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Abstract

A firm wants to borrow funds for a project whose resulting revenues are private information to the firm
unless the investor undertakes costly monitoring. However the firm can buy a costly and publicly observed
signal which reduces the variance of revenues (it is positively correlated with revenues). It can do this
either before or after proposing a loan contract to the investors. We consider the case of commitment by
the investors to their monitoring strategy so there is actually truthful reporting. We find that it is never
optimal for the firm to acquire the signal before the contract is agreed but it may be optimal to acquire
the signal either for sure or randomly after the contract is agreed. When the signal is acquired for sure
there is only any monitoring following a good signal and never following a bad signal. When the signal is
randomly acquired, then again low reports following a good signal are surely monitored and those following
a bad signal never are. But if the randomisation leads to no signal then low reports are either monitored
for sure (if high state revenues are high) or are never monitored. The precise form of the optimal signal and
monitoring policy depends on the relative signal and monitoring costs, the interim stage profitability of the
project in particular signal situations and the correlation between the signal and revenues.
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Introduction

A project owned by an agent needs external finance, the project has random returns but the realised return is
only observed by the agent not by the lender. Both parties know the cost of the project and the probability
distribution of returns. If there is a positive chance that the project will not meet the investment cost then in
the absence of information revealing devices, the lender will refuse the loan since the agent will always cheat in
revenue reports. This happens even if both parties are risk neutral and the expected return of the project is
positive so that it is in the social interest for it to be undertaken. The CSV approach (and in reality auditing)
overcomes this market failure to get a second best solution where (under commitment to audit) the lender can
force the agent to truthfully reveal project revenue through the threat of audit. To be credible some audit of low
revenue agent reports must actually happen and the expected cost of this is a deadweight loss which makes the
outcome second best. In this commitment scenario the optimal audit policy is stochastic-the lender randomises
his audit strategy to save on audit costs. What happens then is that the agent always truthfully reveals revenues
and, if they are high, makes a high repayment; if they are low makes a low repayment report which is sometimes
checked through audit and a low repayment return, and overall the lender gets a fair expected return.

There is a contemporary debate about the desirability of random audits centering about the issue of
commitment. If the lender cannot commit to an audit policy, then at the interim stage, once realised revenues
are private information to the agent, the audit strategy can be adjusted. Krasa-Villamil (2004) allow for a
renegotiation between the two parties at this stage. For the original contract to be renegotiation proof at the
interim stage there must be no incentive for any type of agent to recontract and in particular no incentive for
any type of agent to reveal information to the lender about their type. This requires that the original contract
should involve repayments that are constant across types: a pure debt contract which then takes us back to the
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market failure. There are other noncooperative ways in which the audit strategy can be adjusted: in Khalil-
Parigi (1997) there is a noncooperative game in cheating by the firm and audit by the lender which results in
random auditing.

But audit is not the only information revelation device. It occurs after the project has been financed, the
revenues have been realised and an agent report on these has been made to the lender. An alternative would
be an ex-ante signal or test of the project designed to improve both parties view of the likelihood of success
(and hence the expected value) of the project. The signal can reveal information to all parties directly (it is
public and credible) or can reveal information indirectly, when the signal is private, through the behaviour of
the signal acquirer. The literature considers that latter case. Generally here the only reason for the agent to
acquire a signal is to increase his strategic power relative to the lender and there is no information sharing. But
in some circumstances, e.g. if an ex-ante experiment can show that low revenues are very likely and they are
so low as to make the project socially undesirable, the experiment can be designed so that the agent abandons
such projects and they are never undertaken (Cremer). In these cases generally the lender can force the agent
to undertake the ex-ante experiment which then, if bad, makes the agent voluntarily renounce the project. But
this is an extreme case.

Our interest is in less clear cut and hence more delicate cases. We have an ex-ante device (a signal) which is
costly but which will improve the information of both parties about the distribution of revenues. In contrast to
the literature, the signal is public and, whilst positively correlated with the agent type, only imperfectly reveals
his type. The agent knows that the lender will always demand an ex-ante fair expected return. The agent knows
that there is also a costly, credible audit mechanism to stop him cheating. Then should the agent choose to
get the signal and improve the information of both parties? And if so when? Before or after an agreement has
been reached with the lender which guarantees the latter a fair return and truthtelling? If the agent does get
the signal, what is the effect on the optimal audit strategy? Since the signal is generally costly, it is only worth
getting if it reduces the expected costs of audit. But which audits will be reduced? Those following good signals
which make both parties think that the chance of high revenues has increased, or bad signals? And should the
agent get the signal for sure or randomly? The possibility of signalling at different stages gives the agent some
strategic power.

Our results show that:

1) it is better for the agent to agree terms with the lender before revealing his signal strategy and the results
of any signal acquisition. This is partly because repayments and audit can then be conditioned on the subsequent
signal which gives the agent greater strategic freedom to play off one state-signal combination against another.
And partly it allows the agent to meet the overall exante fair return to the lender by cross subsidising between
different state-signal combinations.

(2) Whenever it is optimal to acquire the signal (either for sure or randomly), low revenue reports following
a bad signal are never audited, but low revenue reports following a good signal are audited for sure. It is optimal
to acquire the signal if it’s cost is not too high and if it is sufficiently informative. The improved information
provided by the signal allows audit to be specialised into those state-signal combinations where the incentive to
cheat is highest. If the signal is sometimes acquired but only randomly, then following a no signal outcome, the
audit decision after a low revenue report is deterministic. In these circumstances with no signal if the expected
return after a good signal is positive, then low reports are never audited, but if it is negative low reports are
always audited. But when the signal is too costly or too uninformative it is never acquired and then there is
strictly random monitoring of low state reports.

(3) When acquiring the signal is costly, there is a single critical variable which determines whether it is
optimal to get the signal at all: this variable combines effects of the relative costs of signal acquisition and audit
and the informativeness of the signal. It can be seen as the regret of wastefully monitoring high state reports
as against wastefully paying for the signal.

When the signal completely reveals the state, it is worth acquiring the signal if its cost is less than the
expected audit cost. If the signal is completely uninformative it is never acquired. For positive but imperfect
correlation beween the signal and state, the relative cost of signal acquisition and monitoring are moderated by
the imperfection with which the signal reveals the state.

(4) if the signal is free then it is always worth getting the signal.

(5) We find that in nearly all cases when it is optimal to acquire the signal The increased precision that
it gives allows zero audit of low reports following a bad signal outcome and that when the signal is randomly
acquired, if the randomisation results in no signal, then again sometimes there is zero audit. In this sense the



costly signal substitutes for costly monitoring. But, put better, the signal reduces the variance of revenues
and increases the precision of which state will occur, which allows precise targeting of audit on signal report
combinations where cheating is most likely.

Why does all this matter? At a theoretical level we have shown that signalling is socially useful-it does not
just change the distribution of surplus between parties but allows both savings in overall information revelation
costs (signalling+audit costs) and allows a wider range of socially desirable projects to be undertaken.

Some empirical examples of the type of scenario we have in mind might be:

(i) an entrepreneur wants funding to develop a new product. Success of the product depends partly on its
technical characteristics and partly on consumer demand response. Truly realised revenues are private to the
entrepreneur. The entrepreneur can build a prototype which is publicly observable to both the potential lender
and himself. The realised prototype has qualities that are positively correlated with whether it will take off
with consumers. Alternatively he could choose not to build the prototype but still seek funding.

(ii) a football team is interested in getting funding to buy a new player, they may choose to take him on trial.
The performance of the player in games during the trial period is publicly observable but imperfectly correlated
with the revenues of the team after the player has been purchased. The team could either just outright buy the
player without trial or go through the trial.

(iii) a component is available and the entrepreneurs project involves using it in a novel product. The
entrepreneur could commission a scientific study of the properties and cost of the component whose results
would be publicly available or could go ahead without the study. In a related context the entrepreneur could
pay for quality certification of the component from experts, partly here there is the idea that using an outside
expert with a public certification of quality removes incentives for the agent to misreport signals.

(iv) A tax payer may have labour and interest income-low labour income signals low interest income. The
taxpayer could hire an accountant to certify labour income, then make a report of total income to the tax
authorities. The decision to audit depends on the “matching” between the taxpayer report and the presumed
income calculated by the tax authorities on the basis of the signal provided by the taxpayer.

(v) A firm has to decide whether to get a rating company to produce a report on its financial situation. The
actual revenues are the managers private information, but the shareholders decision to send auditors may be
influenced by the rating company assessment.

(vi) In Ttaly, firms have to periodically liquidate VAT on purchases and sales. Then, at the end of the year,
the firm makes an overall income report which is correlated with the VAT report. IRS matches VAT liquidation
with income report and decides whether to audit. If VAT liquidation is inconsistent with income report, say
VAT liquidation indicates value of sales much higher than value of purchases, and reported end-of-year income
is low, then IRS monitors for sure. If no liquidation is made periodically (no signal), but the firm has an income
report, then this may also trigger monitoring, as IRS suspects the firm to evade VAT.

Other examples: references, testimonials, exams

When the agent is making the signal acquisition decision, he knows that he will be compelled to truthfully
reveal the state through threat of audit and knows that in ex ante terms he has to make expected repayments
that will meet the cost of the project. He then writes the contract (which includes the audit strategy since we
in a commitment world) taking into account the effects of his signal acquisition strategy on the audit behaviour
of the lender. In this sense he is using the strategic power on signal acquisition to offer a contract which the
lender will just accept and which manipulates the audit behaviour of the lender.

A variety of papers have studied the question of the strategic value of an agent acquiring costly information
either after being offered a contract by a principal but before agreeing the contract (Cremer and Khalil, 1992),
or before the contract has been offered by the principal (Cremer, Khalil and Rochet, 1998b) in a Baron-Myerson
type framework. In these settings the agent is initially uninformed of his type but can pay a cost to discover
exactly his type. There is commitment in the contracts so that generally truthtelling direct mechanisms can be
used, with truthtelling both about whether the agent has chosen to become informed and about the realised
type of the agent. In some cases the agent receives a negative return in some states of nature and generally
receives a return that is increasing with the productivity of the state. Thus, if the agent pays to discover his
type before agreeing the contract, he can reject the contract if he discovers his type is low /inefficient, this gives
some strategic power to the agent. Conversely if the information acquisition occurs after the contract has been
agreed, the contract allows transfers and outputs to depend on whether the agent knows his type, and what the
type is. Again the ability to become informed gives the agent power, whether he chooses to use the option or
not.



In these papers the extra information serves no productive purpose and if collected is done so only to increase
the power of the agent, but since gathering information is costly, it is socially wasteful. In one paper (Cremer,
Khalil and Rochet, 1998a) the only way of the agent knowing his type is to pay for a signal, again in a Baron-
Myerson framework-otherwise the agent must select output in ignorance of his type, and given risk neutrality
and linearity of his payoff in the uncertain production cost, assumes he is the mean type.

In the costly state verification literature (e.g. Mookherjee & Png, 1989) attaining truthtelling is costly
and also socially wasteful, there must be sufficient monitoring to deter the agent from cheating. The Baron-
Myerson type contract with no policing of cheating cannot be used since there are not enough instruments
(without costly monitoring) to ensure self selection, the only instrument is the loan repayment and incentive
compatibility without monitoring would imply that this was flat. But then there are not enough revenues in bad
states of the project to pay the fair return. A question then arises as to whether information collection by the
agent, and revelation of this information to the principal, may be a means of substituting cheaper information
acquisition for more costly expost monitoring. One related paper looking at this topic is Khalil-Parigi, in a
costly state verification loan contract scenario, they allow the principal to undertake costly screening of loan
projects which results in an improvement in the quality of projects. Then the loan contract is written using the
revised probability distribution of project revenues. They do not look at the incentive effects of screening.

The plan of the paper is to outline the assumptions and framework in Section 2, to analyse the case in which
no signal is collected before or after the contract offer in section 3 and 4 respectively, the generic properties
of the optimal contract is section 5, the optimal timing of information acquisition in section 6, and the otimal
signal strategy in section 7. The last section concludes.

1 The Model Assumptions

An agent has a project costing I and giving a random return fs, s € {H, L}, with fg > fr, > 0, with probability
nr, and my respectively, 7y, = 1 — wy. To finance the project, the agent needs to raise funding from a risk
neutral principal who cannot observe the realisation of the state, but can ex post audit the firm’s report at a
cost ¢,. The return from the project is only realised when it is actually undertaken, which is necessarily after
the loan has been made and so after the loan contract has been agreed. The agent learns the revenues of the
project for free on their realisation, the principal can only discover them by audit. Audit reveals revenues with
certainty and the result of it is verifiable by third parties.
The necessary investment cost exceeds the low state revenues:

fo<lI (1)

which means that repayment of the loan to ensure a nonnegative expected return for the principal requires
repayments to vary with state.

At any time the agent can acquire a costly signal o which is positively but imperfectly correlated with
the true state of nature, say o € {G,B}. Then m;; represents the joint probability that s = ¢ and 0 = j,
and 7;); = Pr (o = j|s =) is the conditional probability that signal o = j is received, given that state s = i
subsequently realises. 1 > m;;, ;5 > ;5,7 > 0 defines the requirement of positive correlation between state
and signal. Any signal that is acquired immediately becomes public information to both the agent and the
lender. The cost of acquiring the signal is initially borne by the agent and is ¢,. In contract problems between
two parties, one party writes the contract subject to a participation constraint of the second party. This means
that on the one hand who bears the direct cost of monitoring or auditing does not matter much but on the
other hand the contract writer has the greater strategic power.

The joint probability distribution of the signal and revenues from the project is:

s\o G B | Yrow
H | mge | 7up | 7w
L TLG | TLB T

Yeol | ma TR 1

Remark 1 Notice that 1 > m;;, mj; > 5,75 > 0 imply the following:
TH|G > TH > TH|B
TLB > TL > TL|G



In the sequel the sign of the correlation between the state and the signal is important and is set by
p=THGTLB — THBTLG

The signal is fully informative if 7y = 1 and 77 |p = 1 which implies that the probability matrix is diagonal.
In this case r = 1.! Conversely the signal is completely uninformative if maig = Tgp and wp g = mpp which
implies 7y = mgp and mpg = wpp and then r = 7 = 0. Under our assumptions p > 0. So a good signal
improves the chance that the state is actually high and vice versa. The signal reduces the amount of uncertainty
over the state. Since for any random variable f, var(f) = E,(var(f|o)) + var(Es(f|o)), at the ex ante stage
uncertainty is reduced in the presence of the signal.

Since the parties are risk neutral, acquiring the signal has no risk sharing gain, but the reduction in
uncertainty may have incentive effects (generally in costly state verification models, if the variance of revenues
falls, the amount of monitoring required to implement truthtelling also falls). In this sense we may expect to find
that costly signal acquisition can substitute for some costly monitoring. Moreover it may allow some socially
profitable projects to be undertaken which would not otherwise be possible.

We impose conditions which insure that the ex ante social benefits of the project cover the combined cost
of signal acquisition and monitoring:?

Tufu+7mofr—1—mpcy —cq >0 (2)

and that, even after receiving a bad signal, having sunk the signal collection cost, the interim social benefits of
the project are still positive:

mapfu+ 7y BfL — 1 — 7 BCm >0 (3)
Since we are in a commitment setting in which truthtelling will be induced, monitoring will only occur following
low reports so in anticipation there is only a monitoring cost in low states. (3) means that even if the principal
could remove funding after a bad signal has become public but before the state report, there is no incentive to
do so.

Notice that (3) implies®

Taiefo +Trefn — 1 — mrjgem >0 (4)

and also that
mapfu +7LB(fL —cm) > (tup +7TLB) (5)
which we can rewrite as
mup(fu — fr) —mipem > (tup + )L — fr) >0
SO
mup(fu — fL) > TLBCm

from which

muc(fu — fL) > 7TuBCM
(tup +7mc)(fu — fL) > (TuB+7LB)em
and also
mu(fu — fr) > TuBcm = (fu — fL) > ¢m

["THGTLB—THBTLG]
(rpg+mLe)(l—7mrc—mLB)("HG+7LG)(1-THG—TLG)

IThe correlation coefficient is r =

oS - So when nyg + g = 1, r =

muarLp/l 7L THG THG TLB|%? =1
2Notice that assuming a fixed cost in signal acquisition and audit gives a bias against small projects which have low cost and
low revenues.

3Notice that TH|G — TH|B = =7 B — Tr|g- Hence

_p
TGTRB
majefo +meft — I =7 gom — (mgpfu + 7o pfL — I — 7 pem)
= (mgig —muB)fa+ (trjg — 7 B)(fL —cm)

L (i —fr+em)>0
TGTRB

which implies that 7y fu + 7rafL — I — TrjGCm > (7rH|BfH +mpfL —1— 7TL|BCm) >0



From a welfare view, the importance of acquiring the signal is to screen the projects more accurately, in particular
with a good signal some projects will be undertaken which previously were socially unprofitable, given costly
observation.

The contract date is fixed: at this time the agent must propose a contract detailing an audit strategy and
repayments which must be made after the realisation of the returns of the project in different circumstances.
The agent has limited liability in that ex post he can never be asked to repay more than the revenues of the
project in any state. The agent has the opportunity of gathering a signal at any time. If he does so, the
outcome of the information acquisition process is publicly revealed. If the signal is gathered before the contract
is written, the principal knows the signal outcome and so contracted repayments and audit probabilities are
conditioned on the signal outcome (G, B). If it is not gathered before the contract is written, the principal
knows this as well (otherwise the principal would have observed the signal outcome) and also that the agent
may subsequently decide to collect the signal. Consequently in this case the contract must include repayments
conditional on each possible signal gathering decision and outcome. In terms of a general game tree we have:

signa A no signal

O

contract

nal 4A  nosignal

contract

Figure 1

We refer to the two top branches of Fig. 1 as the left hand branch (the agent initially chooses to acquire the
signal before offering a contract) and the right hand branch (the agent first offers the contract and then decides
whether or not to get the signal). In the left hand branch initially the agent either gets a signal or does not-the
principal knows this action since the signal is public. With a signal whose result is known to the principal, the
agent then offers a contract conditional on the signal outcome. This is written on terms which the principal
will accept. Then the true state occurs and the agent reports either H” or L". Following the agents report and
with knowledge of the value of the signal, the principal chooses whether to incur the costs of monitoring. Then,
dependent on all these actions and outcomes, repayments are made. Conversely in the right hand branch the
agent chooses to gather no signal but offers a contract to the principal (again on terms which the principal will
accept) which allows for subsequent decisions by the agent to acquire the signal and by the principal to monitor.
After the contract has been agreed the agent chooses the signal acquisition strategy. Next the true revenue
state emerges and the agent makes a report of the revenue state to the principal. Using his information at that
stage the principal decides whether or not to monitor and finally repayments are made given all earlier actions
and events.

In each contract the variables written into the contract can depend on subsequent observable events and
actions prior to the repayments actually being made. Hence Ry, is the repayment due following a report r, a



signal value o € {G, B} and an audit which reveals that the state is s. R is the analogous repayment with
no signal acquisition. R, is the repayment with report r and signal o, but with no audit. Similarly, R,y is the
analogous repayment with no signal acquisition. Notice that in the contracts offered in the left hand branch the
contract variables are much more restricted than in the right hand branch - within one of the contracts, they
cannot depend on the signal acquisition strategy since that has already been revealed to the principal at the
contract writing stage.

We can solve the problem by backward induction, first following the right hand branch of Fig. 1 where no
signal has been acquired at the contract date, calculate the optimal contract and signal acquisition plan in this
branch. Then move to the left-hand branch of Fig. 1 and compute the optimal contracts given that a signal has
been acquired before the contract date. Finally, by comparing these, we can see whether the agent will choose
to acquire the signal before the contract date.

2 No signal acquired before the contract has been agreed

Following the right hand branch of Figure 1, a contract between principal and agent specifies repayments, audit
probabilities and the probability with which information will be gathered. Since information gathering occurs
prior to any report, repayments and audit probabilities can be conditioned on the realisation of the signal,
if it is collected, and the state report. It is equivalent to define the optimal contract either by simultaneous
choice of all of the contract variables or sequentially, first choosing the information gathering probability and
then subsequently selecting repayments and audit probabilities within truthtelling constraints and a sequential
rationality constraint ensuring that the selected information gathering probability will be used. Since there
are three basic forms of information gathering (always, never or randomly gather information), we can find
the overall optimal contract by successively computing contracts that are optimal for each of these forms of
information gathering and then compare them.
The agent’s payoff is

FEll4 ZaZﬂ'gUg-l-(l—Oz) Un (6)

where
Uv = 7u(fu—Run)+7L[fr — (1 —mpy)Riy — mynRLLN] (7)
Uo’ - 7T-H\a (fH - RHO’) + 71—L\U [fL - (1 - mo) RLo’ - mO'RLLO'] — Ca, g = G; B (8)

(6) is the expected return of the agent with expectations being taken over the revenues of the project using the
relevant probability distribution corresponding to the optimal signal strategy and over the probability of audit
using the optimal audit strategy.

The principal’s payoff is

EHPZOLZWUPCC,#*(l*Oé)PON*I (9)

where
PCyn : muRan +7r[(1 —my) Ry +my (RN — ¢m)] (10)
PCO- : 7TH|0-RHU + TLlo [(1 - ma) RLa’ + mg (RLLO’ - cm)] (11)

stating that the expected return to the lender net of the expected audit cost must pay the investment cost.
To induce truthful reporting, repayments following a truthful high state report must not exceed repayments
following a false low state report which can be audited with probability m:

Ryn < mnyRrunv+ (1 —mn)Rrn (12)
RHO’ S mO'RLHO' + (1 - ma) RLO’ (13)

Last, the agent has limited liability. Having zero wealth, this implies that repayments can never exceed realised



income net of any signal acquisition cost c,:

fu —co > Ryo, Rrus

fu > Run,Rrun (14)
fL — Cq 2 RLO’?-RLLO'

fo > Rin,Roon

The contract problem (Ppre—signai below) sets optimal values of the probability of acquiring the signal « after
the contract has been agreed but before the choice of signal strategy and realisation of revenues, the monitoring
strategy m conditional on the possible signal values (o € {G, B}, if acquired, or N if not acquired),* and the
repayments Rgo, Rsrn, Rro, Rrny due at the end, conditional on the reported state » € {H, L}, the result of
any audit and the signal values:

max ETI4
s.t. EHP Z 0

and subject to the incentive constraints (12) and (13) corresponding to each possible state of the signal -either
G or B if acquired or N if not acquired, and to the limited liability conditions (14).

3 Signal acquired before the contract offer

If the agent collects the signal before the contract offer, then the principal knows at the time of the contract
offer which type of agent she is facing (high signal, low signal or no signal agent). The contract that is written
if a signal ¢ is collected at time 1 will use probabilities 7|, = THo /(THo + TLo ), TLje = TLo/(THe + 7L ).

In principle the agent could collect the signal for sure or randomly before the contract is signed, of course
he could also choose not to collect the signal.

If he decides to get the signal for sure before the contract is signed, then, since the signal received by the
agent is publicly observable, the contract problem at date 2 will depend on the signal acquired o = G, B.

The contract problem conditional on having received signal o, Pgastisi gnal> is then to choose Ry, Ryro, My

to

max U,
st. PCy, > 1
TT,

and to the relevant limited liability conditions, with U,, PC, and TT, as defined in (8), (11) and (12).

Notice that we don’t have the no signal state here. This state occurs when the firm has decided not to acquire
the signal at t = 1 and to wait until after the contract offer to decide whether to acquire or not. Automatically
then we shift into the right hand branch of Fig 1.

4 Generic Properties of the Optimal Contract

Whatever the information gathering strategy, optimally each of the contracts Pposi—signal, Ppre—signar Will
display some common features:

(i) the participation constraint must bind since otherwise it would be possible to reduce Ry,, Ryy without
violating any of the constraints and make the agent better off;

(ii) the truthtelling constraints must all bind:

after allowing for the participation constraint, the monitoring cost is a deadweight loss which ultimately
subtracts from the expected gain to the firm. So whatever the detailed structure of repayments, it is
optimal to minimise the probability of monitoring. From this it follows both that there must be maximum

4Notice that this is a slight abuse of notation in the interest of simplicity, since previously o € {G, B}.



punishment and that any relevant truthtelling constraints must bind. The typical truthtelling constraint
has the form
mG'(RLH(T - RLO’) 2 RHU - RL(T

so if any truthtelling constraint is slack m, can be reduced. If there is not maximum punishment, Ry g,
can be increased and m, reduced in order to raise the firms expected payoff. Thus Rrg, = fg — ca,
Rryn = fg. Since there is truthtelling, the punishment repayments are never actually paid and so do not
enter either the objective function or the participation constraint. However they serve to police the agent
and setting them at their maximal levels allow costly monitoring to be minimised. If 0 < a < 1 then each
state o, N sometimes occurs and the truthtelling constraint for every state is then relevant. If one of the
truthtelling constraints were slack, the above argument applies. If & = {0, 1} then at least one state o, N
never occurs and the associated truthtelling constraint is irrelevant. Then without loss of generality it can
be taken to bind. It follows that we can express the monitoring probabilities in terms of repayments as

Mo = (Rao — Rio) / (fa — ¢a — Rio), myn = (Run — Ron) / (fo — Ron) -

(iii) in nonaudited low states the repayments R;,, Ry are set to give zero rent to the agent: Ry, =
fr — ca, Ry = fr. This gives the agent the minimal incentive to cheat: if he cheats there is a chance he
can profit by fg — Rr, when m < 1 if not actually audited. In fact he earns the minimal rent possible
from cheating when Ry, is set at its highest level possible.

(iv) in audited low states there is zero rent to the agent: Rpr, = fL — ¢a, Ry = fr. This happens because
in all circumstances the ex ante marginal value of funds is higher to the firm than to the investor, that is
an extra dollar of investment ex ante has more than an expected dollars payoff to the firm.

Demonstration of these properties is in the appendix. Generally they match the properties of contracts with
costly monitoring but no signalling possibilities (an example for maximum deterrence is Baron and Besanko
(1984), for binding low state feasibility in a commitment setting, Jost (1996)).

Using these properties

mag = RHG_fL+Ca
fo—fL
g Rup — fL+ca
fo— [t
my = Run — fL
fo—fr

4.1 The contract problems conditional on timing of signal acquisition

Having established the properties of the contract which are common to both scenarios, we use these to write
the two contract problems faced by the agent in terms of just high state repayments.

If no signal is acquired before the contract offer, the contract problem Py, e—signai becomes 771'J
one of choosing Ryg, Rup, Ryn to

re—signal? Le.

max a[ry (fu —co) —TaeRuG —mapRuB)+ (1 — &)y (fu — Run)
Rpyc,RuB,Run

s.t. {(T"HGRHG +7upRyB + [(fz —ca — Rug) (fr — ca) + (Raa — fr + ca) (fL — ca — cm)]

TLG
fa—fr

TLE _ ((fu — ca — Rup) (fr — ca) + (Rup — fr + ¢a) (f1 — ca — cm>]}

+fH—fL

+(1—-a) {TFHRHN + (fo — Run) fr + (R~ — fr) (fL — Cm)}} =1

fH_CaZRHU
fu > Run
0<a<l1

_ "L
fu—fr



If the signal is acquired before the agent offers the contract then, when the signal has the value ¢ = G, B, using

3 o o . po .
the generic properties above, the contract problem Ppost—signal becomes Post—signal ©

r}gax THl|o (fH - RHJ) - (]. - WL‘J) Cq (15)
Ho
Ry, — fr +cq
s.t. ﬂ—HlO'RHO' + TL|o fL — Cq — %CM =1 (16)
fH_CaZRHUZfL_Ca (17)

5 Is it ever optimal to first get the signal?

The next expression compares the expected utility the firm gets in the left hand branch with the expected utility
it gets in the right hand branch:

max {a[rqUg + U] + (1 — a) Uy|a[rgPCq + ngPCg| + (1 — a)PCy = I}

Ruc,Rup,RuN

> a[rgmax{Uqg|PCq = I} + mp max{Up|PCp = I}| + (1 — a) max{Un|PCy = I'}
RHG RHB RHN

Essentially the contract problem in the right hand branch is less constrained than that in the left hand branch.
The values of Rya, Ryp, Rgn which solve the second problem with contracts after the signal satisfy the ex
ante participation constraint (9) in the first problem. Hence they are feasible choices in the contract written
prior to the signal. So the best choices in the contract written before the signal must be at least as good as in
the contracts written after the signal. Hence the agent can never strictly prefer to get the signal before offering
the contract to the principal. In this sense the power of deciding when to acquire the signal (if at all) gives the
agent a strategic advantage.

There will be a strict advantage to the agent in the right hand branch if the optimal repayments in the
right hand branch are actually infeasible in the left hand branch. This occurs iff there is cross subsidisation of
the principal between different signal states e.g. following a high signal the principal receives some rent in the
right hand branch which subsidises a loss following a low signal. If this type of cross subsidisation occurs, then
getting the signal after the contract must dominate getting it before the contract.

6 Optimal signal strategy after the contract

Working through the remaining first order conditions and variables, given that no information has been gathered
before the contract offer, we deduce that there are three possible forms of information gathering with associated
high state repayments and monitoring:

i. acquire the signal for sure;
ii. never acquire the signal;

iii. play a random strategy for acquiring the signal.

Of course the choice between these depends on the signal acquisition cost, the informativeness of the signal
and also on the relative costs of signal acquisition and monitoring. These are expressed through various critical
expressions which determine which signal acquisition strategy is optimal.

A first critical factor is the net cost of signal acquisition after the reductions in expected cost from monitoring
that are possible following acquisition of the signal as measured by the sign of

NC, =mgcqg — pem

When the probability matrix is diagonal (i.e. the signal completely reveals the state), p reduces to T1ggmrLp =
mynr and then NC, = 7wy (¢, — TrCm ), where the term in parentheses is the difference between the cost of
signalling and the expected cost of monitoring, given that there is truth-telling. When the probability matrix
is not purely diagonal, the relative cost of signal acquisition and monitoring are moderated by the imperfection
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with which the signal reveals the state. If the signal is completely uninformative, then p = 0 and the regret of
having paid to acquire a signal is 7wy ¢, (the signal cost for states in which you don’t wish to monitor anyway).
A second critical factor is the expected profit that remains in the project following a good signal

FEASg =muafu+ (1 —mug)fr — I —Trgem — ca

We can write the overall feasibility assumption (2)

0 < mugfu+rrfo—I—mrem —ca (18)
= FEASg+mup(fu — fL) — TLBCm (19)
= FFEASg+ FEASp (20)

which divides the ex ante profits of the project into those occurring after respectively a good and a bad
signal. The sign of FEASs is important in determining whether repayments can be set in some state-
signal combinations to eliminate the incentive to cheat and hence the need for monitoring those state-signal
combinations. If FEASg > 0 then there is a relatively high weight on high state revenues either because of the
spread between fy and f; or because wgg is high. The higher the spread of my¢ and 7y, the more precise
is the signal.

In the appendix we show when various forms of signal and monitoring strategy are optimal and derive the
corresponding optimal signal acquisition and audit probabilities and high state repayments. Much depends on
the critical factors above.

If NC, > 0, it is optimal never to gather information (o = 0). We have then the usual commitment contract
(Border and Sobel (1987), Khalil and Parigi (1997)) with probabilities 7, 7r. Truth-telling has to be policed
by random monitoring and some rent is left to the firm in the high state, but zero rent in the low state whether
audited or not. The firm can be induced never to collect the signal by setting the gain from signal acquisition
Ry —Ryp equal to zero. Then the marginal benefit to the firm of giving even a tiny chance to signal acquisition
is negative.

If NC, < 0, it is optimal either to randomly gather information or to always gather information, depending
on whether ¢, > 0 and on the sign of FEAS.

If ¢, > 0 and FEASg # 0, optimally 0 < a < 1. It is never optimal to leave the firm with any rent in
the high state following a good signal realisation but it is always optimal to leave the largest rent possible to
the firm in the high state following a bad signal realisation. Thus Ryg = fg — ¢ and Ryp = fr, — ¢4, which
implies that mg = 1 and mp = 0. The intuition is as follows. Since p > 0, after a G signal it is more likely that
state H is going to occur. Similarly, after a B signal it is more likely that s = L. Thus, in order to minimise
monitoring costs while inducing participation, it is best to monitor after a GG signal, where it is less likely that
state L is going to occur (g |¢ > 7r|c), and never after a B signal. The powerful precision of the signal allows
accurate targeting of monitoring.

The decision to monitor no signal states, when the signal is randomly acquired, depends instead on the sign
of

FEASg =mucfu+ (1 —7mga)fr —1 —Traem — ca

the expected social gain of the project net of signal acquisition and monitoring costs at the interim stage after
a G signal. If, as the result of mixed play of signal acquisition, the signal is not acquired when FEASg > 0,
the expected social gain after a G signal is sufficiently high to make it unnecessary to monitor. Thus, the firm
receives a rent (Rgy = fr) and my = 0. If FEASs < 0, the expected social gain after a G signal is too low.
Thus it is necessary to monitor also when no signal is acquired. The firm receives no rent (Ryy = fg) and
my = 1.

If, when NC, < 0, either FEASg = 0 and/or ¢, = 0, it is optimal to have full information gathering. If
FEASg = 0 and ¢, > 0, the firm only receives rent in the high state following a bad signal and is then never
monitored. In this case the firm must have the incentive to always pay for the signal and this is assured by
setting Ry sufficiently high to punish the firm if it does not acquire the signal. But if ¢, = 0 and FEASg > 0
the firm is always monitored following a bad signal but there is random monitoring following a good signal and
then on average the firm receives a rent (Ryg < fm — ¢q)- Finally if ¢, = 0 and FEASg < 0 the firm receives
some rent following a bad signal but zero rent following a good signal.

Finally there is a borderline case in which NC, = 0. Then it turns out that an identical maximum payoff can
be attained either from not collecting the signal at all but randomly monitoring high states, or from acquiring
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the signal randomly, and when it is acquired, setting mg = 1,mp = 0 and 0 < my < 1. This is true whatever
the sign of FEASq.
The formal detail of these general points is summarised in the following propositions.

Proposition 1 When NC, > 0, it is optimal to gather no information (o =0). The optimal contract has:

(I —7pfr)(fu— fo) — fumrem

wu (fu— fL) —7rem

Ry =

the value of the objective function is

w5 (fo—fo) (mafu +7pfr — I —7mrem)

Uyp—o = 21
0 mu (fu— fL) —7rem 1)
mN:RHN*fL: I-fr <1

fo—ftL mu (fa — fL) — 7Trem
This requires values of Rya, Ryp such that
mm (fu — fL)ca cmp(Ruc — Rup)

FOC, = - <0

g (fue — fo) —7rem e (fu — fo) —7Trem

However by setting Ryg = Rip this is always possible.
This is the standard commitment result.

Proposition 2 When NC, < 0, it is optimal either to randomly gather information or to always gather
information, depending on whether ¢, > 0 and on the sign of FEASq.

1. Ifc, >0, Ry = fy —cq and mg =1; Ryp = fr, —co and mp = 0. However Ry, my and o vary with
the sign of FEASqg. In particular:

(a) If FEASg > 0, it is optimal to randomly gather information (0 < o < 1 and increasing in c¢y,);
Ryn = fr, and my = 0. This gives:

_ I-fL
* T rac (fo — fL) = TLGCm — Ca (22)
U U= fudmes U — fr)+7a (taefu + (1 —7mra) fr — I — Trpaem — ¢a)} (23)
Mse = e (fu — fr) — Traem — ca

(b) If FEASG = 0, it is optimal to always gather information (« = 1); Ryny = fu, Rup = fL — ca,
Ryc = fg —cq with my =1, mp =0, and mg = 1. The value of the objective function is

U =7up (fu — f1) (24)

(¢) If FEASg < 0, it is optimal to randomly gather information (0 < a < 1 and decreasing in ¢, );
Ryn = fg and my = 1. This gives

. Ef—I—’/TLCm
“ = B (fu — fL) = TLBCm + Ca (25)
(Ef —I—nrem) s (fa — fr)

Uniso = wip (fu — Jo) — 7opem +ca P (rr = Jr) (26)

2. If cg = 0, it is optimal to always gather information. However, the repayment structure and the signal
dependent monitoring probabilities depend on the sign of FEASq.
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(a) when FEASg >0, Ryp = fr, and mp = 0;

R _I(fn = 1) = (U —7mue) (fo = fL) + Tracm) fL
e muc (fo — fL) = TrLaem

< fu

mG:RHG*fL: I-fL <1
fu—fo  7rc(fm—frL) —TLacm
The value of the objective function is
a  _ (fa — fi){mue (mafu+7ofo —I) — TaTLGCn } (27)
o=t e (fu — fr) — TrLaem
This requires
FoC, = —LWmv —Jen
muG (fu — fr) — Traem
which always holds-remember c, = 0 here.
(b) when FEASG = 0, we have case b analysed in part 1 of Proposition 2;
(¢) when FEASG <0, Ryg = fu, and mg =1,0 <mp < 1;
RHB:_(WHGfH-l-WLfL—I—?TLGCm) (fu —fo) TLBCm [L
muB (fu — fL) — TLBCm muB (fu — fL) — TLBCm
1— —I-
mB:_WHGfH—i—( Tua) fL TLGCm
mup (fu — fr) —TLBCm
The value of the objective function is
e _ mus(fo — fu) (mafu +7ofo — 1 —mrem) (28)
o=t mup (fu — fL) — TLBCn
This requires
_ - R -
foca _ (7TLB7THG 7TLG7THB)(fH HN)C >0

mup (fu — fr) —TrLBCm
This condition is automatically satisfied by NCy < 0.

The above proposition covers the case in which NC, < 0. When NC, = 0, we have the following proposition.

Proposition 3 If NC, = 0 with any sign of FEASg, any combination of Ryn € [fu, fr] and a € [0,1] which
satisfy the participation constraint

Run —
a(mpefn+ (1 —mne)fL —ca —enmre) + (1 - a) (WHRHN +mn(fr — MCW)> = (29)
is possible. The value of the objective function is thus
Usrse = (fo—fo)mafa+rofe — 1 —cmmr)mn (30)

T (fu—fL) —Trem

which is identical to that with no signal acquisition,a = 0.
Notice that differentiating (29) the sign of d]ggN is the opposite to the sign of FEASq :

dRuN {(ca =mua (fu — Run) + mu (Run — fr)) (fu — fo) + [7ra (fu — Run) — 7B (Run — fL)] C’rn}2;

do —(fa — fo)mu —mrewm] (fa — fo) [macafa + (1 — mue) fr — cmTLa — cal

This means that when FEASg < 0, increasing the probability of getting the signal is associated with a higher
return Rgpn, and thus a higher probability of monitoring my.
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One interesting example is when the signal is totally informative: if ¢ = G, then state H is going to occur
and although mg = 1, there is no need to monitor an L report, because such a report is never made. If 0 = B,
then state L is going to occur, which is not monitored either because optimally mp = 0 results optimally. What
about monitoring no signal states? Our results say that my = 1 when FEASg < 0 and zero otherwise. With a
perfectly informative signal, FEASG = tpafu+ (1 —7mpe) fo — I —7mrgem —Cco = mufu+7mnfr — 1 —cq >0,
which implies that only one of the two mixed strategy cases arises. Thus ex-ante information gathering totally
substitutes for ex post monitoring, even when randomly gathered. For this result, need perfect correlation
between signal and state. If no perfect correlation, then there is some monitoring in G signal states which turn
out to be low.

Propositions 1 to 3 are summarised in the following table and diagram:

H FEASq H exist H NC, H Optimum H
>0 a=0
>0 a=0,ms,,mse,a=1a | =0 a=0/ms,.

<0 ms, (la if ¢, =0)
>0 a=0

=0 a=0,msea=1>b =0 a=0/ms./1b
<0 1b
>0 a=0

<0 a=0,ms,, ms.,a = lc =0 a=0/ms,.

<0 msp (e if ¢ = 0)

cat NCa=0
2 (2a=0/MSc)
FEASg=0
MSb
a=0 ms=0 (RHB=fL-ca)
me=1 (RHG=fH-ca)
mn=1 (RHN=fH)
me=0 (RHB=fL-ca) a decreasing
me=1 (RHG=fH-ca)
mn=0 (RHN=fL)
a increasing )
> Cm
la: ::2;2 ((E:BG:;;C:)) 1b: me=0 (RHB=fL-ca) 1c: ms>0 (Rre>fL-ca)
a mG=1 RHG=fH-ca) mG=1 (RHe=fH-ca)

a=1

The diagram shows how the optimal signal acquisition and monitoring strategy varies with the costs of the
signal and of monitoring for a fixed joint probability distribution of revenue and the signal. For joint costs
above FFEASg = 0 randomised signal acquisition post-contract is never optimal and depending on the relative
costs of signalling and monitoring, either the signal is always or never acquired. For relatively low joint costs
(when FEASg > 0) it is never optimal to get the signal for sure but either to acquire it randomly or never.

6.1 Signal strategy as a function of acquisition and monitoring costs

Although the above diagram shows how the optimal monitoring and signal acquisition strategy vary qualitatively
with NC,, FEASg, it is of interest to see how « varies with ¢, and c¢,,.
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6.1.1 Signal strategy as a function of monitoring costs

When NC, < 0, the appendix shows that

da 0%

der > 05 —acgn >0
if FEASG > 0 (i.e. when Ujg, is optimal), while

Oda 0%

der < 05 75‘(:3,,, <0

it FEASG > 0 (i.e. when Upsgp is optimal).

Moreover, for given ¢, > 0, a (c¢,,) reaches a maximum at o = 1 when FEASg = 0.

Thus, for given values of the other parameters, so long as ¢, is not too high, then as ¢,, increases from zero,
initially NC, > 0 and optimally a = 0. Then, after a critical value of ¢,,, NC, switches sign from positive to
negative, FEEASq is positive and Uysg, becomes the optimal strategy. Further increases in ¢, lead to increases
in o until @« = 1, when FEASg = 0. At this value of ¢, Uprsa = Unpsy = Uprse and the optimal strategy
switches into Upssp with decreasing values of « as ¢, continues to rise.

For the intermediate range of monitoring cost, Upss, is the optimal strategy, reports without the signal are
never monitored because ex ante there is sufficient revenue in the good signal states (FEASg > 0) to meet
the participation constraint. As the monitoring cost rises, the optimal probability of getting the signal also
rises. This increases the amount of monitoring of good signal cases and also raises monitoring cost. But since
FEASg > 0, for each good signal case that is monitored the investor gets a surplus that covers the extra
monitoring cost.

For high values of the monitoring cost, FEASc < 0 and optimally my = 1. Here there is insufficient revenue
from monitoring good signal types to cover the investment cost and so all no signal types have to be monitored.

As ¢, increases in this range, the amount of monitoring and the monitoring cost increase, both because «
falls and because the per-unit monitoring cost is increased. Overall this is optimal because the reduction in «
reduces the signal acquisition cost.

a(cm) for ca>0

NCa=0 FEASg=0 FEAS=0

a=1

v

Uo UMsa Uir Umsb Cm

6.1.2 Signal strategy as a function of acquisition costs

We can draw a similar diagram showing how « varies with c,.
When NC, < 0, the appendix shows that

Oa 0%
B > 0; 92 >0

a
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if FEASg > 0 (i.e. when Upsg, is optimal), while

Oa FoateY
B, < 0; £l >0

a

if FEASg > 0 (i.e. when Upsgp is optimal).

Moreover, for given ¢, > 0, a(¢,) reaches a maximum at & = 1 when FEASg = 0.

Thus, for given values of the other parameters, so long as ¢, is not too high, then as ¢, increases from
zero, initially « increases in ¢, (for ¢, = 0, a = 1. Then for ¢, > 0, « drops to some positive value and then
starts increasing). Unsg, is the optimal strategy with FEASs > 0 and NC, < 0. Then, after a critical value
of ¢4, FEASq switches sign from positive to negative, o reaches its maximum (= 1) and Ujpsg, becomes the
optimal strategy. Further increases in ¢, lead to decreases in o until @ = 0, when NC, = 0. At this value of ¢,
Unrse = Uqy—g- For higher values of ¢,, a = 0 becomes the optimal strategy.

a(ca) for cm>0

A

FEASg=0 NCa=0

a=1

UMsa Umsb Uo Ca
In the appendix we also plot the optimal payoff for the agent as a function of ¢, and c¢,,.

6.2 Cross-subsidisation
The ex ante participation constraint can be written as
Oz{ﬂ'GpCG—FTFBPCB}—F (1 —Oz)PCN =1

When NC, < 0 and FEASg > 0 if it is optimal to randomly gather information as in M Sa, the participation
constraints following different signals are:

PCq =7yicfu +TricfL — TLiGem — Ca = 1
PCB = fL — g <1
PCy = fL <1
Knowing the sign of PCg and PCy, we deduce that PCg > 0.
Similarly when NC, < 0 and FEASg < 0 it is optimal to randomly gather information as in M .Sb and the
participation constraints are
PCq =7picfu +7rcfL — Trctm —ca = 1
PCB = fL —cy < I
PCy=mpfu+rpfr —mpem >1
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PCq z I can be written as g fu+(1 — 7ae) fr—I—TrLgem —Ca E 75 (fL — ¢q). Since in MSb FEASs < 0,
and the RHS > 0 (for fr, > c¢4), this implies that the inequality is negative, i.e. PCg < I and the principal gets
a loss in this state-signal combination. Moreover PCq + PCp — I = FEASg < 0 so there is cross subsidisation
from the signal received states to the no signal state.

Hence we know that there is cross subsidisation and the agent will always strictly prefer to offer the contract
prior to revealing whether any signal has been acquired (and its value) to the principal. So the right hand
branch of the game tree strictly dominates the left hand branch, i.e. the contract with ex-post information
gathering strictly dominates the one with ex-ante information gathering. This means that before deciding
which information acquisition strategy to adopt, full, random or no information gathering, the agent will always
wait until after the contract offer. So the overall conclusion is that it may be optimal to get the signal either
for sure or randomly but only after the contract has been agreed.

The intuition is as follows. There are incentive effects of the signal which work indirectly through the
participation constraint of the principal and the truth-telling constraints on the agent. In particular, when the
signal is collected after the contract offer, the principal’s participation is to be satisfied ex ante. Thus, it is
possible to minimise observation cost by monitoring only when it is less likely that the low state occurs, i.e.
when ¢ = (G, and never when the low state is more likely to occur, i.e. 0 = B.

When the signal is collected before the contract offer, the participation constraints are to be satisfied for
each signal state and thus need to monitor both after a good signal state ¢ = G and after a bad signal state
o = B. The saving in monitoring cost after a good signal is more than offset by the higher monitoring cost that
have to be incurred after a bad signal.

7 Conclusions

We have considered a contract problem in which a firm proposes a project to the investor and who subsequently
has risky revenues from which to repay the investor. The investor can pay a cost to observe the private revenues
of the firm. The firm can choose the contract to offer ( repayments in various states, the audit strategy of
the lender) and can also choose at any time to get a costly, and (imperfectly) informative signal about future
revenues, whose realisation is freely available to the investor. The question is should the firm get the signal
and if so when? What impact does the signal have on the audit strategy and the structure of repayments in the
contract?

There are three factors involved in the signalling. Firstly since the acquisition of the signal reduces the
uncertainty about future revenues, it allows the contract to be written with more precise separation of the
possible types of firm. Secondly since both the signal and ex post monitoring of low state revenue reports are
costly, it allows for a trade off in control devices between paying to reduce uncertainty by getting a costly signal
and paying for monitoring. Thirdly there are incentive effects of the signal which work indirectly through the
participation constraint of the investor and the truth telling constraint on the firm. For example if the signal
is obtained, when it is good, the investors participation constraint is relaxed which allows a lower use of costly
monitoring of low state reports.

The literature does not allow for either the endogenous timing of acquisition of the signal, or for imperfect
correlation between the signal and the resulting revenues. This yields elements of corner solution type results
e.g. if there is a bad signal prior to the contract being agreed and the investor proposes the contract, it is then
optimal to write such an unattractive contract that it is refused.

We find that when the agent writes the contract and any signal (which in general is imperfectly correlated
with the state of revenues) acquired is public information to the lender, there is no gain in the agent acquiring
the signal prior to offering the contract to the principal. It may be optimal to always acquire the signal after
the contract has been agreed with the investor, or to acquire the signal randomly at this time. But sometimes
it is optimal for the firm to remain uninformed about his type after the contract has been offered, and to hide
his type by never collecting the signal. Which of these is best depends on the relative costs of monitoring state
reports and of acquiring the signal, on the correlation between the signal and revenues and on the profitability
of the project at the interim stage in various signal situations.

Thus our results on optimal timing of signal acquisition suggest that models in which the agent must acquire
the signal prior to the contract are only optimal if the institutional context enforces this. And in contrast to
results in models in which signals perfectly reveal the state, one can do better by allowing the agent to randomise
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signal acquisition.

In our framework the signal is not purely strategic, it has strategic implications but also since it is informative
to all parties, it is socially valuable. We have assumed that if acquired, the signal is publicly available. An
alternative scenario is that in which if the firm acquires the signal it is private unless the firm chooses to reveal
it. This raises a lot of new issues: for example can the firm cheat on signal revelation as well as on revenue
reports? Moreover we have assumed commitment to auditing by investors which allows us to impose truthful
revenue reports. What happens without commitment?
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A No Signal acquired Prior to the Contract

A.1 Generic Properties of the Contract

(i) the participation constraint must bind since otherwise the high state repayments can be reduced

(ii) and (iii) In Ppre—signas the truthtelling constraints must bind and there must be maximum punishment
Ryre = fu — ¢a, RuLn = [u-

The truthtelling constraint is

ma’(RHL(T*RLU)ZRHJ*RL(7>O U:G7B7N

The strict inequality holds since if for any o, Ry, = fr > RL, expected repayments are too low to satisfy the
participation constraint since I > fr.

It then follows that both Ry, > Ry, and also since the LHS> 0, m, > 0. The binding participation
constraint has the form

052 {ﬂ-HO'RHO' + Tro ((1 - ma) RLa’ + Mg (RLLO' - Cm))}
+(1—a)[rgRan + 7L (1 —=mn) Ry —my (RLn — ¢m))] =1

Hence solving for the expected payoffs in terms of the expected monitoring cost and investment size and putting
the result in the objective function

U = a) {mus(fu — Rus) + 7o (fr = (1 —me) Rie — Mo Rirs) — Ca}

+(1 —a){ru (fu — Run) +7L(fL — (1 —my) Ry —mnyRrn)}
= Ef—ac,—ampemecym — (1 —a)npmyey, — 1

in which case whatever the values of the repayments, the agent is best off with the lowest probability of
monitoring. This just reflects that part of the deadweight loss of the asymmetric information arises from the
costly monitoring, the agent is better off the lower this deadweight loss. The optimum must always minimise
the probability of monitoring.

If either truthtelling is slack or there is less than maximum punishment the level of monitoring for any signal
strategy can be reduced by either increasing the punishment repayment or by imposing binding truthtelling.

(iv) in nonaudited low state repayments there is zero surplus to the firm:

after imposing binding truthtelling constraints and maximum punishment for cheating following monitoring,
the contract problem becomes

Rpye — Rra ) Ryc — Ric )
max o< {w - R + 7 N\l | e R
{{ 1 (fu )+ LG (fL ( fi—ca—Rra) "% fu—ca— R HC

R — R R - R
+ 7 (fu — RuB) +7LB <fL - (1 - m> Rip — JMRLLB> - Ca}}

(- a) {WH (For — Ruw) + 71 [fL _ (1 _ RHNRLN) Rin — RHNRLNRLLNH

fo — RN fo — RN
R — R R — R
s.t. e {T"HGRHG +7mupRup + g {(1 - HGLG) Rrg+ M(RLLG - Cm)} +
fo —ca—Rra fo —ca—Rra

Rgp — R Ryp— RrB
|- _HBTZ LB \pooo RHBTRB pooo
7TLB< fHCaRLB> LB+inca7RLB( LLB — C )}

Riun — R Run — R
1) {WHRHNHL <1 _ HNLN) Ryy + BN = Fon _Cm)} ST
fu—Rin fu—Rpn

Then for example the FOC wrt R is

(for — ca — Rua) n )\(fH —¢o — Rrre + cm)(fu — ca — Ruc)

(fa —ca — Rrg)? (fa — ca — Rrg)? }

arpe{(—(fu — ca — Rrrc)
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This is negative and hence Ry = fr, —c,. Similar arguments hold for Ry and Ry, . Hence low state nonaudited
repayments are set at the highest level possible to give zero rent to the firm.

(v) There is zero rent in audited low states Rrro = fr — ¢a, Ry = fL :

setting R = Rrp = fr — ¢q and Ry, = fr, and forming a Lagrangian £ with multiplier A on the
participation constraint (repayments are all strictly positive so only upper corners matter) and deriving the first
order conditions:

oL _ (Ruc — fr +ca)
R Ty SRR
oL _ Rup — fL +ca
Riin arrp(A — 1)W >0,Rre < fL —¢a
31§LELN = (1—a)(WLG+7TLB)(>\—1)W >0,Rrrn < fr
8£ o a . - . WLG(fL*Ca*RLLg) —a )\ﬂ'L(;Cm e
Rue (A= D(7ae = 10) ) ot — 1) >0,Ruc < fu —ca
oL _ o - _ 7TLB’(fL — Cq — RLLb) . _ ATLBCm _
Ry OOV e R e DIt
oc (rre +mB)(fL — Roon) (1= MN(mrg +7LB)Cm
e (I-a)AN=1)(rgeg + 7B — = 10) )— (1 —a) i — 1) >0,Run < fu
oL N mra(Run — Rug — ¢o)em  mrB(Run — RHB — Ca)Cm
Ja “ (fu — fr) (fa — fr)
~D(r _ - (f# —ca— Ruc)(fL —ca) | (Rug — fr +ca)(Rrrg — cm)
+(A = D(mue(Ruc — Run) + 7ra( Fr—F1) + Fo— 1) )
_ (fu —ca— Rup)(fr —ca) | (Rup — fr +ca)(RLLp — Cm)
+7up(Rup — Run) + mrp( Fr— 1) + o = 10) )
(fo — Run) (Run — fu)(Ron — ¢m)

—(mre +mLB)( fo+ )

(fu — fr) (fu —fr)

we find that at the optimum A > 1 - the ex ante marginal value of funds is higher to the firm than to the
investor. If not, the first order conditions wrt Ry, Rgn are all negative, which would mean that all repayments
Rrrs, Ryos are at most fr,. But this would yield insufficient revenue to the principal to satisfy the participation
constraint. It then follows that the first order conditions with respect to the truthful low state monitored
repayments are always positive in each state o, N and hence optimally Rpr, = fr — co, Ry = fL-

A.2 Optimal High State Repayments and Monitoring Conditional on Signal
Strategy

Using Rro = Rrre = fr — ¢cay, Ry = Rppn = fr reduces the objective function and the participation
constraint to

max Oé{ﬂ'HG (fH — Ryqa —Ca) + 7B (fH — RunB —Ca)}-l— (1 —a)wH (fH _RHN)

CT’L
s.t. o {WHGRHG +7mupRup + 7L (fL — ca) — [frg (Rug — fr + ¢ca) + T (Rup — fL + ca)l } +

o —fr
R —
+ (1 —Oé) 7THRHN +7TLfL _7TLHNchm:| > 1
fm—fL
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with the remaining FOC’s as

2L = g -0
% - a(A_l)WHB_a%
82§N = (I-a)A-Dra -1 —a)ﬁ

oL .

s )\m [Trc(Ruc — Run) + mp(Rup — Run) + Trcd]

+(A=1)(rgc(Rue — Run) + map(Rap — Run) — TLCq)

There are two sets of factors which determine when different cases are optimal. Firstly there are conditions
which determine the feasibility of a particular type of solution, for example revenues in different states, relative
costs of signal acquisition and monitoring and the informativeness of the signal must lie in appropriate ranges
to be able to incentivise the firm correctly. Secondly, where alternative forms of solution could be used, there is
a question of which of them is optimal. The choice between them will depend on further aspects of the relative

costs and revenues.

A.2.1 No information gathering (a=0)
In this case,

% — e 1) Cm
dav e

+(A—=1)(mgg(Ruc — Run) + mup(Rup — Run) — mrc,) <0

Solving (33) for A
mu (fu — f1)
ma (fu — fo) —7rem
and then deriving Ry y from the participation constraint
(I —7mrfr)(fu — fo) — fuTrem

wu (fu— fL) —7rem

A=

Ry =

Note that fr, < Rgn < fm since

_ _ (e fu)f =D
fL fay = TH (fH - fL) — TLCm <0

(fo — fo)mufe+7ofo — I —7rem)

_R -
fu = Ray g (fu — fo) — 7rem

Given this, the FOC on « has the form
oL mu(fm—fL)ca cmp(Ruc — Rup)
O g (fu—fo) —7rem 7o (fu — fo) —7mLem

[fre(Run — Ruc —¢o) +mg(Run — Rup — ¢4)]

>0

<0

where Ryq, Rgp are set to be any value such that foca < 0. In particular we can set Rgyg = Ryp > fr in

which case foca < 0.
The value of the objective function is

wg (fu— fo)lmafu +7ofo — I —mrep)]

Vaso = wg (fa — fo) —7rem

This establishes Proposition 1.
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A.2.2 Full information gathering (a=1)

Here the critical repayments to be determined are Ry, Riyp. The first order conditions (31) and (32) have the

form

oL )\7TLG'Cm
= (A—1 — CRLGOm

ORnc ( I (fo — fr)
BE )\ﬂ—Lch
— = (A—-1 _ ~TLBCm
8RHB ( )WHB (fH - fL)

Since fochg > fochb when o > 0 the solution must have one of three forms:
(la) Rpq interior, Ryp = f1 — ¢q;

(1b) Rgc = fu — ca, RaB = fL — Ca;

(I¢) Ruc = fu — ¢q, Ryp interior

la

1b

1c

(fo— fi){rue (rufu +7mofr —I —Trgem + o) — THBTLGCm }
muc (fu — fL) — TrLaem

objla =
Need
-1
e (fu — fL) — TLacm

We must choose Ryy < fg so that

foca = {mucea (fu — fr) — pem (Ran — fr)} >0

THGC,
Ryn > fr+ =

(fo —fr)

Cm

This is always possible if pc,;, > TG, (which is always true if NCa<0). In this case setting Ryp = fr—cq
and solving from the participation constraint for Ryq

(1 =7muae)(fa — fo) + mraem)(ca — fr) + 1(fa — fr)
mac(fu — fL) — TrLaem

Rpyg =

We require fg — co > Rug > fL — Ca-

o _ Urn—fu)maefa+ (1 —7mue)fr — mraem — ca — 1)

fH ‘o RHG B WHG(fH - fL) — TLGCm >0
. e fo)(fL =1 —ca)

fL o RHG B //THG(fH - fL) — TLGCm <0

i.e. FEASG > 0.

0bj1b = myp(fu — fL)
It needs PC = 0, which reduces to FEASg = 0.

mup(fu — fo) (nufu +7pfr — I — 7rcm — ca)

objle= mup (fu — fL) — TLBCm
Need (i — 1) ( (fr — Rrw)
_ THB\JH — JL)Ca TLBTHG — TLGTHB)\JH — 'HN)Cm

foea = mup (fu — fL) — TLBCm mup (fu — fL) — TLBCm =0
R (M —=7uB)(fu— fL) +TLBCM (macfu (fu—fu) +7ofu(fu — fu) —7oaem (fr — fr) + ToBCm f1 -
HB — Cq —

mup (fu — fr) — TLBCm mup (fu — fL) — TLBCm

__(maefutmife—I—mrgem — (L —mup)ca) (fn —fL)  7mrpem (fL —cd)
mup (fu — fL) — TrBCm mup (fu — fL) — TBCm
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Check that Ryp > fr, — ca

U= fu)(mrefn + (A —mre) fo =~ Trgem —ca) _

muB (fu — fL) — TrBCm

Thus need FEASg < 0.

1- —I- m — Ca
mBzfﬂHGfHﬁL( Tua) f1 TLGCm ~ Ca

mus (fu — fL) — TrBCm

so long as FEASg < 0. For mp < 1

_WHfH+(1_7TH)fL_I_7TLcm_Ca

<0
mup (fu — fL) —TLBCm

Notice that, given our feasibility assumption, Rgp strictly interior.

A.2.3 Random Information Gathering

We can then establish a useful lemma which relates the marginal value of funds to the investor and the firm in
different interim scenarios following acquisition of the signal:

Lemma 1 If0 < a <1 then

(1) fochg > fochb

(2)fochg =0 = fochn < 0, fochb < 0;
(3) fochn =0 = fochg > 0, fochb < 0;
(4) fochb =0 = fochg > 0, fochn > 0;
(5) fochg <0 = fochn < 0.

Proof. (1)
ATLBCm
)\ﬂ—LGCm
DA F 7y 77

= fochg/a

so fochg < 0= fochb < 0; fochb > 0= fochg >0
(2) If fochg =0
A—1 TLGCm

A wmae(fu— fi)

SO

sign(fochn) = sign( TLGEm )(7THG +7HB) — M)

mac(fuo — fL fo—fo
sign(rpa(Tug + 7uB) — (T + TLG)THG)
= sign(nrgmup) — 7LBTHG) <0
So fochg =0 = fochn < 0. From (1) if fochg = 0 then fochb < 0.
(3) If fochn =0
)\—1_ (7TLg+7TLB)Cm
A (tuc +7up)(fu — fr)

A—1 TLGCm
X - )
(TLg +7LB)
(THG +THB)
= sign((tpe +7B)THG — TLa(THG + THB))
= sign(mLpTae — Tramap) > 0

Il
VA
S.

Q
S

sign(fochg)

= sign( THG — TLG)
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and

. . A—1 TLBCm
sign(fochb) = szgn(TwHB — m)
(TLe +7LB)
(THG +7uB)
= sign((mpg +7B)TuB — TLB(THG + THB))

Sign(ﬂLgTrHB - 7TLB7THg) <0

= sign( THB — TLB)

(4) fochb =0 = by (1) that fochg > 0. Then if fochb =0

)\—]._ TLBCm

A 7THB(fH - fL)

TLBCm (TLB +7TLG)Cm
WHB(fH*fL)( He + THp) fu— [ )
= sign(npp(muc +7up) — Tup(TLE +7TLG))

= sign(rrpmuc — TupTLG) > 0

sign(fochn) sign(

(5) Similarly if fochg < 0 then fochn < 0 since

()\ — 1) TLGCm
hg < 0= <
fochg A muc(fu — fL)
fochn _ (=1 TLCm <0
(]. — Oz)ﬂ'H)\ )\ WH(fH — fL) >
Since Foch
TLGCm TLCm ochn
,fochg <0 = 12" g
muac(fu — fr)  mu(fu — fr) fochg (1—a)TuA

and so fochn <0. =
From the Lemma it follows that if 0 < a < 1 there are various possible cases for a potential optimum with
random information gathering.

1. fochg, fochn, fochb > 0

Then
Ruc = fu—ca = Rup,Run = fu

and the participation constraint is
7THfH+7TLfL—7TLCm—OzCa—I>O
so this cannot be an optimal outcome.

2. fochg > fochn >0 > fochb

There are two subcases:
2.1 fochg > fochn >0 > fochb. When fochb < 0 we have
Ruc = fu — ca, Rup = fL — ¢o, Run = fu
The first order condition on a becomes
TLBCm — o — (A= 1)(mus (fo — fL) — TLBCm + Ca) =0
which is possible if PFEAS=nyc(fu — fr) > ca + mrcm. The participation constraint has the form

a{rgafu+ (1 —7ua) fr —7rgem —ca} + (1 — ) [mufu +7rfr —mrem| =1
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2.2

Solving for «
mafo+nLfL—1—mren
~ wue (fu— fL) + Ca — TLECM
a<lmneeds FEASG =rmpcafu+ (1 —7mue)fe — I — mrgem — ca < 0.
The objective is

<1

(mufo+mofr—1—7mpem)mus (fu — fi)
muB (fu — fL) + ca — TLBCm

Unsy =

Case 3b of Prop 1

fochg > fochn > 0 = fochb
When fochb = 0 we can solve for A from fochb =0

_ muB (fu — fL)
mu (fu — fL) — TLBCm

and then the first order condition wrt o becomes

B (fu — fL) ca

<0
mus (fu — fL) — TLBCm

foca = —

so this case is impossible.

3. fochg >0 > fochn > fochb

case 3 has two subcases:

3.1

3.2

fochg >0 > fochn > fochb
In this case, Ryn = fr, Rup = fL — ca, Ruc = fu — cq- The participation constraint has the form

a(rue (fu —fo) —ca—7mrgem + fr) + (1 —a)fr =1
and solving this for «
_ I-fr
~ wue (fo — fL) — Ca — TLGCm
For oo < 1 need FEASGZWHng—F(l—?TH(;)fL—I—ﬂ'L(;Cm—Ca > 0.
Putting « into the objective gives a payoff of

(fo — fo) mae(tafa + 7o fr — I — ma(TLaem + ca))
muc (fu — fr) — Toaem — ca

Umsa =

Case 3a Prop 1
fochg > 0= fochn > fochb: Ryg = fu — ¢ca, Rup = fr — ca, Ryn interior
When fochn = 0, solving for A
mu (fu — fL)
- wu (fu— fL) —7Lem

and the first order condition on « becomes

T (fu — fr)ca cm(mBmaG — TLamuB) (fu — fr)

7w (far — fL) — TLem wu (fu— fL) —7rem
= TMHCy = PCm

foca =

The objective is
(raRun —mufr — maafu)o+ mu(fo — Run)

and the participation constraint is

(RN — fL)Cm

Ga—fn) V170

a(racfu+ (1 —7mua) fo —Togem — o) + (1 —)(rgRuan + mr(fr —
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Solving the participation constraint for a

(I —mgRun —7rfr) (fu — fo) + 70 (Run — fL) cm

“= (raafu +mapft —mauRaN — Trogem — ¢o) (fu — fo) + 7o (Ranv — fr)em

and replacing in the objective

. _ ma(fu—Ran){mucfu+(Q—mnc)f—I-mrcem—co}—mup((Run—fi)(mra(fu—fr)—mrcwm)—U—fL)(fu—fL)] _
objmsc = (tugfut+mupfr—maREN—TLGCm—Cca)(fu—fL)+TL(REN—fL)em (frr = fr)

However this solution is only valid if mgec, = pcy,. Setting ¢, = pcy, /7 in the objective the latter
reduces to
mu (tafu+7ofr —1—7mrem)

g (fag — fL) — Trem

(fa — fr)

UMSc =

Case 3c of Proposition 1

4. 0 > fochg > fochn > fochb

This has two subcases:

4.1 0> fochg > fochn > fochb

This case is impossible-it makes all repayments at most f;, and so violates the participation constraint.
4.2 0 = fochg > fochn > fochb

So Rhg interior, Ry = fr, Rhb = fr, — ¢,. Solving fochg for A

muc (fu — fr)

mua (fu — fr) — Traem

and using this in foca gives

mac (fa — fL) ca

foca = wne (fo — fL) — TLGCm

<0

so this case is also impossible.

B Rankings

To determine which signal acquisition strategy provides the optimal contract when no signal is collected prior
to writing the contract we can perform pairwise comparisons of payoffs. Comparing the various expressions of
the objective functions in pair, dividing all the rankings by fg — fr, we have:

Unco — Upnsp _ (rafa+mofr —mrem —I)(THC) — pCm)
fu—fr (71 (fu — fr) —7rem][mup (fu — fr) + ca — mpem]
Ua:O*Umsai IifL [ﬂ' Cq — PC ]
fo—Jt mar (fir = fo) = woewl e (fr = fo) = ca = 7ogen] o
Us=0 —Us=1a U U, — (THGCL — PCm) (mafo + 7L fL — 7rem — 1] pem
—_— Y = msc — Va=lec —

fo—fo muc (fu — fr) —mreem  [mm (fu — fo) —meem][mge (fu — fL) — TLgem)
_ maGCa [TH(fH — fL) —7rem] — (I — fL)pcm
]

[7TH (fH - fL) — TLCm [WHG (fH - fL) - 7TLGCm]

Unsh =Ua=1e __ (muefu+ (1 —mne) fo =T = Trgm = ca) (TuGCa = PCm)

fo—JtL (map (fa — frL) + ca — moBCm) (TaG (fo — fL) — Tracm)
B (THGCo — pem) FEASG
(rup (fu — fr) + ca —mLBem) (e (fu — fL) — TrLgem)
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Unmsa — Ua=1a TaGC (Tuafu + (1 —7mug) fr — 1 — TogCm — Ca)

fo—fL (e (fu — fr) — Trcem — ¢a) (Tue (fu — fL) — TLaCm)

THGCa
(mae (fu — fr) — mrcem — ¢o) (mue (fu — fr) — ﬂLGCm)FEASG

Umsb - Um.sa [WHGfH + (1 - ’/THG) fL ot Caq — WLGCm] (WHC(L - Cmp)

fo—fL  mwe(fu— fr) +co —Tewm) Itue (fu — fL) — TLGEm — 4]
FEASG (THCa — Cmp)
(muB (fu — fr) + ca — mopem] [Tue (fu — fr) — TLaem — cal

Given the sign of the expressions we already know, this amounts to find the sign of the following expressions
sign (Ua:O - Umsb) = sign (TrHCa - pcm)

[7’(’]—](}@ - pcm}

[mne (fu — fL) — TLaem — cd
I-fr pe )
Ta(fu — fu) — mrem’
$ign (Umsp — Ua=1¢c) = sign (— (Tgaca — pem) FEASG)
FEASg >

e (fu — fL) — TLeem — Ca

FEASG (mHca — ¢mp) )
e (fu — fL) = TLGCm — Ca

sign (Ua=0 — Upmsa) = sign

Slgn (Uazo - Ua:1a7 Umsc - Ua:lc) = SZgn <7THGC(1 -

sign (Upmsa — Ua=14) = sign <

$ign(Upnsp — Umsa) = Sign (

(rafu+7mrfr —1—mrem) pem THBCa >

(mu (fu — fr) —7rem) (mus (fu — fo) — 7opem)  wup (fu — fr) — Trpem
muB (fa — fr) caFEASG

(maB (fu — fr) —mrBem) (tus (fu — fL) — ToBCm + Ca)

szgn (Ua:o - Ua:lc) = szgn <_

>0

SZg?’L (Umsb - Ua:lc) - -

Remark 2 Notice that mgc, — pcm < 0 and FEASg < 0 imply that

I-fr
wu(fo — fr) —Trem

THGC, < Cm,

and thus that « =1 > a = 0/ms,.

Proof. Setting NC! = mggcq — pcrm we know that

wce (FEASG) + (NC) (I — fr) +ca (NCy — T+ fr) < 0
mucq (FEASG) + NC, (I — fr) + co{muca — pem + fr —I} < 0

Adding and subtracting c,mgemrs (fu — f1,) and expanding p, the term in curly brackets can be written as
ca{mua[mup (fo — fL) — TLBCm + ca] — TuB [FEASG]}

WHCG(FEASG)‘F(NC;)(I*fL)‘FCa{ﬂ'Hg[ﬂ'HB(fH7fL)77TLBCm+Ca]77THB[FEASG}} < 0
TuaCa (FEASG) + (NCy) (I = fr) + ca{muc [tus (fu — fr) = "rBem +cal} < 0

Using FEASg and NC!, the expression above reduces to

TG (T (fa — fr) —Trem) — (I — fL) pem <0

which proves the result. m
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C Signal strategy as a function of acquisition and monitoring costs

C.1 How the signal acquisition strategy varies with ¢,,

When NC, < 0 and FEASg > 0,

Jda o TLG (I — fL)
— = 5 >0
8Cm (7THG (fH - fL) — TLGCm — Ca)
P*a 1 < Oa 2 >
- = T — (7T - —MLGCm — Cq) + T
oct, (trc (fu — fr) — Trgem — ca)’ ¥ o, (e (frr = f1) He ) e
_ 212 o >0
(tue (fu — fL) — TLGCm — Ca)
On the other hand when NC, < 0 and FEASs <0
da B T — QTLB <0
Icm (s (fo — fr) — TLBCm + ca)’
8205 - _ 27TLB (ﬂ'L—Oéﬂ'LB) <0
e, (tip (fi — f1) — TLpCm + )’
The «(cy,) function reaches its maximum at the value of ¢, at which FEASg; = 0 (¢n =
(raefu+ (1 —7ue)fr — I —ca) /Trg). At this value, the function has a kink: the slope changes from
da _ mrg toa—“: e <05
Ocm I-fr Ocm p(fu—fr)—m(I—fL)—TLca :
C.2 How the signal acquisition strategy varies with ¢,
When NC, <0 and FEASg > 0,
8704 — I— fL > 0
Icq (e (far — L) — TLaem — ¢a)”
a 2(1 - f1) >0
dc3 (tuc (fu — fr) — Trgem — ca)’
If NC, < 0and FEASG <0,
87a . Ef—I—mpen <0
800‘ (’/THB (fofL) 77TLch,+Ca)2
827a - 2(Ef—I—7TLCm) >0
ocg (ris (fir — f) — TLpCm +ca)’

C.3 How utility varies with acquisition and monitoring costs

We can plot U against ¢, and ¢;,.

5For this to be negative, we need that pfeasp = ngp (fg — fr) — TLBCm > 0 at the value of ¢, at which FEASg = 0.
Because FEASp + FEASg = FEAS > 0, this is always true and the sign of the derivative is negative:

FEASp + FEASg = FEAS
muB (fu — fr) —7rBem + (tucfa + (1 —7mue) fL — I —7rLgem —ca) = 7afu+7LfL—I—7rem —ca

Put it differently, the value of ¢, that makes FEASG = 0 must be less than the value of ¢y, that makes pfeasp =0 :
THB
Cm|pfeasB — a (fH - fL) > (ﬂ-HGfH + (1 - ﬂ—HG) fo—1- Ca) /ﬂ—LG = Cm|FEASg

mremaB (fo — fL) > 7o (maafu+ (1 —7aa) fr — 1 —ca).
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For ¢, > 0 and increasing c¢,,, first optimally @ = 0 and utility is given by U,—o (21) (NC, > 0 and
FEASg > 0)

Wo=o _ _ mumr(fu—fr)I = fL) <0
dem (ma (fr — fr) — 7TLCm)2
Wiy _  2mumy (fu—fu) - fr) <0
et (ri (fm — fr) — mrem)’
For higher ¢,,, then optimally « > 0 and utility is given by Upss, (23) (NC, < 0 and FEASg > 0)
WUmsa _ __mremac(fu—fu)U—fr) _
dem (trG (fir — fL) — TLGCm — Ca)’
Wirsa _ __ 2migmuc (fu—fu) (L - fr) <0
acg, (mac (fu — fL) — TLGCm — Ca)’

Last, for sufficienty high ¢,,, optimally still « > 0, but utility is given by Uassp (26) (NC, < 0 and FEASg < 0)

d
" OUyse  mup (fa — fo)[—7r (map (fu — fL) +ci) + o (Ef — 1))

acm (T‘-HB (fH - fL) — TLBCm + Ca)2

which can be written as

muB (fu — fu){rpFEASG — mrc [mus (fu — fL) — ToBem + cal}

(7THB (fH - fL) — TLBCm + Ca)
which is certainly negative given that FEASg < 0. Last
OU% s 2npemuE (fu — fi){mpFEASe — mig [mup (fu — fL) — Topem + cal}

p— - < 0
dc2, (us (fir — f) — TLBCm + Ca)®

U(cm) for ca>0

NCa=0 FEASg=0

N

—

>

Uo UMsa Ui Umsb Cm

> mu(raafu+(l—mug)fo—1I)
THTLGTP

Plotting U against c,, for sufficiently high ¢, (cm
utility is given by Upssq (23) (NC, < 0 and FEASg > 0)

) , first optimally a > 0 and

Unsa _ muc (I — fr) (fu — fr) <0
Ocq (muc (fu — fL) = TLGCm — ca)’

WUiyse _  2mnemic (= fo) (fu — f1) <0
dc? (tuc (fu — fr) — Trgem — ca)’
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For higher ¢,, optimally still & > 0 but utility is given by Upsgp (26) (NC, < 0 and FEASg < 0)

OUnrsh (Ef —1—7pem)mus (fu — fr)

= - 5 <0
aca (TrHB (fH _fL) _TrLBCm"i'ca)
Uy, _ mp(Ef —1—7pewm)mns (fn — fo) -0
dc; (mup (fu — fL) — TLBCm + ¢a)”
Last, for sufficienty high ¢,, optimally o = 0 and utility is given by Uy—o (21) (NC, > 0 and FEASs < 0) and
8Uvoc:O
de,

Notice that if ¢, < Hracint(-—ruc)f=D) 150 VS, does not arise.

THTLG+P

U(ca) for cm>0
A

FEASg=0 NCa=0

—

UMsa UmMsb Uo Ca
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