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Abstract

Eyster and Rabin (2005) introduce the notion of Cursed Equilib-

rium, which assumes that players in a strategic setting underrate the
informational content of opponents’ play, that is they underestimate
the degree to which opponents’ actions are correlated to their private
information. This concept - in particular partial cursedness - has been
criticized in the literature on the basis of the fact that it seems difficult
to justify it in terms of learning.
In this paper we show that partial cursedness may be seen as a re-
duced form for the interaction of players who are either fully "cursed"
or fully "non-cursed". Given that full cursedness has a quite nat-
ural learning interpretation, our result indirectly provides a learning
foundation also for partial cursedness.
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1 Introduction

In this paper we provide a theoretical reinterpretation and a learning founda-
tion for the concept of y-cursed equilibrium introduced in Eyster and Rabin
(2005). Several authors have questioned the existence of a plausible learning
foundation for this equilibrium concept (Eyster and Rabin (2005), Fudenberg
(2006), Crawford and Irriberri (2006), Jehiel and Koessler (2008)).

The x-cursed equilibrium is based on the assumption that players in a strate-
gic setting under-evaluate the informational content of other players’ play.
In particular, they underestimate the degree to which opponents’ actions are
correlated with their private information. In a y-cursed equilibrium each
payoft type of each player best responds to a convex combination of two con-
jectures: the correct conjecture that each opponent plays his type-dependent
strategy and the "cursed" conjecture according to which each type of each
of the other players plays the same mixed action, which corresponds to his
average distribution of actions. Note that each player correctly predicts the
equilibrium distribution of opponents’ actions, but he does not identify the
connection between types and actions. The parameter y represents the ex-
tent to which each player believes that any other player is playing his average
strategy rather than his type contingent strategy. For xy = 1, players are said
to be fully cursed, and the resulting equilibrium is called fully cursed equilib-
rium (FCE). For y = 0, the equilibrium coincides with the Bayesian Nash
equilibrium (BNE). For intermediate values of y players are playing a par-
tially cursed equilibrium (PCE). The authors show that PCE outperforms
BNE in organizing experimental evidence.

Despite the fact that PCE is powerful in rationalizing experimental data it
is difficult to justify it both on an intuitive and on a theoretical level. In
particular, it is not clear how players could at the same time be aware of
the type dependence of their opponents’ strategies and still form partially
cursed beliefs about these strategies. It has already been pointed out in
the literature that the difficulty to combine these two contradictory aspects
also constitutes a serious obstacle to finding a satisfactory learning founda-
tion for PCE. Fudenberg (2006), Jehiel and Koessler (2008) and the authors
themselves questioned the possibility of finding a reasonable learning foun-
dation for the concept of PCE. In particular, Fudenberg (2006) argues that
the amount of cursedness should decline as players become more experienced.



Thus, it is not very plausible to see an intermediate degree of cursedness as an
equilibrium phenomenon. Eyster and Rabin (2005) in the discussion of their
concept point out that, while the fully cursed equilibrium might be justifiable
in terms of learning, "whether one could find a learning story combined with
assumptions about a priori partial strategic sophistication, that would pro-
vide foundations for (our) exact specification of partially cursed equilibrium,
seems more doubtful".!

To the best of our knowledge there exists only one other paper, Miettinen
(2007), which tries to provide a learning foundation for PCE. He shows that
any PCE may be seen as an analogy-based expectation equilibrium. However,
this way of rationalizing partial sophistication depends on players actually
believing that their opponents’ play depends in a more complex way on their
types than it actually does.? Hence, in that paper partial cursedness seems to
correspond to a form of "hyper-sophistication’ rather than a form of bounded
rationality and thus goes against the original spirit of PCE.

As we discuss in this paper, the cursed equilibrium concept is a refinement
of self-confirming equilibrium (SCE), something that has gone unnoticed in
previous studies. SCE characterizes stationary states of plausible learning
processes. In a SCE players are best responding to their conjectures (ratio-
nality condition) and the information revealed ex post, after the equilibrium
play, would not induce them to change those conjectures, independently of
whether they are correct or not (beliefs’confirmation). In a PCE and in a
FCE players typically hold incorrect joint beliefs on opponents’ types and
actions. So, both PCE and FCE can be seen as SCE under specific assump-
tions on the ex post information structure which naturally deliver a situation
where players best respond to wrong conjectures on the opponents’ true type
dependent strategies. In the light of this, the question becomes: how can
we justify such a refinement of SCE? There is a reasonable answer for FCE:
players have naive conjectures which do not take into account that the op-
ponents’ behavior depends on the opponents’ private information. On the
contrary, PCE does not have such a plausible justification. No primitive the-
oretical assumption is provided in support of the specific form of the beliefs
structure of partially cursed players (i.e. the convex combination of the naive

!See Eyster and Rabin (2005), pp 1633-1634

?Essentially, the equivalence between PCE and analogy based expectation equilibrium
relies on an enlargement of the type space in a payoff irrelevant way. Partial sophistication
means that players incorrectly believe that each of their opponent’s equilibrium play varies
over the subsets of types over that player’s payoff is constant



and the correct conjecture).

In this paper we show that this pessimism with respect to the possibility of
justifying PCE is not warranted. In particular, we will provide a natural
interpretation of partial sophistication in terms of full cursedness. More pre-
cisely, we show that partial cursedness may be seen as a 'reduced form’ for
a game in which players are either cursed or non-cursed. Put differently, we
will define a game, in which each player is characterized by a two-dimensional
type: his payoff type and his (payoff irrelevant) cursedness type. We will re-
fer to this set up as binary cursedness (BC). In line with Eyster and Rabin
(2005) the cursedness type determines only how players form their beliefs
about their opponents’ strategies. Unlike in PCE though we allow the cursed-
ness parameter to take only the two extreme values. We show that for any
PCE with parameter x there exists a distribution over the type space of our
game such that for each payoff type of each player the average equilibrium
behavior of its cursed and its non-cursed version corresponds to this payoff
type’s partially cursed equilibrium behavior.

An immediate implication of this result is that providing a justification in
terms of learning for partial sophistication reduces to finding a learning foun-
dation for full cursedness. As has already been conjectured by several au-
thors, the latter problem has a very natural solution. Here, we propose two
different specifications of a learning foundation to PCE. In particular, we
show that in a learning context fully cursed behavior may simply reflect the
fact that a player has limited information about the outcomes of the game
which he is playing, so that he is not able to link his opponents’ actions to
their payoff types. So, a PCE can be seen as a SCE of a game where better in-
formed and less informed players are strategically interacting. Alternatively,
fully cursed behavior may be delivered by the lack of ability to process the
available information. Cursed players hold complete beliefs over actions and
types which are structured as the product of the marginal over actions and
the marginal over types. According to this second interpretation, a PCE
can be seen as a SCE of a game where all players have the same (ex post)
information structure but some of them are boundedly rational.

The paper is organized as follows. In Section 2 we describe first the frame-
work and equilibrium concept of Eyster and Rabin (2005) and then we discuss
the relation between cursed equilibrium and self-confirming equilibrium. In
Section 3 we introduce our binary cursedness set up and define the corre-
sponding equilibrium, which we call binary cursed equilibrium (BCE). After-

4



wards, we discuss the learning foundation for our environment. In Section 4
we prove two equivalence results between PCE and BCE. First, in Section 4.1
we establish a particularly strong equivalence result for a simple environment
(two-players with one-sided asymmetric information): for each x and each
PCE for this parameter, there exists a fixed fraction of fully cursed types in
the BC framework (i.e. a share which is constant across all payoff types of
all players), such that the BC framework has an equilibrium in which the av-
erage behavior of each payoff type of each player coincides with the behavior
of this player in the y-partially cursed equilibrium we are considering (and
vice versa). Section 4.2 considers a more general environment with two sided
asymmetric information. We establish that in such environments equivalence
holds only if both in the Eyster and Rabin framework as well as in our set
up the cursedness parameters are allowed to vary across players and payoff
types. Finally, Section 5 concludes.

2 Cursed Equilibrium

Throughout the paper we will consider an environment with only two players.
Denote the set of their conceivable payoff types, independently distributed,
0, = {0;4, 911-3}, i =1,2 and © the set of payoff types’ profiles. Let p* € AO;
be the belief of player i on player j’s payoff type, i # j. In this set up p*(6;)
should be interpreted as an objective measure. Imagine that for each player j
there is a large population of agents who can play in his role, and each agent
is randomly chosen together with a realization 0; of the private information
of player j. With independent payoff types and under the assumption that
the statistical distribution of #; is known by agents in population ¢, i # j,
p'(0;) reflects the probability that the agent drawn from population j to play
against 7 is of type ;.

For each player the set of possible actions is payoff type independent. Let
us assume that both players have only two possible (pure) actions: A; =
{al,al}.

A strategy for player 7 is a mapping from the set of his payoff types to the set
of his possible actions. Denote o; the true strategy of player i, o; : ©, — AA;.
Denote 3; = (AA4;)®and ¥ = X, x Xy. Let 04(a;|0;) be the probability
that type 6; of player ¢ plays action a; according to the type contingent
strategy o;(0;). Denote @; the average strategy of player i, averaged over

player i’s payoff types, that is 7;(a;) := > p'(0;)0i(a;|0:), i = 1,2, a; € A;.
0,€0;
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7, represents the cursed conjecture of player i’s opponent according to which
each type 6, of player ¢ randomizes according to the marginal probabilities
on actions derived from the true strategy o;. That is, 7;(a;) is the frequency
player i’s opponent expects action a; to be played with by player ¢ when
he is following the strategy o;. According to PCE each player believes that
with probability x any type of the opponent behaves according with the
average frequency, 7;, and with probability (1 — x) he behaves according
to his type-specific strategy, o;. Denote 7; the convex combination of these
two conjectures parametrized by y, which describes the extent to which a
player is cursed, that is ; = x@; + (1 — x)o;. A x-cursed player j incorrectly
believes that type 60; of player ¢ plays action a; with probability 7;(a;|0;) =
x0i(a;) + (1 — x)oi(a;]0;). As Eyster and Rabin themselves point out, it is
possible to generalize such a set up allowing for y to vary across players and
payoff types. Denote x,. the degree of cursedness of type 0; of player i. For
the time being though, we consider the special case with a unique degree of
cursedness, Y, for all players and all payoff types.

Player i’s payoff function u; : A x ©® — R depends on players’ action profile
a € A= A; x Ay and their types.

Definition 1 A behavioral strategy profile o is a partially cursed equilib-
rium (or x-cursed equilibrium) if for each i, 0; € ©;, each action af such
that o;(a}l0;) > 0,

ay € argmax y,  » p'(0;) [xTs(a;) + (1 = x)oj(a;10;)] wi(6;, 055 ai, ay)
a; €A; 9j€®j aj GAJ‘

For y = 1, each type of each player best responds to the cursed conjecture and
the equilibrium is called fully cursed equilibrium (FCE). For xy = 0 each player
best respond to the correct conjecture as in a Bayesian Nash equilibrium. For
intermediate values of x a partially cursed equilibrium (PCE) is played.

2.1 Cursed Equilibrium and Self-Confirming Equilib-
rium

What Eyster and Rabin (2005) and the related literature cited above did
not notice is that PCE is a refinement of the self-confirming equilibrium



concept® (SCE). If we want to provide a learning foundation to PCE we
need to elaborate further on the relation between PCE and SCE. The self-
confirming equilibrium concept is a static solution concept which rationalizes
the stationary states of a plausible learning processes. Essentially, the SCE
represents situations where players choose best replies to their conjectures
on the opponents’ play (rationality condition) and the information on the
equilibrium play revealed ex post , after that the choices have been made,
does not induce them to change those conjectures, independently of whether
they are correct or not (conjectures’ confirmation property). The key idea
of a SCE is that individuals might have incorrect conjectures about others’
behavior as long as these conjectures are not contradicted by the evidence.
To verify if a situation is a SCE we need to make explicit assumptions on
what players can observe ex post. We argue that cursed equilibrium can be
seen as a particular SCE under two specific assumptions about the players’
information structure:

(i) players know ex ante the objective probabilities of the states of nature 6;
(ii) players observe ez post the actions played by the opponents but not their
types.

Assumption (i) justifies the fact that in equilibrium players hold correct mar-
ginal beliefs on opponents’ payoff types. Assumption (ii) implies that if the
learning process converges to a stationary state players learn the correct mar-
ginal probabilities of opponents’actions by observing the long-run frequen-
cies. Given this information structure, players do not have the possibility
to learn the connection between types and actions and, consequently, they
typically hold wrong joint conjectures on opponents’ types and actions in the
stationary state.

It is immediate to see that fully cursed equilibrium is a SCE, while it is less
clear the link between partially cursed equilibrium and SCE. In a PCE play-
ers are assumed to hold beliefs expressed as the convex combination (7;) of
the naive conjecture (7;) and the correct conjecture (o;) on each opponent
7’s behavior. At first sight, it may seem unplausible that players could to
some extent be aware of the type dependence of their opponents’ strategies
and still form partially cursed beliefs about these strategies. The key point
is that we do not have to assume that a player has in mind the two different

3See Fudenberg and Levine (1990). See also Battigalli (1987) and Battigalli and
Guaitoli (1988) for the related conjectural equilibrium concept and the survey of Bat-
tigalli et al. (1992) for a discussion on the relevance of these two concepts for the analysis
of adaptive processes in repeated interactions contexts.



objects, the naive and the correct conjectures, and combines them according
to his degree of cursedness x. Indeed, the convex combination is just a way
to represent the player’s incorrect beliefs about the opponents’ equilibrium
play. It is a device to represent his partial strategic sophistication. How we
can justify this particular characterization of players’ beliefs is a different
issue which needs to be analyzed further. What we want to point out here
is just that the fact that players essentially hold correct marginal beliefs and
incorrect joint beliefs can be explained in the light of the specific assump-
tions on the information structure stated above. Cursed equilibrium can be
seen as a refinement of SCE but still this specific refinement needs to be
justified. This is not an issue with fully cursed equilibrium since it is based
on a clear primitive theoretical assumption and it has a plausible learning
story behind. Players hold naive conjectures on opponents’ play which do
not take into account that other players’ behavior is linked with their private
information. They update such conjectures from time to time, they learn
the correct marginal distributions of opponents’actions but they end up in
equilibrium having wrong conjetures on the true type contingent strategies
of their opponents. Differently, partially cursed equilibrium does not have
such an intuitive and plausible justification. To provide a theoretical justifi-
cation and a learning foundation to PCE is the purpose of the next sections.
We will provide a natural interpretation of partial sophistication in terms
of full cursedness. More precisely, we show that any game with partially
cursed players may be seen as a 'reduced form’ for a game in which players
are either cursed or non cursed. An immediate implication of this result is
that providing a justification in terms of learning for partial sophistication
reduces to finding a learning foundation for full cursedness.

3 Binary Cursedness

In this section we construct a different set up where players are drawn from
heterogenous populations which differ not only in the private information
but also in the way players form their conjectures on their opponent’s play.
Players have either naive conjectures on the equilibrium play of the opponent,
which do not take into account that the opponent’s strategy is (payoff) type-
specific, or they fully identify the type contingency of the opponent’s strategy.
We do not allow for intermediate levels of cursedness: either a player fully
believes that each payoff type of the opponent is playing that payoff type



contingent strategy or he fully believes that every payoff type of the opponent
is following through that player’s average behavior. Essentially, we enlarge
the type space in order to admit for each player a cursedness type, besides
his payoff type. This dimension of the type does not influence the payoffs,
but just the nature of the beliefs each player holds about the opponent’s
behavior.

Denote B; the set of player j’s beliefs parameters, B; = By, = {C,NC},
where C' means cursed and NC' non-cursed. Hence, each player essentially
has a two-dimensional type t; € T; = ©, x B;. Each payoff type 0; of player j
is cursed with a certain probability S which represents exactly the frequency
of cursed individuals in the whole population. In this new framework, a
strategy of player j is a mapping from the set of types 7} into the set of
his possible actions. As above, the set of every player’s conceivable actions
does not change across types. Hence, allowing for randomized strategies, we
define p; : T; — AAj;, j = 1,2. We denote the probability that player j of
type t; plays action a;, under strategy p;(t;), as p;(a;|t;). Denote by p; the
average strategy of player j, averaged across the two dimensions of type ¢;
of player j. The frequency action a; is played with by player j is

pila;) == > p(0;) [Bpi(a;16;,C) + (1 = B)p;(a;16;, NC)].

Gjeej

The expected utility of a cursed player ¢ when his payoff type is 6; and he
plays action a; is equal to:

> 2 P(O)p;(a)ui0:, 055 a, a5).

Gj e@j a; EAJ'

The expected utility of a non-cursed player ¢ when his payoff type is #; and
he plays action a; is equal to:

> P0;) [By(as10;,C) + (1= B)p,(as10;, NO)| ui(0i, ;5 a;, aj).

9j E@j ajEAj



Definition 2 A behavioral strategy profile p € [] (AA;)Y is a binary cursed
i=1,2
equilibrium (or f-cursed equilibrium ) if for each i,

i) for each (0;, NC) € T; and each action a} such that p;(al|0;, NC) > 0,

aj € argmax{ > X P(0)) [Bri(a10;,C) + (1= B)pj(ayl0;, NO)| x

aieAi 9j €@j a; GA]'
ui(9i7 9;‘; a;, Gj) }
and

ii) for each (0;,C) € T; and each action a} such that p;(a}|0;,C) > 0,

ay € argmax .,y p'(0;)p;(a;)ui(6s, 055 i, ay).

aiEAi 9j€@j ajEA]'

Given a -cursed equilibrium profile, we can express the average equilibrium
behavior of each type 6; of each player i, averaged across his cursedness types,
as:

Do, = &} [pi<9i7 C)] D (1 - 5) [pi(eiv NC)]

and the average equilibrium profile as p = (p;, py), where p;, = (p;(0:))s,co,, =
1,2.

3.1 Learning Interpretation for Binary Cursed Equi-
librium

In this section we will argue that BCE admits a very natural interpretation

in terms of learning. Since in the following sections we are able to show that

Eyster and Rabin’s PCE concept can be seen as a reduced form of BCE this
will allow us to conclude that also PCE can be seen as a steady state of a
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learning process.

Our learning framework has two possible specifications: either players differ
in their ex post information structure or they differ in their a priori strategic
sophistication. We explain how these differences naturally deliver situations
where (in the long run) part of the players will be able to infer all details
about their opponents strategies while other players will miss some relevant
aspects. Notice that such an approach could not be applied directly to Eyster
and Rabin (2005) PCE concept. In their framework it is assumed that all
types of all players hold beliefs which are an average of correct and incorrect
beliefs about the type contingent strategies of their opponents.

We focus on an adapted version of fictitious play. Imagine that players are
anonymously interacting among each other. They are randomly drawn each
period from a population composed of heterogeneous agents. So each individ-
ual called to play in the role of player i = 1,2 is drawn from sub-population ¢
together with a certain characteristic #; € ©;, which describes his payoff type.
Payoff types are independently distributed and their statistical distributions
are commonly known*. Each player i knows his own payoff type, the set of
payoff types of the opponent ©;, his own payoff function u; : © x A — R, and
that, after having played, he will receive further information on the behavior
of the opponent. We assume that players inherit entirely the past observa-
tions of agents who played in their same role in past rounds, so that they
can rely on the full lenght of history to form their beliefs.

We describe now the two different specifications of this learning framework.

i) Different ex post information structures

We assume that each sub-population is split up into two groups of agents.
These groups differ in their ex post information structures, that is, in what
agents can observe after each round of play. There are less informed agents
who observe only the opponent’s action and better informed agents who ob-
serve the opponent’s action and payoff type. Agents from the first group,
who are supposed to represent cursed players, cannot infer anything about
the payoff type of their opponents and, therefore, they cannot identify the
type dependence of the strategy they are following. To formalize this fea-
ture, it is natural to assume that they start with complete beliefs (on actions
and types of the opponents) that are the product of the marginals over ac-

4Recall that we have given to beliefs an objective meaning, reflecting the true statistical
distribution of the opponent’s payoff type in the population.
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tions and types. Since they cannot observe their opponent’s payoff type
they have no information which would induce them to change the product
structure of their beliefs. Indeed, they start with arbitrary weights on the
opponent’s actions (recall that they know the probability of each payoff type
of the opponent). On the next round they update these weights and revise
(marginal) conjectures on opponents’ actions on the basis of the new observa-
tion. Each round, the agent who is called to play inherits from the previous
rounds the empirical frequencies of each action of the opponent collected in
the past. Hence, after many rounds, he learns the frequencies with which
the opponent is playing each of his conceivable actions. They do not know
who plays what, but they know what the opponent played on average in the
past and they best respond to this average behavior. So, they will typically
have wrong conjectures about the type contingent strategy of the opponent.
On the other hand, in the long-run, their marginal conjectures about actions
must be correct.

Better informed agents, who represent non-cursed players, can observe the
opponent’s action and type, so that they can unequivocally identify action
and payoff type of the opponent. They start with a distribution over the
pairs of type and action of the other players which has to be consistent with
the known distribution over types. After one round the information "type
¢; played action a;" is inherited, and registered by the next agent playing in
the role of player i. It is intuitive that in any steady state of this learning
process players must know the type contingent strategy of the opponent.

ii) Same ex post information structures but different structures of beliefs
(boundedly rational agents)

Assume that all players have access to information about actions and types
of the individuals who played in the role of their opponent in the past. The
candidates for non-cursed players are able to infer the correlation between
actions and types of the opponents while the candidates for cursed players
cannot. We can formalize this by assuming that sophisticated players start
with complete beliefs on the action and type of the opponent, so that through
Bayesian updating they learn the true correlation between actions and types
of the opponents. On the other hand, cursed players hold complete beliefs
over actions and types which are structured as the product of the marginal
over actions and the marginal over types. That is, they do not have the
information processing ability to identify the type contingency of the oppo-
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nent’s strategies even if they have sufficient data.® Given that they cannot
link observed actions to the payoff type of their opponents, it is reasonable to
assume that they only keep track of the frequencies of played actions with-
out trying to connect them to their opponents types. The marginals over the
actions of the other players end up being correct, while the joint beliefs are
typically incorrect.

Note that any steady state of our learning dynamics in each of the two envi-
ronments can be theoretically interpreted as a self-confirming equilibrium.’
Indeed, this concept describes outcomes where players are best responding to
their conjectures (rationality condition) and the information revealed ex post,
after the equilibrium play, would not induce them to change those conjec-
tures, independently of whether they are correct or not (beliefs’confirmation).
In equilibrium, non-cursed players have correct beliefs on the type contingent
strategies of the opponents. Cursed players have wrong conjectures on the
joint distribution over actions and types but since they cannot revise these
conjectures-because they do not have either the possibility (case (i) )-or the
ability to do so (case (ii))-additional information would not change their
wrong beliefs on the type contingent strategies of the other players. Given
these correct and, respectively, wrong conjectures on the opponents’ behav-
ior, each player is best responding to the other players’ equilibrium strategies.

®Note that the difference between this framework and the previous one is that, in the
environment described above, individuals would have the ability to infer the correlation,
but since they do not observe the realized payoffs they have no possibility to revise their
complete beliefs in a type contingents way. On the contrary, in the current environment,
individuals are in a sense boundedly rational: they are simply not able to infer the corre-
lation even if they have the possibility to do it. They update only the marginals over the
actions, not being able to learn any correlation with the types of the opponent.

OWe are referring to the version proposed by Battigalli (1987), Battigalli and Guaitoli
(1997) and discussed in Battigalli et al.(1992)
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4 On the relation between Partially Cursed
Equilibrium and Binary Cursed Equilibrium

4.1 One-sided incomplete information

For the sake of simplicity, let us consider first the situation where player 1
has two payoff types, while player 2 only one. Player 1 is informed about the
true state of nature, while player 2 is not and holds beliefs p?> € AG; which
coincide with the commonly known statistical distribution of ¢; in popula-
tion 1. Call (04, 02) the generic y-cursed equilibrium for a given x of such a
bayesian game with incomplete information on the side of player 2.
Consider the BC extension of such a game. Obviously, since player 2’s
payoft type set O, is a singleton, so that player 1 knows the true state of
nature, we can assume that player 1 is non-cursed with probability one,
that is, his cursedness type set is a singleton, 7} = {9{1,0’15’ } x {NC}.
Differently, the type set of player 2 coincides with his cursedness type set
T, = {§2} x {C, NC'} = B,. Let (3 be the probability that player 2 is cursed
and (1 — ) the probability that he is non-cursed. A strategy for player 1 is
a mapping from his payoff type set into the set of probability measures on
the set of his possible actions p; : ©; — AA;, while the mapping for player
2 goes from his beliefs parameter set into the set of probability measures on
the set of his possible actions, p, : Bo — AAs. Let us call 75 : By — As a
pure strategy for player 2.

Obviously, in the situation where x = 0 (x = 1) the equivalence between
the equilibrium behavior of the y-cursed player 2 and the average equilib-
rium behavior of player 2 in the BC-game is immediately shown by taking

B=0(8=1).

We establish now the equivalence between the average equilibrium behav-
ior in the BC-game, where the population of agents in the role of player 2
is partly cursed and partly non-cursed and the equilibrium behavior which
would arise if each individual in the role of player 2 were y-cursed.
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Proposition 1 Let (py,py) € (AA))® x (AA9)P2 be a B-cursed equi-
librium strateqy profile of a BC-game, extension of a Bayesian game with
incomplete information on the side of player 2. There exists x € [0, 1] such
that (py,ps) is a x-cursed equilibrium of the underlying Bayesian game.

Proof

Suppose that player 2 is playing in equilibrium a pure strategy r,. Given
that (p;,72) is an equilibrium strategy profile of the BC-game for a given £,
if ro(C') and ro(NC) are the type contingent (pure) actions played in equi-
librium by player 2, the following two conditions must hold:

> > Pr(0)pi(ar)us(b1; a1, m2(C)) >

01€01 a1€A,

> > PA(01)pi(ar)us(fy; ar, o (NC))

0,€01 a1€A;

and

> > PP(01)pi(an]0r)ug(b1;a1,m2(NC)) >

01€01 a1€A1

> > PP(01)pi(ar]fh)ua(by;a1,m2(C))

01€01 a1€AL

The first inequality coincides with the equilibrium condition for player 2
in a y-Cursed Equilibrium with y = 1, while the second inequality coincides
with the equilibrium condition for player 2 in a y-cursed equilibrium with
x = 0. In other words, (p;,72(C)) is a x-cursed equilibrium strategy profile
when y = 1, while (p;,r2(NC)) is a x-cursed equilibrium strategy profile
when y = 0.

Given the linearity in x of the expected utility of player 2, there must exist
a degree of cursedness X € [0, 1] such that the Y-cursed player 2 is indifferent
between 75(C') and ro(NC), i.e.:
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> > pP(01) [Xpi(ar) + (1 = X)py(a1]61)] ua (015 ar, m2(C)) =

01€01 a1€A1

> 2 PO (1) + (1= X)pr(aa]1)] ua(b1; a1, m2 (N C))

0,€01 a1€A;

Hence, any mixing between actions ro(C') and 7o(NC') is a best response
of a Y-cursed player 2 to p;. Thus,.we can take exactly py, = - [ro(C)] B (1 —
B) - [r2(NC)], the average equilibrium behavior of player 2 in the BC-game,
averaged across his cursedness types, as the best response of a Y-cursed player
2.t0 py. (py1,P4) 18 a y-cursed equilibrium for y = .

Suppose now that player 2 is playing a randomized strategy p,. Let (py, py)
be the equilibrium strategy profile of a BC-game. Suppose that both (cursed-
ness) types of player 2 are playing mixed actions. Call ay and a}, the two
feasible actions of player 2. It must be the case that both types of player 2
are indifferent between ay and a}, so that the following holds:

> 2 PO (a)us(br;a1,a0) = 3 DT pP(01)p(ar)us(by; a1, ab)

01€061 a1€A1 01€01 a1€A1

and

> 2 PAO)pi(an]0)ua(Or;a1,a0) = 3o D0 p*(01)pi(aa]0r)ua(fy; ar, ab)

01€01 a1€A1 0101 a1€A1

Given p;, the two conditions above coincide with the equilibrium condition
for a y-cursed player 2, respectively, for y = 1, the former, and for x = 0, the
latter. Hence, by linearity of the expected payoffs in y, it must hold that,
for any x € [0, 1],

> > pP(01) [xpi(ar) + (1 = x)py(a1]61)] ua(01; aq, az) =

01€01 a1€A;

> > pP(01) [xpi(ar) + (1 = x)py(a1]01)] ua(1; a1, aj)

01€01 a1€A,
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Thus, we can take p, = 5 - [p5(C)] & (1 — B) - [po(NC)] as the x-best re-
sponse of player 2 to p;, so that (p;,p,) is a x-cursed equilibrium of the
underlying bayesian game.ll

Proposition 2 Let (01,02) € (AA})®1 x AAy be a x-cursed equilibrium
strateqy profile of a Bayesian game with incomplete information on the side
of player 2. There exists 3 € [0,1] and py, € (AA3)P? such that, for each
az € A, pyaz) = o9(az) and (o1, p,) is a [-cursed equilibrium of the BC
extension of the original Bayesian game.

Proof
Given that (01, 09) is an equilibrium strategy profile, for any as in the sup-
port of o5 and al, € A, the following inequality holds:

> 2 P01) [xTi(ar) + (1 = x)oi(ar]6h)] x

01€01 a1€A1

[ug (015 ay, az) — ug(01; a1, a5)] > 0

Let us call d this difference which is a function of x.

Fix ¥ € (0,1). Let us suppose that d(x) > 0. Then it must be the case that
oa(ag) = 1. Given the linearity of the expected utility in x either d(x) is
monotonically increasing or decreasing in x. If d(x) is increasing (decreas-
ing) in y, then d(1) > 0 (d(0) > 0). If d(1) > 0, the S-cursed equilibrium
strategy of player 2, p,, derived from g, must be such that p,(as|C) = 1. If
we take 5 =1, we get py(az) = 1 = ga(as). If d(x) is decreasing in x so that
d(0) > 0, p, must be such that p,(az|NC) = 1. If we take § = 0, we get
Pa(az) =1 = o3(az).

Suppose now that d() = 0, the Y-cursed player 2 is indifferent among his two
possible actions. As above, depending on the expected utility being increas-
ing or decreasing in x and, consequently, depending on p,(-), take 5 € [0, 1]
such that, for each ay € As , py(az) = Bpy(as]|C)+(1—5)py(az| NC) = o4(as).
Since we have taken an arbitrary %, then for any x € (0, 1) we must be able
to find a [ such that the -average equilibrium behavior of player 2 in the
BC-game exactly replicates the y-cursed equilibrium behavior of player 2 in
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the original game.ll

Remark: Notice that the preceding propositions only tell us that for any
given [-cursed equilibrium there exists a parameter x for which there exists a
x-cursed equilibrium which coincides with the [-average equilibrium behavior
of the BC-game we started with and vice versa. It is rather straightforward
to show that this statement can be strengthened in the following sense: for
any equilibrium strategy profile p of a BC-game with parameter [ denote
the corresponding x-parameter and x-cursed equilibrium strategy profile of
the underlying bayesian game by x(B,p) and o(f, p), respectively; similarly
let B(x,0) and p(x,o) be the B-parameter and equilibrium strategy of the
BC-game with parameter B associated with the pair (x, o), where o is some
x-cursed equilibrium strategy profile of a bayesian game. Then the following
holds: for any pair (3, p) we have B(x(5,p),o(B,p)) = B and, analogously,
for any pair (x,0), x(B(x,0),p(x,0)) = x. While interesting in itself, this
observation is not really central for our purposes. Thus we omitt its proof.

4.2 Two-sided incomplete information

The equivalence between players’ equilibrium behavior in the two frameworks
is less immediate if it is the case that both players have more than one payoff
type. Let us assume that also player 2 holds some payoff relevant private
information, so that also the degree of cursedness of player 1 matters now.
Recall that, under the assumption of one-sided incomplete information, given
a (-cursed equilibrium, we only needed to find if there was a y which solved
the unique indifference condition of the unique payoff type of the uninformed
player. Differently, with two sided incomplete information, we must find a y
for each payoff type of each player which leaves him indifferent, so that we
face a system of indifference conditions.

In this section we show that it is not necessarily true that for any 3 constant
across players and /or across types for each player we are able to find a con-
stant x such that the y-cursed players’ equilibrium behavior replicates the
average equilibrium behavior of both players in the BC-game, and, viceversa,
that for any y, unique for all players and types, we are able to replicate their
equilibrium behavior with their $-average behavior in the BC-game.
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We show first that, for some constant x, we can find a y-cursed equilibrium
outcome that cannot be reproduced as the average equilibrium outcome of
the BC-game.

Counter-example 1

Let us consider a game with two players, each with two payoff types, ©; =
{0;-4, 9? }, t = 1,2. Both players, and both types of each player, are charac-
terized by the same degree of cursedness, x € (0,1). The payoff matrices are

the following;:

0105 |1 |r 00511 |r
U 1,2]0,1 U 0,1]1,2
D 0,1]2,0 D 2,0 0,1
67,605 11 r 6% 68 11 r
U 0,113,0 U 3,0 (0,1
D 1,2]0,1 D 0,1]1,2

Given that [ is dominant for 3 and 7 is dominant for 65, in equilibrium,
the weight that the y-cursed belief of player 1 put on action [ is 75(l) = 1/2,
according to the average behavior 5 of player 2 that player 1 has in mind.
Similarly, @5(r) = 1/2. Hence, we can compute the difference among the ex-
pected utility that a y-cursed player 1 with payoff type 62' gets from action
U and the expected utility he gets from action D as:

> 2 pH02) [xTa(az) + (1 — x)o2(az]f2)] X

02€03 a2€ Az
[ul(Qf,Qg; U, ay) — us(05, 6; D,ag)] =
1—3x =dalx).
Similarly, we can compute the difference among the expected utility that
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a x-cursed player 1 with payoff type 87 gets from action U and the expected
utility he gets from action D as:

> > p(02) [xTa(az) + (1 = x)o2(az]s)] x

02605 as€Ag

[M(Q?a 02; U, az) — U2(9119a 02; D, az)} =

2y — 1 =dp(x).

While da(-) is decreasing in x, dp(-) is increasing in x. Moreover, d4(x) > 0
iff x < 2/3, while dg(x) > 0 iff x > 1/2. So, if we fix any Y\ € (1/2,2/3),
both the Y-cursed type 9{1 and the Y-cursed type 6% of player 1 would choose
U in a y-cursed equilibrium. But, being d(-) decreasing in y and dg(-) in-
creasing in x, in order to replicate in the BC-game the Y-cursed equilibrium
behavior of type 9‘14 , we need to take 6924 = 0, while to replicate the -cursed

equilibrium strategy of type 9? , we need to take 8,5 = 1. Hence, we have
found a range of y for which we cannot reproduce the equilibrium behavior
of both payoff types of player 1 when they are partially cursed, taking the
same proportion [ of fully cursed players in the sub-population of agents
with payoff type (9‘14 as in the sub-population of agents with payoff type 913 0

This example suggests that, possibly, a way to establish the equivalence in
the two sided incomplete information case is to allow for more degrees of
freedom of the parameter 3. The next step is, indeed, to check if, letting the
parameter 3 to vary across players and types, we are able to find a unique
x through wich we can replicate the average equilibrium behavior of every
type of every player in the BC-game. The next example shows that we are
not able to always find such a y.

Counter-example 2
Let us consider a BC-game where both players have two payoff types as
above and, besides, they can be either cursed or non-cursed. Let us recall

that the cursedness type is payoff irrelevant.
We focus on player 1 and fix a vector § such that Sya = 0 and Sy5 = 1.
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or.05 1 |r 07,05 |1

U 1,110,0 U 0,0 | 1,1
D 2121 D 2,10,
08,05 | 1 r 05,05 |1 r
U 0,221 U 2,11]0,2
D |1,1]0,0 D 0,0 1,1

Player 2, when he has payoff type 9‘24, plays [ with probability one, while,
when he has payoff type 023 , plays r, independently on his cursedness type.
So, given this type contingent strategy for player 2, the non-cursed type 0‘14
of player 1 would play U in equilibrium. Differently, the cursed type 6, who
believes that player 2 is playing the average p, = (1/2,1/2),would play D.
On the contrary, the non-cursed type «9{3 would play D, while the cursed type
0119 would play U, i.e.

r(03, NC) =7 (08,C)=U and r(0,C)=r (6%, NC)=D.

Hence, since we have fixed 59,14 = 0 and 59119 = 1, the average equilibrium

behavior of type 49’14 is the same as the average equilibrium behavior of type
9{3 and it consists in playing U with probability one.

Let us check if we can replicate the average equilibrium behavior of player 1
with a unique, i.e. type independent, x.

Player 1 prefers U to D for different values of x, depending on whether he
has payoff type 9‘14 or #2. When his payoff type is 9‘14, player 1 prefers U to
D if and only if y < 2/3 =y, while when his payoff type is (9119 , he prefers U
to D if and only if x > 6/ 7 = Y. Therefore, we cannot replicate the average
equilibrium behavior of the two payoff types of player 1 with a unique degree
of cursedness for both.¢

This second counterexample suggests that we should allow for more degrees
of freedom also on the x parameter’s side. Indeed, it is plausible to assume
that different players with different payoff types may be characterized by
different degrees of cursedness. They might have, for instance, different abil-
ities in interpreting opponents’actions and connecting them to opponents’
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private information. This different abilities may come from the amount of
experience collected in the past (before this particular repeated interaction
started) or from the particular position they have in the interaction. It is not
natural to assume that agents playing in different roles and different payoff
types makes mistakes to the same extent. Thus, on the side of a BC-game,
we allow for a payoff-type dependent probability of being cursed and we call
B the vector of such probabilities, 3 = ((3y,)s;co,)i=1,2. Similarly, we allow
for a payoff-type dependent degree of cursedness and we call x the profile of
such parameters, X = ((Xp,)s,c0,)i=1,2- The next two propositions generalize,
respectively, proposition 1 and proposition 2 to the environment of two-sided
incomplete information. Since the proofs to propositions 3 and 4 are very
similar to those of propositions 1 and 2, we do not report them here. They
are available under request though.

Proposition 3 Let (py,py) € ‘_1}2(AAi)Ti be a B-cursed equilibrium of a
BC-game, extension of a game with two-sided incomplete information. There
exists x such that the strateqy profile (o1,03) € }};IQ(AAZ')@Z', with 0;(0;) =
Py, for each 0; € ©;, of each player i, is a X—curséd equilitbrium of the un-
derlying Bayesian game.

Proposition 4 Let (01,03) € A71_1[2(AA¢)®7"Z)6 a x-cursed equilibrium of
a bayesian game with two-sided incminplete information. There exists [3 such
that (py,ps) € '_1_112(AAZ-)T1', which satisfies that py, = 0;(0;) for each 6; of

each player i, is a B-cursed equilibrium of the BC' extension of the original
Bayesian game.

5 Conclusions

In this paper we have discussed a possible interpretation of Partially Cursed
Equilibrium both from a theoretical point of view and in terms of learning.
We have shown that individual partial cursedness may be reinterpreted in
terms of binary cursedness. The main advantage of the concept of binary
cursedness is that on the individual level all players are either cursed or
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non-cursed and both these types of behavior admit a very natural learning
foundation. In particular, we have discussed to possible specification of the
learning framework. According to the first interpretation, non-cursed be-
havior can be seen as the steady state behavior of a player who has detailed
information about past play. A cursed player instead may be interpreted as a
player whose information does not allow him to infer the relation between his
opponent’s actions and payoff types. According to the second specification,
the difference between cursed and non-cursed players concerns the ability to
process the information they hold on past play.

6 Appendix

Proof of proposition 1: partially mixed strategies

Let us suppose now that only one type of player 2 is playing a mixed action.
Then we have either

() 2 2 pO0p(a)ua(br;ar,a0) = 35 30 p*(01)pi(ar)ua(6s; a1, a5)

01€01 a1€A1 01€01 a1€A1

or

) XY Pen@lbn@ia.an = Y T 0ali)n:e.d)

0,€01 a1€A1 0,€01 a1€A1

where (i) is the equilibrium condition for a cursed player 2, while (ii) is the
equilibrium condition for a non-cursed player 2. If (i) holds, for x =1 (py, p5)
with p, such that, for each ay € Ay, py(az) = Bpy(as|C) + (1 — B)py(az| NC)
is a x-cursed equilibrium. If (ii) holds, for x = 0 (p;, p) is a x-cursed equi-
librium. Hence in both cases we are able to find a y in the unit interval
such that the y-cursed player 2’s equilibrium behaviour replicates the aver-
age equilibrium behaviour of player 2 in the BC-game.ll
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