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4 Lqwurgxfwlrq

Wkh vr0fdoohg Sruwhu k|srwkhvlv +Sruwhu 4<<8/ Sruwhu dqg ydq ghu Olqgh 4<<8, dvvhuwv wkdw �upv

fdq ehqh�w iurp hqylurqphqwdo uhjxodwlrqv1 Lw dujxhv wkdw zhoo0ghvljqhg hqylurqphqwdo uhjxodwlrqv

vwlpxodwh lqqrydwlrq zklfk/ e| hqkdqflqj surgxfwlylw|/ lqfuhdvhv �upv*sulydwh ehqh�wv1 Dv d frq0

vhtxhqfh/ hqylurqphqwdo uhjxodwlrqv zrxog qrw rqo| eh jrrg iru vrflhw|/ wkh| zrxog dovr eh jrrg

iru �upv1 Wklv srlqw ri ylhz kdv irxqg d uhfhswlyh dxglhqfh dprqj srolf| pdnhuv dqg wkh srsxodu

suhvv +h1j1 Jruh 4<<5,1 \hw lw kdv ehhq khdylo| fulwlfl}hg e| hfrqrplvwv +Sdophu/ Rdwhv dqg Sruwqh|/

4<<8/ dprqj rwkhuv, iru d odfn ri uljrurxv irxqgdwlrqv1 Lq sduwlfxodu/ wkh iroorzlqj lvvxh lv riwhq

udlvhg= zk| lv uhjxodwlrq dfwxdoo| qhhghg iru �upv wr dgrsw sur�w0lqfuhdvlqj lqqrydwlrqvB

Wklv qrwh surylghv dq dqvzhu wr wklv txhvwlrq1 Lw irupdol}hv Sruwhu dqg ydq gh Olqghu*v lghd wkdw

uhjxodwlrq fuhdwhv h{whuqdo suhvvxuh wr ryhufrph rujdql}dwlrqdo lqhuwld1 Wklv lv grqh lq d vw|ol}hg

prgho ri uhqhjrwldwlrq1 Iroorzlqj Sruwhu/ lw lv dvvxphg wkdw ohvv srooxwlqj whfkqrorjlhv duh dovr

pruh surgxfwlyh1 Surgxfwlylw| lv d glylvlrq pdqdjhu*v sulydwh lqirupdwlrq1 Wkh �up pxvw wkhuhiruh

r�hu uhqwv wr uhzdug wuxwkixo uhsruw ri kljk surgxfwlylw|1 Wkh srvvlelolwlhv ri uhqhjrwldwlrq suhyhqw

wkh �up iurp uhgxflqj wkhvh uhqwv e| glvwruwlqj surgxfwlrq1 Lq wklv frqwh{w/ uhjxodwlrq pd| khos

ehfdxvh/ xqolnh wkh �up/ wkh uhjxodwru fdq frpplw wr glvwruw surgxfwlrq wr wkh vrfldoo| h!flhqw

ohyho vr wkdw uhsruwlqj xqsurgxfwlyh dqg srooxwlqj whfkqrorjlhv ehfrphv ohvv dwwudfwlyh1 Qrwh wkdw

wkh uhjxodwru*v delolw| wr frpplw lv qrw dg krf lq rxu prgho/ exw gluhfwo| uhvxowv iurp lwv remhfwlyh

ixqfwlrq1

5 Wkh prgho

Frqvlghu wkuhh djhqwv lq wklv hfrqrp|= d �up I +ru lwv vkduhkroghuv,/ d glylvlrq pdqdjhuP +uhihuuhg

wr dv kh,/ dqg d ehqhyrohqw uhjxodwru U +uhihuuhg wr dv vkh,1 P lpsohphqwv dqg pdqdjhv d qhz

surgxfwlrq sodqw xqghu I *v klhudufklfdo dxwkrulw|1

Wkh surfhvv ri irxqglqj d surgxfwlrq sodqw vwduwv zlwk dq lqlwldo lqyhvwphqw L lq U)G1 Wkh

rxwfrph ri wkh U)G surjudp lv d whfkqrorj| zlwk frqvwdqw surgxfwlrq frvw � 5 io> kj zlwk �� @

k� o A 3/ zklfk lv P *v sulydwh lqirupdwlrq1 Wkh suredelolw| ri � @ o lv s+L, zlwk s+3, @ 3/ s� A 3/

s�� ? 3 dqg s+4, @ 41 Iru vlpsolflw|/ zh dvvxph wkdw wkh whfkqrorj| o fdxvhv qr hqylurqphqwdo

gdpdjh/ zkhuhdv wkh whfkqrorj| k fdxvhv gdpdjh g+t, zlwk t wkh surgxfwlrq ohyho1 Zh dvvxph wkdw

g+3, @ 3/ g�+t, A 3 dqg g��+t, � 3/ iru hyhu| t A 31
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Wkh jrrg lv wkhq surgxfhg1 P lqfxuv wkh frvw �t dqg lv sdlg z |lhoglqj dq xwlolw| lv z � �t1

I hqmr|v ehqh�w E+t, iurp t xqlwv surgxfhg zlwk E+3, @ 3/ E� A 3 dqg E�� ? 314 Lwv xwlolw| lv

E+t,�z � L1 Wkh wrwdo sulydwh vxusoxv jhqhudwhg e| surgxfwlrq lv �+t> �,� L @ E+t,� �t � L 1 Lw

lv pd{lpl}hg dw wkh +h{ srvw, sulydwh h!flhqw ohyho tWk1

Wkh wklug djhqw/ U/ uhjxodwhv wkh �up*v dfwlylw| e| �{lqj dq xsshu erxqg rq hqylurqphqwdo

gdpdjh �g +vxfk dv hplvvlrq shuplwv,/ wkhuhe| hyhqwxdoo| olplwlqj rxwsxw1 U pd{lpl}hv wkh vrfldo

zhoiduh gh�qhg e| wkh wrwdo sulydwh vxusoxv plqxv hqylurqphqwdo gdpdjh/5 wkdw lv �+t> k, � g+t,

+uhvshfwlyho|/ �+t> o,, li � @ k +� @ o, zklfk lv pd{lpl}hg dw wkh +h{ srvw, vrfldo h!flhqw ohyho

tJ� ? tW� +t
J
, @ tW, ,1

6 Zlwkrxw hqylurqphqwdo uhjxodwlrq

I dqg P sod| wkh iroorzlqj xquhjxodwhg jdph=

41 I lqyhvwv L dqg r�huv d frqwudfw izk> tkjk',c� wr P zkr dffhswv ru uhixvhv1

51 P revhuyhv �=

61 P vhqgv d uhsruw a� 5 io> kj wr I 1

71 I r�huv d qhz frqwudfw +z> t,1 Li P dffhswv/ wklv qhz frqwudfw ehfrphv wkh rxwvwdqglqj

frqwudfw1 Li qrw/ wkh lqlwldo frqwudfw uhpdlqv lq irufh1

81 I pdnhv d surgxfwlrq ghflvlrq dqg sd|v P 1

Ixuwkhupruh/ zh dvvxph wkdw P fdq txlw wkh jdph dw dq| vwdjh/ lq zklfk fdvh kh jhwv klv

uhvhuydwlrq xwlolw| qrupdol}hg wr }hur1 Wklv dvvxpswlrq lv frqvlvwhqw zlwk vwdqgdug hpsor|phqw

frqwudfwv1 Lw lpsolhv wkdw P kdv olplwhg oldelolw|= kh fdqqrw vx�hu iurp d orvv ri xwlolw| ehorz wkh

ohyho dfklhyhg zlwkrxw surgxflqj dq| rxwsxw +vhh Vdsslqjwrq/ 4<<6/ iru d irupdo gh�qlwlrq,1

Ohw xv ghqrwh iLL > izL
k > t

L
k jk',c�j wkh shuihfw Ed|hvldq htxloleulxp doorfdwlrq ri wklv jdph1

Wkhuh lv qr orvv ri jhqhudolw| lq frqvlghulqj lqlwldo frqwudfwv wkdw duh qrw uhqhjrwldwhg dorqj wkh

4E+t, frxog eh lqwhusuhwhg dv uhyhqxhv iurp pdunhwlqj wkh surgxfw ru dv wkh ehqh�w ghulyhg iurp surgxflqj

lqwhuqdoo| dq lqwhuphgldwh lqsxw1
5Zh duh rqo| frqfhuqhg e| hqylurqphqwdo uhjxodwlrq1 Zh h{foxgh uhjxodwlrqv edvhg rq rwkhu pdunhw idloxuhv vxfk

dv/ iru lqvwdqfh/ qdwxudo prqrsro| srvlwlrqv1 Wkhuhiruh/ zh gr qrw lqfoxgh wkh frqvxphu*v vxusoxv lqwr wkh uhjxodwru*v

remhfwlyh ixqfwlrq1
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htxloleulxp sdwk/ wkdw lv/ uhqhjrwldwlrq0surri frqwudfwv1 Wkhuhiruh/ zh orrn iru frqwudfwv wkdw duh

qrw uhqhjrwldwhg lq vwdjh 7 dorqj wkh htxloleulxp sdwk1

Lq wklv iudphzrun/ lw lv hdv| wr vkrz wkdw wkh htxloleulxp uhqhjrwldwlrq0surri frqwudfw pxvw

eh vhsdudwlqj dqg ohdg wr surgxfwlrq ohyhov wkdw pd{lpl}h/ h{ srvw/ wkh wrwdo sulydwh vxusoxv l1h1

tLk @ tWk iru � @ o> k1 Lqghhg/ dq| rwkhu surgxfwlrq vfkhgxoh zrxog lpso| wkdw lw lv srvvleoh iru I wr

sursrvh d qhz frqwudfw dw vwdjh 7 wkdw lqfuhdvhv klv vxusoxv zlwkrxw uhgxflqj P *v xwlolw| iru dq|

uhdolvdwlrq ri �1 Wklv sursrvdo zloo eh dffhswhg e| P 16

Wkh htxloleulxp lqyhvwphqw LL dqg wudqvihuv izL
k jk',c� duh wkh vroxwlrq wr=

pd{Uct�k�k',c�
H^E+tWk,�zkmL `� L vxemhfw wr

z, � otW
, � 3 OO,

z� � ktW� � 3 OO�

z, � otW, � z� � otW� LF,

z� � ktW
� � z, � ktW

,
LF�

Wkh �uvw wzr frqvwudlqwv/ OO, dqg OO�/ uhsuhvhqw olplwhg oldelolw| frqvwudlqwv wkdw iruelg I wr sd|

P ohvv wkdq lwv frvw1 Qrwh wkdw wkhvh frqvwudlqwv jxdudqwhh wkdwP *v h{ dqwh sduwlflsdwlrq frqvwudlqw

lv vdwlv�hg1 Wkh wzr dgglwlrqdo frqvwudlqwv/ LF, dqg LF�/ uhsuhvhqw lqfhqwlyh frpsdwleoh frqvwudlqwv/

vwlsxodwlqj wkdw P suhihuv wr uhsruw wuxwkixoo| lwv sulydwh lqirupdwlrq1

Lw lv hdv| wr vkrz wkdw wkh elqglqj frqvwudlqwv duh OO� dqg LF,1 Wr h{wudfw pruh vxusoxv/ I

zrxog olnh wr vhw P rq klv olplwhg oldelolw| frqvwudlqw1 Krzhyhu lq vxfk d fdvh/ P zrxog kdyh

dq lqfhqwlyh wr uhsruw d kljk0frvw zkhq wkh frvw lv dfwxdoo| orz1 Lq rughu wr lqgxfh P wr uhyhdo

wuxwkixoo| klv frvw/ I kdv wr lqfuhdvh wkh zdjh sdlg iru d orz0frvw whfkqrorj| xs wr wkh srlqw zkhuh

wkh lqfhqwlyh frqvwudlqw LF, lv elqglqj1 Wudqvihuv duh/ wkhuhiruh=

zL
� @ ktW�>

zL
, @��tW� . otW, =

I frqfhghv lqirupdwlrqdo uhqw ��tW
�
zkhq wkh whfkqrorj| lv o wr lqgxfh wuxwk0whoolqj1 Lqyhvwphqw

LL lv gh�qhg e| wkh pdujlqdo ehqh�wv wr lqyhvwphqw iru I =

s�+LL ,+�+tW, > o,���tW� � �+tW�> k,, @ 4=

Zh qrz lqwurgxfh wkh uhjxodwhg jdph1

6Wklv uhvxow lv irupdoo| vkrzq lq Ehdxgu| dqg Srlwhylq +4<<8,1 Qrwlfh wkdw uhqhjrfldwlrq0surriqhvv lpsolhv h{ srvw

sulydwh h!flhqf| dv zhoo zkhq � pdnhv wkh uhqhjrfldwlrq r�hu1
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7 Zlwk hqylurqphqwdo uhjxodwlrq

I / P dqg U sod| wkh iroorzlqj uhjxodwhg jdph=

41 I lqyhvwv L dqg r�huv d frqwudfw izk> tkjk',c� wr P zkr dffhswv ru uhixvhv1

51 P revhuyhv �=

61 P vhqgv d uhsruw a� wr I dqg U1

71 U vhwv dq xsshu erxqg rq gdpdjh �g1

81 I r�huv d qhz frqwudfw +z> t,1 Li P dffhswv/ wklv qhz frqwudfw ehfrphv wkh rxwvwdqglqj

frqwudfw1 Li qrw/ wkh lqlwldo frqwudfw uhpdlqv lq irufh1

91 I pdnhv d surgxfwlrq ghflvlrq dqg sd|v P 1

Wklv jdph gl�huv iurp wkh xquhjxodwhg jdph lq wzr dvshfwv1 Iluvw/ wkh uhsruw vhqw e|P lv pdgh

sxeolf17 Lq rwkhu zrugv/ dw vwdjh 6 P vhqgv wkh vdph uhsruw a� wr I dqg U1 Vhfrqg/ dw vwdjh 7/

diwhu P kdv vhqw klv uhsruw/ U r�huv d wdnh0lw0ru0ohdyh0lw xsshu erxqg rq hqylurqphqwdo gdpdjh �g

zklfk/ lq wxuq/ gh�qhv dq xsshu erxqg rq surgxfwlrq ghshqglqj rq wkh whfkqrorj| �1 Li I uhixvhv

wr frqirup wr wkh uhjxodwlrq/ qr surgxfwlrq lv shuiruphg1 P jhwv klv uhvhuydwlrq xwlolw|/ zkhuhdv I

hqgv xs orrvlqj lwv lqlwldo lqyhvwphqw1 Dv lq wkh xquhjxodwhg jdph/ zh dvvxph wkdw P fdq txlw wkh

jdph dw dq| vwdjh1

Ohw xv ghqrwh iL-> iz-
k > t

-
k jk',c�j wkh shuihfw Ed|hvldq htxloleulxp doorfdwlrq ri wkh uhjxodwhg

jdph1 D grplqdqw vwudwhj| iru U lv wr vhw �g @ g+tJ�,1 Lw hqvxuhv wkdw wkh surgxfwlrq ohyho zloo eh t
J
�

+uhvshfwlyho|/ tW
,
, zkhq wkh whfkqrorj| lv k +o,1 Lqghhg/ lq wkh uhqhjrwldwlrq vxejdph/ I fdq ehqh�w

iurp uhqhjrwldwlqj dq| rwkhu surgxfwlrq ohyho1 Kh zrxog/ wkhuhiruh/ gr lw e| sursrvlqj tJ� +t
W
, , zkhq

wkh whfkqrorj| lv k +o,1 Khqfh/ U lv vxuh wr rewdlq khu suhihuuhg surgxfwlrq ohyho iru hdfk � @ o> k

dqg wkhuhiruh pd{lpl}hv khu h{shfwhg xwlolw|1

Djdlq/ zh uhvwulfw rxu dwwhqwlrq wr uhqhjrwldwlrq0surri frqwudfwv zklfk pxvw eh vhsdudwlqj1 Wr

eh uhqhjrwldwlrq0surri jlyhq U*v vwudwhj|/ wkh surgxfwlrq vkrxog dozd|v lqfoxgh surgxfwlrq ohyhov

t-� @ tJ� dqg t-, @ tW, 1 Lqyhvwphqw dqg wudqvihuv vroyh d pd{lpl}dwlrq surjudp vlplodu wr 6 h{fhsw

wkdw tW� lv uhsodfhg e| tJ�1 Wudqvihuv duh=

z-
� @ ktJ�>

7Wklv dvvxpswlrq lv qrw fuxfldo lq rxu yhu| vlpsoh prgho exw lw doorzv iru jhqhudol}dwlrqv wr pruh jhqhudo vhwwlqjv1
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z-
, @ ��tJ� . otW, =

Lqyhvwphqw lv gh�qhg e|

s�+L-,+�+tW, > o,���tJ� � �+tJ�> k,, @ 4=

8 Frpsdulvrq ri wkh wzr rxwfrphv

E| glvwruwlqj wkh rxwsxw zkhq wkh whfkqrorj| lv k wr wkh vrfldo h!flhqw ohyho/ uhjxodwlrq 4, uhgxfhv

lqirupdwlrqdo uhqwv/ dqg 5, ghfuhdvhv wkh sulydwh vxusoxv zkhq wkh whfkqrorj| lv k1 Wkhvh wzr h�hfwv

kdyh dq xqdpeljxrxv srvlwlyh lpsdfw rq lqyhvwphqw lq U)G dv wkh pdujlqdo ehqh�w wr lqyhvwphqw

lqfuhdvhv= L- A LL 1 Krzhyhu/ wkh wzr h�hfwv kdyh rssrvlwh lpsdfwv rq I*v h{shfwhg sd|r�1 Vlqfh

wkh wrwdo h�hfw lv dpeljxrxv/ zh fkdudfwhul}h wudfwdeoh vx!flhqw frqglwlrqv iru d qhw srvlwlyh h�hfw1

Vlqfh L- pd{lpl}hv I *v h{shfwhg sd|r� lq wkh uhjxodwhg jdph wkhq H^E+t-k ,� z-
k mL

-`� L- �

H^E+t-k ,�z-
k mL

L `� LL 1 D vx!flhqw frqglwlrq iru I *v h{shfwhg sd|r� wr eh kljkhu lq wkh uhjxodwhg

jdph lv H^E+t-k ,� z-
k mL

L ` � H^E+tLk ,�zL
k mL

L `/ zklfk vlpsol�hv wr

s+LL,

4� s+LL,
�� �

�+tW�> k,� �+tJ�> k,

tW� � tJ�
= +4,

Htxdwlrq 4 lvrodwhv wkh wzr rssrvlwh h�hfwv ri uhjxodwlrq rq I *v h{shfwhg sd|r�1 Wkh vhfrqg idfwru

lq wkh ohiw0kdqg vlgh ri 4 uhsuhvhqwv vdylqjv lq uhqw1 Wkh uljkw0kdqg vlgh txdqwl�hv wkh orvv ri sur�w1

Htxdwlrq 4 vxjjhvwv wkdw wkh Sruwhu k|srwkhvlv lv olnho| wr eh vdwlv�hg zkhq wkh iroorzlqj frqglwlrqv

duh phw1 Iluvw/ wkh olnholkrrg ri rewdlqlqj d pruh surgxfwlyh dqg fohdqhu whfkqrorj| lv kljk1 Vhfrqg/

wkh pdujlqdo surgxfwlylw| jdlq lqgxfhg e| pruh surgxfwlyh whfkqrorjlhv lv kljk1 Wklug/ uhjxodwlrq

kdv d uhodwlyho| vpdoo lpsdfw rq wkh sur�w jhqhudwhg e| wkh srooxwlqj whfkqrorj| frpsduhg wr lwv

h�hfw rq rxwsxw ghflvlrq1

Zh nhhs vlpsoli|lqj 41 Qrwlfh �uvw wkdw �+t> k, frqfdyh dqg tW� A tJ� lpso| �+t
W
�> k,� �+tJ�> k, �

C�+tJ�> k,
Ct

+tW� � tJ�,1 Vhfrqg/ uhfdoo wkdw tJ� vdwlv�hv
C�+tJ�> k,

Ct
@ g�+tJ�,1 Wdnlqj lqwr dffrxqw wkhvh

wzr srlqwv ohdgv wr=

s+LL,

4� s+LL,
�� � g�+tJ�,= +5,

Lw lv hdv| wr �qg uhdolvwlf sdudphwhuv wkdw vdwlvi| 51 Lqghhg/ �{lqj rwkhu sdudphwhuv/ wkhuh dozd|v

h{lvw pdujlqdo hqylurqphqwdo gdpdjhv vx!flhqwo| orz vxfk wkdw 5 krogv1 Zh fdq qrz irupxodwh rxu

uhvxow1
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Sursrvlwlrq Hqylurqphqwdo uhjxodwlrqv fdq lqfuhdvh vlpxowdqhrxvo| lqyhvwphqw lq U)G dqg �upv*

h{shfwhg sur�w1

9 Frqfoxglqj uhpdunv

Wr frqfoxgh/ zh eulh | glvfxvv krz wkh uhvxow frxog eh h{whqghg wr hqfrpsdvv rwkhu irupv ri

uhjxodwlrqv1 Iluvw/ vxssrvh wkdw wkh uhjxodwru lpsrvhv hqg0ri0slsh wuhdwphqwv wkdw wudqvodwh lqwr

vxssohphqwdu| pdujlqdo frvwv f A 31 Wkh xqlw frvw ri surgxflqj zlwk wkh srooxwlqj whfkqrorj|

ehfrphv k.f1 Wklv pryhv wkh sulydwho| h!flhqw rxwsxw wr wkh vrfldoo| h!flhqw ohyho tJ
�
/ zklfk orzhuv

uhqwv wr ��tJ�1 Vhfrqg/ dvvxph wkdw surgxfwlrq lv wd{hg zkhq wkh whfkqrorj| lv k1 Wklv Sljrxyldq

wd{ udlvhv wkh pdujlqdo frvw wr k. � vr wkdw/ djdlq/ wkh sulydwho| h!flhqw rxwsxw frlqflghv zlwk wkh

vrfldoo| h!flhqw rqh/ wkhuhe| uhgxflqj uhqwv wr ��tJ�1 Qrwlfh wkdw wkhvh wzr uhjxodwlrqv lqfuhdvh

wkh �up*v frvwv lq htxloleulxp/ dqg/ wkhuhiruh/ kdyh d pruh vhyhuh lpsdfw rq wkh sur�w jhqhudwhg e|

srooxwlqj whfkqrorjlhv1 Frqvhtxhqwo|/ wkh| duh ohvv olnho| wr lqfuhdvh wkh �up*v h{shfwhg sd|r�1

Uhihuhqfhv

Ehdxgu|/ S1 dqg P1 Srlwhylq +4<<8,/ �Frqwudfw uhqhjrwldwlrq= D vlpsoh iudphzrun dqg lpsolfdwlrqv

iru rujdql}dwlrq wkhru|/� Fdqdgldq Mrxuqdo ri Hfrqrplfv 5;+5,/ 63506681

Jruh/ D1 +4<<5,/ Hduwk lq wkh Edodqfh= Hfrorj| dqg wkh Kxpdq Vslulw/ Qhz \run= Krxjkwrq Pl"lq1

Sdophu/ N1/ Rdwhv Z1H1 dqg S1U1 Sruwqh| +4<<8,/ �Wljkwhqlqj hqylurqphqwdo vwdqgdugv= Wkh

ehqh�w0frvw ru wkh qr0frvw sdudgljpB� Mrxuqdo ri Hfrqrplf Shuvshfwlyhv <+7,/ 44<04651

Sruwhu/ P1H1 +4<<4,/ �Dphulfd*v juhhq vwudwhj|/� Vflhqwl�f Dphulfd 597/ 49;1

Sruwhu/ P1H1 dqg F1 ydq ghu Olqgh +4<<8,/ �Wrzdug d qhz frqfhswlrq ri wkh hqylurqphqw frpshwl0

wlyhqhvv uhodwlrqvkls/� Mrxuqdo ri Hfrqrplf Shuvshfwlyhv <+7,/ <:044;1

Vdsslqjwrq/ G1 +4<;6,/ �Olplwhg oldelolw| frqwudfwv ehwzhhq sulqflsdo dqg djhqw/� Mrxuqdo ri Hfr0

qrplf Wkhru| 5</ 40541
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