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Abstract

Regarding the approximation of Nash equilibria in games where the players have a continuum of strategies, there
exist various algorithms based on best response dynamics and on its relaxed variants: from one step to the next,
a player's strategy is updated by using explicitly a best response to the strategies of the other players that come
from the previous steps. These iterative schemes generate sequences of strategy profiles which are constructed
by using continuous optimization techniques and they have been shown to converge in the following situations: in
zero-sum games or, in non zero-sum ones, under contraction assumptions or under linearity of best response
functions. In this paper, we propose an algorithm which guarantees the convergence to a Nash equilibrium in two-
player non zero-sum games when the best response functions are not necessarily linear, both their compositions
are not contractions and the strategy sets are Hilbert spaces.

Firstly, we address the issue of uniqueness of the Nash equilibrium extending to a more general class the result
obtained by Caruso, Ceparano, and Morgan [J. Math. Anal. Appl., 459 (2018), pp. 1208-1221] for weighted
potential games. Then, we describe a theoretical approximation scheme based on a non-standard (non-convex)
relaxation of best response iterations which converges to the unique Nash equilibrium of the game. Finally, we
define a numerical approximation scheme relying on a derivative-free continuous optimization technique applied
in a finite dimensional setting and we provide convergence results and error bounds.
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1 Introduction

Algorithms for the approximation of a Nash equilibrium in non-cooperative deterministic games where
players have a continuum of strategies have been widely investigated both in Game Theory and in
Optimization literature.

One of the most explored iterative schemes involves best response dynamics: from one step to the next
one, a player’s strategy is obtained choosing a best response to the strategies of the other players that
come from the previous steps. Hence, algorithms based on such schemes generate sequences of strategy
profiles which are constructed by using continuous optimization techniques.

In particular, in a two-player zero-sum games framework, Cherruault and Loridan proposed in [17] two
methods to approach a Nash equilibrium (i.e., a saddle point of the payoff function of any player) when
the strategy sets are Euclidean spaces, the payoff function of each player is jointly twice continuously
differentiable, strictly convex and coercive in his variable, and one of the two compositions of the best
response functions is a contraction. When the strategy sets are Hilbert spaces and the two compositions
of the best response functions are not necessarily a contraction, Morgan introduced in [42] a theoretical
algorithm which converges to a saddle point. Such an algorithm relies on a relaxed variant of the best
response dynamics, where a player’s strategy is obtained through a convex combination of his previous
step strategy and of the best response. Moreover, a scheme of discretization is presented, together with
a numerical algorithm for the approximation of the discretized problem, error bounds computations, and
applications to differential games.

Then, in a general non-cooperative N-player games framework, Gabay and Moulin defined in [29] two
types of relaxed procedures (connected to the Jacobi and the Gauss-Seidel methods with relaxation) when
the strategy set of each player is the interval [0, +oo[ and the Jacobian matrix (that is the N x N matrix
whose general ij element is given by the partial derivative of player i’s payoff function with respect
to player 4’s variable and player j’s variable) is strictly diagonally dominant. Li and Bagar proposed
in [37] an inaccurate search algorithm when the strategy sets are Hilbert spaces, the payoff function
of each player is strongly convex in his variable and one of the two compositions of the best response
functions is a contraction. Bagar investigated in [5] the convergence of some relaxation algorithms for the
approximation of Nash equilibria when the strategy sets are R or R? and the best response functions are
linear, even when the two compositions of the best response functions are not a contraction. Attouch,
Redont and Soubeyran presented in [2] an alternating proximal algorithm, also used to approach a Nash
equilibrium for a special class of two-player weighted potential games: the players have the same strategy
sets, assumed to be a Hilbert space, and the payoff functions are the sum of an individual component
depending on their own strategy and of a quadratic component, the same for both players, depending
on their joint strategies (hence, such payoff functions define a class of weighted potential games, in light
of [12, Proposition 2]).

Table 1 summarizes the theoretical results previously mentioned; for a best response iterative method
applied to an economic model see, for example, [36].

Hence, to the best of our knowledge, algorithms involving a best response-based approach which
guarantee the convergence to a Nash equilibrium are not yet defined in the following situation for a
two-player non zero-sum game: the best response functions are not assumed to be linear, the two
compositions of the best response functions are not assumed to be contractions and the strategy sets are
Hilbert spaces. Aim of this paper is to propose an iterative method which fills this lack. The iterative
scheme we present involves a non-standard relaxation of the classical best response algorithm. In the

usual relaxation techniques applied to a game theoretical setting (as in [42]), a current player’s strategy



Table 1: Some existing literature

Game class Strategy sets Payoff functions as- Composition of BR
sumptions functions
Cherruault, Loridan [17] two-player finite dimensional  strictly convex and coer-  contraction
zero-sum spaces cive in its argument, dif-

ferentiable

Morgan [42, 40, 41] two-player Hilbert spaces strictly convex and coer- not necessarily
zero-sum cive in its argument, dif-

ferentiable

Gabay, Moulin [29] N-player [0, +o0[ strict diagonally domi-  not necessarily
nant

Li, Basar [37] two-player Hilbert spaces strongly convex in its  contraction
argument and differen-
tiable

Basar [5] two-player R or R? strongly convex in its ar-  not necessarily

gument and quadratic

Attouch, Redont, two-player Hilbert spaces lower semicontinuous contraction when the
Soubeyran [2] weighted  po- and stricly convex in its  strategy sets are R
tential argument

is obtained via a convex combination of his previous step strategy and of the best response to the
current strategy of the other player. Differently, in our approach the relaxation is obtained via an affine
non-convex combination. Such non-standard combination is carried out through the so-called inverse
convex combinator as defined in Definition 2.1. Motivations for its introduction will be illustrated at the
beginning of Section 3, after the presentation of the suitable mathematical tools. The iterative method
will be applied to a class of games for which the existence and uniqueness of the Nash equilibrium is
ensured by extending a previous result obtained in [12] for weighted potential games.

Moreover, it will be designed a numerical approximation scheme (applicable offline with full knowledge of
the game) for the unique Nash equilibrium which exploits a derivative-free optimization technique called
local variation method, that was introduced in [15] for variational problems and used, in particular, in [17]
for functional minimization problems and in [42, 19] for zero-sum games. The features of such a method
will allow to prove the convergence of our numerical scheme and to compute error bounds and rates of
convergence. However, apart from the local variation method, also first order and second order methods
could be exploited in the implementation of the numerical approximation scheme; this investigation will
be the subject of a future research.

We highlight that for constrained zero-sum games various numerical methods which make use of

derivatives have been employed: for example, in [19] the local variation method, a conjugate gradient
method and a quasi-Newton method have been used and compared, in [46, 14] primal-dual methods are
involved, in [44, 31] proxzimal-like methods are entailed, and in [45] a comparison between two methods
for stochastic optimization is illustrated.
For the sake of completeness we report that, beyond the best response dynamics approaches, various
algorithms for finding Nash equilibria of general games make use of: the Nikaido-Isoda function (see, e.g.,
[53, 34, 18, 1]), the characterization of a Nash equilibrium by a variational inequality (see, e.g., the just
cited [44, 46, 31] and [21, 23] for further discussions and references), the ordinary differential equation
(ODE) methods (see, e.g., [51, 26, 13, 28, 50]) or sequences of Nash equilibria of “better-behaved” games
(meaning that such approximating Nash equilibria are easier to compute, see e.g. [27] and [43, Section
4]). For algorithms on Generalized Nash equilibria (also called Social Nash equilibria) see, e.g, [22,
Section 5].

Finally, we just mention that in situations where players have only partial knowledge of the strategy sets



and payoff functions, a broad literature concerns how a Nash equilibrium can be reached by means of
adaptive or learning procedures (see, e.g., [49, 9, 11, 38] and references therein).

The paper is structured as follows. Section 2 concerns the issue of uniqueness of Nash equilibria:
notation, assumptions and preliminary results are provided (Section 2.1), the existence of a unique Nash
equilibrium is proved (Section 2.2) and a fitting class of games is defined together with a differential
game example (Section 2.3). A theoretical iterative method for the approximation of the (unique) Nash
equilibrium, called Inverse-Adjusted Best Response Algorithm, is presented in Section 3: the convergence
is shown and error estimations are obtained. Section 4 is devoted to games with finite dimensional strat-
egy sets. First, new assumptions are given in order to also handle situations where the best response
functions are not analytically available and examples are presented. Then, a numerical approxima-
tion scheme, called Numerical Inverse-Adjusted Best Response Algorithm, is described by combining the
theoretical iterative method with a continuous optimization technique (the local variation method, Sec-
tion 4.1) in order to approximate the Nash equilibrium (Section 4.2). Finally, error bounds and rates of

convergence for such an algorithm are proved in Section 4.3.

2 Uniqueness of the Nash equilibrium

Let I' .= {2, X,Y, F, G} be a two-player normal form game. The first player’s strategy set X and the
second player’s strategy set Y are real Hilbert spaces with inner products (-,-)x and (-, )y, respectively,
and associated norms ||-||x and |||y, respectively. The payoff functions F' and G of the first and
second player, respectively, are defined on X x Y with values in R. We denote by R; the best response
correspondence of player 1, i.e. Ry is the set-valued map defined on Y by

Ri(y) == Argmax F(z,y) = {a’ € X | F(2',y) > F(z,y), for any z € X} C X.
zeX

Analogously, we denote by Ry the best response correspondence of player 2, that is the set-valued map
defined on X by Ry(z) = Argmax,cy G(z,y) € Y. Recall that a Nash equilibrium of T' is a couple
(Z,9) € X xY such that (Z,7) € R1(y) x R2(Z). When Ry and Ry are single-valued, the function 7,
defined by {ri1(y)} = Ri(y) for any y € Y, and the function ry, defined by {rz(z)} = Ra(z) for any
x € X, are called best response function of player 1 and best response function of player 2, respectively,
and we denote by p: X — X the function defined by

p(x) = (r1orz)(z) = 11(r2(7)). (1)

In the next subsections, firstly the assumptions we deal with are stated together with some preliminary
results, secondly the existence of a unique Nash equilibrium is proved for games satisfying such assump-
tions, finally a class of games fitting the uniqueness theorem is described. Such a class involves games

with infinite dimensional strategy spaces and it contains also an example of differential games.

2.1 Assumptions

Let us introduce the following hypothesis on the best response correspondences that will be used for the

uniqueness result.

(#4) The best response correspondences Ry and Ry in T' are single-valued.
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Figure 1: Some graphical representations of ¢°.

Remark 2.1 Assumption (77) is satisfied if, for example, the function F(-,y) is strongly concave on X

for any y € Y and the function G(z,-) is strongly concave on Y for any = € X (see, e.g., [7, Corollary
11.16)).

The next definition introduces an operator which will play a key role in all the paper.

Definition 2.1 Let I’ = {2, X, Y, F, G} be a game satisfying (.#7) and let § > 1. The d-inverse convex
combinator of T is the function ¢° : X — X defined by

9°(x) = bz — (6 — D)p(x), (2)
where p is defined in (1).

Such a function, employed in [12, Section 3, p. 1213] in order to prove the existence of a unique Nash
equilibrium in weighted potential games, is called §-inverse convex combinator of I' since z is a convex
combination of g°(x) and p(x) for any x € X. Indeed, rearranging (2) we get x = ag’(x) + (1 — a)p(z),
with a = 1/§ €]0, 1].

In particular, Figure 1 provides some graphical representations of ¢°. In Figure 1a, for a given function
p we depict g° for some values of §. In Figure 1b, we represent the composition p of the best response
functions of the game I' = {2, R,R, F, G} where F(z,y) = —2? + 4zy, G(z,y) = —y? + 62y and we
compute ¢° for § = 23/20.

Note that in Figure 1a ¢° and p have the same three fixed points and in Figure 1b they have the same
unique fixed point. In fact, the next lemma, whose proof is straightforward and is omitted, summarizes

the connections among the fixed points of ¢°, the fixed points of p and the Nash equilibria of T.

Lemma 2.1. Let 6 > 1 and assume that T = {2, X, Y, F, G} satisfies (#41). Then, the following state-

ments are equivalent:

(i)
(ii)
(iii)

8l

T
T

is a fized point of ¢°.
is a fived point of g7, for any T > 1.
is a fized point of p.

(iv) (Z,r2(Z)) is a Nash equilibrium of T'.



The introduction of the J-inverse convex combinator of I" will allow to prove, in this section, the
existence of a unique Nash equilibrium of I' when p is not a contraction, by means of the equivalences
stated in Lemma 2.1. Afterward, such a combinator will play a crucial role in the definition of our
theoretical iterative method for the approximation of the unique Nash equilibrium: the leading idea will
be to replace the best response function of one player with a function (the d-inverse convex combinator
¢°) whose properties allow to transform a divergent procedure into a convergent one. More detailed
intuition and motivations underlying the latter issue will be explained at the beginning of Section 3 and

they will be put in evidence in Figure 2.

Now, recall some usual notations. Let S and T be normed vector spaces equipped with the norms
|I-Ils and ||-||7 respectively, and let £(S,T) be the normed vector space of all continuous linear operators
from S to T', with the usual norm ||Al|z(s,r) = sup{||A(s)||7: ||s][s = 1}. The space of all continuous
linear operators from S to R is denoted by S*, and the duality operation between S* and S by (-, -} s+ xs-
Let f be a function from S to T. If f is twice differentiable on S, then Df: S — L(S,T) and D*f: S —
L(S,L(S,T)) denote, respectively, the Fréchet derivative of f and the second Fréchet derivative of f,
and by Df(s) € L(S,T) and D?f(s) € L(S, L(S,T)) we mean, respectively, the derivative of f at s € S
and the second derivative of f at s € S. Moreover, dgf: S — L(S,T) and dgf(s) € L(S,T) denote,
respectively, the Gdteauz derivative of f and the Gdteauz derivative of f at s € S. When S = S7 X
X Sp, Dy, f: S — L(S;,T) denotes the partial derivative of f with respect to s;, and Dy, (Ds, f): S —
L(S;,L£(S;,T)) and D2 f: S — L(S;, L(S;,T)), respectively, the second partial derivative of f with
respect to s; and s; and the second partial derivative of f with respect to s;, for any i,j € {1,...,n}
(clearly, D, (Ds, f) = D2 f for any i € {1,...,n}).

Finally, let GL(S,T) C L(S,T) be the set of all bijective continuous linear operators from S to T' with
continuous (and linear) inverse. If f € GL(S,T), then f~!: T — S denotes the inverse operator of f
and f~1 € L(T,S).

Hence, if F' and G are twice differentiable we have D2F(z,y) € L(X,X*), D;G(x,y) € L(Y,Y™),
Dy(DyF)(z,y) € LY, X*), Dy(D,G)(z,y) € L(X,Y™), for any (z,y) € X x Y, and we can define

M= sup |[DiF(z,y)]"" o Dy(D.F)(z,y)| cev,x)s (3a)
(z,y)EX XY

Ayi= sup  |[DiG(x,y)] " o Du(DyG)(2,y) | cix.v)s (3b)
(z,y)EX XY

A=A Ao, (3¢c)

provided that D2F(z,y) € GL(X, X*) and D;G(z,y) € GL(Y,Y™*) for any (z,y) € X x Y. Throughout

the paper, we deal with the class of games described in the next definition.
Definition 2.2 H is the set of games I' = {2, X, Y, F, G} which satisfy the following assumptions:
e X and Y are real Hilbert spaces;

e [ is twice continuously differentiable on X x Y, D2F(x,y) € GL(X, X*) for any (z,y) € X x Y,

and A; defined in (3a) is a real number;
e (5 is twice continuously differentiable on X x Y, DiG(m,y) € GL(Y,Y™) for any (z,y) € X x Y,

and A defined in (3b) is a real number.

The next lemma states some regularity properties of the best response functions r; and r5, and of their

composition p. The proof is obtained by extending to the class of games H the proofs of Propositions 3



and 4 in [12] given for weighted potential games.
Lemma 2.2. Assume ' € H and satisfies (741). Then

(i) r1 is continuously differentiable on'Y and Lipschitz continuous with Lipschitz constant no greater
than \q;
(ii) ro is continuously differentiable on X and Lipschitz continuous with Lipschitz constant no greater
than Ao;
(#5i) p is continuously differentiable on X and Lipschitz continuous with Lipschitz constant no greater
than A = A1 - As.

Proof. Lety € Y. Since F is differentiable on X xY, the pair (r1(y), y) satisfies the equation D, F(r1(y),y) =
0. Therefore, by applying the Implicit Function Theorem, r; is continuously differentiable on Y and

Dri(y) = [D3F(r1(y),y)] " o [Dy(DaF)(r1(y), y)] € LY, X). (4)

Moreover, by the Mean Value Inequality and the definition of \;

171 (y1) — ri(ye)llx < SFP]HDH(UA + (1 =y)llzov,x)llyr — v2lly < Mllyr — v2lly
te[0,1

for any y1,y2 € Y. Hence, r; is Lipschitz continuous with Lipschitz constant no greater than \;.

Analogously, o is continuously differentiable on X,
Dry(z) = [DyG(x,r2(2))] ™" 0 [Da(DyG)(x, 72(2))] € L(X,Y) (5)

for any = € X, and ry is Lipschitz continuous with Lipschitz constant no greater than As. Finally, by

the chain rule and (4) and (5), p is continuously differentiable on X and

Dp(x) =Dri(ra2(x)) o Dro(x)

~[D2F (p(2), r2(2))] ™" © [Dy(DuF)(p(a), ra(x))] (©)
o [D2G(x,72(2))] 7t 0 [Dy(DyG) (x, 72(2))] € L(X, X)

for any € X. Furthermore, in light of (6) and the definition of A,
sup | Dp(2)| c(x,x) < A1+ A2 = A (7)
reX

Hence, p is Lipschitz continuous with Lipschitz constant no greater than \. O

In order to introduce a further assumption, we state the following notion of monotonicity, used in

[55] for solving functional equations (see also [33]), together with preliminary results.

Definition 2.3 An operator A: X — X is said to be super monotone with constant v iff A is strongly

monotone with constant «, that is
(Axy — Ao, 1 — 29)x > y|lz1 — 22||%  for any 1,25 € X,

and, moreover, vy > 1.

Proposition 2.1. Let A: X — X. Then

(i) if A is super monotone with constant v, then A is strictly monotone (and, hence, monotone);



(i1) if A is super monotone with constant v, then A is expansive, i.e. there exists o > 1 such that
IA(z1) — A(z2)||x > o|lz1 — z2||x  for any x1, 22 € X,

and, moreover, the expansive constant o is equal to ;

(iii) if A is differentiable and super monotone with constant -y, then

sup [ DA(z) |l cx,x) =7 > 1;
rzeX

(i) if A is differentiable and there exists v > 1 such that, for any x € X

(DA(z)p, 0)x = vllel%x  for any ¢ € X, (8)

then A is super monotone with constant ~y.

Proof. (i) It follows immediately from Definition 2.3 and the definitions of monotone and strictly mono-
tone operators.
(ii) Let A be super monotone with constant v and let 21,22 € X. The Cauchy-Schwarz inequality implies
that

[A(z1) = A(zo) || x[l21 — 2llx > (Alx1) = Aza), 21 — 22)x > 7llor — 2|5

with v > 1. Then
[A(z1) — Alz2)llx = vllz1 — 2l x

As v > 1 we have that A is expansive with expansive constant .
(iii) Let A be differentiable and super monotone with constant v and let 21,25 € X. In light of Propo-

sition 2.1(ii) and the Mean Value Inequality, we have

Yz — z2llx <||A(z1) — Alz2) | x

< sup [[DA(tz1 + (1 = t)z2)llo(x,x) |71 — 22| x,
t€(0,1]

with v > 1. Hence, sup ¢ x || DA(z)| z(x,x) > 7 > 1.
(iv) Let v > 1 such that (8) holds and let z1,25 € X. Thus, by applying the Mean Value Theorem to
the real-valued function f defined by

f(s) = (A(sx1 4+ (1 — 8)xa), 21 —x2)x, for any s € [0,1],
there exists t €]0, 1] such that

(A(z1) — A(x2), 21 — o) x =(DA(tzy + (1 — t)z2)(x1 — 22), 21 — T2)x
>z — o[k
Therefore, A is super monotone with constant ~. O

For additional discussion on notions stronger than monotonicity see, for example, [7, Chapter 22].
For connections between expansiveness and existence of fixed points see, for example, [54].

We are now ready to introduce a further crucial hypothesis on games in the class H satisfying (.777).

(##) The function p = ry o ro is super monotone with constant ~.



In the following remarks a sufficient condition for (/%) and a straightforward consideration on p are

provided.
Remark 2.2 Let H(x1,x2,y) : X — X be the operator defined by

H(x1,29,y) =[D3F(21,y)] " 0 Dy(DyF)(z1,y)
o [DyG(x2,y)] ! 0 Du(DyG) (w2, ),
where 1,22 € X and y € Y. Equality (6) implies that Dp(x) = H(p(z),z,r2(z)) for any z € X.
Hence, in light of Proposition 2.1(iv) assumption (##2) is satisfied if there exists v > 1 such that, for any
r1,239 € X andy €Y
(H(z1,22,9)0,0)x 2 |ellk for any ¢ € X.

Remark 2.3 When I' € H and (J#)—(7%) are satisfied, then the composition p of the best response
functions cannot be a contraction and A > v > 1, as a straightforward consequence of Proposition 2.1

and inequality (7).

2.2 Uniqueness theorem

Before proving the existence of one and only one Nash equilibrium, let us associate to any game I' € H
satisfying (74 )—(7#3) the following interval

A2 -1
=11, ———|.
Ay :| ’)\22’}/4’1[ (9)

It is worth to note that I -, # 0) since A2 — 2y + 1 > 0 and m > 1 by Remark 2.3.

The proof of the uniqueness result is obtained arguing similarly to the proof of Theorem 1 in [12].
Theorem 2.1. Assume ' € H and satisfies (4 )-(#3). Then

(i) the function g° as defined in (2) is a contraction, for any § € I -;
Ny .
peEs

(iii) the game T has a unique Nash equilibrium (T,74(%)), where T is the unique fized point of g°.

(ii) the contraction constant of g° is minimal for § =

Proof. Let § > 1 and x1,x2 € X, then

19° (1) = ¢° (x2) 1% =lI8[x1 — 2] — (8 = V)[p(a1) — pla2)] 1%
=021 — a5 + (6 — 1)%[|p(x1) — pla2) 1% (10)
—=26(0 = 1)(p(x1) — p(a2), 21 — @2)x.

In light of Lemma 2.2(iii) and hypothesis (7#3), from (10) it follows

lg° (1) = g° (@)% < [0 + (8 = 1)°A% = 20(6 — D] s — 2o f%-

Let K :]1,+oo[— R be the function defined by
K(8) =062+ (6 — 1)°A2 = 26(6 — 1). (11)
Being A >~y >1 (by Remark 2.3), K is a convex quadratic function of § with minimum at

)\2 2'y+1 >1

and, since K()\z 2;11) = A?i;;yﬂ > 0, then K(§) > 0 for any 6 > 1. Furthermore, K(J) < 1 if and only

if §+1+(6—1)A? =25y < 0, that is if and only if § € I . Therefore ¢° is a contraction for any § € I, ,
A2 —

el

point of g°. Then, in light of Lemma 2.1, (Z,72(Z)) is the unique Nash equilibrium of T, O

and the contraction constant of ¢° is minimal for § = Finally, let £ € X be the unique fixed



In the following remark we investigate how the assumptions of Theorem 2.1 can be reformulated in
a more compact way in the case where the game belongs to the class of weighted potential games and,

consequently, how Theorem 2.1 extends the uniqueness result proved in [12, Theorem 1].

Remark 2.4 For the sake of completeness, we recall that I' is said to be a weighted potential game ([39]
and also, for example, [25, 10]) if there exist w; > 0, w2 > 0, called weights, and a real-valued function
P defined on X x Y, called weighted potential of I', such that

F(x7y) - F(.’L‘/,y) = wl(P(xay) - P(l‘/,y)),
G(x,y) - G(m,y’) = w2(P(x7y) - P(I>y,))7

for any z,2' € X and any y,3’ € Y. When w; = ws = 1, ' is said to be a potential game and we refer
to P as potential of .

In light of the characterization of weighted potential games given in [25, Theorem 2.1], the set of Nash
equilibria of a weighted potential game I' = {2, X, Y, F, G} is equal to the set of Nash equilibria of the
game I'p = {2, X| Y, P, P}. Hence, in this framework, we can require that assumptions of Theorem 2.1
hold for the “simplified” game I'p, and this can be employed by making assumptions directly on function
P.

In fact, I'p belongs to H if P is twice continuously differentiable on X x Y, D2P(z,y) € GL(X, X*) and
D2P(xz,y) € GL(Y,Y*) for any (z,y) € X x Y, and

Sup(m,y)GXXYHDgP(mvy)il o Dy(DZEP)(xay)HC(Y,X) € Ra
SUp(w,y)eXxY”DzP(xay)_l © Dw(DyP)(xvy)Hll(X,Y) eR.

Moreover, (7#) holds if P is strongly concave in each argument (in light of Remark 2.1) whereas (/%3)
holds if there exists v > 1 such that, for any z1,20 € X and y € Y

([Dgp(mhy)_l oDy(DmP)(xlay) OD§P(1’2>?J)_1 ODm(DyP)(m%y)} 4)07@))( > ’YHWH%(W

for any ¢ € X (in light of Remark 2.2).

In [12, Theorem 1 and Proposition 6] we proved that the conditions stated above guarantee the existence
of a unique Nash equilibrium regardless of either the strict concavity of P over X x Y or the existence of
a maximizer of P, whereas the literature on uniqueness of Nash equilibrium in weighted potential games
is essentially based on the strict concavity of P over X x Y and on the existence of a maximizer of P (see
[47, Corollary of Theorem 1]). Moreover, recall that, when T" is a potential game and the potential P
is a differentiable function, the operator —(D,F, D,G) equals the operator —(D,P, D, P), so the strict
(resp. strong) monotonicity of —(D,F, D,G) is equivalent to the strict (resp. strong) concavity of P
over X XY (see, e.g., [32, Theorems 2.1 and 2.4]). Therefore, given all the above, the uniqueness result
in Theorem 2.1 neither implies nor it is implied by the results on uniqueness of Nash equilibria based on

the properties of monotonicity of —(D,F, D,G), like for example [51, Theorem 2] or [32, Theorem 5.1].

In the next example, we illustrate a class of weighted potential games whose weighted potential
function P satisfies the conditions stated in Remark 2.4. Such a class is similar to the one considered in

[12, Subsection 4.2] and is exhibited for the sake of completeness.
Example 2.1 Let I' = {2, XY, F, G} be the game with X =Y =R and

F(z,y) =hp(z) + kp(y) + Brzy
G(z,y) =hc(y) + ka(x) £ Bary,



where hr : R — R and hg : R — R are twice continuously differentiable functions,! kr : R — R,
kg : R — R, ,8F>Oand6(;>0
Assume that

Mp = —inf,cg D?hp(z) € R, mp = —sup,ep D?*hp(x) >0,

Mg = —infyer D*hg(y) € R, MG = — SUP, R D?ha(y) > 0, (12)

MpMg < BrBa-

Then, I' is a weighted potential game with weights Sr, f¢ and weighted potential

hp(z) | ha(y)

P(z,y) = + + zy,
(=.9) Br Ba Y
and, for any (z,y) € R?
D%hp(x) mg D?ha(y) mg
D2P(z,y) = ——2 < ——= <0, D?P(z,y) = ——X < ——= <0. 13
(@9) Br Br vP@y) Ba Ba (13)
Moreover,
. [2ALP) _ pr DD _ e "
(zyer2 | D2P(x,y) mr’ (ayer2| DiP(z,y) me
and for any x1,z9,y € R
D,(D,P - Dy (DyP
D2 P (1, ) D§P($27 Y) MpMg
Then, by (13) to (15), the weighted potential P fulfills the conditions of Remark 2.4.
Assumptions in (12) hold when, for example
hF(x) = - 4‘1'2 + x, hG(y) = - 4y2 + Y, ﬂF = BG’ = 127 (16)

1+ a2 1+

since, in this case, Mp = Mg = 10 and mp = mg = 15/2.

2.3 A fitting class of games

In this subsection, we propose a class of games satisfying the hypotheses of Theorem 2.1 and which
involves games with infinite dimensional strategy spaces and quadratic payoff functions. Such a class
includes the class of weighted potential games considered in [12, Subsection 4.1].

Let I' = {2, X,Y, F, G} be the game with

F(x,y) = —ap(z,2) + Lp(x) + cr + f(y) + br(y, x)

(17)
G(z,y) = —ac(y,y) + La(y) + cc + g(z) + ba(z,y),

where ap : X X X 2 R, bp: Y X X >R, ag:Y XY - Rand bg : X xY — R are bilinear continuous
operators, f : ¥ — R, g : X — R are twice continuously differentiable, Lr € X*, Lg € Y*, and
cr,cq € R.

Assume that there exist ap > 0,ag > 0 such that for any x € X and any y € Y

ap(z,2) > aplzly,  ac(y.y) > acllyly, (18)

Tt is worth to remind that in this case the derivatives D2F and Dy (DyF) can be identified with the usual derivatives of
real-valued functions defined on R2, [D2F(z,y)] ~! exists provided that D2F(z,y) # 0, and [D2F(z,y)] - 1/D2F(z,y).
Analogous considerations apply to DgG and Dg(DyG).
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and, moreover, let Ap € L(X,X*), Ag € L(Y,Y™), Bp € L(Y,X") and Bg € L(X,Y*) such that for
any x,x1,r2 € X and any y,y1,y2 € Y

ap(r1,22) = (Apz1,T2)xxx, br(y,z) = (Bry,T)x*xx, (19a)
ac(y1,92) = (Agy1, y2)v=xy, ba(r,y) = (Bar,y)y-xy- (19b)
Then, F and G are twice continuously differentiable on X x Y and for any (z,y) € X xY

D2F(z,y) = —2Ap, Dy(D,F)(z,y) = Br,

(20)
DzG(x,y) = —24q, D.(DyG)(z,y) = Bg.

In light of (18), (19a) and (19b), the Lax-Milgram Theorem (see, e.g., [35]) guarantees that D2F (z,y) €
GL(X,X*)and D2G(x,y) € GL(Y,Y™) for any (z,y) € X xY and, by definition of A; and Xz in (3a)—(3b)
and by (20), we get

1, 1,
AL = §||AF1 oBFr|lcvx) ER, A= §||Ac;1 o Ba|zx,y) €R.

Therefore, T belongs to H. Furthermore, I' satisfies (.#/7) in light of (20) and Remark 2.1, and (/%)
holds if there exists v > 1 such that

([Az' o Bpo Ag' o Bolp, ) x > 47llpll%  for any ¢ € X, (21)

in light of Remark 2.2.

In the following proposition, sufficient conditions for inequality (21) are provided.

Proposition 2.2. Let T' be a game whose payoff functions are defined as in (17) and satisfy (18), (19a)
and (19b). Assume that X and Y coincide with the same Hilbert space Z == X =Y, and let (-,-)z and
((+,%))z be two inner products on Z. If there exist Sr,Bc € R such that for any z1,22 € Z

ap(21,22) = ap - (21,22)z, br(z2,21) = Br - (22,21) 2, (22a)
ag(z1,22) = ag - ((21,22))z, ba(21,22) = B - (21, 22)) z, (22b)
and Brfa > dapac, then there exists v > 1 whereby inequality (21) holds.

Proof. Let ¢ € Z; then in light of (19b) and (22b)

(Bay,22)z+xz = Ba - ((¢,22))z, for any 2, € Z. (23)

Since Ag € GL(Z,Z*), then A;' (Bgy) is the unique 22 € Z such that Agzs = By, that is (Agzo, k) 7+ xz =
(Bap, k)z+xz for any k € Z. By (19b), (22b) and (23)

ag - ((22,k))z = Ba - (¢, k))z, for any k € Z;

so A5 ' (Bgy) = 22 = g—ggo.
Hence, in light of (19a) and (22a) the operator Br(Ag'(Bgy)) € Z* is defined by

BrBa

ag

<BF(A(_;1(ng0)), hYzexz = (¢, h)z, foranyh e Z. (24)

Since Ar € GL(Z,Z*), then A" (Br(Ag' (Bgy))) is the unique 2 € Z such that Arz; = Br(Ag' (Bay)),
that is (Apz1,h) z:xz = (Br(Ag (Bg¢)), h) z+x 7 for any h € Z. Therefore, by (19a), (22a) and (24)
BrBa

ag

ap - (z1,h)z = (p,h)z, forany h € Z;

11



SO

BrBa

AF'(Br(Ag! (Bop)) == = =

Being ¢ arbitrary in Z, it follows that
BrBa

(e ale7e)

([A7' o Bro Ag' o Bolp, )z = lpllZ,  for any ¢ € Z,

where ||| 7 is the norm associated with the inner product (-,-)z. Hence, since BrBg > 4arag, inequality
(21) holds for v = Srbe. O

4(¥FOLG :

We highlight that also some differential games (for definitions see, e.g., [6, 20]) can be included in

the class of games just presented. We illustrate an example below.

Example 2.2 Let us consider a two-player infinite horizon differential game where the control variables

up,ug belong to U = L?([0, +00]), the state variable z : [0, +00[— R evolves according to the equation
z(t) = up(t) + ug(t) — ma(t), (25)
with £(0) = zp > 0 and m > 0, and the instantaneous profits of players at time ¢ are

(t) — ap[up(t)]® + Brup(t)uc(t),
(t) — aglua(t))? + Baur(t)ua(t),

3 3

Q 9

— —
8 8
— ~—
NN
< <
] )

—~ —
NN
< N
Q Q@

—~
~
S~— S~—
S~— S~—
[l

8 8

with ap > 0,ag > 0,8r € R and B¢ € R. So, players’ objective functional are

Jr(x,up,ug) = /OO 67iFt7rF(z(t),uF(t),uG(t)) dt,
0. (26)
o, ups ug) = /0 =6t (@ (t), up (t), ug (t)) di,

where ip > 0 and ig > 0 are the discount rates of the first and second player, respectively. The differential
game described above has a structure similar to the one often employed in knowledge accumulation models
(see, for example, [20, Example 7.1 and Section 9.5]) and also in advertising models (see, for example,
[20, Section 11.3]).

Substituting the solution of the first-order differential equation (25) in (26), we can rewrite the players’
objective functionals as functions of the control variables only.? Denoted such functions by F and G, we

obtain

F(up,ug) = [y e'r! {zoe*mt— ar[up(t))? + Brur(t)ug(t) + e*mtfg[up(s) + ug(s)]e™s ds} dt

G(up,ug) = [y et {:Ege*'mtf aglug(#)]? + Bour(t)ug(t) + c*'"tfot [up(s) +ug(s)e™® ds} dt

for any (up,ug) € U x U. Then, the game I' = {2, U, U, F, G} belongs to the class of games considered

2The solution of differential equation (25) is z(t) = zoe =™t + e~ ™ [ [up(s) + uc(s)]e™ ds.

12



in this subsection and characterized by (17), where

ap(up,uf) = ap [ e Ftulp(t)ul(t) dt,  for any uf, u} € U; (
ag(ug, u) = ag [y e Clug(tyug(t)dt, for any ug, ufy € U; (27b
br(ug,ur) = Br [, e Flup(t)ug(t)dt, for any up, ug € U; (27c
be(up,ue) = Ba fooo ety (tyug(t) dt, for any ur, ug € U; (27d
Lp(up) = fooo e~ (irtm)t [fot e up(s) ds] dt, for any up € U,

Lg(ug) = fooo e~ lic+m)t [fot e ug(s) ds} dt, for any ug € U;

flug) = [7 e tirtmt [fot e ug(s) ds] dt, for any ug € U;

glup) = fooo e~ ligtm)t [fot e up(s) ds} dt, for any up € U,

cp = fooo zoe~ UFrtmt g co = fooo xoe~lictmit gy

In particular, the operators ar, ag, br, bg in (27a)—(27d) are of the same type of the operators described
in (22a) and (22b) where Z = U and the two inner products on U are defined by

(up,ug)y = / e Flup(tug(t)dt, for any up, ug € U,
0

((up,ue))y = / e "Clup(tug(t)dt, for any up, ug € U.
0

Finally, we point out that I' = {2,U, U, F, G} is not, in general, a weighted potential game.

3 Theoretical approximation of the Nash equilibrium

The classical best response algorithm (where the player’s strategy at the current step is the best response
to the previous strategy of the other player) is well-known to converge both in zero-sum and in non zero-
sum games if the composition p of the best response functions is a contraction, as shown in [17] and in
[37]- Moreover, in zero-sum games, convex relaxations of such an algorithm (where the player’s strategy
at the current step is a convex combination of his previous strategy and of the best response to the
current strategy of the other player) have been proved to converge for special choices of the convex
combinations’ coefficients even when p is not a contraction, as shown in [42]. Nevertheless, the classical
best response algorithm as well as each of its convex relaxations may fail to converge in non zero-sum
games when p is not a contraction. So, our motivating reason concerns how modifying a best response
algorithm in order to ensure the convergence in non zero-sum games when p is not a contraction. The
idea is to adjust “reversely” the best response of one player: we define an affine non-convex combination
(instead of a convex combination) whereby the previous strategy is in-between the current strategy and
the best response to the current strategy of the other player.

Relying on the just mentioned considerations, we formalize now an iterative method that allows to
approach the Nash equilibrium of T' (whose uniqueness is ensured by Theorem 2.1).

Hence, assume T" belongs to H and satisfies (74 )—(7#3); we remind that under such assumptions p is not

a contraction (see Remark 2.3). Let § € I, -, where I 5 is defined in (9).

13



Inverse- Adjusted Best Response Algorithm (A%)

(Step 0) Choose an initial point yg € Y and compute 2o = 71 (yo).

y1 = 12(z0)

(Step 1) Compute
x1 =629 — (6 — D)ry(y1) = g° (o).

n = T2(Tn—
(Step n) Compute Y 2(@n-1)

Tp =021 — (6 —Dri(yn) = ¢ (xn_1).

Remark 3.1 In the special case where the strategy sets are R and the best response functions are

assumed to be linear, (A°) corresponds to a relaxation algorithm described in [5, equations (3.4) p. 536].

At step n, the algorithm (A?) firstly selects the best response of the second player, i.e., y, = r2(2p_1);
then, it selects a non-convex combination of the strategy of the first player coming from step n — 1 and
of his best response to y,,, i.e. , = 0,1 — (§ — 1)r1(y,) with § € I) 5 C]1, +oo[ (note that (A°) would
coincide with the classical best response algorithm when 6 = 0 and with its convex relaxations when
varying § €]0, 1[). Intuitively, it is as if the algorithm computes r1(y,,) in an imaginary intermediate step
and then it adjusts such an 71 (y,) inversely with respect to z,_1. Such an inversion is carried out by
the d-inverse convex combinator of T, that is the function g° defined in (2).

Figure 2 provides some graphical insights related to the algorithm (A%) applied to the game I' =
{2,R,R, F,G}, where F(z,y) = —2? + 4xy, G(x,y) = —y* + 62y, choosing § = 23/20 (such a game
belongs to H and satisfies (4 )—(74), the unique Nash equilibrium is (0,0)). In particular, Figures 2a
and 2b display the first two iterations of (A%): we note that zg is in-between x; and 71(y;), =1 is in-
between x5 and ri(y2), and that the approximations x1,xs and yi,ys approach the Nash equilibrium
strategies. In Figure 2c we mainly focus on the restriction to g° of the first two iterations of (A%): 1, 2o
approach the unique fixed point of ¢°, which coincides with the unique fixed point of p (according to
Lemma 2.1). Figure 2d depicts the first two iterations of the classical best response algorithm applied to

I': such an algorithm clearly diverges (as p is not a contraction), as well as any convex relaxed variant.

In the next theorem the convergence of the algorithm is stated.

Theorem 3.1. Assume I' € H and satisfies (74 )-(7%). Let (T,y) be the unique Nash equilibrium of
T'. Equipped the product space X X Y with the norm defined by

1@ Y lxxy = llzllx + lylly,  for any (z,y) € X x Y, (28)

then the sequence (T, Yyn)n generated by the algorithm (A°) is strongly convergent to (T,7) in X x Y,

for any § € I, . Furthermore

lim F(xn,y,) = F(z,7), lim G(xn,yn) = G(Z,7). (29)

n—-+oo n—-+oo
Proof. The existence of a unique Nash equilibrium of I' is guaranteed by Theorem 2.1(iii). Let § € I, ;.
Since § = 72(Z), then 7 is the unique fixed point of g° by Lemma 2.1. In light of Theorem 2.1(i), ¢° is a

contraction with related (estimated) contraction constant x(J) where

K(0) = [K(O)]'/? (30)
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(c) (Step 1)-(Step 2): focus on g° (d) Classical best response algorithm

Figure 2: Some graphical representations related to the algorithm (A°).

with K(J) defined in (11). Moreover,
lzn = Zlx = 9°(@n-1) = ¢’ (@)l|x < K(E)llwn-1 —Zllx < < w(8)" o1 — 2],

for any n € N. As k(9) < 1, then lim, o |®n — Z||x = 0. Therefore, the sequence (z,), is strongly

convergent to Z. Furthermore, by Lemma 2.2(ii)
lyn = 0lly = lIr2(@n-1) = r2(2)lly < Aeflen—1 —Z|x, forany neN.

Since lim, oo ||Zn—1 — Z||x = 0, the sequence (y,), is strongly convergent to §. So, the sequence

(Zn, Yn)n strongly converges to (7, %) in light of (28).

Finally, equalities in (29) follow from the continuity of F' and G. O

In the next proposition the error estimations of the sequences generated by the algorithm (A°) are

computed.

Proposition 3.1. Assume I' € ‘H and satisfies (741)-(73). Let (Z,y) be the unique Nash equilibrium
of I'. Then, for any 0 € I, the following estimations hold

K 6 n
Jon — 3llx < 1_(/3(5)”9[;1 ~wollx for anyn €N, (31a)
K(6)™A
lomis =ally < T2 o~ ol or anyn e (310)

where k is defined in (30).
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Proof. Let 6 € I . Inlight of Theorem 2.1(i), ¢° is a contraction and the relative (estimated) contraction

constant is x(4), so
|Zn+1 — znllx < KO)||2n — Tn-1llx < ... <kK(6)"||x1 — x0||x for any n € N.

Consequently, for any p € N we get

M»a

|Zntp — Tullx < D> NTntj — Tngj-1llx

jzl (9)"(1 = K(6)") .
i RO (1 — K(S)P
< Zn(ﬁ) J ||l‘1 - l’OHX - 1——I€(5)”I1 - IOHX.
Jj=1
Hence, inequality (31a) follows from (32) taking the limit as p — +oo since x(J) < 1.
Finally, by Lemma 2.2(ii) and (31a) we get
™A
[Yyn+1 = Glly = llr2(2n) — r2(@)[ly < Aelloyn — Zl|x < f(_)n(;)llwl — ol|x,
so inequality (31b) is proved. O

It is worth to note that the convergence of the theoretical algorithm (.A°) grounds on the fact that
¢° is a contraction, for any ¢ € I . As the estimation of the contraction constant of g° is given by x(6)
defined in (30), a natural choice of the parameter in I , could be the one associated with the inverse
convex combinator whose contraction constant is minimal. We call v such a value, that is
22—y

A - 33
S PR (33)

in light of Theorem 2.1(ii), and we denote by k the associated contraction constant, that is

A2 = A2 1/2

Therefore, in the next section we deal only with the algorithm (A°) when § takes the value v. For

(34)

notational convenience we will refer to it as the algorithm (A), illustrated below.

Imverse- Adjusted Best Response Algorithm (A)

(Step 0) Choose an initial point yg € Y and compute z¢ = r1(yo).

(Step 1) Compute b1 = ra(o)

x1 =vrg — (v — 1)r1(y1) = g% (x0).

n = To(Tn—
(Step n) Compute v 2(¥n-1)

Tp = VIp—-1 — (V - 1)T1(yn) = gy(mn—l)'
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4 Numerical approximation of the Nash equilibrium

Inverse-Adjusted Best Response Algorithm (A) illustrated in Section 3 involves the best response func-
tions of the game I'. In this section we propose a numerical method which can be fruitfully used when
the analytic expressions of the best response functions are not available. For the sake of brevity, we con-
sider from now on only games whose strategy sets are finite dimensional spaces and we defer to future
research the case of infinite dimensional strategy spaces together with the application of the numerical
approximation to classes of differential games.

So, let I', , = {2, X}, Yy, F, G} where X, is a p-dimensional space and Y; is a ¢-dimensional space, and
F and G now are real-valued functions defined on X, x Y;. Firstly, we recall the local variation method,
a derivative-free continuous optimization technique introduced in [15] for finding solutions of variational
problems and used, in particular, in [16] for functional minimization problems and in [42, 19] for zero-sum
games. Then, we approximate the Nash equilibrium of the game by combining the algorithm (A) with
the local variation method.

In order to achieve this goal, in this section we consider the following assumptions on I'p 4.

(#4) the function F is strongly concave on X,, uniformly on Y, and the function G is strongly concave
on Y, uniformly on X,, i.e. there exist two constants mp > 0 and mg > 0 such that, for any

z, @' 2" € Xp, any y,y',y" € Y, and any t € [0,1]:

F(ta' + (1= t)a",y) > tF(2',y) + (1 = F (2", y) + mpt(1 = t)]a" — 2"|%,;
G(z,ty' + (1= t)y") > tG(z,y") + (1 = )G(z,y") + mat(1 = )|y — "3,

(#%4) there exists v > 1 such that, for any zq,z2 € X, and y € Y,

(H(z1,22,9)¢,0)x, > Vllell%, forany ¢ € X,
where H(x1,x2,y) : X, — X, is the operator defined by

H(q"hx%y) ::[DJZUF('rlvy)]_l ODy(DIF)(xlay)
o [DZG(x% y)]_l o Dm(DyG)(x%y)-

Remark 4.1 If F' is strongly concave on X, uniformly on Y;, then the function F(-,y) is strongly
concave for any y € Y. The converse is not true in general (this is the case, for example, if F' is defined
on R? by F(z,y) = —x?e¥). Clearly, a function can be strongly concave on X, uniformly on Y, and
can be not concave on X, x Y, (take, for example, F' defined on R? by F(z,y) = —z%(e¥ + 1)). Similar

arguments hold also when G is strongly concave on Y, uniformly on X,,.

Remark 4.2 Conditions (<7 )—(2%) are more restrictive than (747)—(.%). In fact, (<) implies (.747) in
light of Remarks 2.1 and 4.1, whereas (%) implies (.74) in light of Remark 2.2. Therefore, all the results
obtained in Sections 2 and 3 for I = {2, X, Y, F, G} apply when we replace I with T, , = {2, X,,, Y, F, G}
and (J)~(5) with (4)~(%).

We emphasize that, although (<7 )—(#) are more restrictive, they will allow to handle situations where
the best response functions are not explicit. In fact, the following examples illustrate two games which
belong to the class H, satisfy assumptions (7 )—(o%), and where the best response functions of both

players cannot be computed explicitly.
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Example 4.1 Let '), = {2,X,,Y,, F, G} be the game where X,, = ¥, = R and the payoff functions
are defined by

F(z,y) = —2? — cosxsiny — 5zy,

Gz, y) = — 4y +y — 12zy.

1+ y?

The function F is strongly concave on X, = R uniformly on Y, = R since D2F(x,y) = —2+coszsiny <
—1 for any (z,y) € R?, and the function G is strongly concave on Y, = R uniformly on X, = R since
D2G(x,y) = [(6y* —2)/(1 + y*)*] — 8 < —15/2 for any (z,y) € R%. So (&) holds. Moreover

é S )\1 = sup (}?)()‘ = sup M S 6,
3 @yer? | DiF(z,y) (z,y)cR? 2 — CcOSTSINY
2 1 3
)\2 = Sup ()(y)' = sup 5 G(y 4+ ) 5 _ §
@yer2 | DiG(z,y) (wayerz 40 +12y4 +9y2 +5 5

Therefore I', , € H. Furthermore

(5 — sinxq cosy)[6(y? + 1)3]
(2 — cos @y siny) (4yS + 12y* + 9y2 + 5)
> i 5—sinzcosy . 6(y* +1)3
(z, y)e]R2 2 — cosxsiny (0,y)eR? 496 + 1294 + 992 + 5

H($1,I27y) =

>

1 >1
3 )

Cﬂ\@
o] oo

for any x1,x2 € R and y € R. Hence () is satisfied by taking v = 8/5.

Note that I', , does not belong either to the class of weighted potential games illustrated in Remark 2.4

or to the class of games described in Section 2.3.

Example 4.2 Let '), , = {2, X,,,Y,, F, G} be a weighted potential game belonging to the class considered
in Example 2.1 with hp, ha, B, Ba specified in (16) and kp = kg = 0. Since D2F(z,y) = DyG(x,y) <
—15/2 for any (z,y) € R?, then F is strongly concave on X, = R uniformly on ¥, = R and G is strongly
concave on Y, = R uniformly on X, = R, so (7 ) holds. Moreover, in light of Remark 2.4, I', ;, € H and
(o) is satisfied by taking v = 36/25.

4.1 The local variation method

Now, let us describe the local variation method (introduced in [15]) that allows, by using only the values
of the function, both to find an approximation of the unique maximizer of a strongly concave real-valued
function defined on a finite dimensional space and to obtain an estimation of the distance between the
approximation calculated and the (exact) maximizer. Such a method will be employed in our numerical
method to approximate the best responses of the players acting in Iy, 4.

It is worth to highlight that such a method belongs to the class of coordinate descent methods, widely
used in constrained and unconstrained optimization (see, e.g., [3, Chapter 6], [8, Chapters 1 and 2] or
[48, Chapter 3]).

We first illustrate the local variation method to find an approximation of the unique maximizer of a
real-valued function f defined on RY (following the scheme proposed in [16]), then we generalize such a
method to a real-valued function J defined on a general finite dimensional space V. So, let us denote

by (-,-)g~ the usual inner product on RY and by ||-||g~ the Euclidean norm, and consider f : RV — R.
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Local variation method

(Step 0) Fix an initial point (29,29,...,2%) € RY and a range € > 0.

(Step 1) Define:

7| :f(21722v23a" Z?\/')
O = f(2) +¢29,29,...,2%),
O] = f(V —6,29,28,...,2%).

Find the point in the set {2{,2{ + ¢, 2 — ¢} which corresponds to the maximum of the set
{©1,07,07} and denote it by 251

(Step 2) Define:

Oy = f(zf’l,zg,z??’...,z?v),
@; = f(zi,1722+67237 72N)7
— . 0 0 0
62 = f(zilaZQ €, 23, ,ZN)

Find the point in the set {29,z + €, 29 — €} which corresponds to the maximum of the set
{©2,07,0; } and denote it by zf ,.

(Step 1) Define:

— € € € 0 _0 0
O = f(2] 15219y« o s 2 i1y i Zitds - - s ZN )5
, , , +
+ . € € € 0 0 0
O = f(zl,17zl,27'"vzl,iflvzi + €215 2N),
— € € € 0 0 0
O, = f(21,1,21,2a---721,1'—1»21' — €, 2151 2N)-

Find the point in the set {2929 + ¢, 2 — €} which corresponds to the maximum of the set
{0©;,0;,0;} and denote it by 25 -

(Step N) Define:

. 0
On = f(zilazib .- "ZiN—leN)v
. 0
oy = f(zi,hzi% .- "ZT,N—I’ZN + 6)’
- . 3 0
Oy = f(Zi,l,Zim . -aZiNq’zN —e).

Find the point in the set {z%,2% + €,2% — €} which corresponds to the maximum of the
set {Ox, 0,0} and denote it by 2f n- Hence, the vector zf = (2§ 1,2{9,...,2] y) 18

constructed.

(Step R) Repeat the steps from 1 to N choosing z§ as initial point and the same range €, and get

€ € € €
25 = (251,259, 5 25 N )-
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(Step S) Continue until obtaining a stationary vector z¢ := (z§, 25, ...,25), i.e. a vector which satisfies

the following inequalities

o <6,

— (35)
0% <Oy (25,25, ..., 25 ) < f(25,25, ..., 2%).
Oy < On.

The existence of a vector verifying (35) is shown in [16]. For the sake of completeness we give below

the statement and the proof of such a result.

Lemma 4.1 (Lemme 1.1 in [16]). Let f: RN — R be a strongly concave function and let ¢ > 0. Then,
there exists a vector z¢ satisfying (35), which is obtained by repeating a finite number of times the steps

from 1 to N of the local variation method.

Proof. Firstly, it is worth to note that the strong concavity of f implies

f(z) = —o0. (36)

im
llzllgn =00

Let (z;)r be the sequence where 2 := (2] 1, 2§ 5, - - -+ 2}, i) I the vector obtained after repeating k times
the steps from 1 to N. Then, the sequence (zf)x is necessarily bounded. In fact, by contradiction, if
limy s 4 oo||25, [~ = +o0 then limy_, 4 o f(25,) = —oo, in light of (36). This is not possible since (f(z},))x
is an increasing sequence, by construction. Therefore (zf)x is bounded and, consequently, there exists
a constant C' > 0 such that |2; ;| < C for any i € {1,...,N} and k € N. Given the above and since
zf, s = 2 +my i€ for some my, ; € 7, there exists k € N such that zj, = z¢ for any k > k and z¢ necessarily

satisfies (35), so the result is proved. O

We emphasize that the convergence of the local variation method has been shown in [16] for functions
defined on a finite dimensional space, whereas, in [42] an error estimation in the case of functions defined
on RY has been claimed in order to obtain error bounds in zero-sum games. In this paper, having in
mind to obtain error estimations for non zero-sum games defined in finite dimensional spaces, we need
to prove, preliminarily, error bounds and convergence of the local variation method for functions defined
on RY. So, in the next lemma we address this issue, by exploiting the proof of Théoréme 3.1 in [16].
Before proving the result, we recall that, when f: RN — R is a differentiable function and z € RY, the

Taylor’s theorem guarantees
37, CRY st. f(x+h) — f(x) = (Vf(2),h)gy +r(x,h) VhETL, (37)

where 7, is a neighbourhood of 0 depending on z, Vf(x) € RY is the gradient of f at x, and the
remainder 7(z, h) satisfies limy .o 7(z, h)/||h||gy = 0. Moreover, if a differentiable function f: RY — R

is strongly concave then there exists m > 0 such that
f@") = f@') < (Vf(@),s" — 2" gy —m|j2” — 2||3n; (38)

for any 2/, 2" € RV,

20



Lemma 4.2. Let f: RN — R be a differentiable and strongly concave function on RY. Assume that
there exist Cy > 0, Cy > 0 and 7 > 1 such that

r(z, h)| < C1||h|[gx + Collh|lgk"  for any x € RY and h € T, (39)

where v and I, are defined in (37).
Let € > 0 and let 2¢ € RY be the stationary vector obtained at step S of the local variation method applied
to f, i.e. the vector satisfying the inequalities in (35). Then

VN(C + ¢Co) +—1

25 — 2™ g <
m

; (40)

max

where z is the unique mazimizer of f over RN and m is the constant related to the strong concavity of

f, defined in (38). Moreover, if (€n)n>0 CJ0, +00] is a sequence decreasing to zero, the sequence (2),>0

converges to 2.

Proof. Let us note that z¢ is well-defined in light of Lemma 4.1, and that the last part of the statement
follows immediately from (40), as lim,,_, o €, = 0 and 7 > 1. Therefore, we prove only inequality (40).
Let {e1,...,en} be the standard basis of RV and let us fix i € {1,..., N}. Since z¢ verifies (35), by (37)

we have

0> f(= — ces) — f(=) = —e(Vf(=%), ei)p + (=, —eer),

(41)
0> f(2+eei) — f(2°) = e(Vf(2°), ei)rn +7(2 €e;).
So, in light of (41) and (39)
€ — ) C —CCq N C (3 T
(Vf(zé),ei)]RN > T(Z s 661) > _ 1” €€ ”]R + OH €€ H ’
e _ Cilledly + Collcedlgt® 2
r 26,667; €illpn + €e; A
(Vf(ze),ei)RN < - ( - ) < 1 R : 0 )
Hence, by (42) and since ||e;||gy = 1 we get
[(Vf(2), e)rn| < € 1(Cy + €Ch). (43)

As 2™ is the maximizer of f and in light of (38) and (43), then
mlz€ = 2" g < —[f(2™0) = f(2)] + (VF(29), 2™ — 2w

< [(VF(z9), 2™ = 2%)rn]
N

(VA S~ 2)ie)a

i=1

N
Z 21 = 29l - [(Vf(29) ei)r]

\ N

< €T_1(Cl +€Co) ||z = 2%|lx
< VN(Cy + €Co)e™ M|z — 2¢|pw,
where ||-||; is the 1-norm of RY and the last inequality follows from the equivalence of norms in R¥,

more precisely from the inequality ||z||, < N(1/P=1/@)|z||, holding for any z € RY and p,q € [1, +ocl.
Therefore (40) is proved and the proof is complete. O

Remark 4.3 Let us note that the convergence of the local variation method is guaranteed by assuming
only (36), i.e. the coercivity of —f, as shown in [16, Théoréme 2.1]. In Lemma 4.2 we added further
assumptions related to the differentiability of f to obtain also an error estimation result (inequality (40)

in the statement of Lemma 4.2).
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Now, let J: Vy — R where Vy is an N-dimensional real vector space endowed with the inner product
(,)vy and related norm |||y, . Moreover, let B = {b1,ba,...,bny} C Vi be the basis of Viy such that
the matrix of (-,-)y, relative to B is the identity matrix Iy of size N, i.e. B is the basis whereby for
any u,v € Vy we have (u,v)y, = 27 Iyy where 2 = (z1,...,2x5) € RN and y = (y1,...,yn) € RY are
the (unique) N-dimensional vectors such that Zi\il xib; = u and Ziil yib; = v, and where 27 is the
transpose of the vector z. The vector x = (z1,...,7y5) € RY such that u = Zivzl x;b; € Vy is called
coordinate vector of u relative to B and we denote by cz : Vi — R the linear function which associates
with each u € Viy the coordinate vector of w relative to 5. By means of B, the inner product (-,-)y, of

Vy can be represented via the usual inner product (-,-)g~ of R, In fact, for any u,v € Vy
(u,v)vy = 2" Iny = 2191 + -+ + anyn = (2, 9)pw, (44)

where © = (z1,...,2x) = cg(u) € RN and y = (y1,...,yn) = cg(v) € RY. Consequently, the norm

|-Ilvy of Vv can be represented via the the Euclidean norm ||||gy of RY. In fact, in light of (44), for

||UHVN =V (u’u)VN =\ m%"—"""_l‘?\f = HxHRNv (45)

Let J: Vxy — R be a strongly concave function. Maximizing J over Vi is equivalent to maximize the
function f: RY — R defined by

any u € Vy

where z = cg(u).

f(Zl,...,ZN) == J(21b1+"'+ZNbN), (46)
in the sense that even f is strongly concave (on RY) and

{zZ1b1 +...Znbn} = Argmax J(v) & {(Z1,...,2n)} = Argmax  f(z1,...,2N)
veEVN (21,---,28)ERN

(or, equivalently, {w} = ArgmaxJ(v) < {cg(w)} = Argmax f(a:)) ,

veVN zERN

ax J(v) = a . .
QIJIElV)Ié (U) (21,..€N)§E]RN f(zh ) ZN)

Before showing the error estimation and the convergence results, it is worth to recall that, when J is
differentiable on Viy and given u € Vi, the Taylor’s theorem ensures

IV CVy st J(u+v) = J(u) = (DJ(u),v)vixvy + R(u,v) Yo eV, (47)

where V), is a neighbourhood of 0 depending on v and R(u,v) is the remainder, and furthermore that if

a differentiable function J: Vy — R is strongly concave then there exists m > 0 such that
J(u") = J(u') < (DJ (W), 0" —u'hvgxvy —mlu” — |7, (48)

for any u’,u” € V. Finally, we say that w® € Vy is the point generated by applying the local variation
method to J if ¢p(w€) is the stationary vector obtained at step S of the local variation method applied
to the function f defined in (46).

Theorem 4.1. Let J: Vy — R be a differentiable and strongly concave function on V. Assume that
there exist Cy > 0, Cy > 0 and 7 > 1 such that

|R(u,v)| < Cil|v||y,, + C’0||v||{,:1 for any u € Vy and v € V,,, (49)

where R and V,, are defined in (47).
Let € > 0 and let w® € Viy be the point generated by applying the local variation method to J. Then

€ maz \/N(Ol +€CO) T—
e = wmes < YHELEE o, (50)
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where w™*® is the unique mazximizer of J over Vi, and m is the constant related to the strong concavity
of J, defined in (48). Moreover, if (€,)n>0 CJ0,4+00[ is a sequence decreasing to zero, the sequence

(W )p>0 converges to w™**.

Proof. Let u,v € Vi be two points verifying (47), whose coordinate vectors relative to B are, respectively,
r = cp(u) € RN and h = cg(v) € RV, and let f: R — R be the function defined in (46). Since J
is differentiable and strongly concave over Vi, then f is differentiable and strongly concave over RY.

Moreover, by definition of Gateaux derivative, the linearity of ¢p, and (46) we have

(DJI(u), v)vexvy = (daJ (u), v) vy xvy

= lim
t—0 t
- lim flz+ tl;) — f(@) (51)

= (da f(x), h)pa=
= (Df(z), h)rn+xry = (Vf(z),h)pn~.
Hence, in light of (46), (47), (49) and (45) we get
[f (@ +h) = f(z) = (Vf(@), Mrv| = [J(u+v) = J(u) = (DJ(u),v)v; xvy
= [R(u,v)|
< Gl + CollvlljH!
= Cilhllgw + CollhlIgx".
Furthermore, the constant related to the strong concavity of f is equal to the constant related to strong
concavity of J. In fact, for any z/,2” € RY from (46), (48) and (51) it follows
f@") = f@) = J(") = J ()
DJ(u),u" — u’}vﬁva —m|u” — u’||%,N

Vi), 2" = a')ay —mla” — o' |gw,

IN

I
— —~

where v/ € Vy and u” € Vi are equal to cgl(:c’) and cgl(x”), respectively. Therefore f satisfies the
assumptions of Lemma 4.2, and so

VN(Ci + €Co) -1

|2 = 2" ||rn <
m

; (52)

where 2¢ € RY is the stationary vector obtained at step S of the local variation method applied to f,
i.e. 2¢ verifies (35), and 2™ € RY is the unique maximizer of f over RY. Thus, 2¢ = cg(w®) and
2™ = cg(w™®). In light of (45) and (52),

VN(C C
Hwe 7wmaz”VN _ ”Ze . ZmamHRN < ( Tln+€ 0)6771’

o (50) holds.
The last part of the result follows from (50), since lim, o €, = 0 and 7 > 1. O

4.2 The Numerical Inverse-Adjusted Best Response Algorithm

We introduce now a numerical method to approximate the unique Nash equilibrium (Z,q, ¥p,q) of I'p g,
referred as Numerical Inverse-Adjusted Best Response Algorithm via local variation method and denoted
by (MA), which combines the local variation method described in the previous subsection and the
algorithm (A) defined in Section 3.
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Numerical Inverse-Adjusted Best Response Algorithm (N A)

(Step 0)

(Step 1)

(Step 2)

Let yo be an arbitrary point in Y. Having chosen an initial point Zo € X, and a range ey > 0,

apply the local variation method to the function F(-,yo) and get the stationary vector zf € X,.

Choosing €; < €, apply the local variation method to the function G(zf,-) with initial point
yo and range €, and get the stationary vector y; € Y.

Apply the local variation method to the function F(-,y7) with initial point z§ and range €,
and get the stationary vector 27 € X,,.

Compute z7 == vz — (v — 1)Z} € X,,, where v is defined in (33).

Choosing €2 < €1, apply the local variation method to the function G(z7,-) with initial point
v and range €z, and get y3.

Apply the local variation method to the function F'(-,y3) with initial point 2] and range e,
and get z5.

Compute x5 == vz} — (v — 1)%5.

At the generic step n, with n > 2, given z},_; € X,,, y;,_; € Y, and ¢,_1, we come to

(Step n)

Choosing €, < €,-1, apply the local variation method to the function G(z}_;,-) with initial
point ¥ _; and range €,, and get y;; € Y.

Apply the local variation method to the function F(-,y;) with initial point «_; and range €,
and get 7} € X,,.

Compute =} =vz)_; — (v — 1)} € X,.

Figures 3 and 4 provide a schematization of (Step 0)-(Step 2) and a schematization of (Step n),

respectively.

(jOa yO)
L.V.M.
[F(-,yo),io,e[)] J(

*
Lo

L.V.M.
[G(ma,-mo,a]\

Y7

L.V.M,
[FCowi)smg€1]

*uzs — (v — 1)ifm*
S

L*AV.M’;
[G(ml 1')’y1 162]

Ys

L.Y.M’;
[F(~,y2 ),z] s€2]

N*Vm’{ - (v =1z} "
Iy}

Figure 3: (Step 0)-(Step 2) of (N A).

24



n—1

. L.V‘M*.
[G(xn,_1 »')7yn_1>5n]

Y

L.V.M.
[F('vyn)vmn—hﬁn]
ve, = (v =1,

z

*

*
n n

Figure 4: (Step n) of (N A).

The convergence of the numerical algorithm (A A) is shown in the next theorem, whereas the imple-

mentation of the algorithm will be the subject of a future research.

Preliminarily, let us remind that the Taylor’s theorem applied to F'(-,y) at € X, and to G(z,-) at

y € Yy, respectively, guarantees

37Z,, € X, neighborhood of 0 depending on = and y such that
F(ZII =+ h7y) - F(J?, y) = <D$F(x7y)’ h>X;><Xp + RF(Iv ha y) Vh € Ix,ya

3Jy,» € Y, neighborhood of 0 depending on y and x such that
G(JZ, Y+ k) - G(Z‘, y) = <DyG($a y)7 k>Yq*><Yq + RG(y7 kv JI) Vk € jyvx’

where Rp(x, h,y) and Rg(y, k,z) are the remainders.
Theorem 4.2. Assume T, , = {2, X,,,Y,, F,G} € H satisfies (o4 )—(t) and
(i) there exist Ay >0, Ag > 0 and « > 1 such that
|Rp(z,hy)| < AullR]%, + AollR]5E

foranyxz € X, y€ Y, and h € I, ,,, where Rp and I, are defined in (53a);
(ii) there exist By > 0, By > 0 and 8 > 1 such that

|Ra(y, k)| < Bil|R])§, + Bol|h]|§,

foranyy €Y, x € X, and k € J 5, where Rg and J, , are defined in (53b).

(53a)

(53h)

Leteg > 0 and €, = €y/2" for anyn € N, and let (Zo,y0) € X, xY,. Then, the sequence (x},y;;)n C X, X

Y, generated by the numerical algorithm (N'A) is convergent to the unique Nash equilibrium (Zp. 4, p.q)

of I'p g

Proof. The uniqueness of the Nash equilibrium of T',, , is guaranteed by the assumptions, Theorem 2.1(iii)

and Remark 4.2. Moreover, the sequence (x},y)), C X, x Y, is well-defined.

In order to show the result, let us define the following points, associated to (z}, v )n

f = 1a(wh 1) €Y,
Sn=71(2m) € X,
spi=vay_ 1 — (v—=1)35,=¢"(z;_1) € Xp
— () € X,

th =vah_ — (v— 1), € X,,

~
3

25

(56a)
(56Db)
(56¢)
(56d)
(56e)



for any n € N, where z{ is defined in (Step 0) of the numerical algorithm (N .A). Figures 5 and 6
represent the connections among the sequence (x,y),, the points defined in (56a)—(56e), and the
sequence (Z,,Yn)n generated by the algorithm (A) applied to I'p 4. In particular, Figure 5 schematizes
such connections for (Step 0), (Step 1) and (Step 2) of the numerical algorithm (N.A), whereas, Figure 6
schematizes such connections for (Step n), with n > 2.

- 1 T2 vao — (v — 1)ri(y1) ro vry — (v — 1)ri(yz)
(Zo,y0) » To — Y1 T —> Y2 T2 = g¥(x1)
r ri _veg—(v—1)5

L.V.M\
2
:1;‘8 — 21 — § —— 51

L.V.M\ i
x T1 o~ vel — (v — 1)t

Yy —t —

L.V.M\
X

veg — (v — 1)} ro r1 vey — (v —1)3
~ * ~ Uk
| ——— %] — 2 S ———— S2=g"(a])

Figure 5: Representation of zy,, 3y, 8, tn, tn, for n =1,2.

We start by proving that lim,, , o ||z}, — Zp 4[| x, = 0.
For any n € N

127 = Zp.allx, < N2y = 2allx, + 20 = Tpallx,, (57)

where z,, is the first player’s strategy generated at (Step n) of the algorithm (.A) applied to I'p 4. Since
', 4 satisfies the assumptions of Theorem 3.1 (in light of Remark 4.2), then

Er}rlm”zn — Ipqllx, = 0. (58)

So, focusing only on the first term in the right-hand side of (57), we have

|z, — xn”Xp <y, — thXp + th - Sn”Xp + |50 — xn”Xp' (59)
o ro n vZp—1 — (v — 1)r1(yn) Ty — g”(xn—l)
Sn—1
tn—l
vey 1 — (v—1)3
Th g — 2 s By —— S sn=g" (x5 1)
L.V.M.
[G(zy_1,),95—1:€n]
N vz | — (v— l)f
yr i, — 5t

[F(~,yn),xn71 s€n]
van_y — (v — 13,

~ %
Ty, —————— T,

*

Figure 6: Representation of zy,, 3, 5n, tn, tn, for n > 2.
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Let us analyze the three terms in the right-hand side of (59).

1. By definition of x} in (Step n) and by (56e), we get
27, = tallx, = (v = DT}, — tallx,- (60)

Let us note that Z} is the approximation of the maximizer of F'(-,y}) over X, generated by applying
the local variation method to F(-,y}) with initial point =} _; and range ¢, (as represented in Figure 6),

whereas t,, is actually such a maximizer, by (56d). In light of assumption (i), from Theorem 4.1 we get

~ % - \/]3(141 +€nAO)€a_1

25, —tnllx, < ; (61)
mp
where mp is the constant related to the concavity® of F on X,.
2. In light of (56b)—(56e) and Lemma 2.2(i), we have
tn — Sn X, = v—1 En_gn Xp
I I (v =1 I (62)

= (= Dllri(yn) = mzn)llx, <M =Dy, = zally,-

*

Similarly to the previous case, ¥ is the approximation of the maximizer of G(z}_1,

-) over Y, come up
by applying the local variation method to G(z} _;, ) with initial point y_; and range ¢, (as represented
in Figure 6), whereas z, is effectively such a maximizer, by (56a). In light of assumption (ii), from
Theorem 4.1 it follows
\/E(Bl + 6nBO) B—1
< €

lyn — znlly, < e (63)

where mg is the constant related to the concavity* of G on Y.

3. By definition of x,, by (56c) and by Theorem 2.1(i) we get
l[sn = znllx, = ll9"(@0-1) = ¢"(@n-1)llx, <Ellzr 1 — 2nllx,, (64)
where k is defined in (34).
Hence, using (60) to (64) into (59) and since €, < €, we have
o = @ullx, < klleh_y — 2allx, + A — DD+ (v = 1O, (65)

where D = ,/q(B1 + €0 Bo)/m¢g and C = \/p(A1 + egAg)/mp. Let d, = |z, — 2, x, for any n € N, and

3Since F(-,y) is differentiable for any y € Yy, then F is strongly concave on X, uniformly on Yy if and only if there exists a
constant mpg > 0 such that F(x”,y)—F(:cﬂy)+mFHx”—x’H§(p < (DZF(x’,y),x”—a:’>X;><Xp, forany 2/, 2" € Xp, y € Y.
4Since G(z,-) is differentiable for any x € Xp, then G is strongly concave on Yy uniformly on X, if and only if there exists
a constant mg > 0 such that G(z,vy")—G(=, y’)+mG||y”fy/H§,q <{(DyG(z,y"), yllfy/>yq* xvys forany y',y" € Yq, © € Xp.
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do = ||z — 20l x,. Then by (65) it follows

dp < kdp1 4+ (v —1)DP~ + (v —1)Ce2?

< klkdn—o+ M (v — )DL 4 (v — 1)CeT])
+ M (v — 1D+ (v —1)Ce ™!

The summation 3" _ €?~} k™ is the n-th term of the Cauchy product of the two series 3% k% and

m=0 "n—m

S P71 that is

J=0"74
—+oo —+oo +oo n
; ~1 -1
(Z ’f) | ) = (67
=0 7=0 n=0m=0
where -, denotes the Cauchy product. The two series in the left-hand side of (67) are convergent: in
fact, Z:;og k' < 400 since it is a geometric series with ratio k < 1, and Z;r:og 6?71 < +o0 as €; = €9/27

with €9 > 0, and 8 > 1. Therefore, in light of the Cauchy theorem (see, for example, [30, Theorem 160]),
the series in the right-hand side of (67) is convergent, 50 lim,_ 400 327 _ €2~ k™ = 0. Analogously,

m=0 "n—m

limy, 400 Do o eg:}nkm = 0. Given the above and since lim,,_, 1o, k™ = 0, by (66) we have
lim |z, —z,||x, = lim d, =0, (68)
n—-+oo n—-+oo

hence, in light of (57) and (58), the sequence (z}),, is convergent to Z, ,.

Now, let us prove that lim, ||y — Up,qlly, = 0.

For any n e N

||y;kz - Zgznq”Yq < Hy: - Zn”Yq + Hzn - ynHYq + ||yn - ?7177q| Yqo (69)

where y,, is the second player’s strategy generated at (Step n) of the algorithm (.A) applied to Iy, ,. Since
', 4 satisfies the assumptions of Theorem 3.1 (in light of Remark 4.2), then

lim Hyn - ?jp,qHYq =0. (70)

n—-+o0o
Hence, let us consider the first and the second term in the right-hand side of (69).
1. Since lim,, 1o €, = 0 and § > 1, then, by (63) we get

B, +€,B
lim |y: — zally, < lim M

n——+00 n—-+oo mag

-1 =o. (71)
2. In light of (56a), the definition of y,,, Lemma 2.2(ii) and (68), we have

lim [z~ yally, = lim_ (i) = a1l

<Az lim 25y —2n-a]lx, =0.
So, limy, s oo |y, — Up.qlly, = 0 by (69) to (72), i.e., the sequence (y;;), is convergent to ¥ q-
Thus, the sequence (z};,y.),, converges to (Zp.q, Jp,q) and the proof is complete. O
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Remark 4.4 In the statement of Theorem 4.2, instead of setting €, = €/2" for any n € N, we could

1 _
;r:og ef and 32720 ¢2~! are convergent.

choose any sequence (e,), such that the series > =0 €5

Remark 4.5 Let us provide a sufficient condition for hypotheses (i) and (ii) in Theorem 4.2. Assumption
(i) is satisfied if there exists a constant A > 0 such that || D2 F(z, Yllex,,x;) < Aforany (z,y) € XpxY,.
In fact, since F' is twice continuously differentiable, by applying the Taylor’s theorem with Lagrange’s
form of remainder (see, e.g., [4, Formule de Taylor 3.5]), we get

4
2

|Rr(2,h,y)| = |[F(x + h,y) = F(z,y) = (Do F(2,9), h) xsxx,| < 5[0,

for any x € X,,, y € Y, and h € Z, ,, where Rp and Z,, are defined in (53a). Hence, assumption (i)

Y
holds setting A; = A/2, Ag = 0, and « = 2. Analogously, assumption (ii) is satisfied if there exists a

constant B > 0 such that | D2G(x, W,y < B for any (z,y) € X x Y.

Remark 4.6 In light of Remark 4.5, the games illustrated in Examples 4.1 and 4.2 satisfy the as-
sumptions of Theorem 4.2. Moreover, we emphasize that the unique Nash equilibrium of the weighted
potential game in Example 4.2 cannot be approximated through the methods based on the potential
function (i.e., the ones exploiting the property that any maximizer of the potential function is a Nash
equilibrium of the potential game), since such equilibrium is not a maximizer of the potential function
(see [12, Proposition 6]). See, for example, [24, 52] and reference therein for further discussion regarding

methods based on the potential function.

4.3 Error bounds and rates of convergence

In this subsection we provide the error estimations for the sequences (), and (y), generated by the
numerical algorithm (N A) introduced in Section 4.2. Let us remind that (Z, q,9p,4) denotes the Nash
equilibrium of 'y ;, = {2, X,,, Yy, F, G}.

Proposition 4.1. Suppose that the assumptions of Theorem 4.2 hold. Then, there exist L, M € R such
that

M
lzy, — Zpqllx, < LE™ + W for any n € N, (73)
where k and « are defined, respectively, in (34) and (54).
Proof. Let n € N, then
27, — Tpqllx, <oy, —znllx, + 20 — Zpgllx,, (74)

where x,, is the first player’s strategy generated at (Step n) of the algorithm (A) applied to I'p, 4. Let us
analyze the two terms in the right-hand side of (74).

1. In light of (66) we know that

n—1

|2, = znllx, <M —=1)D > e L k™
" (75)

+ v =1)C ) T k™ +k"|lag — wollx, .

m=0

s |

where D = /q(B1 + €oBy)/mg and C = /p(A1 + €9Ag)/mp. Since xj is the approximation of the
maximizer of F(-,yo) over X, obtained by applying the local variation method to F(-,y,) with initial
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point o and range €y (as represented in Figure 3), and zg is effectively such a maximizer (as defined at
(Step 0) of the algorithm (A) applied to I', ), then [zf — zo|lx, < Ceg™ ! by Theorem 4.1. Given the

above and since ¢, = €¢7/2", by (75) we have

n—1 km
I = anllx, <0 =DDG Y sy

m=0

n—1 Em
+ (l/ — 1)068 1 Z W + CGa 1](5" (76)
7)\(1/71De§1 — (k281"
— k261
—1Ca1 (k2o 1)n
G G- 160 [ —— ) ] + O,

where the equality is obtained by exploiting the sum of the first n terms of geometric series of ratio
k28—1 and k241,

2. In light of Proposition 3.1, recalling that 1 = vag — (v — 1)r1(y1) and z9 = r1(yo), and that r is

Lipschitz continuous by Lemma 2.2(i), we get

_ k™
lzn = Zpallx, < 7= llz1 = 2ollx,

= - Do — @)l

1 % v To —T1(Y1))lI X,
v—1)k"™

= R o) — ), )
)\1(1/— 1)]{:”

< 227 I _

<=1l —wll,
)\1(1/7 1)]43” * «

< PR iy, e = v, + i — woll )

Since yj is the approximation of the maximizer of G(x{,-) over Y, generated by applying the local
variation method to G(z,-) with initial point yo and range €; (as represented in Figure 3), and z; is
actually such a maximizer (in light of (56a)), then [|z; — yily, < De?71 by Theorem 4.1. Given the
above, by definition of y; in (Step 1) of the algorithm (A) applied to I', ; and the definition of z; in
(56a), it follows

lyr = 21lly, + ll21 = yilly, < lIr2(zo) — ra(zj)lly, + Def ™
81 (78)

o
S)\QCE +D25 17

where the last inequality holds in light of Lemma 2.2(ii), inequality ||z — 20| x, < Cej ™" proved in the
previous point, and the definition of ¢;. Hence, (77)—(78) imply

o~ Tpallx, < OO 1y 014 DDyt - yonyq] . (19)
Finally, by using (76) and (79), from (74) we get
R I e
M= DR 1 o1+ DS+ i - yonyq]
Coe g



where

_ kool A1 (v— _ -1
L= O™ [Beet ] + 2452 [haCes™ + Dir + vt — ol

(1/71)06(1_1 (80)
M = S5t
therefore the result is proved. O

Proposition 4.2. Suppose that the assumptions of Theorem 4.2 hold. Then, there exist L', M' € R and
W > 0 such that

Y — yp,qHYq < LR+ (2&1\f)ln1 + (25‘/1/1)71 for any n € N, (81)
where k, o and 8 are defined, respectively, in (34), (54) and (55).
Proof. Let n € N, then
19n = Up.allv, < llyn = 2nllv, + 120 = Upallv, (82)

where z,, is defined in (56a).
Recall that §,, = r2(Zp4), by definition of Nash equilibrium. Then, in light of (63), (56a) and

Lemma 2.2(ii) we have

lys = znllv, + 120 = Gp.ally, < Dep™ +llra(2h 1) = r2(Zp.o)lly,

(83)
< DEg_l + Aollzr 1 — Zpqllx,,
where D = \/E(Bl + €0B0)/mG.
Since €, = €¢9/2" < ¢ and by applying Proposition 4.1, from (82)—(83) we get
B—1
- € n— M
o = pallv, < D ey + 22 | LK 4 ooy
M’ W
_ L/kn—l
+ (204—1)71—1 + (25—1)71’
where L' = Ao L, M’ = Ao M with L and M explicitly stated in (80), and W = De€71 > 0. O

Error estimations proved in Propositions 4.1 and 4.2 allow also to derive the rate and the order of
convergence of the sequences (z}), and (y}),. Before stating the results, we remind that a sequence
(zn)n converges R-linerarly to z in a finite dimensional space Z (see, e.g., [48, pp. 28-30]) if the sequence
(Ilzn. — Z|| z)n is dominated by a sequence converging linearly to 0, that is if there exists a sequence of

nonnegative real numbers (¢, ), converging to 0 and a constant ¢ €]0, 1] such that
lznn — 2|z < ¢n and  (pgp1 <t-(pn, for any n sufficiently large.

Proposition 4.3. Suppose that the assumptions of Theorem 4.2 hold and let T = min{k~!,2%71} and
Q = min{k™",271,28-1 Then

(i) the sequence (x%), exhibits O(T~™)-rate of convergence;

*
n

(z7,)
(ii) the sequence (yX), exhibits O(Q~")-rate of convergence;
(iii) the sequence (z},), converges R-linearly to Tp q4;

(

(iv) the sequence (y}), converges R-linearly to g 4.

Proof. First we note that 7> @Q > 1 since k €]0,1[, « > 1 and 8 > 1.
From (73) it follows that ||z}, — T, 4/l x, < &, for any n € N, where &, = (|L| 4 |[M|)T~". Hence, (i)

holds. Moreover, (&,), converges to 0 and

. §n+1 1
lim — = — €]0,1
A e = 7 Sl
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therefore (iii) is proved.
Analogously, from (81) it follows that [y} — Upqlly, < Xn for any n € N, where x,, = (|L/|[k™! +
|M']2=1 + W)Q~™. Hence, (ii) holds. Moreover, (x,), converges to 0 and

. Xn+1 1
lim = — €]0,1],
n—o0o  Yp Q } [

therefore (iv) is proved. O

Remark 4.7 The same arguments used in Proposition 4.3 ensure that the sequence of strategy profiles

(x, yi)n exhibits O(Q~")-rate of convergence and it converges R-linearly to (Z, ¢, Upq) in X, X Y.

To conclude, we highlight that the error bounds proved in Propositions 4.1 and 4.2 and the rates of
convergence derived in Proposition 4.3 crucially depend on the fact that, in order to make the discussion
easier to follow, we chose in the statement of Theorem 4.2 the sequence of ranges (e,), with €, = ¢y/2".
However, improvements in the error estimations and in the rates of convergence could be achieved by

choosing other suitable sequences of ranges satisfying the requirements in Remark 4.4.
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