};_1, k<5 Pe such a partition. In the spirit of Ghirardato [12] and Mukerjie [19],
we will capture the boundedly-rational DM’s current ambiguity regarding the terminal con-
sequences of her future actions and Nature’s future moves by having her envision a set of
terminal outcomes Xj, € 2%\ @ as possible consequences following from the event Ej. In our
setting, the extent of the DM’s search in a given decision problem dictates the corresponding
truncation of the decision-tree and the partition 7. It defines also the set of acts the DM
can choose from. These are m-measurable mappings f : S — 2% \ @ that associate to each
s € Ej the corresponding collection X}, of the terminal outcomes the agent believes possible

under the act in the event Ej.

a.l

r.l

n=1 n=2 n=3 n=4
Figure 1: The foresight of search induces a sequence of sets of acts and a filtration
To illustrate, consider the problem in Figure 1 where decision and chance nodes are shown

by squares and circles, respectively. The terminal nodes (the elements of X') are indexed by

Zi=1,.7. The elements of S, indexed by s;—; g, are given by the corresponding complete



“plans of moves” by Nature. Specifically, the state space in this example is
S = {Si}»?:l = {didads, didyus, diuads, dyugus, uydads, uydausz, uyusds, urugus}

At her initial node a.1, the agent must choose a plan of action for some specification of
probability distributions over the possible “moves” by Nature at each chance node. Under
unbounded rationality, this specification is known with certainty at every chance node along
the tree while perfect foresight corresponds to the finest partition of the state space m = S.
That is, the DM is called upon to choose amongst a set of S-measurable crisp acts. In
fact, every act in the choice-set of a perfectly-foresighted DM maps each s € S to an
element of X, a degenerate probability distribution in A (X). Consider, for instance, the
plan of action that dictates choosing the upper branch at every decision node along the
tree. This plan is depicted by the act fi,i,, € A(X)” with fi, (51) = fius (52) = 22,
Julats (83) = fulsls (84) = 3, fliys (85) = fulss (87) = w5, and fj,1,1, (56) = flilals (88) = 7.
Let also the specification of Nature “moves” along the tree render, for instance, each of the
branches stemming from each of the chance nodes {ck}izl equiprobable. This is depicted
by the uniform probability measure p = (%,szl’m,g) € A(S). In this case, the agent’s
plan of action described above offers the prize (O,xl; }l,xg; ;11,%3; 0, z4; }l,x5; 0, zg; i,m). If
the agent’s preferences over A (X) admit a von Neumann-Morgenstern representation with
Bernoulli utility index v on X, the expected utility payoff of this prize is the utility value of
the corresponding act: U (fi1,15) = D _.cgPs® (g (5)).

Under limited foresight, our search process truncates the tree of Figure 1 into horizons
of foresight n € N 1 = {1,2,3,4} with n = 4 depicting perfect foresight. In the figure, the
increasing sequence of nested horizons {a.1 (n)}._, is depicted by the subtrees starting at a.1
and extending to the corresponding vertical dashed boundaries. In particular, the horizon
of foresight n = 1 starting at a.1 is given by the collection a.1(1) = {a.1,c.1}; similarly,
a.1(2) = a.1(1) U {c.2,a.1}, a.1(3) = a.1(2) U {c.3}, and a.1(4) = a.1(3) U {a.3}. Each

horizon a.1(n) defines also the partition m,1¢,) of the state space S and the set Ag1(n) of



Ta.1(n)-measurable acts that the DM may choose from, as follows.

Aciy = {fu, fr}

A1) = {fuies friras fritas frirs}

Asi3) = Aar)

Aai@y = {fuistss Firtarss friratss frirarss fritotss fritarss frirstss frirars b

7Ta.1(1) - {{51752753784}7{85786787788}}
Ta1(2) — {{51782} 7{83754} 7{35756}7{87758}}
Tal(3) = Tai(d) =9

When her foresight of search is n, we will assume that the agent knows with certainty
her utility payoffs at but only at the terminal consequences that immediately succeed nodes
within the horizon h(n). Regarding continuation consequences that do not immediately
succeed from h (n), the DM is faced with ambiguity; she can only assign a set of possible
continuation outcomes to a current event. When her foresight of search is n = 1 (Figure
2), the agent knows precisely her payoff at the terminal node zy; she is certain about the
consequence of her act f,, in any state s € S. Yet, this is not the case with respect to her
other act f;, whose set of possible terminal outcomes is X; = {x9, 23} and Xy = {4, ..., 27},
respectively, in the event £y = {s1,...,s4} and Ey = {s5,...,ss} of ma101). From her a.1(1)
perspective, this act is a correspondence: f;, (s) = X for s € Fy and f, (s) = X5 for s € Es.
Notice also that the specification for Nature’s “moves” p € A (S) given previously defines

now a probability measure on m,1(1), p1 = (%, Ey; %, EQ).

Figure 2: Partition and Acts for n=1



A horizon of longer foresight, such as a.1(2), gives the agent more precise information
about some of the consequences of her choices. When n = 2 (Figure 3), she knows the
consequences of the acts f.,, frr, and f;,., under any state in S. These acts map S
into degenerate distributions in A (X). Specifically, f ., (s) = fr, (s) = z1 Vs € S while
Jirs (81) = fiir (82) = T2, fiirs (83) = fiirs (84) = @3, and fi,,, (s;) = x4 for j € {5,...,8}.
The act fj,;,, on the other hand, maps into a degenerate distribution in A (X') only under
the events o = {s1,52} and Ea = {s3,54} of m,1(2). In the events Fay3 = {s5,56} and
Esy = {s7,ss}, its images are non-singleton subsets of X. We have f;,;, (s1) = fi1, (s2) =
To, fui, (83) = fu, (84) = x3 but fiyy, (s) = {xs5, 26,27} Vs € Fag U Eyy. Moreover, the
(conditional on 741(2)) specification for Nature’s “moves” given by p above becomes now
b2 = (i, Ea; i, FEaa; zlu Ess; 711, E24)-

Figure 3: Partition and Acts for n=2

When n = 3 (Figure 4), the partition is 7,3 = S and the assumed specification for
Nature’s “moves” becomes now fully-revealed as p. The acts f,1,, frr, and f;,, remain
unchanged between A, 1(2) and A, 13) as they were already crisp in the former set. The
act fi,;, becomes now measurable with respect to the new partition m,(3). It is given
by fui, (51) = fui, (s2) = a2, fui, (83) = fui, (84) = @3, fui, (s5) = fu, (s7) = x5, and
fuis (S6) = fii, (ss) = {xs, x7}. Finally, foresight n = 4 suffices to cover the entire decision-
tree. Hence, each act f € A, 1(4) is a standard Anscombe-Aumann act: f (s) is a degenerate
element of A (X) Vs € S.

As illustrated by our example, the acts on a search-truncated finite decision-tree associate
each s € S to a subset of the set of terminal outcomes X - i.e., to a collection of degenerate

probability distributions in A (X). Nevertheless, purely for technical reasons in obtaining



Figure 4: Partition and Acts for n=3

a representation, we will take the DM as having well-defined preferences over more general
acts. These are mappings from S to subsets of A (X) - i.e. to collections of not necessarily
degenerate probability distributions on X. More precisely, we consider a collection X of non-
empty subsets of A (X), containing A (X) itself and all singletons in A (X)), with typical
element Z. 3 Given a partition 7 = {Ek}k:L‘..’KQS‘, an act is a m-measurable mapping
S +— X associating the partition with a horse-lottery correspondence [Z1, ..., Zk]; f (s) = Zy
Vs € By with Z;, C A (X)\@ being a set of roulette-lotteries on the set of all possible terminal
outcomes X.

At any node of a given decision-tree, the set of choices actually available to the DM will
be some subset of the space of our acts X°. As we have already seen, under unbounded
rationality (perfect foresight), the set of choices contains only crisp acts f € A (X )S C x”.
Under bounded rationality (limited foresight), the choice-set is given by the structure and
extent of the DM’s search: a search horizon h (n) defines (i) the partition 7, of the state
space S, and (ii) the collection Apmy C X S of the Th(n)-measurable acts the DM may choose
from.

To conclude the presentation of how the collections of acts from X and the partitions
of S evolve with the foresight of our search-process, we point out some properties that will
be of use in the sequel. They are obvious in the preceding example and trivial to check in

general.

Remark 1 Let > denote the refinement relation for partitions. For n € N, \ {N}, we have

3As usual, an algebra is a class of subsets which is closed with respect to complements and finite unions.
For any set Z, 2% denotes the algebra generated by all of its subsets. For concreteness, the algebra A in the
text can be thought of as the set 2%, though nothing to follow depends on such an assumption.



(a) Thint1) = Ty where They = {S} and mpwmy = S. That is, > is complete on 11 =
{Wh(n)}fj:o and I1 is a filtration.

(b) The following are equivalent.

— Th(n+1) = Th(n)
— h(n+1)\h(n) contains at least one chance node. That is, some of the uncertainty

regarding Nature’s “moves” is resolved as the foresight extends from n ton + 1.

(c) The following are equivalent.

— Annt1) 7 Anm)
— h(n+1)\ h(n) contains at least one decision-node. That is, the DM is called

upon to act at some node as the foresight extends from n ton + 1.

In obtaining a representation for the DM’s preferences over her available acts when her
horizon of search is h (1), , two collections of acts will be of such use that they deserve

particular notation. The first is that of constant acts. Consider the set
Xh(n) = A(X) U {Z - A(X) dE € Th(n) and f € Ah(n) s.t. f(E) = Z}

consists of A (X) and those of its subsets that are images of some act in Apg,). When
the foresight of search is n, the set of constant acts consists of all the constant mappings
S+ Xy(n). Formally,

Fhim) = {fe X;Lg(n) (f(s)=f(s) Vs, s’ € S}

The other set of acts that is of interest selects from the set of crisp acts A (X )S those that

are 7p,(n)-measurable. The collection of 7y, -measurable crisp acts will be denoted by Ffl’("n).
Remark 2 For all n,n' € Nj,*

(@) Fitny € Nursn Fhinry- In words, a crisp act that is measurable with respect to a given
partition is also measurable with respect to any refinement. An immediate corollary is
that Fipyy C ... Fipy C o C Fir.

4Henceforth, we will abuse notation slightly, using the terminal outcome x € X to denote the degenerate
lottery 1, an element of A (X), but also the constant crisp act S — {z}, a member of A (X)°. To
abuse notation slightly more, we will let z € A(X) and Z € Aj,(,) denote (apart from their standard
interpretation), respectively, the constant acts S — {z} and S — {Z}. The former abbreviated notation is
used, for instance, in the second part of Remark 2(b). The distinction between lowercase z (necessarily a
singleton) and uppercase Z (possibly containing more than one element) should be kept in mind.

10



(6) Fim N Fily = {f e AX)S: f(s)=f(s) Vs, 8 € 5} = A(X)

(c) The global set of constant acts UneNh]:ﬁ(n) is measurable with respect to ().

3 Decision-making under Limited Foresight

As Anscombe and Aumann did (and is standard practise in obtaining representation theo-
rems), we will assume that the DM has a rational preference relation over pairs of acts, some
of which might be counterfactual to her current decision-making situation (or not in her real
choice set). To be precise, we will require that, given the search horizon h (n), she can in

principle rank any two acts in the collection
Fhm) = Fisny Y Figm) U An(m)

Apart from the acts in Ay, which are defined by her current decision-making situation and
form her available choice-set, F,) includes also all the 7y, -measurable crisp acts as well
as all the constant acts S — Aj,). The DM has, thus, a preference relation sy on Fin)
(with ~p(,y and >p@,) denoting, as usual, its symmetric and asymmetric component).

We will endow Zj,(,,) with some properties that are by now standard in the decision-theory
literature, albeit appropriately adopted to our setting.

A. 1 Weak Order: The relation Zpe) satisfies
(i) Completeness: Vf, g € Fumy f Zhin) 9 07 9 Thin) f
(ii) Transitivity: Yf,g,h € Frm)y f Zrem) 9 and g ZTamy b = f ZTaw) b

A. 2 Crisp Independence: Y f, h,r € ,?("n) and Ya € (0,1)
f=mmh & af+(1—a)r =pm ah+(1—-a)r

A. 3 Eatended-Archimedean Property: Vf, h € .7-"57("”) and Vg € ]-"g(n)
[ =hm) 9 =nemy h = 3o, € (0,1) s.t. af + (1 —a)h =pey g =nem) BF + (1 —B) R

A. 4 Crisp Monotonicity: Vf,g € Fii,y [ (S) Znw) 9(s) Vs €S = [ Zam) 9

A. 5 Non-triviality: 3z’ 2" € X s.t. 2" =pp) 2"

11



By a trivial application of the argument in Schmeidler [29], the axioms A.1-A.5 are
necessary and sufficient for the existence of an affine function uy@, : A (X) — R, unique up
to a positive linear transformation, and a unique finitely-additive probability measure pj )
on the sigma-algebra induced by the partition 7, such that the function U, hin) - .7-",57("”) — R
defined by

Untny (f) = Z Prin) (B) unm) (f (E))

Eeﬂ'h(n)

represents () on the set F,‘iz’n).g‘
To extend the representation to the set JFj ) \ fﬁ?n) of non-crisp 7, (,)-measurable acts,
we will proceed in two steps. First, we will extend it to the set ]-",f(n) of constant acts. To

this end, we assume that the relation ) satisfies also
A. 6 Boundedness: VZ € X,y 32,2" € A(X): 2 Zawm) Z Zhin) 2"

Under boundeness, there exists a unique function oy, : Xpm) — [0, 1] (see Lemma 4 in the
Appendix) such that the function U,‘i(n)  F iy Y f,f(n) — R defined by

K

Usiny (F) = phey (Ex) (ah(m (f (Bx)) inf upey (2) + [1 = ane) (f (Br))] sup g (Z)>

=1 2€f(Bx) 2€f(Ey)

represents the preference relation 2Zp,) on the set f,ffn) U F,f(n).

Consider now a general (not necessarily constant) non-crisp act f € Fj(,) and let the
partition m,(,) be given by {Ek}k:17.._7K§|S|. Since f is 7y, -measurable, it must be of the
form f(s) = Z, Vs € Ej, for some sets of lotteries Z; € Xj(,) and for all k. By the
monotonicity assumption (A.4), it is without loss of generality to consider instead the act
fr= Zszl 1, Zi where 1g, is the indicator function of the event Ej and Zj is the constant

act that maps every state in S to the set of lotteries Z. By repeated applications of (A.4),

5Since the set of terminal outcomes X is finite here, the set of probability distributions over X with
finite supports is the entire simplex A (X). Since, moreover, our state space S is finite, taking Xy, to
be the sigma-algebra induced by the partition 7,(,), Schmeidler’s set Lo of all Xj(,)-measurable finite-
valued functions S — A (X) corresponds to our set ]-',f’(“n) of all 7j,(,)-measurable crisp acts. That is, in
the text, we are referring to Schmeidler’s statement of the Ancsombe-Aumann theorem (pp. 578). The
independence and continuity axioms in Schmeidler’s exposition correspond here to crisp independence and
extended-Archimedean, respectively. We have monotonicity instead of strict monotonicity but, for crisp
acts on a finite state space, a monotone weak order is equivalent to a strictly monotone weak order (see
Schmeidler’s observation, pp.576).

12



moreover, it is straightforward to establish inductively the following indifference.

[ ~hm)
P onm { hny (Z1) infyez, Unen) (2) —i;{ [1 — Qp(n) (Zl)] SUP,c 7, Un(n) (2) | if s € E4
> k2 1B, 2 ifse S\ E;
‘ anm) (Z21) inf ez, unm (2) + [1 — QUh(n) (Zl)] SUP.c 7, Un(n) () if s e E,
~h(n) hny (Z2) Inf ez, wngny (2) + [1 — gy (Z2)] SUPLez, tnm) (2) if s € B,
: Cies Lo if s € S\ (E1U Ey)
‘ nm) (Z1)inf ez, upm (2) + [1 — Qip(n) (Zl)} SUP,cz, Unn) (2) if s € B
"~ h(n) .
| anm) (Zk) inf.cz, Ungm) (2) + [1 — Qp(n) (ZK)] SUP,cyz, Ungm) (2) if s € By

Since the last act on the right-hand side is crisp, the representation U. ,f’("n) applies valuing this
act (and, thus, also f) according to Y, Py (Ew) Uk, (Zi). To complete the argument,
it should be noted that the axioms A.1-A.6 are not only sufficient but also necessary. The
necessity of A.1-A.5 for the Ul(n) Tepresentation is a standard result while boundedness is

implied immediately by the U, h(n) representation.

Theorem 1 A binary relation Zn,) defined on the set of acts Fi ) satisfies axioms A.1-A.6
if and only if there exists an affine function upmy : A (X) — R, unique up to a positive lin-
ear transformation, a unique finitely-additive probability measure ppn) on the sigma-algebra

induced by the partition mpe,, and a unique function apgm @ Xym) = [0,1] such that

Vg€ Frm)y: [ Zhm) 9 € Unw) (f) = Unmy (9)

where Up(n) @ Frm) — R is defined by®

Unny (f) = Z Ph(n) (E) <ah(n) (f(E)) inf wpe (2) 4+ [1— g (f (E))] sup wpem) (Z))

Bemnm z€f(E) zef(E)

3.1 Endogenous Limited Foresight

In dynamic decision problems, any theoretical framework in which the extent of the DM’s

search plays a role for the determination of her optimal choice gives rise to a rather subtle

In contrast with the representation in Olszewski [21], aj(n) need not be a constant function since we
assume Crisp, not Constant Independence. The latter stronger axiom is essentially Olszewski’s Set S-
independence, appropriately adapted to our setting (see Appendix B for a detailed discussion).
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conceptual conundrum. Namely, how to compare the decision-making prescriptions of a
search-based model, which depend fundamentally on the structure and extent of search,
with those of the rational paradigm which does not involve search. To address this issue in
an inherently consistent way, we ought to be able to compare the DM’s preferences across
the different levels n € N}, of her foresight of search.

To this end, a most obvious interpretation of the relations {ih(n)} is to regard them

nEML
as depicting the preferences of different “selves” of a given DM who vary in their information

about the decision-making situation at hand as search proceeds further along a given problem
from the same starting point h € H. To compare these “selves,” we need to impose some

structure. We will consider, thus, a preference relation 7~ on the global set
Fn = {(n,f) ne Nh,f S ]:h(n)}

of search-horizon and corresponding-act pairs. For this relation, we will assume the following
properties.

B. 1 Weak Order: The relation 7y satisfies

(i) Completeness: Yni,ng € Ny and V¥ (f,g) € Fiiny) X Fa(ny)
(nla f) r>\_1h (n2ag) or (n27g) r>\:h (nh f)

(ii) Transitivity: Yni,ng,ng € Ny and ¥ (f, g, h) € Fumy) X Faing) X Fhing)
(n1, f) Zn (n2,9) and (ng, g) Zn (n3, h) = (n1, f) Zn (03, h)

B. 2 Solvability: Vni,ny € Nj, and Vz1, 29 € A (X) the following two conditions
(1) 32 € A(X) : (n1,21) =p (n1,2") or (ng,2') =p (ng, 22)
(ZZ) (?7/1,21> > h (n2,22)

together imply
32" € A(X): (n1,21) =n (n1,2") =n (N2, 22) or (ng,z1) =5 (na, 2”) =1 (N2, 22)

B. 3 Vertical Consistency: Yn € Ny, and ¥f, g € Frwmy (0, f) Zn (n,9) < f Zum 9

B. 4 Horizontal Consistency: ¥Yn € Ny \ {N}, the restrictions of Zh(n) and Zpni1y on the
collection of crisp or constant acts that are common across the corresponding search horizons
h(n) and h (n+ 1) coincide. Formally,

‘chz(n+1) Fh

) = i:h(n-s-l) |]:c7(“n)u(f° h(n+1)>

Zhin) |
h(n

—_
N



For the preference relation 77, to be representable, its rationality (B.1) is indispens-
able. This is true also for its solvability (B.2), an equally important albeit purely technical
property. As for the two consistency conditions, the very aim of our analysis renders their
inclusion into our set of axioms condicio sine qua non since a preference relation on the set
F amounts actually to a two-stage decision-making exercise. First, one chooses the optimal
act for each level of search foresight n € Nj. Then, by comparing the respective optimal
acts, the optimal n is determined. Vertical consistency is necessary to guarantee that the
first-stage optimization depicts the preferences 2,y on the DM’s multiple “selves”. Hori-
zontal consistency then is required in the second stage to tie together the first-stage “selves”
and, hence, ensure that they all emanate from the same original DM.

As demonstrated by the example in Section 2, extending the DM’s foresight of search
from n to n 4+ 1 matters because it can improve her information about the decision-making
situation she is facing along two dimensions. On the one hand, further search may reveal
subsequent moves by Nature, a refinement of the current informational partition 7). On
the other, it could enable the DM to better specify the continuation paths of at least some
acts in Ay, a more precise specification of the consequences of the currently available acts.
There are acts in Fjy,), however, for which further search provides no additional information
in either dimension. These are the acts that are common across subsequent search horizons
and not affected by partition-refinements; i.e., the crisp acts that are (- as well as 7, (n41)-
measurable, f € Fy N Ft ) = Fii,) (recall Remark 2(a)), and the common constant
acts, f € Fpy N F,f(n+1).7
Zh(n+1) agree on these acts. Since extending the foresight of search from n to n + 1 has no

Horizontal consistency requires that the relations Zp(,) and

contribution in improving their evaluation, the ranking of such acts should be the same for
the nth and (n + 1)th “self,” dictated solely by the underlying DM.

The axioms B.1-B.4 are necessary and sufficient for a representation that allows for the
extent of search to obtain endogenously in a finite dynamic decision problem. The two
consistency axioms, in particular, have important implications for the properties of the rep-
resentation. By vertical consistency, for each n € Nj,, the ranking of the constant crisp acts
(n,-) on A (X) should be given by the preference relation Zs(,. In addition, due to horizon-
tal consistency, the relations {i—)h(”)}ne «, Must all agree on the probability simplex (recall
Remark 2(b)). Since all satisfy the expected utility axioms on A (X)), they all stem from
a common underlying expected utility preference relation =~ on A (X). This is represented
some affine function wuy, : A (X) — R, unique up to a positive linear transformation, and
Vn € Ny, V', 2" € A(X), (n,2) Zn (n,2") iff 2/ Zpw 2" iff 2/ 27 2”. Horizontal consis-

"In Figure 1, this is the case for the prizes in A (X) and the act f,, for all n, for the act f,,., for n > 2.
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tency requires also that the functions {ah(")}ne N, all agree on the constant acts that are
common across search horizons. It imposes further consistency in updating the probability
process {ph(”)}ne/\/h' In Figure 1, for instance, we ought to have the same p3 (s) = p4 ()
for all s € S. In addition, it must be ps (Esj) = ps(s;) + ps(sj1) for j € {1,3,5,7},
p1(E1) = pa (E21) + p2 (Ea), and py (Fa) = pa (E3) + pa (Eaa).

Theorem 2 For each n € N, let the preference relations Zh(n) 0N the sets Fimy satisfy
axioms A.1-A.6. Suppose, moreover, that =, on the set Fy satisfies axioms B.1-B./J. Then,
there exist a representation Uy, : Fp — R for =, on Fy,

vnla”? € Nh V(f,g) S ‘Fh(nl) X Fh(n2) : (n17f) r>\:h <n27g) <~ Uh <n17f) Z Uh (n27g)

gien by

Uh (n, f) = )‘h(n)Uh(n) (f) + kh(n) (1>

Unwy (f) = D Phmy (B) <ah<n> (F(B)) dnf un (2) + [1 = aniy (f (E))] Sup (2)>
Eemy(n) zef(E

for some collection of pairs of reals {)\h(n), kh(”)}neNh’ with Ay > 0 and kpy € R, and an

affine function uy, : A(X) — R, unique up to a positive linear transformation. Moreover,

for any ni,ny € Ny,

(i) the functions oy @ Xpwy — [0,1] are such that

Uhny) (Z) = ah (ng) (Z) VZ € X, NA,, (2)

(i) if ng > ny and E = {Ex},_ .., i the refinement of the event E € my(n,) in the

subsequent partition Tp(n,), the probability distributions pp) are such that

Phinr) (E) = Phns) (Z Ek) (3)

Furthermore, if there exists a functional Uy, : Fp, — R as in (1) and such that (2) and (3)
hold, then the induced preference relation on the set of horizon-act pairs Fy, satisfies axioms
B.1-B.4 while the induced relations on the sets Fi ) satisfy axioms A.1-A.6.
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3.1.1 Functional Properties

A variety of limited-horizon and costly search decision-making models that have been widely
used in the literature can be nested by our representation in (1). Its linearity makes it
analytically convenient and enables facilitation of empirical applications. It is important,
therefore, to have some understanding of the behavioral properties of the linear coefficients
{)\h(n), kh(")}ne N, Their operational bite is to be found in the way they relate with one
another the utility images of the probability simplex U,y (A (X)) across the different levels
of search foresight. Starting with a common underlying representation u;, : A (X) — R, the
pair (/\h(n), kh(n)) transforms the utility interval u;, (A (X)) with respect to the vertical axis.
Changing one’s search foresight from n; to ne, this interval is enlarged (shrunk) if Ay, ) <

Ah(ng) (Ah(ny) > An(ny)) and displaced up (down) whenever Kpn,) < En(ng) (Fh(ny) > Ki(na))-

U(n,z)
1

0.5
0

-0.25
-0.5

-1

ng n, ! b
Figure 5: Utility Intervals without Comparability

Such transformations are shown in Figures 5 and ??. For each n € {ny,ns}, the utility
interval Uy (n, A (X)) is depicted by a vertical segment.The relative displacement of each
prize z € A(X) in the Uy (n, z)-space as the foresight changes from nl to ns is shown by
a dotted arrow. The double-sided solid arrows indicate situations of indifference across the
two horizons; in Figure 5(i), for instance, we have (nq, 2’) ~j (ng, 2”): the agent is indifferent
between receiving the worst prize 2" and limiting her search horizon to h (n;) or receiving the
best prize z” and having, though, to extend her search to h (n2). Part (i) of Figure 5 depicts
an example where Ay(n,) = Apny) and Kpn,) = kpmy) — 1 whereas Apgn,) = 0.75A,,,) and
Eh(ns) = knm,) — 1 in Figure 5(ii). In Figure 6(i), we have A,y = 2An(n,) and Kpna) = Fnm,)
while An(ny) = An(ny) and Epgny) = Ki(ny) — 0.5 in Figure 6(ii).

The examples of Figure 6 will be of particular interest in the subsequent analysis for they
exhibit an overlap in the utility intervals U (n, A (X)) across the two search horizons. In
Fig.6(i), we have Uy, (nq, 2') = Uy, (ne, 7/82' + 1/82") and Uy, (ny, 2") = Uy, (ne, 3/82" +5/82").
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Figure 6: Utility Intervals with Comparability

The DM is indifferent between receiving the prize z’, when her search foresight is nq, or ex-
tending her foresight to ny in order to receive the lottery 7/8z'+1/8z". In fact, every prize in
A (X)) has its corresponding convex combination of the prizes 7/82'+1/82" and 3/82'+5/82"
such that the DM is indifferent between receiving the prize itself, having searched up to the
horizon h (n;), or the combination once se has extended her search to h (ng). In Fig.6(ii),
we have (nq,2') ~p, (n2,3/42" +1/42") and (ny,1/42" 4+ 3/42") ~4 (ng, 2”).

In general, a utility overlap across two search horizons takes places if there are two
corresponding pairs of distinct lotteries such that the global DM is indifferent between the

two search horizons if she were to receive the corresponding prize. Formally,

B. 5 Comparability. Vny,ny € Ny, 325,21, 25,22 € A(X) s.t.
21 =21, (na,27) ~n (ne,23),  and  (ng,z1) ~p (N2, 22)

With respect to our statement of the comparability property, notice that we could have
instead 25 > 25 - the horizontal and vertical consistency axioms ensure that the latter is an
equivalent requirement.® Observe also that, for any a € [0, 1], we have (ny, azf + (1 — a) z1) ~p,
(ng, azs + (1 — a) z3).2 In what follows, we treat comparability as an axiomatic assumption
for it is of crucial importance. It ensures that utility comparisons across different levels of
search foresight are consistent in the sense that utility differences have meaning; in other

words, our representation is cardinal.

8To see the “only if”, suppose otherwise (the argument for the “if” statement proceeds in a trivially
similar way). Let, thus, 2] > Z; but 2z 75 z5. By vertical consistency, we must have (nq, 2]) > (n1,%1) and
(na,22) Zn (n2,z3) By the remaining of the comparability axiom then, (ni,27) =5 (n1,21) ~n (n2,22) Zn
(na, 23), a contradiction. Given completeness of the relation -, it must be z5 > Z5.

9This is immediate from the linearity of the representation in (1): Vn € N, and Vz, 2’ € A (X), we have
Up (n,az+ (1 —a)z) = alp (n,z) + (1 — a) Uy, (n, 2).
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Proposition 1 (Cardinal Representation) Let the preference relations {ih(n)}nENh on
the sets of acts {‘Fh(")}neNh satisfy axioms A.1-A.6. Suppose also that the relation 7
satisfies axioms B.1-B.5 on the set Fy. Then, the representation in (1) is cardinal. That
is, for any two functionals Uy (n,-) = Mumyun (-) + ke and UR (n, ) = X yup (-) + Ky
representing 7 on Ny x A (X)), Vz1, 25, 29, 25 € A(X) and Vny,ny € Ny, the following are

equivalent
(i) Up (n1, 21) — Uy (N1, 21) = Up (N2, 22) — Uy, (n2, 25)

(i) Up (n, z1) — Up (n1, 21) = Uy (na, 22) — Uy (ng, 25)

Furthermore, the relative coefficients % in (1) are uniquely determined
ng
0
Ah("m) )\?‘L(TLQ)
while
Nhon)
Fhns) = Fnmn) = v (B [kntna) = Fan] +7 M) = Anna))]) (5)

Mg
for positive affine transformations uy, (-) = pul (-) +~ with § > 0 and v € R.

The proposition establishes only sufficiency between comparability and cardinality. For a

complete treatment of their relation, it remains to investigate necessity.

Claim 1 Let the preference relations {?\_’h(")}ne/\/h on the sets of acts {fh(n)}nENh satisfy
axioms A.1-A.6. Suppose also that the relation =) satisfies axioms B.1-B.J on the set Fy,
and its representation in (1) is cardinal. Then 72y, fails to obey axiom B.5 on Fy, only if one

of the following are true

(i) If (n1,2) Zn (n2, %), the coefficients in (1) are s.t. kpg,) > ki(ny), with up (-) # 0 when
Ehin) = Kh(ne)s Mnmi)tn (2) = Anmoyun (2), and wuy (+) is unique up to positive linear
transformations, ul) (-) = Buy, (+) for B> 0.

(ii) The coefficients {)‘h(")}ne/\/h are constant, Aymy = A > 0 Vn € Nj,. That is, the
representation is of the form

Un (0, f) = Unny (f) + Eny (6)
with kngny) > Knmn) of (11, 2) Zn (n2,2) .
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As defined here, cardinality appears to be concerned only with utility differences, not
necessarily rankings, across search horizons. Yet, as often the case, appearances are deceptive
for, under comparability, our representation is guaranteed to be consistent also in the sense
of ranking comparisons across different levels of foresight. For ordinal consistency, we require
Up (n1,2) > Uy (ng, 2') to be equivalent to U} (ny, z) > U} (ng, 2') for any z,2’ € A (X). That

is, we want

AUk (21) = Anna)Un (22) > Kh(ng) — Ki(ny) (7)

to be equivalent to )\g(m)u% (z21) — )\?L(nQ)ug (22) > kg(m) - kg(nl). Horizontal consistency,
however, restricts u} (-) to be a positive affine transformation of uy, (+): u (-) = Buy (+) +

for some f > 0 and v € R. Therefore, the last inequality reads

p [)\?L(m)uh (21) — )\g(ng)uh (22)] + P\g(m) - )‘?L(ng)] > kg(m) - kg(m) (8)

which, under (5), reduces to (7).

We are now in position to examine the functional properties of our representation. As it
turns out, they depend fundamentally on the existence (and multiplicity) of prizes in A (X)
for which the preference relation 77, is insensitive to the extent of the search undertaken in

the decision problem. We will be referring to a prize z* € A (X) such that
(n1,2") ~n (n2,2%)  Vni,na €N,

as a reference prize for the preference relation 27, on MV, x A (X). The term is due to the fact

that such lotteries can be used as reference points for calibrating the transformations in the
utility functions up() (-) of Theorem 1 which become embedded in the functional Uy, (n, -) of
Theorem 2 as the level of search foresight n € N}, changes.’

Of course, as attested by the examples in Figures 5 and 6, a reference prize may not exist.
In this case, our representation could take one of two general functional forms described
formally by parts (i) and (ii) of the following claim. In terms of the examples themselves,
the ones in Figures 5(ii) and 6(i) are representable by the form given in Claim 2(i). Those
in Figures 5(i) and 6(ii) fall under Claim 2(ii).

Claim 2 (‘Additive Comparability) Let the preference relations {ih(n)}n on the sets

E./\/h
of acts {‘Fh(”)}ne/\/h satisfy axioms A.1-A.6. Suppose also that the preference relation 7

0Tn proving Lemma 5 and Theorem 2 (see Appendix A), we established that the linear coefficients in (1)
are given by Ay = tnn)Brn) and Epn) = fhm)Yan) + Van), for some constants gy > 0,vp,) € R,
under the transformation wy ) (-) = Brn)un () + Yn(n) for some constants By > 0,74(n) € R.
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satisfies axioms B.1-B.4 on the set Fy. The following are equivalent.

(a) No Reference Prize. Az € A(X) s.t. (n1,z) ~p (ng, 2) Vni,ng € Nj.

(b) The representation in (1) takes one of two forms

(i) The coefficients are s.t. kpm,) > kh(ny), With up () # 0 when Kpp,) # Fnm), and
(Mr(n1) = Anng)) un (+) = 0 with wy, (+) unique up to positive linear transformations.
This gives (n1, z) > (ng, 2) Vz € A (X).

(11) As in (6), giving (n1,2) =n (N2, 2) V2 € A(X) if kpny) > Ki(ng) -

When reference prizes do exist, we need to distinguish between two possibilities. Suppose
first that there are actually multiple (preferentially distinct) reference prizes for =, on N, x
A (X). Tt is easy to see that this can be only if every prize is actually a reference prize.!! In

terms of the representation in (1), this translates into constant coefficients.

Claim 3 (Identical Comparability) Let the preference relations {ih(n)}nENh on the sets
of acts {]:h(”)}ne/\fh satisfy axioms A.1-A.6. Suppose also that the preference relation 77

satisfies axioms B.1-B.4 on the set Fy,. The following are equivalent.

(a) Multiple Reference Prizes. 3z*,z € A(X) s.t. z* = 2%, (n1,2%) ~y (ng, 2%), and

(n1, 2) ~p (ng, 2**) VYni,ny € Np,.

(b) The coefficients {/\h(n), kh(”)}ne./\/’h in (1) are constant: Apny = XA > 0 and kppy =k € R
Vn € Ny,. That is, the representation in (1) reads

When the reference prize is unique, the linear coefficients are not necessarily constant.
Yet, the representation in (1) admits an elegant and analytically convenient form. As this
will be used throughout the remaining of our analysis, we present the uniqueness property

as an axiom.

B.5* Unique Reference Prize. 31z* € A (X) s.t. (ny, 2*) ~p, (ng, 2*) Yni,ny € Np,.

*

Figure 7 shows different cases where the uniqueness axiom is met (in Figure 7(i)-(iii), =z

Ulet z*,2** € A(X) be such that z* = z**. Given any other z € A (X), there exists a unique number
a € [0,1] such that z ~ az*+ (1 — a) 2** (see Lemma 2 in the Appendix). By vertical consistency, therefore,
we ought to have (n, z) ~p (n,az* + (1 — «) 2**) Vn € Nj. Recall, now, that the representation for 775 on
Fp in (1) is linear. Thus, Vn € Ny, (n,az* + (1 — @) 2**) ~p a(n,z*) + (1 — a) (n, z**). But (n1,2) ~4
a(ny, z*)+(1 — ) (n1, 2**) implies, under monotonicity and z*, z** being reference prizes, (nq,z) ~p (na, 2).
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is, respectively, Z, z, and 1/2z + 1/2%). Tt is easy to see, of course, that B.5* is a stronger

condition than cardinality.'?

U(n,z)

0.52’+0.52”

n; n, ny n ny ny

Figure 7: Utility Intervals with Unique Reference Prize

Claim 4 (Linear Comparability) Let the preference relations {ih(”)}ne N, 0N the sets
of acts {‘Fh(")}nENh satisfy axioms A.1-A.6. Suppose also that 7=}, satisfies axioms B.1-B.4
on Fy. The following are equivalent.

(i) 7= satisfies axiom B.5% on N}, x A (X).

(ii) The coefficients {kh(n)}nENh in (1) are constant, kppy = k € R VYn € Nj,. That is,
there exists a normalized utility function u : A (X) — R, namely assigning u (z*) = 0,
so that the functional takes the form

U (1, ) = My Uniey () (10)

Ah(n)

with uniquely determined relative coefficients {)\M +1>} NANY
n neNp\{N

More generally, whether or not the functional form in (10) is adopted, the uniqueness
axiom (B.5*) leads to two important characterizations for the representation in (1). The first

establishes a connection between the monotonicity of the coefficients {)\h(n)} the unique

TLGNh )
reference prize being an extreme prize on A (X)), and the preference relation 77, being itself
monotone across the level of search foresight n € Aj,. The concept of increasing (decreasing)
horizon monotonicity refers to an unambiguous preference for receiving any prize z € A (X)

under a larger (smaller) horizon of search. Formally, we will say that - exhibits Increasing

12Recall also of our previous observation that multiplicity of reference prizes requires every prize to be a
reference one. Clearly, the very existence of a reference prize is a stronger assumption than comparability.
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[Decreasing] Horizon Monotonicity (IHM) [(DHM)] on AV, x A (X)) if, for any n € N} \ {N},

we have

n+1,2) Zn (n,2) [(n,2) o (R4 1,2)] Vze A(X)
with strict preference for at least one prize.

Claim 5 Let the preference relations {?\:h(n)}nENh on the sets of acts {‘Fh(”)}nENh satisfy
arioms A.1-A.6. Suppose also that 775, satisfies axioms B.1-B.5* on the set F,. For the

following statements, (1) is equivalent to (ii) whereas (i) is equivalent to (iv).
(i) = exhibits IHM on Nj, x A (X).

(i) Annt1) > Ann) ()\h(n+1) < )\h(n)) Vn € Ny \ {N} while z* is minimal (mazximal) on
A(X).

(111) 7y exhibits DHM on N, x A (X).

(i) Apnt1) > Anen) ()\h(n+1) < )\h(n)) Vn € Ny \ {N} while z* is maximal (minimal) on
A(X).

The second characterization is complementary to the one just given. It provides an in-
eluctable link between horizon monotonicity and an extreme position for the unique reference

prize in the utility ranking on A (X).

Claim 6 Let the preference relations {?\j satisfy

h(”)}neNh on the sets of acts {}—h(”)}neNh
azioms A.1-A.6. Suppose also that 75, satisfies axioms B.1-B.5* on F,,. The following are

equivalent.
(1) Betweeness. 32',2" € A(X) s.t. 2/ = 2" = 2"

(i) Horizon Non-monotonicity. 32', 2" € A(X) s.t. Vny,ny € N, with ny # ngy

(n1,2") =n (no, 2") & (ng, 2") =4 (ny, 2")

3.2 Rationality under Endogenous Foresight

Our approach is based fundamentally upon comparisons of the (observed) choices under
search-based decision-making with those prescribed by rationality (perfect foresight). Of
course, such comparisons can be made in a coherent and consistent way only if rational

decision-making itself can be depicted as (a special case of) decision-making under limited
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foresight. In this section, we specify the necessary and sufficient conditions for this to be the
case.

Recall that Aj,) is the collection of acts defined on the given decision tree under search-
foresight of level n. This is the set of acts actually available to the nth “self” of our underlying
DM, a “self” who chooses according to the preference relation Zp(m). For ni,ny € N,
let f* and g* be maximal acts in Ap@,,) and Ap,,) under the relations Zp,) and Zamn.),
respectively. By vertical consistency, the restriction of the underlying “global” preference
relation 75, coincides with the relation 2Zp,) on App,). Which is to say that the horizon-act
pairs (nq, f*) and (ng, g*) are optimal, according to 7y, over all pairs (nq, f) and (n2, g),
respectively, for any r € Ap(,,) and any 7 € Aj(,,). Horizontal consistency, on the other
hand, restricts the relative ranking of (ny, f*) and (ng, ¢*) - and, consequently, of f* and g*
themselves - but only if f* and g* are both common across the sets Ap(,,) and App,).

Yet, in order to construct a platform for comparisons between optimal choices prescribed
by limited and unlimited foresight, we must endow our theoretical framework with some
structure for the relative ranking of the acts f* and ¢* even when they are not common
across Ap(n,) and Apm,). The axiom that follows achieves this by imposing some (minimal

in our view) consistency across acts that are defined under different search horizons.

B. 6 Continuation Consistency. Let n € Ny \{N}, f € Apmy, and g € Apt1) be arbitrary.

(i) 3T € Annrry * f Zhm) 2= fT Ty 2 V2 € A(X)
(ZZ) dg~ € Ah(n) g i:h(n—i—l) Z=4q i:h(n) z VzeA (X)

The intuition for requiring continuation consistency can be understood as deriving from
the filtration property of the sequence of partitions formed by our search process as it pro-
ceeds along the given decision tree - recall Remark 1(a). Suppose that ny > n; and, for the

succeeding partitions 7y,(,,) and my(y,), let
Eniny) (B) = {E' € Thny) : E' € B}

denote the collection of the events in m,(,,) that are sub-events of the event E € my(,,). For

an act f € Apm,), we will refer to the act g € Ap(,,) as a continuation act if g assigns to

the sub-events in 7,(,,) subsets of the sets of lotteries that f assigns to each event in ().
More precisely, if
g (E/) - (E) VE' € 5h(n2) (E) VE € Th(ny)

If g is a continuation act for f, we will refer also to the act f as a predecessor act of

g. Obviously, due to the filtration property that our structured search process imposes
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on consecutive partitions, for any Vn; € Ny \ {N}, every act in Ay(,,) has at least one
continuation act in Ay, for each ny = ny +1,..., N. Conversely, for any n, € N, \ {1},
every act in Aj(,,) has some predecessor act in Ay,,) for each n; =1,...,ny — 1.

Using the concepts of continuation and predecessor acts, the axiom (B.6) can be re-stated
as follows. Given a current level of foresight n; and an act f € Ap,), the collection Ay,
of those acts that would be available to the DM were her search foresight to extend to ns
should include a continuation act g such that the corresponding non-ambiguous equivalents,
G ~niny) Zg and zp ~pe,) f, are (globally) related as z, 7 zp.'* In addition, given a current
level of foresight ny and an act g € Ap(n,), the collection Ay, of acts that were available
to the DM when her search foresight was limited at n; must have included a predecessor act
f" such that zp 77 2z,

As read on the given decision tree, under the event £ € my(,,), an act f corresponds
to some set, say Xy, C X, of outcomes the DM’s “self” with search foresight n, regards
as possible terminal consequences if she chooses the act f and a state s € E realizes. For
technical reasons, nevertheless, our analysis has allowed f to be a more general mapping, one
that assigns a set of lotteries f (E) C A (X) in the event E. The existence of a continuation
act g such that z, 77 z; guarantees that the DM’s current assessment of the future value
of the act f is consistent with the future possibilities of the underlying tree in the sense
that it impedes the DM from being too optimistic. For we require the DM to believe that,
were her current “self” able to extend the search foresight to ny from nq, it would have been
revealed to her no-level “self” that she has available an act g which, from the perspective
of the no-level “self,” is at least as-good-as f in the event E. Similarly, the requirement of
a predecessor act f’ such that zp 77 z, guarantees that the DM’s past assessment (when
her search foresight was limited to n;) of the future value of the act f’ was consistent with
the future possibilities of the underlying tree in the sense that the DM could not have been
too pessimistic. For the DM ought to have believed back then that, were her then current
“self” able to extend the search foresight to ns from ny, it would have been revealed to her

no-level “self” that there is an act g which, from the perspective of the na-level “self,” is at

13For the notion and construction of the non-ambiguous equivalent prize, zp € A(X) @ 2z ~nn) [ to
an act f € Fy(y) under the relation Zj(,), see Lemma 4 in the Appendix and the paragraph immediately-
preceding Theorem 1 in the main text. Notice that, for reasons of expositional clarity, we could have taken
the contrapositive statement of that in the axiom. As both relations Z;(,,) and Zp(,,) are complete on
A (X), this is given by “Vz € A(X) : 2 =pmy) § = 2 =h(ny) f,” implying, for the relation between the
non-ambiguous equivalents, that “Az € A (X) : z¢ Zh(n1) Z =h(ns) Z¢- Since, though, the non-ambiguous
equivalents are prizes (constant crisp acts), the subscript can be dropped; by Remarks 2(b)-(c) and vertical
and horizontal consistency, the relation is respected by all preferences {ih(n)}n N, 38 well as by Z. Of

)

course, the statements “Az € A(X) : zp 2 2z > 2,7 and “z4 2 24" are equivalent (see Lemma 6 in the

Appendix).
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least as-bad-as f in the event E.

To illustrate, let us revisit the example of Figure 1. Under search foresight n = 1, the
act f;, is viewed as assigning the sets of terminal consequences X; = {z9, 23} and Xy =
{4, x5, 26,27} in the events Ey = {s1,...,s4} and Ey = {ss,...,ss}, respectively (Figure
2). Let us denote the corresponding sets of terminal lotteries (probability distributions on
X, and X5), respectively, by fi, (E;) and f;, (Es). Extending the agent’s foresight to n = 2
reveals two candidate continuation acts, f,;, and f,,, (Figure 3). Both assign the degenerate
lotteries 1,, and 1,,, corresponding to the terminal consequence singletons {z5} and {z3},
in the events F9; = {s1,82} and Fas = {s3, 84}, respectively. Under either of the events
Ey3 = {ss5, 86} and Eoy = {s7, s}, however, f,,, corresponds to the lottery 1,, whereas fi,,
results in the set of possible terminal consequences Xy = {x5, z6, z7}. If the corresponding
set of terminal lotteries, f,1, (Fa3) = fi1, (F24) and fi, (Ea3) = fi,r, (Eo4) = 1,,, are both
contained in f;, (Fy), then both acts are indeed continuations of f;,. In this case, to rule
out over-optimism and over-pessimism at foresight n = 1 relative to n = 2, it is necessary
that the non-ambiguous equivalents, Zf, ~ai(l) fis (:vg,xg,u;i,i,%) ~a1(2) fiiry, and

2y 1(Eas) ~a1(2) fui, (Eas), are related as follows™

0.25 [u (22) + u (23)] 0.25 [u (22) + u (23)]
+0.5 min {u (24) ,u (Zflllz(E23)>} <u (an) < +0.5 max {u (x4),u (Zflllz(E23)>} (11)

Under foresight n = 3 (Figure 4), a continuation of fj,;,, say the act g;,;, € As, would assign
the degenerate lottery 1,. in the states s5 and sg and a set of lotteries g1, (s7) = gi,1, (8s) C
fui, (E), corresponding to the outcome set {zg, x7}, in the states s and sg. Continuation
consistency requires now the existence of continuation acts gj,;,, 9., € As for which the cor-

: : . ) "
responding non-ambiguous equivalents, zg; | (s5) ~a.1(3) 91,1, (ss) and Zgpt (1) ~a1(3) Yoty (s7),

14y iy, (Eag) 1S the non-ambiguous equivalent of the corresponding set of terminal lotteries fi,;, (Eo3) when
this is viewed as a constant act. Recall also that fi,;, (Fa3) = fi,1, (F24). We restrict our attention to the
events I3 and Foy for there is no need to analyze the continuation acts of fi,;, under any other event in
the partition 74 1(2). For in any other event, f;,;, as well as any of its continuation acts assign degenerate
lotteries, corresponding to singleton outcomes. That is, in any event E € 7, 1(2) \ {E23, E2a}, fi,1, is a crisp
act, coinciding with any of its continuation acts. By vertical and horizontal consistency, therefore, f;,;, (F)
and its continuation acts must be evaluated in exactly the same way by any relation Zq.1(n)m>2 as well as
by Za.1-
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are such that!'®

0.5u (z5) + 0.5u (zg;;l2(88)> <u (ZlezQ(E23)> < 0.5u (x5) + 0.5u (29{112(88)> (12)

If the foresight of search were to be extended to n = 4 (Figure 1), there would be only two
continuations of fi,;, in A4, gi,1,1, and gi,1,-,. Both assign the same degenerate lottery as fi,,
does in any state s & {sg, ss}. For s € {sg,ss}, they result, respectively, in the degenerate

lotteries 1,, and 1,.. If x7 > x4, therefore, we must have

0.5u (z5) + 0.5u (x6) < u <zg;1l2(58)) LU <Zg§’112(58)) < 0.5u (x5) + 0.5u (27) (13)

Conditions (11)-(13) are necessary for continuation consistency. As we argue below,
however, they are not sufficient for the full force of the axiom. A sufficient (but not neces-
sary) condition for continuation consistency obtains through the interaction between hori-
zon monotonicity and global optimality. Specifically, under DHM, an act g € Ay(n,) that is
optimal under 77, (on the global set of horizon-pair acts Aj) is automatically the at-least-
as-good-as act in axiom (B.6) of any act f € Ap,) and for any ny < ny. Under IHM, on
the other hand, if the act f is optimal under 25, then any act g € Ap(,,) for any ng > ny is

automatically the at-least-as-bad-as act in the axiom.!6

Claim 7 Vni,ny € N, with ny > ny the following are true.

(i) Let g € Apny) be such that (ny, g) is optimal for 7, on Ay. Under DHM,
V2 e A(X) Vf € Fumy): [ Zhim) 2= 9 Thiny) #
(ii) Let f € Apm,) be such that (ny, f) is optimal for 72, on Ay. Under ITHM,

Vze A(X) Vg e Fhing) © 2 =h(n) f=z =h(ns) 9

With continuation consistency, our theoretical framework is able to compare the optimal
choices prescribed by limited and unlimited foresight in a coherent manner. To see this,
recall that the relation Jy(,), deployed by the nth “self” of the DM to choose from the set

15 . : : ; . ]
Zg] 1, (s8) and Zgpr, (ss) 1€ respectively, the non-ambiguous equivalents of the corresponding sets of

terminal lotteries g; ;, (ss) and g;’; (ss) when each set is viewed as a constant act. Recall that g; ; (sg) =

91’11 (s6) and 91’112 (s8) = 91’112 (s6)-

1%111 this case, we apply the continuation consistency criterion on the act g € Aj(,). That is, we require
that there is an act f € Apn,) s.t. V2 € A(X) 1 g Zhny) 2 = [ Zh(ny) 2- The latter statement is simply
the contrapositive of that in part (ii) of the claim.
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Apmy of acts that are available on the given decision tree, is rational. It induces, thus, a
well-defined (in the sense that it satisfies the weak axiom of revealed preference) choice rule,
the correspondence C (-, ih(n)) s Apn) = 24n(n) which assigns the set of optimal acts under
i:h(n)a

f € C(Anmy Zhm) S Aney ff f Zaey b VR € Ay

To consistently compare choices made under different rules, one has to deploy a bench-
mark that is common, in a consistent way, across the corresponding preference relations
{ih(”)}ne N, Clearly, this can be nothing else than the “global” preference relation = of
the underlying common DM. With respect to choice rules induced by different levels of search,

ny,ny € Ny, we will say that C (Ah(nl), ih(m)) and C (Ah(m), ih(m)) are —p-equivalent if

frng Y EC (A, Zhemn) V9 € C (Angn), Zhins))

In the light of our analysis thus far, the notion of 7-,-equivalence should be quite intuitive.
For suppose that the underlying DM is indifferent between two acts, f and g, which are chosen
by two “selves” with different levels of search foresight, n; and no with, say, ny > ny. Then,
the change in information, about the structure of the given decision problem, obtained by
extending the level of our search process from n; to ny does not affect the welfare of the
DM. But in decision theory (and, more generally, in classical economics), we can only go
as far as distinguishing between choices, or between the sources that dictate them, if they
differ in implied welfare (revealed preference). In our setting, this means distinguishing up
to —p-equivalence because this is exactly what identifies the equivalence classes of search,
indeed the source of structural information that determines choices in our setting.

It is in this sense that our endogenous limited foresight framework can be used to compare
the choices of search-based decision-making with those prescribed by the rational choice rule
(unlimited foresight). Under endogenous limited foresight, a rational DM can be thought of
as one for whom the level of search is not binding for her welfare. That is, one for whom
any of her possible “selves” with search foresight n < N would dictate choices that are
indistinguishable (7Z-equivalent) to those made by the “self” with search level N. As it

turns out, rationality can be depicted as a special case of the representation in (1).

Theorem 3 Suppose that the preference relations {ih(n)} and 75, satisfy axioms A.1-

A.6 and B.1-B.}6B.6, respectively. The statement

(i) Vn € N, \ {N}, V.Ah(n), and V.Ah(N) : C (.Ah(n), ih(n)) and C (.Ah(N), ih(N)) are 7p-
equivalent.

nENh

holds if so does the statement
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(ii) For the representation of Zn in (1), M) = Anwy and kpmy = knvy ¥ € Ny \ {N}.
The two statements become equivalent if 2=y satisfies, in addition, horizon monotonicity.

To demonstrate the necessity of our continuation consistency criterion for Theorem 3,
consider again the example of Figure 1. As before, Nature chooses each of its available
actions at each chance node with equal probability. Let us, though, now specify some
terminal utility payoffs: wu(x;) = i for i = 2,...,7 and u(x;) = x. At the opening deci-
sion node a.1, a rational agent (with unlimited foresight) assigns the expected utility value
4.25 to the act fj1,;, (the optimal continuation act following [.1). A boundedly-rational
agent with foresight n = 1, however, views the act f, as resulting in the sets of termi-
nal consequences X; = {xq, 23} and Xy = {4, x5, 26, z7} in the events By = {s1,...,84}
and Fy = {ss,...,ss}, respectively (Figure 2). From her perspective, if she assigns full-
support on each of X; and X, for the corresponding sets of possible terminal probability
distributions (lotteries), the non-ambiguous equivalent z ~, (1) fi, will be such that v (2) =
0.5 [aq1u (x2) + (1 — aq1) u (z3) + cgou (z4) + (1 — cg2) u (x7)] = 0.5[10 — aq; — 3avo] for some
aq1, g € [0, 1].

Similarly, an agent with foresight n = 2 views the act f;,;, as resulting in the degenerate
lottery 1,, in the event Fy; = {s1, s2}, in the lottery 1., in the event Eoy = {s4,s5} and
the set of terminal consequences Xy = {z5, ¢, 27} in either of the events Fa3 = {ss, s} and
Eyy = {s7, 83} (Figure 3). From the perspective of this agent, if she assigns full-support on X,
for the set of possible terminal lotteries, the non-ambiguous equivalent 2’ ~ 1(2) fi,1, Will be
such that u (') = 0.25 [u (x2) + u (x3)] + 0.5 [@'u (x5) + (1 — /) u (z7)] = 0.5(9.5 — 2¢) for
some o’ € [0,1]. Under foresight n = 3, on the other hand, f;,;, corresponds to the lottery 1,
and the set X3 = {6, 27} in the states s € {s5, s7} and s € {sg, ss}, respectively (Figure 4).
From this perspective, if the agent assigns full-support on X3, the non-ambiguous equivalent
2" ~aa(3) S, will be given by w (2”) = 0.25 [u (z2) + u (23) + u (25) + o"u (w6) + (1 — o) u (27)]
=0.25 (17 — ") for some " € [0,1].

Suppose now that condition (ii) of Theorem 3 is met so that the constants A and k
can be disregarded in the utility representations under different levels of search foresight.
Rationality prescribes choosing 7.1 at a.1 as long as x > 4.25. Nevertheless, the boundedly-
rational agent with foresight n = 1 will choose [.1 at a.1 as long as aj; + 3as < 10 — 2.
If her foresight is extended to n = 2, the agent views the act f;,;, (rather than f;,,,) as the
optimal continuation of choosing {.1 at a.1 since u (flllQ(E%)) =7—-2d>4=u (flm(EQS))
Va/ € [0,1]. The continuation value of choosing [.1 at a.1 is 4.75 — o and this is preferred
to choosing 7.1 as long as o < 4.75 — z. The act f;,;, remains the optimal continuation of
choosing [.1 at a.1 also under foresight n = 3 as 6 — 0.5a” > 4 VYo" € [0,1]. Choosing now
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[.1 at a.1 dominates .1 as long as o < 17 — 4x.

If x > 4.25, under condition (ii) of Theorem 3, the rational and boundedly-rational choice
rules coincide under search foresight n > 3. For n < 3, however, a discrepancy will arise if
the a-coefficients are sufficiently small. That is, the statements (i) and (ii) of the theorem
will fail to be equivalent, in this example, if the boundedly-rational agent is too optimistic,
in her assessment of the continuation values of her available acts, relative to the rational
agent (who knows the true probability distribution that Nature’s play imposes on the state
space and who assigns probability one on her own optimal act at each of the future decision
nodes on the tree). In this case, however, the set of conditions (11)-(13), which are necessary
for axiom (B.6), also fail demonstrating that such overoptimism is ruled out by continuation
consistency.!” If x = 4.25— ¢ for some € > 0, the rational and boundedly-rational choice rules
coincide under search foresight n = 1,2,3 as long as a1 + ajp < 1.5+ €, o < 0.5+ ¢, and
o < e, respectively. In this case, the necessary conditions (11)-(13) do not have bite. They
are not sufficient for the full force of axiom (B.6) as they account only for the relation between
a current act and its continuations. They do not restrict the converse relation, between a
current act and its predecessors. With respect to the latter relation, continuation consistency
imposes upper bounds on the a’s, ruling out overpessimism by the boundedly-rational agent

relative to the rational one.'®

3.3 Bounded Rationality

Our analysis has presented a framework of decision-making under endogenous limited fore-
sight that can be used to compare bounded rationality with rational decision-making under

some minimal structure imposed on the underlying choice rules.

Definition 1 The choice rule C(-,Z°) is admissible if In € Nj, such that C (A, %) =
C (Ah(n)ai__,h(n))- An admissible choice rule C (-,22°) is boundedly-rational if C (71, zo) =
C (Anm)s ZThn)) and maxse A, ., Un(n) (f) < maxgpea, ., Unm) (f), for some n € Ny \ {N}.

This allows for an empirically testable and robust relation between the terminal utility payoffs

of the decision problem at hand and the agent’s optimal horizon. To see this, denote the

17Given that fi,;, (s) = A (X3) for s € {sg,s3} when n = 3, under the assumed terminal utility payoffs,
(12) and (13) together require 5.5 < 7 — 2o/ < 6. Equivalently, 0.5 < o' < 0.75, the left-hand side of
which rules out overoptimism at foresight n = 2. Since u (flll2(E23)) =7-2d > 55 > 4, (11) reads
6.5 <10 — ay1 — 32 < 9.5 —2a’ or 0.5+ 20’ < aq1 + 3as < 3.5. Given that o/ > 0.5, the left-hand side
inequality implies a1 + 312 > 1.5, ruling out overoptimism when n = 1.

18Tf x = 4.25 —¢, the rational agent does not choose 7.1. Since there is some act with value higher than x at
foresight n = 4, applying the axiom on this act requires the existence of some at-least-as-good-as predecessor
act in Ay for each n = 1,2,3. Thus, the corresponding non-ambiguous equivalents of these acts, z, 2,
and z”, should give u (2) > « for Z € {z,2/, 2"}, resulting in the upper bounds for the a’s in the text.
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value functional u <z;(n)> = maXyeA,, Unn) (f) and observe that
Animy Doyt (Zhm) ] = At (Zhensn)) At (Zh)
= Mty [u (ZZ(n+1)) —u (ZZ(n)ﬂ + [Mnsn) Angmy] (z;‘;(n)) (14)

At the optimal foresight 72, moreover, Ay, [\zV ()] < 0. Since Apny maxgea,,, Unny (f) >

0, it is immediate that
Corollary 1 For the representation in Th.2, let  be optimal on Nj,. Then, ApmyAm < 0.
Moreover, after normalizing u () on A (X) such that u (y) > 0 Vy € A (X), we must have

Apmy)V (1) < Apm) A

Vm) — Aan

Since the numbers {)‘h(n)}n N, do not depend upon the terminal utility payoffs, the validity
of the above inequality is completely determined by the left-hand side quantity. If this
increases sufficiently, other things remaining unchanged, the inequality will no longer be
valid."® Similarly, by the optimality of 7, we have Ay, [Az—1V (7 — 1)] > 0 and, thus,

AV (1 =1) _ BamwAe
VE—1 =
If the quantity %
hold.2°

decreases sufficiently, ceteris paribus, the inequality will cease to

4 Related Literature

Our decision-theoretic set-up employs an Anscombe-Aumann framework in which acts assign
sets of lotteries rather than singletons. In the sense, therefore, that preferences over acts
induce preferences over sets of lotteries, our approach is in the same spirit as those in Ahn
[2] and Olszewski [21]. However, both papers do explicitly away with a state space which is
crucial for search within decision trees. As our introductory example illustrates, changing
the extent of one search on a tree changes not only the partition of the underlying state-

space but also the very set of acts the decision maker must choose from. It should be pointed

. . L DApn) me Un(n) (f _
19 Other things remaining unchanged refers here to the quantities ne) mngﬁ:{;{ re () , for n € N\ {m}.

An(n) maxrea,, i,y Unm) (f) _
Tr (P ,for n e i\ {m — 1}.

20 Ceteris paribus refers to the quantities
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out, moreover, that Ahn’s analysis focuses explicitly on regular sets of lotteries, a restriction
that excludes finite sets and renders the approach inapplicable on finite trees. Olszewski’s
representation is actually the same as that of Theorem 1 with ) () being a constant
function (see Appendix B).

A  Proofs

The main argument for Theorem 1 derives from Lemma 4 whose proof is build upon the

following preliminary results.

Lemma 1 Suppose that the preference relation ) on the set Fiey satisfies the weak order
(A.1) and crisp independence (A.2) axioms. Then,

Vf,h € Fii,y and Va, 5 € 0,1] f >=hm) h implies Bf 4+ (1 —B)h =pm) af + (1 —a)h iff
a < f.

Proof. For the “if” part of the statement, suppose that o < . Let first § = 1. Since
f >hm) h, there is nothing to show if = 0. If « > 0, then a € (0,1) and, by crisp
1ndependence, [ >hm) himplies f = af + (1 — ) f =pm) af + (1 —a)h. Let now § <
1. Since 0 < a < B < 1, we have B,[j:—z € (0,1). For a = 0, by crisp independence,
[ >hw) h implies Bf + (1 = B)h >pm) Bh+ (1 —=B)h = h as required. If a > 0, we
have shown above that f >pu) af + (1 —a)h. Hence, by crisp independence, (f:—g) f+
(1= [af + (1 —a)h] =nmy (E=2) [af + (1 —a)h]+(1 -2 [af+(1—a)h] =af+
(1—a)h. But (Z=2) f+ (1 = Z2)[af + (1 —a)h] = Bf + (1 — B) h and we are done.
For the “only if,” consider the contrapositive statement and let o > 3. By completeness,
we need to show that af + (1 —a)h Zpm) Bf + (1 —F)h. If a = B, this holds trivially
as indifference. For o > f3, reverse the roles of a and ( in the “if” statement above to get

af+(1—=a)h =pm Bf+(1—=F)h. =

Lemma 2 Let Zp) on the set Fiyy satisfy the weak order (A.1), crisp independence (A.2),
and eztended-Archimedean (A.3) azioms. Then Vf, h € Fhiny and Vg € Fp
[ =hm) 9 =hm) b implies oy € [0,1] s.t. g ~pmy agf + [1 — ay) h.

Proof. Let a, = inf{a €[0,1]:af+ (1 —a)h Znw 9}. Since f >=pwm) g, the quantity
a, is the infimum of a non-empty set (it contains o = 1); it is well-defined and unique by
construction.

By the extended-Archimedean axiom, since f >pnu) ¢ >=hm) h, 361 € (0,1) such that
9 =n(m) Brf +(1 = 1) h. By Lemma 1, 81 f + (1 — 1) b =y vf + (1 —7) R Vy € [0, 81). By
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transitivity, g >xm) vf + (1 — ) h ¥y € [0, 41]. Clearly, it must be ay > 1 > 0. A trivially
similar argument estabhshes ay < By for some By € (0,1).

We will now show g Znm) agf + (1 —ay) h, by contradiction. Let it be false. By
completeness, it must be o, f + (1 — o) h >pm) g. Since also g >, h, by the extended-
Archimedean axiom, 333 € (0,1) such that [3 (agf + (1 —ag)h)+ (1 = B3) h =pm g- Rear-
ranging, Ssagf + (1 — Bsag) h =pm) g But Bza, < a4 which is absurd given the definition
of ay.

For ayf + (1 —ag)h Zaw) g, we argue again by contradiction. Assume, to the con-
trary, g >=nm) agf + (1 —agy)h. Since also f >ppy g, 364 € (0,1) such that g >pe Baf +
(1= 50)(af + (1 — ag) ). Rearranging, g = s (g + 91 (L — ag) F--(1 (g + 61 (1 — ag)) .
Since B4 (1 — g) > 0, by Lemma 1 and transitivity, g >nm) (g +73) f + (1 — (g +73)) b
Vs € [0, B4 (1 — )] which is absurd given the definition of a.

To complete the argument, it should be noted that, as indicated by the notation we have

used above, the unique quantity o, depends upon the act g in question. m

Lemma 3 Suppose that the preference relation Jpny on the set Fi ) satisfies the weak order
(A.1), monotonicity (A.4), and non-triviality (A.5) axioms. Then,
VZ € Xy, 30", 2" € X: &' Zpm) 2 Zam) &7 V2 € Z.

Proof. Since the set of terminal consequences X is finite, the weak order and non-triviality
axioms guarantee the existence of Z,(n)-best and 2, (,)-worst elements in X. That is, 37,2 €
X 1T Zam) T ZThn) £ Vo € X. By monotonicity,  and z are, respectively, 2Zpn)-best and
Zn(n)-worst lotteries in A (X') (the simplex viewed, of course, as the set of constant crisp
acts). Since Z C A (X), T and z can be taken, respectively, as the required consequences x’

and z”. =

Lemma 4 For Z € Xy, let Z = sup,c, Unm) (2) and z = inf.cz upmy (2). There exists a

unique az € [0,1] such that Z ~pmy azZ+ 1 —agl 2.

Proof. By the preceding lemma, we can find 2',2" € X s.t. 2’ Zpwm) 2 Zum) 2" V2 € Z.
Since up(n) () represents Zppy on A (X), we must have upgm) () < Upmy (2) < upm) (27)
Vz € Z. Clearly, the quantities Z and z are well-defined. They are unique by construction.
By boundedness, we can find 2/, 2" € Z s.t. 2’ Zpm) Z Zhm) 2" By the definition of the
lotteries Z and z, it must be upm) (2) < U (27) and upm) (2) > upm) (27). Since upm (¢)
represents p) on A (X), this implies 2" Zpm) 2 and Z Zpmy 2'. By transitivity, therefore,
it must be Z Zpm) £ Zaem) 2. 1f either relation is indifference (which includes the case of Z
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being singleton), the claim is true for ay = 1 or ay = 0. If both relations are strict, the
claim follows from Lemma 2.

To complete the argument, notice that, as indicated by our notation, the unique quantity
az depends upon the constant act Z in question. In the main text, we make use of the
induced functional relation oy @ Xy — [0,1]. =

We now turn to Theorem 2 for which the following result will be of substantial use.

Lemma 5 Suppose that the preference relations Znen, and Zp satisfy azioms A.1-A.6 and
B.3-B.4, respectively. Then,

(i) there ezists an affine function up : A(X) — R, unique up to a positive affine trans-

formation, and a collection {Bh(n),%(n)} of pairs of reals, with By > 0 and

nGNh
Yhn) € R Vn € Nu, such that the functions Un(n) (+) of Theorem 1 are given by

Un(n) (+) = Brmytun () + Ynen)
(ii) for any ni,ny € Ny, the functions oupm) () of Theorem 1 are such that

Unny) (Z) = Qpny) (Z)  VZ € Xyny) N Xy

(111) for anyni,ng € Ny withny > ny, let E = {Ek}k:LwK@o be the refinement of the event
E € 7,y in the subsequent partition Tp,,). The probability distributions ppp) () of

Theorem 1 are such that

K
Ph(ny) (£) = Pa(na) (Z Ek)
k=1

Proof. Part (i) follows by the finiteness of N, and the horizontal consistency (B.4) axiom.
Recall that any prize z € A (X) can be viewed as a constant crisp act, a member of the set
{g eEAX) i g(s)=g(s) Vs, s € S}. Since z € Npen;, Fiy(,) (Remark 2(b) in the text),
by horizontal consistency, there must exist pairs of reals {B;L(n), 7;1(71)}

and 7,y € R Vn € Nj, \ {N} such that

ith 8/, \ >0
neN\{N} With G

To complete the argument, take a positive affine transformation of wp(ny, up = Brunvy +

By
for some B, > 0 and 7, € R, and set fyn) = B_lh’ vy = — 2 Bum) = th), and V) =
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By (o) Th
/ _ h(n)
Thn) = T B, -

For (ii), take Z € Fy, y N Fy,,) and let z* € A (X) be a non-ambiguous equivalent of Z
under the relation Zp(n,): 2 ~nmy) Z. As A(X) C Fy, )N Fr,,), by horizontal consistency,
we must also have 2* ~,,,) Z. Thus, for n € {ny,ns},

Uh(n) (Z*) = Uh(n) (Z) = Qlp(n) (Z) inf Uh(n) (Z) + [1 — Olp(n) (Z)} SUp Up(n) (Z)

z€Z =4

Equivalently, by part (i),

Brmyun (2°) +Yhm) = nm) (2) lg [Brmyun (2) + Ynmy)] + [1 — anm) (Z)] SUE [Brmyun (2) + Yn(m)]
z ze

zZEZ 2E€2

= B (Oéh<n> (Z) inf up (2) + [1 — ang) (2)] sup uy, (2)) + Vn(n)

1.e.

up (27) = oy (Z) inf up (2) + [1 — Qip(n) (Z)] sup up, (2)
2€Z 2€Z

which can hold for both n = n; and n = ny only if aym,) (Z2) = Am,) (£).
For part (iii), take ny,ny € Nj, with ny > ny and let {Ep},_;  xoo

of the event E € my,(,,) in the partition my(,,). Consider a non-constant crisp act f € ﬂnl)

be the refinement

given by f = 152’4+ 1g\ g2" for some 2/, 2" € A (X) with 2’ = 2. By the vertical consistency
(B.3) axiom, we must have 2’ >,y 2” for n € {ny,ns}. Let now Z € A(X) be a non-
ambiguous equivalent of f under the relation Zp(m,): 2 ~pmy) f. Since f € h(ns) (recall
Remark 2(a) in the text), by horizontal consistency, it must also be Z ~y,) f. Therefore,

for n € {ny,na},

Un(n) (2) = Uﬁ(n) (f) = Pum) (E) unmy (2) + [1 — Ph(n) (E)] Un(ny (2)

Equivalently, by part (i),

Brmyun (Z) +mmy = Prew) (B) [Breyun (2) + ey ] + [1 = prgy (B)] [Brmyun (27) + Y]
= B [Pre) (B) un (2') + [1 = Pamy (B)] un (2")] + nm)

up (2) = Py (B) un (2') + [1 = prw) (E)] un (2")

As uy, (2') > up, ("), this holds for n = n; and n = ny only if prn,) (£) = Dhne) (£). ®

Proof of Theorem 2
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Sufficiency. By Theorem 1, we have already a utility representation on prizes up(,) :
A (X) — R for each n € Nj. The Countable Order Dense Theorem (CODT) ensures the
existence of a countable >j,)-order dense set, Qpn) € A (X), such that Vz/,2" € A(X)
2 = py 2" implies 32 € Queny 2’ Zhm) # Ty 27 with at least one relation being strict.?!
By vertical consistency, this can be stated also as follows. For each n € N, there exists a
countable set Qpm) € A (X) s.t.

V' 2" e A(X), (n,2') =1 (n,2") implies 3z € Qpen) : (n,2') Zn (1, 2) Za (0, 2")

with at least one preference being strict.

Let (nq, f) =5 (n2,g) for some ny,ny € Nj, f € Finy), and g € Fpny). Consider the
corresponding non-ambiguous equivalents: 21,20 € A(X) s.t. 21 ~pmy) [ and 25 ~pmy) g
By vertical consistency, it must be (nq, z1) ~yp, (n1, f) and (ng, g) ~p (ng, 22). Hence, by the
transitivity (B.1.ii) axiom, (ny, 21) =5 (na, 22).

Suppose first that z; and 2, are not, respectively, minimal under Z(,,) and maximal under
Zoh(ns) Prizes in A (X). There must be, therefore, 2’ € A (X) such that z; >p@u,) 2 or
2 = h(ny) Z2. Equivalently, by vertical consistency, (nq,21) >5 (n1,2') or (ng, ') =5 (na, 22).
The Solvability (B.2) axiom guarantees then the existence of some z” € A (X) such that at

least one of the following cases holds
(a) (n1,21) =n (n1,2") =n (N2, 22)
(b) (n1,21) =n (n2,2") =n (N2, 22)

In case (a), due to the CODT, the first strict relation implies 32 € Qp(ny) s.t. (n1,21) Zn
(n1,2) Zn (n1,2") with at least one preference being strict. We have, thus, (ni, f) ~p
(n1,21) Zn (n1,2) Za (n1,2") = (n2,22) ~n (n2,g) and, by transitivity, (n1,f) Za
(n1,2) >=n (n2,g). In case (b), a trivially analogous argument establishes 3z € Qp(ny) s.t.
(n1, f) >=n (n2,2) Zp (n2, g). In either case, therefore, 3 (n, z) € {ny,na} x (Qh(m) U Qh(ng))
s.t. (n1, f) ZZn (n, 2) ZZn (ne, g) with at least one preference being strict.

Suppose now that z; and z; are, respectively, minimal under Js(,,) and maximal under
Zh(ns) Prizes in A (X). In this case, they are actually, respectively, minimal and maximal

prizes in A (X) under any relation {th(")}ne w, as well as under .22 Taking 2 = z;, we

21See Kreps [?], Theorem 3.5, pp.25.
*2 Since A (X) = Fyi,y) N Fi(ny ¥ € N (recall Remark 2(b) in the text), by horizontal consistency, the

relations {ih(n) }n N, ought to give the same ranking over the prizes in A (X). Due to vertical consistency,

given n € N}, this is also the ranking for (n,-) on in A (X). In other words, we can think of an underlying
expected utility preference relation - as the common restriction of all the above relations on A (X). That
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have (n1, f) ZZn (n1,2) Zn (ng, g) with the former relation an indifference and the latter a
strict preference.

Let now z denote a minimal prize in A (X) and consider the countable set Q, = N}, x
Unen, (Qnemy U{z}).2 We have just shown that, for any ni,no € N, any f € Funy),
and any g € Fi(n,), Whenever (nq, f) > (n2,g) then (ng, f) Zn (n,2) Zn (n2,g) for some
(n,z) € Qp, and with at least one preference being strict. By the CODT, this suffices for the
existence of a utility representation Uy : F;, — R for the rational preference relation 7-;, on
the set Fj,. Formally,

vn17n2 € Nh v(fag) € Fh(nl) X Fh(’rm) : (nlvf) r>\:h <n27g) ~ Uh (nlaf) Z Uh (n27g>

The functional form in (1) follows as the representations Uy, : Fh(n) — R of the relations
{?\:h(”)}ne N, are all affine in the probability measures py(,) on the partitions 7y,). By the
vertical consistency requirement, Uy, (n, -) must be a positive linear transformation of Uy, (-)
Vn € Nj,. Formally,

Un (n, f) = b Ungy (f) + Vi)

for some collection of pairs of reals { Hh(n)s I/h(n)}ne N with pipmy > 0 and v,y € R Vn € N.
This specification becomes (1) for Anpm) = phe)Brm) and knmy = Lhm)Yhm) + Van), the
collection { Bh(n) %(n)}n NG taken from the preceding lemma.

Necessity. Consider a utility representation Uy : Fj — R for the preference relation 7= on
F, and suppose that it is of the form in (1). That the very existence of a utility representation
requires =, to be rational is a standard result. In addition, the given specification renders
vertical consistency immediate. For any n € Ny, Uy, (n,-) is a positive affine transformation
of Upn) : Fhn) — R in Theorem 1.

Take now any nq,n, € Ny. It is without loss of generality to let ny > m;. Conditions
(1)-(3) of the theorem dictate, respectively, the same positive affine transformation relation
between Up(n,) (+) and Upmy) (+) for the constant crisp, constant non-crisp, and non-constant

crisp acts in Fy(n,) N Fhny)- In other words, the relations e,y and Znm,) give the same

is, Vi € N, and V2, 2" € A(X), we have (n,2') Zn (n,2") iff (n,2') Zn (n,2") iff 2/ Zpey 27 iff 27 25 27
VYn € Nj. It follows that the minimal and maximal prizes in A (X), z and z, are well-defined since for any
n € N, and any z € A (X), we have Z Zpn) 2 Zam) 21f 222 2 7 2.

23In the argument of the preceding paragraph, we could also have taken z = zy, to establish that (ny, f) p
(na, 2) Zp (n2,g); the latter relation now being an indifference and the former a strict preference. It follows

that we could consider instead the countable set Qn = Ny X U, enr, (Qn(n) U{z}) where 7 is a maximal prize
in A(X).
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ranking on A (X)U (.7-" hng) N F; ,‘;(nz)> U (]—" hng) 1 F; §€n2)> as required by horizontal consistency.

It remains to establish solvability which we do by contradiction. Suppose that (B.2) is
violated. There must exist, therefore, 21,20 € A (X) and ny,ny € N}, such that the three
statements below are satisfied simultaneously.

1. 32 € A(X) s.t. (n1,21) =5 (n1,2') or (ng, 2’) =5 (n2, 22)
2. (n1,21) =p (ng, 22)
3. 3" € A(X) s.t. (n1,21) =n (n1,2") =5 (ng, 22) or (ny, 21) = (N2, 2”) =5 (N2, 29).

Let 6 = /\h(m)uh(m) (Zl) - )\h(m)uh (Zg) + kh(n1) - kh(m)- Notice that § > 0 as Uh (nl,zl) >
Ui (ne, z2) by the second statement above. Statements (2)-(3) together imply that one of
the following must be true?*

(&) (n1,22) Zn (1, 21) = (N2, 22) Zn (2, 21)
(b) (12, 21) Zn (1, 21) >=n (12, 22) T (1, 22)
(¢) (n1,22) 5 (n, 21) Zn (M1, 21) =1 (12, 22)
(d) (1, 21) =n (2, 22) Zn (01, 22) , (02, 21)

In case (a), by vertical consistency, 22 Znn,) 21 and, by horizontal consistency, 2o Za(n)
z1 Vn € Ny; equivalently, wup, (22) > wup (21) (recall footnote 22). Take now z € A (X)
s.b. w,(2) = wp(22) + € for some e € (0, /\hf@))' As long as z is not maximal in
A (X), the prize z exists by the continuity of u on A (X).?® Using the given specifica-
tion, Uy (n,2) = Apmyun (2) + knpy Vn € N, and Vz € A(X), it is trivial to verify that
Un (n1,21) > Up (ng,2) > Uy (ng, 22). Equivalently, (ni,z1) >n (na,2) >=n (ne,22) which
contradicts statement 3. If z5 is maximal on A (X), then Statement 1 does not permit z; to
be minimal. Hence, 32 € A (X) s.t. w, (2) = up (21) — € for some ¢ € (0, -2—).° But this

" An(ny)

gives (n1, z1) >p (n1,2) =5 (ng, 22), contradicting again statement 3.
For case (b), by vertical and horizontal consistency, uy (21) > uy (22) which ensures that z
is obviously not minimal on A (X). There is, therefore, z € A (X) s.t. up (2) = up (21) — €

24Notice that each of the statements (c) and (d) is meant to include both cases (n1,22) = (n2, 21) and
(n2,21) Zn (n1,22).

2Recall footnote 22. If 2y is not maximal in A (X), the latter part of Statement 1 applies. That is,
32 € A(X) st. 2" =p() 22 for any n € N},. For the required prize z, it suffices to take a convex
combination aze 4+ (1 — ) 2/, with « € (0, 1] appropriately close to zero.

2Let 23 Zpen) 2z Vn € Nj, and Vz € A(X). Statement 1 requires the existence of some 2’ € A (X) s.t.
21 =p(n) 2 forany n € N. For the required prize z, it suffices to take a convex combination az; + (1 — «) 2/,
with « € (0, 1] appropriately close to zero.
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for some € € (0, %) This gives (ny,21) >p (n1,2) =5 (ng, 22) contradicting statement
ny
3. In case (c), by vertical consistency, 2o Zn(n,) 21 and 21 >p(n,) 22 Which is absurd (recall

footnote 22). A similar contradiction obtains in (d) as we get 21 >p(,) 22 Zhng) 21- W

Proof of Proposition 1 Let Uy, (n,") = Aymytn (+) + kngny and Uy (n,-) = A),yup () + &3y
be two functionals representing =, on N}, x A (X). Cardinality means that, Vzy, 2, 22, 25 €
A (X) and Vny,ny € N, we ought to have Ayn,) [un (21) — up (21)] = Agng) [un (22) — up (25)]
iff A [un (21) =, (21)] = A,y [ (22) — ) (25)]. Recall, however, that horizontal con-
sistency restricts u)) () to be a posmve affine transformation of wy, (+): u)) (-) = Buy (-) +
for some 8 > 0 and v € R.*" Therefore, cardinality means that Ay(n,) [us (21) — up (2])] =
An(na) [un (22) — up (2)] I X3, ) [un (1) — wn (21)] = Nj(y) [un (22) — un (23)] Va1, 21, 22, 25 €
A (X) and Vny,ny € N.

Only if. Take arbitrary ni,ny € N and consider the prizes z7,23,21,22 € A(X) of the
comparability axiom (B.5). Since (ny,z}) ~p (n9,23) and (ny,21) ~p (ng, 22), under the

representation in (1), we ought to have

An(nn)Un (27) = Anna)Un (23) = Khna) = Kn(na) = Anna)tn (21) — Anna)tn (22) (15)
and, thus,
An(ny) [Un (21) = un (21)] = Anny) [un (25) — un (22)] (16)

Consider also the functional U? (n,-). Applying comparability, the corresponding version of

(16) simplifies as follows

My [un (27) = un (1)) = Ny [un (23) — un (22)] (17)

Recall, however, that 2] %) 21. Horizontal consistency requires then that 27 #pm) 21
Vn € N. In particular, 2} o,v) 21 and, thus, uy, (27) # up, (Z1). Since all sides of (16) and

(17) are non-zero, the simultaneous validity of the two conditions means that

0
M) Mhin)

Ah(ns) )\g(ng)

(18)

2"In the proof of Lemma 5(i), we established that both wy, () and u) () are representations of the same
preference relation, 2Zp,(ny, on A (X).
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na) (U (22) — uy, (24)] to be equivalent (as re-

which suffices for Apg,) [un (21) — un (21)] = A
un (21)] = Apng) [un (22) — un (23)] V21, 21, 22, 25 €

quired for cardinality) to A, [us (21) —
A(X).

Consider now the corresponding version of (15) for the functional Up (n,-). For any z, 2" €
kg(ng) - kg(m) = )\2(”1)“2( 1) — )\0 Uh (23)

A (X), we ought to have
/\2 n )\?L n
= M | B {un (1) = ﬁuh (23) 1— ﬁ
h(m) h(n1)

Ah(ng \ A
= 0 (8 [on 21— 220 )] 44 [1 - 2222])

+7

Ah(m) )\h(m)
)\O
— )\Zimi (B [)\h(m)uh (ZT) - )\h(nz)uh (Z;)} + P\h(m) a /\h(m)])
ni
)\O
= )\h(nl) (ﬁ [k?h(nz) - kh(nl)] + P‘h(nl) - )\h(m)])
h(nl)

where the third and last equalities above use, respectively, (18) and (15). B

Proof of Claim 1 Let the representation in (1) be cardinal but the comparability ax-
iom fail to hold for some ni,ny € Nj,. It is straightforward to verify that this can occur
only if either (ny,2) ZZn (n2,z) or (ng,2) Zn (n1,z) where z and Z are, respectively, the
minimal and maximal prizes in A (X) under 7. We will present the argument for the
former case (that for the latter being trivially similar). We have already seen above that
cardinality requires Ap(n) [un (21) — un (21)] = Aneno) [un (22) — up (25)] to be equivalent to
)\2(”1) [up (z1) —up (27)] = )\2(”2) [un (22) — up (25)] V21, 21, 29, 25 € A(X). By non-triviality,
we can find prizes 21, 21, 22, 25 such that neither side of either equality is zero (in fact, we
can take z; = 2z = Z and 2] = 2, = z). Clearly, the equivalence between the two equalities
can obtain only if (18) also holds. Now (ny, z) 75 (ng,Z) means that Up (ny,2) > UY (ng, %)

which reads

Knme) = Ky < Mgmnytn (2) — Moy (2)
)\0

_ AZEM; (B [y n (2) = Mgy (B)] 45 [Anm) = M) ])

We will show that this inequality cannot be remain valid for all 8 > 0,v € R; thus, some
restrictions must be imposed on the coefficients. Consider first the case Ayn,) 7# Ann)-

Letting v — —oo whenever Aygn,) > Apmng) (7 = 00 if Apny) < An(ny)) forces the right-hand
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side to decrease without bounds while the left-hand side remains fixed. Hence, in this case,
up, (+) can be unique only up to positive linear transformations, u) (-) = Suy (-). Taking,
however, v = 0 above, we observe the following. First, if Ay yun (2) < Anmg)un (2), the
inequality fails for f — oo as the right-hand decreases without bounds while to left-hand
one remains fixed and finite. Second, the right-hand side of the inequality is negative if

up (2) < 0 and wuy, (Z) > 0 (with at least one inequality strict of course). In this case, the
inequality is valid only if kh(m) > kh(n2). For Apn,) < An(ny), the right-hand side is again
negative if uy (z) > 0 or u, (Z) < 0 (with at least one inequality strict). In either case,
therefore, we require kg(m) > k?l(m). When Apny) > Anng)s if k ) < l{:g(nz), we can take
B — 0 forcing the right-hand side to tend to zero while the left hand side one remains fixed
and positive. Again we can only allow k ) = k: . Notice also that, if kg(m) = kzg(m), we
cannot have simultaneously uy (z) <0 and uh (2) 2 O, thus, up (2) # 0 Vz € A (X). For the
case Ay(ny) = An(ny) = A, the right-hand side reduces to A°8 (uy, (2) — up, (Z)) < 0. Again the
inequality cannot hold unless k‘ ) < /{:2(”1)

In conclusion, the representatlon in (1) is such that either (i) kpm,) > ki) (with
up (2) # 0 when Kpny) = Knma)), if (n1,2) Zn (n2,%), and uy (-) unique up to positive
transformations, or (i) Ann,) = Anmy) and Engy) > Ko, if (n1,2) Zn (n2,%), and uy, (+)
unique up to affine transformations. With respect to the latter form, of course, one can

normalize by setting 5 =1/A. B

Proof of Claim 2 The if part is immediate. In (ii), notice that Vni,n, € N with

) F kimy) and Vz € A(X), we have Uy (n1,2) — Uy (n2,2) = knmy) — Ki(ng) # 0.
n (i), Vni,ng € N with Apmy) # Aame) and Vz € A(X), we get Kp(ny) — knny) < 0 <
(An(nn) = Mng)) wn (2). By (Kngny) — kngna)) un (2) # 0, moreover, at least one inequality is
strict. That is, Uy, (n1, z) > Uy, (ne, 2).

For the only if, let z € A(X) and ny,ny € N be such that (ny,z) =5 (ng,2). We have
Up (n1,z) > Uy (na, 2), equivalently, (Auny) — Mu(ng)) Un (2) > kn(ny) — knny)- In the case
Ah(n1) = Ah(ng), the claim is immediate. Let Ap(n,) > An(n,) and consider the transformation
ﬁh(n) () = M) (Bun () +7)+knw) for 8 > 0,7 € R. The inequality ()\h (1) — M nz)) Buy, (z) >
Ehing) — Enmy) +7 ()\h(m) — /\h(m)) fails to hold for v — —oo as the right-hand side increases
without bounds whereas the left-hand side remains unchanged (and finite). Clearly, uy, (+)
can be unique only up to positive linear transformations. For u; (z) < 0, however, the in-
equality (/\h(nl) — /\h(nQ)) Bun (2) > ki(ng) — Kn(ny) fails to hold for § — oo as the left-hand
side decreases without bounds while the right-hand one remains fixed (and finite). That is,
we are restricted to having uy (2) > 0 Vz € A (X). Finally, if kyn,) > kn(n,), the inequality

fails for 8 — 0 as the left-hand side tends to zero wile to right-hand one remains fixed and
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positive. It can only be, thus, kj(n,) < kn(n,) Which, in conjunction with wuy, (z) > 0, ensures
that (ni,2) >, (ng,2) V2 € A(X). The case k) = Knm,) is compatible only with the
condition uy (2) # 0 Vz € A (X). The argument for the case Ay(n,) < Anny) is trivially simi-
lar, giving kn(ny) < knny)s Un (2) <0, (ny) — knene)) wn (-) # 0, and again (nq,2) =5, (ng, 2)
Ve A(X). B

Proof of Claim 3 For the only if part, observe first that, since Uy (n, 2) = Apmyun (2) +
knny V2 € A(X) and Vn € N, if (ny,2) ~p (ng,z) for some ny,ny € N, it must be
[)‘h(m) — )\h(m)] up (2) = Kn(ny) — Ki(ny). Suppose now that z*,2** € A (X) are such that
(n1,2*) ~p (n2, 2%) and (ng, 2**) ~ (ng, 2™) with 2* = z**. We must have [Ann,) — Anny)]
[up, (2*) — up (2**)] = 0 while uy (2*) > wuy (2*). Clearly, Ayp,) = Anms) = A. Since at
least one of wy (2*) and wup (2*) is non-zero, it must also be kp,) = kpm,) = k. The
representation in (9) obtains as it is without loss of generality to normalize through the
transformation u, = % — § The if direction is trivial; it leads immediately to the conclu-

A
sion that (ny,2) ~p (ng,2) Vni,ng € N and Vz € A (X). B

Proof of Claim 4 For the only if, consider the v.NM utility transformation u, : A (X) — R
defined by @y, (1) = up (1) — up (2%). As a positive linear transformation of uy, (-), it continues
to represent the preference 2~ on A (X). Hence, the functional U, (n,2) = Apm)Un (2) + knm)
represents =, on N x A (X). But @, (2*) = 0 and, thus, U, (n, 2*) = knmy Yn € Nj. Since
(n1,2%) ~n (ng,z%), it must be Uy (n1,2*) = Uy (ng,2%); thus, Ehmi) = kime) = kB € R
Vni,ne € Nj. The representation in (10) obtains as it is without loss of generality to nor-
malize by setting k& = 0 - in other words, by requiring that Uy, (n,z*) =0Vn € N,.

It remains to show that the relative coefficients in (10) must be uniquely determined.
To this end, consider two different functionals (10), Uy (n,z) = Apmyus (2) and U} (n,z) =
AhmyUn (2). As both represent 2 on A (X), by horizontal and vertical consistency, there must
exist ;1 > 0 such that uy, (-) = puy, (+). By the non-triviality axiom (A.5), moreover, it éjannot

Miny) _ i)

be up (2) = 0 Vz € A(X). For any ny,ny € Ny, therefore, we must have M, = XU as
n2 h(ng)

required.

If. Given that there exist some prize z* € A (X) that takes zero utility under wy, (-), it is
immediate from the representation in (10) that z* is a reference prize. For any ny,ns € N,
such that Ayn,) 7# Ann,), by Claim 3, there can be no other reference prize across the hori-
zons h (ny) and h(ny). B

Proof of Claim 5. In what follows, we present the argument for the IHM case (that for the

DHM one is trivially similar). Our argument does not require the particular normalization
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that leads to the representation in (10). For any z € A(X) and any n € N, therefore,
let Uy, (n, 2) = Awmyun (2) + ki) Under axiom (B.5%), we have [)\h(nH) - /\h(n)] up (2%) =
Ennt1) — knmy. Hence, Uy (n+ 1, 2) > Uy (n, 2) iff [)\h(n—i-l) - )\h(n)] [up (2) — up (2%)] > 0.
Only if. Let 2’ € A(X)andn € Ny \{N}bes.t. (n+1,z") = (n,2'). Since Uy (n+1,2") >
Uy (n, 2), it must be [Aymit) — M) [un (2/) — wp (2%)] > 0. Hence, 2/ = 2" iff u, (2') >
up (2%) if Apgni1) > Apy. Similarly, 2* = 2" iff up, (2') < up (2%) iff A1) < Apmy- Notice
also that, as long as 2’ exists, Apn) 7# Anm+1). Consequently, for any z € A (X), z ~ 2* iff
(n+1,2) ~p (n,2).

If. This obtains trivially by signing the quantity [Anp+1) — M| [un (2) — up, (2%)] accord-
ingly for any z € A(X). Notice that, by the non-degeneracy axiom (A.5), 32" € A(X)
for which this quantity is non-zero. At least for this prize, the preference relation in the

horizon-monotonicity statement is strict. H

Proof of Claim 6. For the only if direction, take o € (0, 1) such that az’+ (1 — «) 2" ~ 2*
(recall Lemma 2). We have, uy, (2*) = aup, (2/) + (1 — a) up, (2"). By Uy (nq, 2*) = Uy, (ng, 2%),

MOTEOVEr, Ap(n;)Uh (2%) + Knny) = An(ng)Un (2%) + Ki(ny). Hence,
Ay [aun (27) 4+ (1 — @) up (27)] 4 Enny) = Angno) [oun (2) + (1 — @) wp (27)] + kigny)
Equivalently,
alUp (ny,2") = Uy (ng,2)] = (1 — ) [Uy, (g, 2") — Uy, (nq, 2")]

a re-statement of what is required.
If. We have [Uy, (nq,2") — Uy, (ng2, 2')] [Up (n1, 2") — Uy (ng, 2")] < 0. Moreover, Uy (n,z) =
Amytn (2) + kpwy Y € Ny and Vz € A (X) while Uy (n4, 2*) = Uy, (ng, 2*). It is trivial to
verify that, Vz € A (X), Uy (n1, 2) > Uy (n2, 2) iff [Myny) — Aoy ] [un (2) =y, (27)] > 0.
Suppose that 2’ > z*, equivalently, uy, (2/) > wup, (2*). If Uy (n1,2) > Uy (ne, 2'), we get
Ah(n1) > Ah(ng)- But then Uy (ny,2") < Uy (ng, 2”) requires (Ah(m) — )\h(nQ)) [up (2") —up (27)] <
0. Hence, up, (2") < up (2%) or 2* = 2", If Uy (n1,2") < Up (n2,2), then App,) < Apny)- In
this case, however, Uy, (ny, 2”) > Uy, (ng, 2”) and again uy, (2”) < up, (2%). By a trivially simi-

lar argument, z” > z* whenever z* > 2. B

Proof of Claim 7. Both parts can be shown by contradiction. For (i), let (ns, g) be optimal
for 77, on Aj, and z € A (X) be such that f Zpe,) 2 but 2 >=pm,) g. We have

(n2,2) »=n (n2,9) Zn (N1, f) Zn (01, 2)
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where the strict and second weak preference relations follow by vertical consistency whereas
the first weak preference is due to the optimality assumption. Since n, > ny, however,
(n2,2) =n (ni,z) violates DHM. For part (ii), let (ny, f) be optimal for 7=, on A, and
z € A(X) be such that z >p,,) f but g Zpm,) 2. We have

(nhZ) ~h (n17f) r>\:h (nQJQ) r>\_4h (n27Z)
But, for ny > ny, (nq, 2) =5, (ng, z) violates IHM. W

Next, we present a result that will be used in establishing Theorem 3.

Lemma 6 Suppose that the preference relations 7 n,enr on the sets of acts Fuen Satisfy az-
ioms A.1-A.6 and B.3-B.4. Consider also n,n’ € N, f € Fyw), and g € Fppy with
25,29 € A(X) being, respectively, the non-ambiguous equivalents of f and g under Zpn) and

Zhw)- The following statements are equivalent.
(i) V2 € A(X), [ Zhm) 2= 9 Zhw) 2

(i) u(zg) = u(zy)

Proof. We will argue by contradiction. For the only if part, suppose that statement (i)
holds and let u (z5) < w(2¢). It must be z5 >pu) 24 by vertical and horizontal consistency.
But then, zy >pv) 29 ~n@v) g implies, by transitivity, zy >=p@v) g. Given that f ~y,) 2y, this
is a contradiction of (i). For the if part, let u(z,) > u (zf) and suppose that statement (i)
does not hold. There must be, therefore, some prize z € A (X) such that f Znm) 2 =ne) 9-
Equivalently, 2y ~pmy f Zhm) 2 =he) 9 ~hw) 2y Which, under vertical and horizontal
consistency, requires that u (z5) > u (2) > u(z,). =

Lemma 7 Suppose that the preference relations 7 n,en on the sets of acts Fuen satisfy az-
ioms A.1-A.6 and B.3-B.4. Consider also n,n’ € N, f € Fyw), and g € Fpupy with
2f, 29 € A(X) being, respectively, the non-ambiguous equivalents of f and g under Zpn) and

Zhw)- The following statements are equivalent.
(Z) Vz € A<X)7 z >_h(n) f =z >'h(n’) g
(i) u(zg) < u(zf)

Proof. We argue again by contradiction. For the only if part, suppose that statement (i)
holds and let u (z4) > u (2y); thus, g >y 25. As 2§ ~pe) f, the prize z; does not contradict
(i) now by itself. Yet, any z € A (X) such that u (z) € ( (2f),u(zq)) does (due to vertical
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and horizontal consistency). The existence of this prize z is ensured by the continuity of u.
For the if part, let u (2,) < u(2zs) and suppose that statement (i) does not hold. There must
be, therefore, some prize z € A (X) such that f >uu) 2 Zne) g which requires, though,
u(zf) >u(z) >u(z,). m

Proof of Theorem 3.
If. Suppose first that (n, f) is optimal under -, on the set Aj; of all available horizon-act
pairs on the entire tree. Of course, this is so iff U, (n, f) > U, (n',¢') V¢’ € C (Ah(n/), ih(n/))
and Vn' € N. By the continuation consistency axiom (B.6), there must exist a continuation
act g € Ap(ny such that

Ve AX), [ Zhm 2= 0 T 2

By Lemma (6), therefore, we ought to have u (25) > u (zf) for the non-ambiguous equivalents
of f and g under 25,y and Zx(v), respectively. But this requires that (NN, g) is also optimal

under 7, on Ay because
Un(n,9) = AUy (9) + k= Au(z5) + k> Mu(zp) + k= AUp) (f) + k= Ui (n, f)

Let now g € Ah(N be optlmal on A;, under ;. By continuation consistency, there must

exist a predecessor act f € Ap(n) such that?
Vz € A(X), g mh{N) 2 = f ™ h(n) ?

Lemma 7 requires that u (zj;) > u(z,) for the non-ambiguous equivalent of funder Zh(n)-

Which implies, though, that (n, f) is also optimal under =, on Ay, since
Un(n,g) = Mu(zg) +k < lu (zf) +k=U, (n,f)

Only if. Let f € Ap@y and g € Apwy be optimal under 5,y and (v, respectively.
Assume first the existence of reference prizes. We only need to consider the case of a
unique reference prize for there is nothing to show under multiplicity (Claim 3). But under

horizon monotonicity, the unique reference prize z* must be either maximal or minimal on

28Since the relation () is complete, this is the contrapositive statement of (ii) in axiom (B.6). To see
this, take an arbitrary z € A (X) and let g =5(n) 2. It cannot be z ZZ5(,) f for all the predecessor acts in
.Ah (n) for this contradicts part (ii) of continuation consistency. There must exist, therefore, a predecessor act
f such that f >h(n) 2. Moreover, for this act and any other 2’ € A (X), it cannot be 2’ () f if g =nvy 2’
for this again violates part (ii) of the axiom.
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A (X) (Claim 6). In what follows, we present the argument for decreasing horizon mono-
tonicity (DHM) - the one for (IHM) is trivially similar.

Let z* be maximal on A (X). We have two cases. If u(z,) = u(zr) = u(z*), consider
the general representation in (1). In conjunction with the cardinality of the representa-
tion, the hypothesis that C (.Ah )s Thin ) and C (Ah N)s Zoh(N )) are ~p-equivalent requires
(M) — Awy] [pw (2%) 4+ v] = knevy — ki to hold Vi > 0, € R. But this can be only if
Ah(n) = ANy = kn(v)y — k@) = 0 as required.

If u(zy) < u(zf) < u(z*), normalize such that u (2*) = 0. That is, u(z) < 0Vz € A(X)
while the representation is now given by U, (n/,7) = Ay Un@y () + k V1 € Ay V' € N
(Claim 4). Under DHM, it must be Appy < Apng1) < -+ < Ay for arbitrary n € N7\ {N}
(Claim 5). It suffices, therefore, to show that A,y = Apvy and we will do so by contradic-
tion. Take, thus, Apn) < Apov) and recall that, for the predecessor act ]? € Apm), we have
u(zg) <wu (z};) Since f is optimal for ZJu(), it ought to be u (z,) < u <zf> <wu(zr) <0
with at least one of the first two inequalities strict. Given that Apn) > App) > 0, this gives

Un (1, 9) = M) Unvy (9)+k = Mpnyu (29)+k < Apnyu (Zf>+/€ < Myt (2f)+k = Ui (n, f)

with at least one of the inequalities strict. That is, Uy (n,g) < Uy (n, f) contradicting the
hypothesis that C (Ah (n)> Nh(n)) and C (Ah N)» Zoh(N )) are - p-equivalent.

Suppose now that z* is minimal on A (X). We have again two cases. If u (z,) = u () =
u (z*), the same argument as before applies. For u(z,) > u(zf) > u(2*), normalize such
that u (z*) = 0. Now, u(z) > 0 Vz € A (X) while the representation is given by Uy, (n/,r) =
M Unny (1) + kY1 € Ay ¥n' € N (Claim 4). Under DHM, Ap) > Apga) = -+ > Ay
(Claim 5) and it suffices to show that A,y < Ay for arbitrary n € N\ {N}. Given that
the choice rules C (Ah(n), ?:_,h(n)) and C (Ah(N), Zoh( N)) are 7_p-equivalent, it must be

My (zg) = Up (n,g) =k =Up(n, f) — k = Apamyu (2y)

Since f is optimal under Z;(,) while A,y > 0, taking the continuation act f, we have

Ayt (27) = U (n, f) — k>Uh<nf) k= Ayt <)>)\h(n)u(zg)

Therefore, Ap(nyu (2g) > Anm)u (24) which suffices for the required result as u (z4) > 0.

It remains to consider the case when no reference prize exists. For any (n, f) € N X Ap@m),
the representation is now given by Uy, (n, f) = Un(n) (f)+En@m) (Claim 2). The Z4-equivalence
of C (.Ah(n), Zh(n) ) and C (.Ah ,Nh(N)) requires, thus, u (zy) + knvy = w (2f) + knp). We
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will show that u (z,) # u(zf) leads to a contradiction under horizon monotonicity. Let, for
instance, u (z,) < u (zf) (the argument for the case u (z,) > w (2y) is trivially similar). Under
DHM, we have u (24) +knn) < w(29) + k) < u(2f) + Epn) which is absurd. Consider again
the continuation act g for which u (z5) > u (z4). Since g € C (Ann), Za(n)), under IHM, we
get u (zg) + knvy = u (25) + knvy > w (2f) 4+ knvy > w (2¢) + By, a contradiction. Clearly,
it can only be u (z4) = u (2¢) and, thus, kpn) = K as desired. B

A.1 Axiomatic Variations

Consider the following stronger version of the axiomatic setting that gives Theorem 1 in the
text. Let the Extended Archimedean axiom (A.3) apply on general acts g € Fj, and the

Boundedness axiom (A.6) read as follows

A.6* Let f € Fum), £ € Thmy, and f(E) = Z € Xypy. There exist 2/, 2" € Z s.t.

A D) PA
o | Zremy | Zae .
[ F [ F

Denoting the new version of the Extended Archimedean axiom as (A.3%), it is trivial to
verify that Lemma 2 applies now to general acts g € Fj,(,,) as long as axiom (A.3) is replaced
by (A.3%). Lemmas 1 and 3 remain unaffected by these axiomatic changes whereas Lemma

4 now becomes

Lemma 4* Let the preference relation Zppm) on the set Fyny satisfy avioms (A.1)-(A.3%)
and (A.4)-(A.6%). For [ € Fuwmy and Thm) = {El,...,EK<|S‘}, let f(Ey) = Zy for Zy €
Xy and k = 1,..., K. Let also Zy = sup,cz Unw) (2) and z;, = inf.cz, unm) (2). There
exists a unique number oy, € [0,1] such that

gl El 21 E1
f ~hn) Qhn) ' ‘ + (1 - O‘h(n))
gK EK EK EK

Proof. Takesome k = 1,..., K. By Lemma 3, we can find ', 2" € X s.t. @' Zu(n) 2 Zam) 2"
Vz € Zi. Since upy (-) represents Znm) on A (X), we must have upa (27) < upm) (2) <
Unny (2') Vz € Zj. Clearly, the quantities Zj, and z; are well-defined for all £ = 1,... K.

They are unique by construction. By the new Boundedness axiom (A.6*), we can find
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22" € Zy st

z Ek 2" Ek
ge | ~rm I Zne) i
I E; [ E;

By the definition of the lotteries Zj, and 2, it must be up(m) (2;,) < Unw) (2”) and upe) (Z) >

Un(ny (2'). That is, 2" Znm) 25, and Z Zam) 2. By monotonicity, therefore, it must be

Bk Zhn) [ Thin) 2 B
I B [ Ej

Starting with k£ = 1, the preceding argument gives

b Zh) | Zhm) a b
[ Ef [ EY

By monotonicity and transitivity, moreover, we also have

1 = zZ E z, E =1 £
— 1 1 ~ 1
Zy By Zoh(n) ( . ) Zhn) | Zh(n) ( ; > Zhin) | 2o B

- EC
f E\UE, B

Since () is a finite partition, we can continue repeatedly to establish

1 B z By
Zhin) | Znn)
Zx FEx 2K Ex
If either relation is indifference, the claim is true for ajp,) = 1 (or apm) = 0). If both

relations are strict, the claim follows from (the new version of) Lemma 2. To complete the
argument, notice that the unique quantity ay,(,) depends upon the act f itself, giving rise to

an induced functional relation apm) () @ Faw) — [0,1]. =

Our main representation theorem now reads Theorem 1* A binary relation ) defined on
the set of acts Fyny satisfies axioms (A.1)-(A.3%) and (A.4)-(A.6%) if and only if there exists
an affine function up@y @ A (X) = R, unique up to a positive affine transformation, a unique

finitely-additive probability measure py,y on the sigma-algebra induced by the partition ),
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and a unique function oy @ Frwy — [0, 1] such that

V9 € Famy: [ Zhm) 9 € Uiy (f) = Unwy (9)

where Upy : Fum) — R is defined by

Uniy (f) = D Dy (E) (ah(n) (f) Ei?(fE) Uy (2) + [1 = aney (f)] sup upgw) (Z>>
Eemh(n) N z€f(E)

Of course, axioms (A.3) and (A.6) are implied, respectively, by (A.3*) and (A.6%). As to
be expected, the representation above is a special case of that in Theorem 1. Here, the
weighting functional ay,) depends on the act f itself, not on the sets of lotteries f (E) the

act corresponds to under each E € 7).

B OTHER THINGS I HAVE TRIED

B. 7 Continuation Consistency. For arbitrary n,n’ € Nj, and f € Apwy, there exist acts

g9,9 € Ah(n/) s.t.
Ve, 2 € AX), z2=nm) [ =) 2 = 2>nmn g and g =pw 2

This is basically another way to state the axiom (B.6) in the text for we can allow n = N.

B. 8 Continuation Consistency. For arbitrary n € Ny \{N} and f € Ay, there exist acts
g,g’ € Ah(N) s.t.

Ve, 2 € AX), 2Znwm) [ Zam) 2 = 2>ny g and g vy 2

Here I would like to make the following argument. Suppose that g € Ajpy) is optimal on
Aj, under Z;,. By this version of the axiom , for any z € A(X) and any f € Ay, with
n € N\ {N}, there must exist g’ € Ap(y) such that

2 Zamy f =2 Zn 9

Take now the contrapositive statement. Since both relations 2Zp ) and ZZx(n) are complete,
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it states that, for any ¢’ € Ay, there must exist some f € Ay, such that
Ve e AX), ¢ =y 2= [ =hm) 2

For our given act g, therefore, there must exist an act f € Ay such that
Ve e A(X), g=nwy 2= f =hm) 2

Let now n’ = N in Lemma 6 and reverse the roles of (n, f) and (n/, g). It must be u (zy) >
u (z4) for the non-ambiguous equivalents of f and g under Zy,) and Zp(n), respectively.??

This requires, however, that (n, f) is also optimal under -, on A;, because
U(N,g)=Mu(zy) +k < du(zp) +k=U(n,f)

This version of the axiom looks much nicer in terms of requirements on the tree. Yet, I am

not sure that the contrapositive I am using is correct..!!

B. 9 Continuation Consistency. Vni,ny € N, with ny > ny, Vf € Apny, and V7', 2" €
A(X),

2 Znm) | Th) 2"

only if

/

3¢,9" € Apna) 1 2 Tina) 9 and g Zpiny) 27

Recall that, in our setting, an act f € Ay, assigns a set of lotteries Y (X;) € A (X)
to each event Ej € mj(,) where X C & is the set of terminal outcomes the agent believes
to be possible, conditional on FEj, if f is chosen. The evolution of the continuation relation
between acts on a decision tree becomes both obvious and natural under a rather minimal
consistency condition on the correspondence 2% — 28 which assigns the sets of lotteries
Yx to the sets of possible terminal outcomes X. Specifically, subsets of sets of possible

terminal outcomes ought to correspond to subsets of lotteries.

A. 7 Possibilities Consistency: VX', X" C X, X' C X" implies Yx C Yxu.

To illustrate, under condition A.10, the acts ujus, uids € A in the tree of Figure 1 are

continuations of u; € Ay while uyusus, ujusds € Ay are continuations of ujuy € Asz. Observe

To be precise, the argument in the proof of Lemma would establish here that z, ~n(N) g whereas
2g = n(n) f- Even though the prize z, does not give the required contradiction by itself, any z € A (X) such
that u (z) € (Un (f),u(z4)) does (due to vertical and horizontal consistency). The existence of this prize z
is ensured by the continuity of w.
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also that, by the very structure of a decision tree, every act in A1) is in fact a continuation
of some act in A, for n’ € N}, : n’ < n. Moreover, any act which is common across two
immediately-succeeding partitions is a continuation of itself. In Figure 1, for example, this
is the case for the act d; when n > 2.

An obvious logical implication of the continuation concept for acts on a decision tree is
that the tendency to search deeper into the problem at hand must be connected to how an
act compares with (at least some of) its continuations. The following assumption is one that
builds into decision-making an innate (weak) preference for further search. It does so by
restricting the comparison of ambiguity aversion between the optimal acts of immediately-

succeeding partitions in the sense of Ghirardato and Marinacci [?].3

B.1 Discussion

Chimy (V) ={y € A(X) : u(y) > Uy (V) }

for any n € N, and any Y € V(). Of course, this set is non-empty while its very construction
allows us to write Upm (Y) = infyeq, o) u(y).* By (??), therefore, the valuation of a

general act f € Fj(,) under the partition m(,) can be written as follows

n (F inf U
2 Pu ( )yech(n><f(E>> )

EGﬂ'h(n)

The following lemma exploits the structure a finite decision-tree provides in refining
events into a finite collection of sub-events as the extent of foresight increases. Specifi-
cally, let the foresight of search extend from n to n + 1 and suppose that the correspond-
ing partitions are given by Ilj,) = {E{L, .. .,E?{(n)} and Ilpny1) = {E?H E”EH)}
with K (n) < K (n+1) < |S|. Observe that each event E" € Il gets partitioned un-
der Tlj(n41) into a finite collection of sub-events; Vj = 1,..., K (n) E} = UfilEj’?fl with
E; N EN = @ for i # 4 and ZK(” k; = K (n+1). Therefore, using Bayes’ rule, for any
pair of probablhty measures py(n) and ppn4+1) on the partitions Iy, and Iy41), Tespec-

tively, we can define the marginal probability measure [ (E”+1|E”)] 1,k gL K ()
EARAE A Ty n

30The representation in (??) is of the a—MEU form; hence, the preferences Zh(n) O0 Fp(y) are c-linearly
biseparable for all n € N},. Given horizon-consistency, moreover, Zh(n) and . are cardinally symmetric
for any n,n’ € N},. On its own, axiom A.11 implies that the choice of the optimal act under Zh(n) is more
uncertainty averse (see Definition 4 of Ghirardato and Marinacci) than that under 2j(n,41). Under also
axiom A.9, it implies that the former choice is more ambiguity averse than the latter (see their Definition
7).

#1By the very construction of the index Uy, (), we have sup,cy u (y) € Cpny (Y).
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n+1 .

My (B ED) = p;>—g>> with S5 Myery (B ED) = 1. That is, A (EXED) is
h(n) j

the “move” probability assigiled to the branch of the decision-tree that connects the event

E? to its sub-event E;Lfl.

Lemma 8 Let [T € Fynq1) be a continuation act of f € Fimy. The following are equivalent
(1) Uty (F 1) = Ungny (f)

(i1) iy (B NE) ooy ke % Cnininy (F7(EE)) € Cony (f (B) - VE € T

The end step T" must include only the true probability measure on the set X. Let this
be A\ € A(X). Thus, Pr = {\}. Now, Pr_y = {\g,A(Er)}, we are going all this way
backwards. Taking the minimum possible expansions, I guess the convex hulls all the way

back. This should give you {Pt}thl which is a nested sequence of probability mixture sets.

C When g, is a constant function

As in this paper, Olszewski [21] considers a finite set of outcomes X and a preference relation

(X) containing all singletons (i.e., A (X) itself) which, restricted to

> over a collection X C 24
single lotteries z € A (X)), admits an expected utility representation v : A (X) — R. Unlike
us, though, he imposes axioms for the relation 2~ to observe on compound sets of lotteries
where, for any Z;,Zs C A(X) and any A C [0, 1], the compound set AZ; + (1 — A) Z, is
the set of lotteries {Az; + (1 — ) 29 : 21 € Z1, 23 € Zy, A € A}. The resulting representation
is of the form

U(Z)=aminu(z)+ (1 — a)maxu(z)

2€Z 262
where «a € (0, 1) is unique for all Z.

The necessary and sufficient condition for a to be constant across the compound sets
of lotteries is the Set S-independence axiom (Olszewski [21], Axiom 2):3* VZ,,Z, € X and
Vee AX), Zom Zy = M+ (1 =N {z} 2 M2+ (1= M) {z} YA€ [0,1].

To see this, notice first that, under the Set S-Solvability, Set Continuity, and Weak

Disjoint Set Betweeness axioms (Axioms 1, 3, and 4(a), respectively, in Olszewski [21]), for

Set S-Independence to obtain, it is necessary and sufficient for it to hold across all two-
element sets of lotteries. This is due to the fact that the three axioms guarantee that, for

any set of lotteries Z, the preference - is characterized completely by the preference for the

32Notice that, under completeness for the preference relation -, the statement in the text and Zy = Z; iff
M1+ (1= N) {2z} = AZa + (1 — X\) {z} are equivalent.
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two-element set consisting of the Z-worst and the ~-best lottery in Z. Take, thus, any two
sets Z1 = {z1,2} and Zy = {29, 25} where 21, 20, 21, 25 € A(X) with 2] > z; and 2} > 2.

For some A € [0, 1], consider also the set
Z={Az1+ (1= X) 29, Az1 + (1 = A) 25, A2] + (1 — ) 29, A2] + (1 = N) 25}

which is actually the compound set AZ; + (1 — X) Z,. Viewing the family X as our Xj,,,), the
relation 2 as our ZZu(n), and the sets of lotteries Z;, Z», Z as constant acts, our representation

gives

Uh(n) (ZZ) = Qp(n) (Zz) Up(n) (Zz) + (1 — Qlp(n) (ZZ)) Uh(n) (Z;) for 7 = 1,2
Unn) (Z) = animy (Z) [Munmy (21) 4+ (1 = A) un(my (22)]
+ (1 = anmy (2)) [Munmy (1) + (1 = A) ungmy (25)]

It is straightforward to check that Set S-Independence holds iff*3
Unn) (Z) = AUnn) (Z1) + (1 = ) Un(w) (Z2)
That is, iff

A [hm) (A) = anmy (A1)] [tnm) (21) = tnm) (21)] = (1= A) [anm) (A) = anm) (A2)] [u(25) — u (22)]

But this equality holds for any A € (0,1) and any w(z;) — uw(2]),u(25) — u(z) € R* iff
anm) (Z) = apwy (Z;) for © = 1,2. In other words, iff apm) @ Xyw) — [0,1] is a constant
function on the two-element members of A} (,). To conclude that th1s is, in turn, equivalent
to ap(n) being constant on all of Aj,, recall that, by Axioms 1, 3, and 4(a), Z ~pm
{argmmzezu (2),argmax,c u (2)} for any Z € Xpm).

The set-up in Olszewski [21] admits only constant acts (the state space S is a singleton)
and elements of X,y that are finite. Nevertheless, even in our more general set-up, the argu-
ment made above applies subject to the modification that we ought to consider any two sets of

lotteries Zy, Zy € Xy (not necessarily two-element ones) and define z; = arginf, . 7, Uh(n) (2)

BLet 21,22 € A(X) be such that Z; ~p,) {z1} and Zy ~p() {z2}. For any p,A € [0,1] and any
z€ A(X), wehave u(MZ1 + (1 =N Zo)+ (1 —p)z = A(uZ1+ (1 —p)z) + (L = N) (uZz + (1 — p) z). By
Set S-Independence, however, Z1 ~p(,) {21} and Zy ~p(n) {22} iff, respectively, puZ; + (1 —p)z ~pm)

w{z1} + 1—p)z and pZy; + (1-— )z ~hn) M{z2} + (1 —=p)z. Hence, p(AMZ1+(1—-X)Z2) +
()2 iy AL} - (1= 102) 4 (1= A) (1} 4 (1= ) 2) = jr (A} + (1= A) {z2}) + (L — 1) =
Clearly, pp (AZ1 + (1 = X) Z2) 4+ (1 — i) 2 ~peny (A {21} + (1 = X) {22}) + (1 — p) 2 holds for any p and any
z iff AZ7 + (1 — )\) Zg ~h(n) A {Zl} + (1 - /\) {22}
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and 2z} = argsup,cz tn(y) (2) for i = 1,2.3% Of course, with Z; and Z, being general sets of
lotteries, Set S-Independence amounts to strengthening our Crisp Independence (A.2) axiom

t035

A.2* Constant Independence: Vf, h € Fitmy Y Fhny» Vr e Fin): and Yo € (0,1)
f=hmy hoiff aof + (1 —a)r =pmy ah+ (1 —a)r
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