
&&((11775522 667788'',, ,,11 ((&&22112200,,$$ (( )),,11$$11==$$

&&((117755(( ))2255 667788'',,((66 ,,11 ((&&22112200,,&&66 $$11'' )),,11$$11&&((

WORKING PAPER  no. 20

Financial Intermediation and

Growth: Long Run Consequences of

Capital Market Imperfections

Thierry Tressel

April 1999

DIPARTIMENTO DI SCIENZE ECONOMICHE - UNIVERSITÀ DEGLI STUDI DI SALERNO

Via Ponte Don Melillo -  84084 FISCIANO (SA)

Tel. 089-96 3167/3168 - Fax 089-96 3169 – e-mail: csef@xcom.it



CSEF WORKING PAP ER  no. 20

Financial Intermediation and

Growth: Long Run Consequences of

Capital Market Imperfections

Thierry Tressel*

Abstract

The model describes an economy in which banks develop in order to meet
the entrepreneurs' demand of capital. Domestic savers can lend in the
informal credit market where they have to bear some risk; they can also save
in a safe bank account. Banks cannot perfectly check the choices of
borrowers, hence they ask for a collateral. Therefore, small firms borrow in
the informal market where costly information can be obtained.
The long run steady state is determined by the initial distribution of wealth
and aggregate wealth. The economy may eventuall y stop growing, and the
banking system will fail to develop. Alternatively, banks may progressively
dominate the financial system and the economy will reach a stable positi ve
rate of growth.
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�� W�A+�#N�AW��

Zkdw wuljjhuv wkh ghyhorsphqw ri d prghuq edqnlqj v|vwhpB Wklv lvvxh lv hvvhq0
wldo wr ixoo| xqghuvwdqg wkh surfhvv ri hfrqrplf ghyhorsphqw1 Pruhryhu/ srwhqwldo
ihhgedfn h�hfwv rq jurzwk duh lq wkh khduw ri srolf| dqg dfdghplf ghedwhv1 Rq wkh
srolf| vlgh/ wkh �qdqfldo uhsuhvvlrq dujxphqw/ zklfk zdv irupxodwhg �uvw e| Pdf
Nlqqrq dqg Vkdz +vhh dovr Urxelql dqg Vdod0l0Pduwlq ^4<<5`,/ kdv sduwldoo| r�vhw
d pruh vshfl�f gl�fxow| ri ghyhorsphqw surjudpv lq surylglqj fkhds fuhglw lq
uxudo dqg srru duhdv ri ghyhorslqj frxqwulhv1 Gxulqj wklv shulrg/ lqirupdo fuhglw
lqvwlwxwlrqv kdyh ehhq wkulylqj lq pdq| ghyhorslqj frxqwulhv> wklv revhuydwlrq kdv
ohg wr qxphurxv plfurhfrqrplf vwxglhv +vhh iru lqvwdqfh wkh Zruog Edqn Hfr0
qrplf Uhylhz ^Vhswhpehu 4<<3`,1 Zkdw lv wkh uroh ri dq lqirupdo fuhglw pdunhwB
Zk| gr edqnv vxffhhg ru qrw lq h{sdqglqj wkhlu dfwlylwlhvB Wkh sdshu wdnhv
d �uvw vwhs lq wkh gluhfwlrq ri dqdo|}lqj wkrvh lvvxhv lq d g|qdplf pdfurhfr0
qrplf prgho/ zkhuh wkh hyroxwlrq ri �qdqfldo lqvwlwxwlrqv lv wkh uhvxow ri djhqwv*
ghflvlrqv/ dqg lq wxuq d�hfwv wkh udwh ri jurzwk1

Wkh vwuxfwxuh ri wkh prgho lv wkh iroorzlqj1 Frqvlghu d srsxodwlrq ri hq0
wuhsuhqhxuv orrnlqj iru rxwvlgh �qdqfh1 Wkh| fdq eruurz hlwkhu lq wkh %lqirupdo%
fuhglw pdunhw/ ru iurp d edqn�1 Lqirupdwlrq lv frvwo|= d prqh|ohqghu lq wkh lqiru0
pdo pdunhw fdq h{shqg wlph dqg h�ruw wr dftxluh frpsohwh lqirupdwlrq derxw wkh
eruurzhu/ exw lw lv pruh gl�fxow wr yhuli| wkh dfwlylwlhv ri dq hqwuhsuhqhxu zkhq
wkh vl}h ri wkh �up lqfuhdvhv1 Rq wkh frqwudu|/ edqnv kdyh wr uho| rq froodwhudo wr
surylgh lqfhqwlyhv/ zkhuhdv wkhlu dyhudjh ohqglqj frvw grhv qrw ghshqg rq wkh vl}h
ri wkh ordq1 Qhyhuwkhohvv/ edqnv fdq shuihfwo| glyhuvli| ulvn zklfk lv qrw srvvleoh
lq wkh lqirupdo fuhglw pdunhw= ulvn dyhuvh vdyhuv wdnh wklv ihdwxuh lqwr dffrxqw
zkhq wkh| ghflgh krz wr doorfdwh wkhlu zhdowk1 Wkhuhiruh/ wkh iroorzlqj sdwwhuq
lv ghulyhg1 Vpdoo �upv vhhn �qdqfh lq wkh lqirupdo pdunhw zkhuhdv edqnv surylgh
fdslwdo wr odujh �upv= wkh fxuuhqw glvwulexwlrq ri dvvhwv/ wkh uhvxowlqj ghpdqg ri
fdslwdo/ dqg wkh djjuhjdwh vxsso| ri fdslwdo ghwhuplqh wkh vl}h ri wkh lqirupdo dqg
wkh edqnlqj vhfwruv1 Wkh uhvxow lv rewdlqhg iru dq hfrqrp| zkhuh wkh lqirupdo
fuhglw pdunhw fdq rqo| uho| rq grphvwlf vdylqjv/ zkhuhdv edqnv fdq eruurz ru
ohqg lq wkh lqwhuqdwlrqdo fdslwdo pdunhwv1

Frqvhtxhqwo|/ wkh zkroh ghyhorsphqw sdwk ri wkh hfrqrp| lv fkdudfwhul}hg
e| wkh lqlwldo glvwulexwlrq ri dvvhwv dqg djjuhjdwh zhdowk1 Wkh olqn ehwzhhq wkh
vl}h ri wkh edqnlqj vhfwru dqg wkh udwh ri jurzwk ghshqgv rq wkh uhodwlyh frvw ri
edqnv* dqg prqh|ohqghuv* dfwlylwlhv1 Krzhyhu/ d qhfhvvdu| frqglwlrq iru orqj uxq
jurzwk lv wkdw d edqnlqj v|vwhp ghyhorsv1 Zh fkrrvh wr frqfhqwudwh rq d vlpsoh
h{dpsoh zkhuh wzr vwhdg| vwdwhv h{lvw= +4, wkh edqnlqj vhfwru grhv qrw ghyhors
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lq wkh orqj uxq dqg wkh hfrqrp| uhdfkhv d vwdeoh djjuhjdwh zhdowk ohyho1 +5,
Wkh edqnlqj vhfwru surjuhvvlyho| ghyhorsv dqg hyhqwxdoo| grplqdwhv wkh �qdqfldo
v|vwhp> lq wkdw fdvh/ wkh hfrqrp| jurzv dw d frqvwdqw dqg srvlwlyh udwh lq wkh
orqj uxq1

Wkh prgho lv uhodwhg wr wkh sdshuv wkdw dqdo|}h wkh h�hfw ri wkh �qdqfldo vwuxf0
wxuh rq wkh udwh ri jurzwk +vhh Sdjdqr ^4<<6` iru d vxuyh|,1 Wzr edvlf dujxphqwv
fdq eh lghqwl�hg lq wklv olwhudwxuh1 Ilqdqfldo lqvwlwxwlrqv +edqnv ru d vwrfn pdu0
nhw, vwlpxodwh hfrqrplf jurzwk ehfdxvh +4, wkh| doorz d ehwwhu ulvn glyhuvl�fdwlrq
+Ehqflqyhqjd dqg Vplwk ^4<<6`/ Vdlqw Sdxo ^4<<5`,/ +5, �qdqfldo lqwhuphgldulhv
duh pruh h�flhqw wkdq lqglylgxdo lqyhvwruv lq jdwkhulqj lqirupdwlrq +Gldprqg
^4<;7`/ Juhhqzrrg dqg Mrydqrylf ^4<<3`/ Nlqj dqg Ohylqh ^4<<6e`/ Ehuwkhohp|
dqg Ydurxgdnlv ^4<<7`/ Vxvvpdq dqg ]hlud ^4<<8`,1 Rxu dssurdfk ghsduwv iurp
wkhvh prghov lq wzr zd|v1

Iluvw/ wkh| frqfhqwudwh rq vdyhuv0lqyhvwruv zkr duh zloolqj wr glyhuvli| ulvn ru
wr dftxluh lqirupdwlrq rq wkh srwhqwldo lqyhvwphqw rssruwxqlwlhv1 Dv|pphwulf
lqirupdwlrq lvvxhv fdxvhg e| wkh vhsdudwlrq ehwzhhq ohqghuv dqg eruurzhuv fdqqrw
eh lqyhvwljdwhg/ zklfk lv lqvwhdg fuxfldo wr wklv prgho2> pruhryhu/ lw srwhqwldoo|
lqwurgxfhv d uroh iru wkh ghpdqg ri fdslwdo1

Vhfrqg/ vhoi0�qdqfh fdqqrw eh frqvlghuhg dv wkh rqo| dowhuqdwlyh wr prghuq
�qdqfldo lqvwlwxwlrqv= wkhuh lv frqvlghudeoh hylghqfh ri orfdo fuhglw lqvwlwxwlrqv
wkdw dsshdu sulru wr edqnv +vhh iru lqvwdqfh Ehvoh| ^4<<8`,1 Wkh djjuhjdwh h�hfwv
ri lqirupdo fuhglw lqvwlwxwlrqv kdyh qrw ehhq dqdo|}hg v|vwhpdwlfdoo|1 Krzhyhu/
vrph vfdwwhuhg slhfhv ri hylghqfh gr h{lvw1 Eljjv +txrwhg e| P1I1 Iu| ^4<<8/
s1683`, uhpdunv wkdw %wkh hphujhqfh ri d odujh dqg wkulylqj fxue pdunhw kdv ehhq
hqruprxvo| lpsruwdqw wr Wdlzdq*v lqgxvwuldo ghyhorsphqw +111, Wkh fxue pdunhw
frpsohphqwhg wkh irupdo fuhglw pdunhw e| surylglqj lqirupdwlrq0lqwhqvlyh/ h�0
flhqw fuhglw idflolwlhv +111,/ khoshg wr prelol}h grphvwlf vdylqjv e| r�hulqj kljk
uhwxuqv +dowkrxjk ulvnlhu, rq lqyhvwdeoh ixqgv%1 Ohh dqg Wvdl ^4<;;` +txrwhg e|
Iu| ^4<<8/ s1683`, dujxh wkdw %lq Wdlzdq/ fxue pdunhwv surylghg 7;( ri ordqv wr
sulydwh exvlqhvvhv lq 4<971 Dowkrxjk wklv udwlr ihoo wr 5:( lq 4<:6/ lw zdv edfn
dw 7;( lq 4<;9%1 Lq rughu wr eh idlu/ wkh dqdo|vlv pxvw wkhuhiruh frpsduh edqnv
wr lqirupdo fuhglw lqvwlwxwlrqv1

Wkh prgho hpskdvl}hv d ghpdqg0vlgh h�hfw rq �qdqfldo ghyhorsphqw edvhg
rq wkh dffxpxodwlrq ri froodwhudo e| hqwuhsuhqhxuv1 Lq wkdw vhqvh/ lw lv dovr uhodwhg
wr wkh olwhudwxuh wkdw vwxglhv wkh orqj uxq h�hfwv ri wkh zhdowk glvwulexwlrq zkhq
fuhglw pdunhwv duh lpshuihfw +Djklrq dqg Erowrq ^4<<:`/ Edqhumhh dqg Qhzpdq
^4<<4/ 4<<6`/ Jdoru dqg ]hlud ^4<<6`/ Slnhww| ^4<<:`,1 Dv lq wkh prghov ri Djklrq

2�i?U�?�i?}@ @?_ 54�|� d�bb�o 4@!i @ t�4�*@h @h}�4i?|( �L�i�ihc |�i) _L ?L| UL?t�_ih
_�t|h�M�|�L?@* igiU|t�
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dqg Erowrq dqg ri Slnhww|/ wkh pdunhw lpshuihfwlrq lv fdxvhg e| prudo kd}dug1
Krzhyhu/ zh duh pdlqo| lqwhuhvwhg lq wkh hyroxwlrq ri �qdqfldo lqvwlwxwlrqv ryhu
wkh surfhvv ri ghyhorsphqw/ zkhuhdv wkh| xqghuolqh wkh olqn ehwzhhq hfrqrplf
jurzwk dqg zhdowk glvwulexwlrq1

Wkh prgho |lhogv vhyhudo hpslulfdo suhglfwlrqv1 Iluvw/ lw doorzv wr glvfxvv
ghyhorsphqw srolflhv dlphg dw vwlpxodwlqj wkh ghyhorsphqw ri prghuq edqnlqj
lqvwlwxwlrqv1 Vhfrqg/ zh jlyh dq lqvljkw lqwr wkh suhglfwlrqv uhodwlqj lqhtxdolwlhv
dqg ghyhorsphqw> pruh vshfl�fdoo|/ wkh prgho vxjjhvwv wkdw hqrxjk lqhtxdolwlhv
pxvw h{lvw lqlwldoo| wr wuljjhu wkh ghyhorsphqw ri edqnv1 Krzhyhu/ zkhq wkh hfrq0
rp| lv jhwwlqj ulfkhu/ lqhtxdolwlhv pxvw qrw eh wrr odujh ru hovh wkh ghyhorsphqw
ri edqnv pd| vwrs1

Wkh sdshu lv rujdql}hg dv iroorzv= vhfwlrq 5 slfnv xs vrph edvlf idfwv derxw
fdslwdo pdunhwv lq ghyhorslqj frxqwulhv1 Lq vhfwlrq 6/ wkh prgho lv ghvfulehg1 Lq
vhfwlrq 7 ordq frqwudfwv dqg djhqwv* ghflvlrqv duh fkdudfwhul}hg1 Vhfwlrq 8 vroyhv
iru wkh vwdwlf htxloleulxp dqg wkh g|qdplfv ri wkh hfrqrp|1 Vhfwlrq 9 lv ghyrwhg
wr wkh glvfxvvlrq ri hpslulfdo suhglfwlrqv1

2� 5,B�,�A,# ��+k,A5 W� #,V,w��W�B ��N�A+W,5

Dv qrwlfhg lq wkh lqwurgxfwlrq/ fdslwdo pdunhwv lq ghyhorslqj frxqwulhv kdsshq
wr eh vhjphqwhg/ dqg wkh edqnlqj vhfwru riwhq kdv wr frpshwh zlwk d odujh fxue
pdunhw�1 Wklv pd| eh vxusulvlqj ehfdxvh ohqglqj lqwhuhvw udwhv lq wkh edqnlqj
vhfwru duh vxevwdqwldoo| ehorz wkrvh fkdujhg lq wkh lqirupdo vhfwru = iru lqvwdqfh/
Qdel ^4<;;` uhpdunv wkdw lq wkh uhjlrq ri Sdnlvwdq kh vwxglhg/ wkh vsuhdg lv durxqg
53(1

Eh|rqg h{sodqdwlrqv edvhg rq ulvn glyhuvl�fdwlrq +zklfk lv dovr sduw ri rxu
dujxphqw,/ lw vhhpv wkdw wkh frvw ri dftxlulqj lqirupdwlrq lv fuxfldo wr xqghuvwdqg
zk| erwk pdunhwv frh{lvw ghvslwh wkh orzhu lqwhuhvw udwhv fkdujhg e| edqnv1 Kr�
dqg Vwljolw} ^4<<3` dujxh wkdw %lq ghyhorslqj frxqwulhv srwhqwldo ohqghuv ydu|
juhdwo| lq wkhlu frvwv ri gluhfw vfuhhqlqj dqg prqlwrulqj +111,1 Wkxv/ yloodjh ohqghuv
riwhq gr frqvlghudeoh prqlwrulqj/ zkloh edqnv pd| �qg lw yluwxdoo| lpsrvvleoh wr
gr vr%1 Wkh dqdo|vlv ri U1P1 Wrzqvhqg ^4<<8/ s14373` vxjjhvwv lqghhg wkdw wkhuh
pd| eh %d urxjk fruuhodwlrq ehwzhhq vkduhg lqirupdwlrq/ rq wkh rqh kdqg/ dqg
wkh h{lvwhqfh ri lqirupdo pdunhwv ru txdvl0irupdo lqvwlwxwlrqv/ rq wkh rwkhu%1

�, @4T*it Lu �?uLh4@* @?_ ti4��uLh4@* �?t|�|�|�L?t @hiG hL|@|�?} t@��?}t @?_ Uhi_�| @ttL�
U�@|�L?t EAL?|�?it �? 5i?i}@*c k)i �? kLhi@c i|U��c �T@�?t�LTt� �? |�i ���*�TT�?ic *@?_*Lh_tc
|h@_ihtc uh�i?_tc hi*@|��itc i|U�
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Hyhq li orfdo prqh|ohqghuv vhhp wr kdyh dq dgydqwdjh ryhu edqnv lq uhgxflqj
dv|pphwulhv ri lqirupdwlrq/ wklv frvw pd| sduwldoo| h{sodlq wkh xvxulrxv lqwhuhvw
udwhv wkdw duh revhuyhg1 Vldpzdood dqg do1 ^4<<3` fodlp wkdw lq wkhlu vdpsoh
ri Wkdl yloodjhv %wkh lqirupdo vhfwru lv frpshwlwlyh/ dqg wkdw kljk lqwhuhvw udwhv
uh�hfw kljk prqlwrulqj frvwv/ qrw wkh vfduflw| ri ixqgv%1 Dohhp ^4<<3` uhdfkhv d
vlplodu frqfoxvlrq iru d uhjlrq ri Sdnlvwdq= kh vkrzv wkdw %wkh frvwv ri vfuhhqlqj
duh vxevwdqwldo 0 rq dyhudjh/ vfuhhqlqj frvwv rqh gd| ri wkh ohqghu*v wlph dqg
Uv 53 +'5135, lq wudqvsruwdwlrq h{shqglwxuhv 0 ghvslwh wkh idfw wkdw pdq| ri wkh
ohqghuv kdg ehhq rshudwlqj lq wkh duhd iru shulrgv lq h{fhvv ri �yh |hduv%1

Krzhyhu/ dv lv srlqwhg rxw e| Qdel ^4<;;` dqg Ehvoh| ^4<<8`/ pdlqwdlqlqj
qhduo| shuihfw lqirupdwlrq lpsolhv d vx�flhqw sur{lplw| ehwzhhq wkh prqh|ohqghu
dqg wkh eruurzhuv/ zklfk frqvhtxhqwo| uhvwulfwv wkh vl}h ri klv rshudwlrqv1

Wkh edvlf iudphzrun odlg rxw lq wkh qh{w vhfwlrq wulhv wr fdswxuh wkhvh ihdwxuhv1

�� 5A+N�AN+, �6 AO, ,�����v

Wkhuh lv d odujh srsxodwlrq +d frqwlqxxp, ri djhqwv zlwk lghqwlfdo suhihuhqfhv>
wkh srsxodwlrq dw wlph w lv ghvfulehg e| d glvwulexwlrq ixqfwlrq J|+z, zklfk jlyhv
wkh phdvxuh ri wkh srsxodwlrq zlwk lqlwldo zhdowk ohvv wkdq z1 Wkh vl}h ri wkh
srsxodwlrq lv 41

6141 Wkh Djhqwv

Djhqwv olyh wzr vxe0shulrgv ri gdwh w1 Dw wkh ehjlqqlqj ri wkhlu olih wkh| uhfhlyh d
ehtxhvw iurp wkhlu sduhqwv1 Wkh wlplqj lv wkh iroorzlqj= lq vxe0shulrg 4/ djhqwv
idfh lglrv|qfudwlf vkrfnv= zlwk suredelolw| �f dq lqglylgxdo kdv qr lqyhvwphqw
rssruwxqlw| dqg wkxv pxvw ohqg klv hqgrzphqw> zlwk d suredelolw| �� @ 4� �f/
kh kdv dq lqyhvwphqw rssruwxqlw| +fdslwdo lv wkh rqo| lqsxw,1 Kh fdq hlwkhu lqyhvw
klv rzq zhdowk/ ru lqfuhdvh wkh vl}h ri klv �up e| eruurzlqj1 Kh grhv qrw frqvxph
lq wklv �uvw vxe0shulrg1 Lq vxe0shulrg 5/ surgxfwlyh vkrfnv duh uhdol}hg/ rxwsxw
lv surgxfhg dqg ordqv duh sdlg edfn1 Lqglylgxdov fkrrvh krz pxfk wr frqvxph
dqg wr ehtxhdwk1 Wkh| jlyh eluwk wr d vlqjoh fklog/ dqg glhe1Wkhuh lv rqo| rqh
jrrg/ zklfk fdq eh frqvxphg ru lqyhvwhg lq lwv rzq surgxfwlrq +fdslwdo wrwdoo|
ghsuhfldwhv lq rqh shulrg,1

Lqglylgxdov duh ulvn dyhuvh> suhihuhqfhv ryhu vhfrqg shulrg frqvxpswlrq f dqg
ehtxhvw e duh uhsuhvhqwhg e| wkh xwlolw| ixqfwlrq X+f> e, @

�
f�3�en�

�@
/ zkhuh=

e
A��t _)?@t|�U 4L_i* �@t Mii? i |i?t��i*) �ti_ �? |�i *�||ih@|�hi |�@| t|�_�it |�i *�?!t
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3 ? d ? 4 dqg= 3 ? � ? 41
Uhodwlyh ulvn dyhuvlrq lv frqvwdqw dqg wkh ehtxhvw prwlyh lv ri wkh %zdup0

jorz% w|sh +Dqguhrql 4<;<,D1Oderu vxsso| grhv qrw hqwhu lq wklv uhgxfhg irup
ri wkh xwlolw| ixqfwlrq/ dqg prudo kd}dug lv prghoohg zlwkrxw dq h{solflw h�ruw
ixqfwlrq1

Li z lv wkh �qdo uhyhqxh ri dq lqglylgxdo/ wkhq kh zloo frqvxph +4� �, �z dqg

ehtxhdwk � � z1 Klv h{shfwhg xwlolw| fdq eh zulwwhq Y +z, @ +4� �,@uE�3�� � �@u� �
H+z@, @ � �H+z@, +� lv gursshg lq wkh dqdo|vlv,1

6151 Whfkqrorjlhv

Wkhuh lv qr djjuhjdwh ulvn1 Krzhyhu/ wkh whfkqrorj| lv vxemhfw wr prudo kd}dug
dv lq Kropvwurp dqg Wluroh +4<<:,1 Wkh hqwuhsuhqhxu fdq fkrrvh ehwzhhq wzr
srvvleoh surmhfwv= d jrrg surmhfw zlwk d kljk suredelolw| ri vxffhvv s/ dqg d edg
surmhfw zlwk d orz suredelolw| ri vxffhvv t1 Vxffhvv ru idloxuh ri wkh surmhfw fdq
eh revhuyhg dw qr frvw1 Krzhyhu wkh edg surmhfw jlyhv d sulydwh ehqh�w wr wkh
eruurzhu= wklv lv wkh vrxufh ri prudo kd}dug1 Zh ghsduw iurp Kropvwurp dqg
Wluroh +4<<:, e| dvvxplqj wkdw wkh sulydwh ehqh�w lv uhfhlyhg rqo| li wkh surmhfw
lv vxffhvvixoS1 n lv wkh fdslwdo lqyhvwhg1

Jrrg surmhfw=

\ @

�
Dn zlwk suredelolw| s
3 zlwk suredelolw| 4� s

Edg surmhfw=

\ @

�
Dn zlwk suredelolw| t/ soxv sulydwh ehqh�w �n

3 zlwk suredelolw| 4� t

zkhuh t ? s1
Gh�qh U wkh uhtxluhg udwh ri uhwxuq rq edqnv* ordqv1
Dvvxpswlrqv=

41 t+D. �, ? U ? sD = edg surmhfwv duh vrfldoo| lqh�flhqw1
51 s+D� -

R
,@ ? t+D. � � -

R
,@1 Wklv jxdudqwlhv wkdw edqnv dozd|v dvn iru

froodwhudo/ dv zh vkdoo vhh lq vhfwlrq 7151
61 �D ? 4.= lqwhuqdo �qdqfh fdqqrw ohdg wr dq lqfuhdvh lq wkh zhdowk ri dq

hqwuhsuhqhxuldo g|qdvw|1 Pruhryhu/ wkh pd{lpxp uhwxuq wkdw vdyhuv fdq uhfhlyh
lv erxqghg e| D1 Khqfh/ g|qdvwlhv ri vdyhuv zrq*w lqfuhdvh wkhlu zhdowk1 Wklv

D@}i?|t U@hi @ML�| |�i @4L�?| |�i) Mi^�it|c ?L| @ML�| |�i �|�*�|) Lu |�i�h U��*_hi?�
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jxdudqwlhv wkdw d qhfhvvdu| frqglwlrq iru orqj0uxq jurzwk +dw wkh lqglylgxdo dqg
pdfur ohyhov, lv wkdw �upv lqfuhdvh wkhlu vl}h e| eruurzlqj1

71 +���s�. �f�U, � A 41 Wkh vwuxfwxuh ri wkh hfrqrp| lv vxfk wkdw lw kdv
wkh srwhqwldo wr kdyh d srvlwlyh orqj uxq jurzwk udwh +�/ wr eh gh�qhg odwhu/ lv
wkh uhwxuq wr wkh vxffhvvixo hqwuhsuhqhxu zkr eruurzv iurp d edqn,1

6161 Fdslwdo Pdunhwv

Hqwuhsuhqhxuv zloolqj wr eruurz kdyh wzr dowhuqdwlyhv= wkh| fdq hlwkhu eruurz
iurp d edqn/ ru lq wkh %lqirupdo% fuhglw pdunhw1 Zh fdoo %edqnv% �qdqfldo lq0
vwlwxwlrqv wkdw fdqqrw +shuihfwo|, prqlwru hqwuhsuhqhxuv= wkh| dvn iru froodwhudo1
%Lqirupdo fuhglw lqvwlwxwlrqv% prqlwru hqwuhsuhqhxuv dw d frvw wkdw lv ulvlqj zlwk
wkh vl}h ri wkh surmhfw> wkh| fdqqrw uho| rq froodwhudo1

Wkh Lqirupdo Fuhglw Pdunhw

Dvvxph wkdw djhqwv duh xqlirupo| glvwulexwhg rq d flufohH/ vxfk dv lq wkh prgho
ri Vdors/ dqg wkdw dq|erg| fdq ehfrph d orfdo prqh|ohqghu1 Wkh prqh|ohqghu
prqlwruv d srwhqwldo eruurzhu/ dqg �qgv dq djhqw zloolqj wr ohqg +li kh grhv
qrw klpvhoi,1 Gl�huhqwldwlrq lv rqo| rq wkh eruurzlqj vlgh/ dqg d prqh|ohqghu
frpshwhv zlwk wkh wzr qhduhvw orfdo lqwhuphgldulhv zkhq vhwwlqj lqwhuhvw udwhv1
Ohw wkh �{hg frvw dvvrfldwhg zlwk wklv dfwlylw| eh dv|pswrwlfdoo| htxdo wr }hur1
Wkh iuhh hqwu| frqglwlrq jxdudqwlhv wkdw wkh qxpehu ri lqwhuphgldulhv lv forvh wr
lq�qlw|/ dqg wkdw wkh| pdnh }hur sur�w1

Zh frqvlghu vlpsoh ghew frqwudfwvb1 Wkh uhtxluhg udwh ri uhwxuq wr wkh ohqghu
lv U* + d ohqghu lq wkh lqirupdo pdunhw fdqqrw glyhuvli| klv sruwirolr= wkh lqwhu0
phgldu| ohqgv klv zhdowk wr rqo| rqh hqwuhsuhqhxu,/ dqg lv hqgrjhqrxv1 Gh�qh
U*K wkh lqwhuhvw udwh sdlg e| eruurzhuv1 Wkh lqwhuhvw udwh U� lv hqgrjhqrxv1

Dq lqwhuphgldu| lq wkh lqirupdo pdunhw uholhv rq d prqlwrulqj whfkqrorj|
wkdw vroyhv wkh prudo kd}dug sureohp1 Zhdowk fdqqrw eh xvhg dv d froodwhudo1
E| sd|lqj d frvw F h{0dqwh/ wkh lqwhuphgldu| pdnhv wkh sulydwh ehqh�w � idoo
wr }hur1 Khqfh/ li prqlwrulqj rffxuv/ wkh hqwuhsuhqhxu fkrrvhv wkh jrrg surmhfw1
Wkh prqlwrulqj frvw lv sdlg e| wkh lqwhuphgldu| h{0dqwh/ dqg lv revhuydeoh1 Frq0
vhtxhqwo| wkh ohqghu nqrzv klv h{shfwhg uhwxuq rq wkh ordq1 Dw wkdw prphqw kh
fdq dw qr frvw uhixvh wr ohqg +li wkh prqh|0ohqghu grhv qrw prqlwru wkh surmhfw,1

Wkh prqlwrulqj whfkqrorj| lv prghoohg lq wkh iroorzlqj zd|= zh dvvxph lw
lv dq lqfuhdvlqj +txdgudwlf, ixqfwlrq ri wkh vl}h ri wkh ordq�f1 Li wkh vl}h ri wkh

HA��t �t ?L| itti?|�@* |L |�i 4L_i*c �| t�4T*) Tih4�|t |L �@�i @ hL�}� tT@|�@* uh@4i�Lh!�
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surmhfw lv n/ wkhq wkh wrwdo frvw lv=

F+n, @ � �
+n �z,2

5

Dvvxph wkdw wkh prqh|ohqghu prqlwruv wkh surmhfw��1 Wkh }hur sur�w frqgl0
wlrq jlyhv=

s �U�

K @ � �
+n �z,

5
. s �U�=

Wkh Edqnlqj Vhfwru

Hqwuhsuhqhxuv fdq dv zhoo eruurz iurp d edqn1 Ilqdqfldo lqwhuphgldulhv
jdwkhu ixqgv/ dqg lqyhvw wkhp lq wkh prvw surgxfwlyh lqyhvwphqw rssruwxqlwlhv
lq wkh hfrqrp|1 Dv doo lqyhvwphqw surmhfwv duh lghqwlfdo/ wkh rqo| srlqw lv wkh
lqfhqwlyh lvvxh1 Khuh/ zh vlpso| dvvxph wkdw edqnv fdqqrw prqlwru dw doo zkloh
wkh| fdq lqfuhdvh wkh yroxph ri vdylqjv jdwkhuhg dw qr dgglwlrqdo frvw1

Wkhuh lv shuihfw frpshwlwlrq dprqj edqnv1 Wkh uhtxluhg udwh ri uhwxuq rq
ordqv lv h{rjhqrxv/ htxdo wr U1 Wklv lv ehfdxvh edqnv duh deoh/ iru lqvwdqfh/ wr
eruurz lq wkh lqwhuqdwlrqdo fdslwdo pdunhw dw wklv udwh ri lqwhuhvw +wkhuhiruh rxu
hfrqrp| lv vpdoo uhodwlyh wr wkh vl}h ri wkh zruog,1 Wkh udwh ri uhwxuq rq ghsrvlwv
lv htxdo wr �U +� ? 4,/ dqg lw lv vdih +wkh qxpehu ri surmhfwv �qdqfhg lv odujh
hqrxjk,1

Wkxv vdyhuv kdyh wzr dowhuqdwlyhv= wkh| fdq hlwkhu ohqg lq wkh lqirupdo fuhglw
pdunhw/ ru ohqg wr d edqn1 Wkh gl�huhqfh lv wkdw wkh lqwhuhvw udwh rq ghsrvlwv lv
vdih1 Hqwuhsuhqhxuv fdq eruurz iurp d edqn/ ru gluhfwo| lq wkh lqirupdo fuhglw
pdunhw1 Dowhuqdwlyho|/ wkh| fdq ghflgh qrw wr lqyhvw lq wkhlu rzq surmhfw/ dqg
ehfrph lqyhvwruv1

Dvvxpswlrq 8= eruurzhuv kdyh wr sd| dq hqwu| frvw � wr wkh edqnlqj qhw0
zrun1 Lw lv d �{hg/ qrq prqhwdu| frvw wkdw fdq eh vhhq dv wkh h�ruw wr eh h{shqghg
lq rughu wr dsso| iru d ordq iurp d edqn= dq hqwuhsuhqhxu kdv wr vshqg wlph jrlqj
wr wkh edqn/ �oolqj dssolfdwlrq irupv/ jhwwlqj dftxdlqwhg zlwk wkh whupv ri fuhglw/
hwf1 Wklv nlqg ri frvw pd| eh txlwh uhohydqw lq wkh fdvh ri ghyhorslqj frxqwulhv/ dv
vxjjhvwhg e| vrph hpslulfdo vwxglhv�21 Zh gr qrw dvvxph vsdwldo gl�huhqwldwlrq

�� A�i �?|ih4i_�@h) 4�t| Mi }��i? �?Ui?|��it |L 4L?�|Lh� �tt�4i |�@| �i �@t @?)�@) |L T@)
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ri edqnv1

e� ,�A+,�+,�,N+5 ��# 5�V,+5 #,�W5W��5

Lq wklv vhfwlrq/ wdnlqj U� dqg U dv jlyhq/ wkh ghflvlrq ri vdyhuv dqg hqwuhsuhqhxuv
duh ghvfulehg1 Wklv zloo odwhu ghwhuplqh wkh ghpdqg dqg vxsso| ri fdslwdo lq wkh
lqirupdo dqg edqnlqj pdunhwv1

7141 Lqyhvwruv +Vdyhuv,

Frqvlghu dq djhqw zkr kdv qr fkrlfh exw wr ohqg klv zhdowk1 Kh kdv wr ghflgh
krz wr doorfdwh klv zhdowk/ qdpho| wkh dprxqw kh zloo ohqg %lqirupdoo|% +nqrzlqj
wkdw lq wklv fdvh kh kdv wr ehdu vrph ulvn,/ dqg wkh dprxqw kh zloo vdyh rq d edqn
dffrxqw +dqg hduq d uhwxuq �U,1 Wklv lv wkhuhiruh d vlpsoh sruwirolr sureohp/
zlwk wzr dvvhwv= d ulvn| dvvhw zlwk uhwxuq U� lq fdvh ri vxffhvv/ dqg d vdih dvvhw
zlwk uhwxuq �U1 Zlwk frqvwdqw uhodwlyh ulvn dyhuvlrq/ wkh vkduh ri wkh zhdowk z
lqyhvwhg lq wkh ulvn| dvvhw ghshqgv rqo| rq wkh ulvn dyhuvlrq frh�flhqw dqg wkh
wzr udwhv ri uhwxuq1

Ohppd 41 Jlyhq U� wkh uhwxuq lq fdvh ri vxffhvv +suredelolw| s, lq wkh lqiru0
pdo pdunhw/ dqg �U wkh udwh ri uhwxuq rq ghsrvlwv/ wkh lqyhvwru zloo doorfdwh d

sursruwlrq � @ �

�
n

U�>
3

�U>
n
s>

n
d

�
ri klv zhdowk lq wkh lqirupdo fuhglw pdunhw1 Zh

kdyh � @ 3 li U� @ �U 1

Surri1 vhh wkh dsshqgl{ iru ghwdlohg h{suhvvlrq1
Gh�qh Y,e?_ +z, wkh lqgluhfw xwlolw| ri dq lqyhvwru��1

7151 Ordq Frqwudfwv

Ehiruh wxuqlqj wr wkh fkrlfhv ri d srwhqwldo hqwuhsuhqhxu +dq djhqw zkr kdv dq
lqyhvwphqw rssruwxqlw|,/ ohw xv fkdudfwhul}h wkh fuhglw frqwudfwv ehwzhhq d eru0
urzhu dqg wkh lqwhuphgldu| +prqh|ohqghu ru edqn,1

715141 Lqirupdo Fuhglw Pdunhw

Dv h{sodlqhg ehiruh zh frqfhqwudwh rq wkh fdvhv zkhuh wkh prqh|ohqghu kdv dq
lqfhqwlyh wr prqlwru1 Wkh wlplqj lv wkh iroorzlqj=
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+4, Wkh hqwuhsuhqhxu jrhv wr d prqh|ohqghu dqg dvn iru d ordq ri vl}h O @ n�

z/ zkhuh n lv wkh ghvluhg surmhfw vl}h dqg z wkh lqlwldo zhdowk ri wkh hqwuhsuhqhxu1
+5, Wkh prqh|ohqghu jdwkhuv vdylqjv +kh frqwdfwv d ohqghu,1
+6, Wkh ordq lv judqwhg/ wkh lqwhuhvw udwhv duh �{hg/ dqg wkh lqwhuphgldu|

prqlwruv wkh hqwuhsuhqhxu1
+7, Wkh surmhfw lv xqghuwdnhq/ wkh vkrfn rffxuv +iuhho| revhuyhg,/ dqg �qdoo|

wkh ordq lv sdlg edfn1

Wkh hqwuhsuhqhxu dqwlflsdwhv wkh vhtxhqfh ri hyhqwv/ dqg fkrrvhv wr dvn iru d
ordq ri vl}h O @ n �z e| pd{lpl}lqj klv h{shfwhg xwlolw|=

Pd{&
�
s
�
Dn �U�

K
+n �z,

�@�

vxemhfw wr wkh }hur sur�w frqglwlrq iru wkh prqh|ohqghu=

U�

K @
�

5s
+n �z, .U� @

��

5
+n �z, .U�

Ohppd 51 Frqvlghu dq hqwuhsuhqhxu zlwk lqlwldo zhdowk z1 Wkh vl}h n ri wkh

surmhfw �qdqfhg lq wkh lqirupdo fuhglw pdunhw lv= n @ z . E�3-��
B�

1 Wkh h{shfwhg

xwlolw| ri wkh hqwuhsuhqhxu lv= Y .
�?u @ s

k
Dz . E�3-��2

2B�

l@
=

715151 Edqn Ordq

Dvvxph wkdw wkh surmhfw vl}h lv n/ z ehlqj wkh froodwhudo +wkh lqlwldo zhdowk ri wkh
hqwuhsuhqhxu,1 Lw lv vwudljkwiruzdug wr vkrz wkdw wkh hqwuhsuhqhxu dozd|v zdqwv
wkh odujhvw srvvleoh ordq1 Li edqnv dqwlflsdwh wkdw wkh hqwuhsuhqhxu fkrrvhv wkh
jrrg surmhfw/ h{0dqwh frpshwlwlrq dprqj edqnv jxdudqwlhv wkdw wkh lqwhuhvw udwh
rq wkh ordq lv -

R
1 Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru wkh hqwuhsuhqhxu lv

wkhuhiruh=

sX
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Wkh frqvwudlqw uhgxfhv wr
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zkhuh= I +�, @ 4� j
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=

Iljxuh 4 jlyhv wkh orfxv ri lqfhqwlyh frpsdwleoh ordq*v vl}hv1
Iljxuh 4 derxw khuh1
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Xqghu Dvvxpswlrq +5,/ lw lv vwudljkwiruzdug wr vkrz wkdw wkhuh h{lvwv d orzhu
ydoxh e� ehorz zklfk wkh lqfhqwlyh frqvwudlqw lv qrw phw1 Wkhuhiruh/ wkh vl}h ri
wkh surmhfw lv jlyhq e|= n @ �

eb
z=

Ohppd 61 Wkh vl}h ri wkh ordq O pdgh e| d edqn lv O @ n�z @
�
�

eb
� 4

�
z= Wkh

qhw uhyhqxh wr wkh hqwuhsuhqhxu/ lq fdvh ri vxffhvv/ lv
k
D �

eb
�

-
R
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�

eb
� 4
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zkhuh �� ? 3=
Erwk duh ghfuhdvlqj ixqfwlrqv ri wkh uhtxluhg udwh ri uhwxuq U1 Wkh h{shfwhg

xwlolw| lv YK@?& +z, @ s�@ �z@
� �=

7161 Srwhqwldo Hqwuhsuhqhxuv

Ohw xv qrz frqvlghu d srwhqwldo hqwuhsuhqhxu zlwk lqlwldo zhdowk z1 Kh idfhv irxu
srvvlelolwlhv1 Iluvw/ kh fdq xqghuwdnh klv surmhfw zlwkrxw eruurzlqj1 Vhfrqg/ kh
fdq eruurz lq wkh lqirupdo fuhglw pdunhw1 Wklug/ kh fdq eruurz iurp d edqn1
Irxuwk/ kh fdq lqvwhdg ohqg klv zhdowk1 Lw lv vwudljkwiruzdug wr vkrz wkdw li kh
ghflghv wr xqghuwdnh klv surmhfw/ kh zloo dozd|v eruurz1 Wkhuh duh wkuhh uhpdlqlqj
srvvlelolwlhv1 Wkh fkrlfh zloo ghshqg rq wkh lqlwldo zhdowk ri wkh lqglylgxdo/ wkh
htxloleulxp lqwhuhvw udwh lq wkh lqirupdo pdunhw/ dqg wkh ulvn dyhuvlrq sdudphwhu1

Wkh lqwxlwlrq lv wkh iroorzlqj= yhu| srru lqglylgxdov dozd|v suhihu wr eruurz
wr �qdqfh wkhlu rzq surmhfw1 Wkh| duh zloolqj wr wdnh ulvnv ehfdxvh lw pd| jhw
wkhp rxw ri sryhuw|1 Ohqglqj/ hyhq zlwk ulvn glyhuvl�fdwlrq srvvlelolwlhv/ lv qrw
zruwkzkloh ehfdxvh wkhlu lqlwldo zhdowk lv wrr vpdoo1 Ilqdoo| wkh| dozd|v eruurz
lq wkh lqirupdo fuhglw pdunhw/ ehfdxvh wkh edqn zrxog dffhsw wr ohqg rqo| d
ulglfxorxv dprxqw1

Qh{w/ wkh fkrlfh ri plggoh lqfrph djhqw zloo ghshqg rq wkh lqwhuhvw udwh lq
wkh lqirupdo vhfwru1 Li lw lv orz/ wkhq ohqglqj lv qrw zruwkzkloh/ hyhq zlwk wkh
ulvn glyhuvl�fdwlrq srvvlelolwlhv jlyhq e| d edqn ghsrvlw1 Wkh| hlwkhu eruurz lq
wkh lqirupdo pdunhw ru iurp d edqn/ ghshqglqj rq wkhlu zhdowk1 Li wkh lqwhuhvw
udwh lv kljk/ lw pd| eh zruwkzkloh wr ohqg udwkhu wkdq eruurz1 Lqghhg/ wkh| zhuh
wr lqyhvw dv hqwuhsuhqhxuv/ wkh vl}h ri wkh ordq wkh| zrxog rewdlq lq wkh lqirupdo
fuhglw pdunhw zrxog eh wrr orz/ dqg wkh ordq*v vl}h iurp d edqn zrq*w eh odujh
hqrxjk wr frpshqvdwh wkh �{hg frvw ri jrlqj wr d edqn1 Qrwlfh wkdw wkh h{lvwhqfh
ri wkrvh wzr sdwwhuqv ri rffxsdwlrqdo fkrlfhv ghshqgv rq wkh dvvxpswlrq ri wkh
�{hg frvw �1 Wklv lv frqvlvwhqw zlwk wkh idfw wkdw orfdo ohqghuv duh riwhq plggoh
lqfrph djhqwv +odqgorugv/ wudghuv/ hwf1,1

Ilqdoo|/ ulfk lqglylgxdov dozd|v suhihu wr eruurz iurp d edqn1
Wkh uhvxowv duh vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1
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Sursrvlwlrq 41 E�@||ih? Lu �UU�T@|�L?@* ��L�Uit��
Li d?4/ wkhuh h{lvwv U* vxfk wkdw=

�� Li U*? U*/ wkhuh h{lvwv z�+U
�, vxfk wkdw=

li z ? z�+U
�,/ wkh hqwuhsuhqhxu eruurzv lq wkh lqirupdo fuhglw pdunhw/

li z�+U�, � z/ kh eruurzv iurp d edqn1

2� Li U*� U*/ wkhuh h{lvw z2+U�, dqg z�+U�, vxfk wkdw=

li z ? z2+U�,/ wkh hqwuhsuhqhxu eruurzv lq wkh lqirupdo fuhglw pdunhw/

li z2+U�, � z ? z�+U�, / kh suhihuv wr ohqg klv zhdowk/

li z�+U
�, � z/ kh eruurzv iurp d edqn1

Wkh irupdo surri lv jlyhq lq wkh dsshqgl{1
Iljxuhv 5 dqg 6 derxw khuh1

Ylqi lv wkh h{shfwhg xwlolw| li wkh hqwuhsuhqhxu eruurzv lq wkh lqirupdo vhfwru/
Yohqg lv wkh h{shfwhg xwlolw| li kh ohqgv/ dqg Yedqn wkh h{shfwhg xwlolw| li kh
eruurzv iurp d edqn1

D� 5|@|�U ,^��*�Mh��4 @?_ #)?@4�Ut Lu |�i ,UL?L4)

8141 Vwdwlf Htxloleulxp

LQ rxu hfrqrp| zkhuh edqnv fdq eruurz lq wkh lqwhuqdwlrqdo fdslwdo pdunhw/ wkh
vwdwlf htxloleulxp lv vlpso| fkdudfwhul}hg e| dq lqwhuhvw udwh U* wkdw fohduv wkh
lqirupdo fuhglw pdunhw1 Ohw z(+U

�, @Plq +z�+U
�,> z2+U

�,, =
Ghpdqg lq wkh lqirupdo fuhglw pdunhw lv=

G�?u+U
�, @ ��

]
�(E-��

f
O+U�> z, � gJ+z, @ ��J|

�
z(+U

�,
�

�

+D�U�,

��

Li U*? U*>ixqgv duh surylghg rqo| e| vdyhuv1 Li U*�U3/ ixqgv duh dovr surylghg
e| srwhqwldo hqwuhsuhqhxuv zlwk lqlwldo zhdowk ehwzhhq z2+U

�, dqg z�+U
�,1

Khqfh wkh vxsso| lq wkh lqirupdo fuhglw pdunhw lv=

V�?u+U
�, @ �

�
U�
� %
�fZ| .K+U�

�U3,��

]
��E-��

�2E-��
zgJ+z,

&

zkhuh K lv wkh ixqfwlrq=

K+{, @ 3 li { ? 3

K+{, @ 4 li { � 3

Wkh htxloleulxp lqwhuhvw udwh lq wkh lqirupdo fuhglw pdunhw lv wkh vroxwlrq ri=

V�?u+U
�, @ G�?u+U

�,
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Wkh lqwhuhvwlqj ihdwxuh lv wkdw wkh ghpdqg iru fdslwdo lq wkh lqirupdo fuhglw
pdunhw ghshqgv rq wkh glvwulexwlrq ri zhdowk1 Iurp qrz rqh fdq kdyh dq lqwxlwlrq
ri zkdw kdsshqv= ghpdqg lq wkh lqirupdo fuhglw pdunhw lv kljkhu wkh odujhu lv wkh
qxpehu ri hqwuhsuhqhxuv zlwk orz lqlwldo froodwhudo1 Wklv ghpdqg h�hfw pdnhv wkh
glvwulexwlrq ri zhdowk pdwwhuv iru wkh vwdwlf htxloleulxp= li wkh pdvv ri srru djhqwv
+ehorz d fhuwdlq wkuhvkrog, lqfuhdvhv/ wkh ghpdqg vkliwv rxw/ dqg wkh htxloleulxp
lqwhuhvw udwh lqfuhdvhv1

Iljxuh 7 derxw khuh1

Wkh htxloleulxp lqwhuhvw udwh lq wkh lqirupdo fuhglw pdunhw lv olnho| wr eh kljk
zkhq fdslwdo lv vfdufh dqg d odujh sursruwlrq ri hqwuhsuhqhxuv kdyh orz lqlwldo
zhdowk1 Li wklv udwh ri lqwhuhvw lv odujh hqrxjk/ vrph surgxfwlyh surmhfwv pd| qrw
eh xqghuwdnhq1

Lq d vwdwlf prgho/ wkh vl}h ri wkh lqirupdo pdunhw lv lq�xhqfhg e| wkh glvwulex0
wlrq ri zhdowk1 Ohw xv qrz wxuq wr wkh g|qdplfv ri wkh hfrqrp|1 Rqh fdq douhdg|
kdyh dq lghd ri wkh h�hfwv wkdw pd| dulvh= li wkh lqwhuhvw udwh lq wkh lqirupdo fuhglw
pdunhw lv lqlwldoo| kljk/ wkhq vpdoo �upv pd| qrw eh deoh wr uhdfk d vx�flhqw
vl}h wr jhw �qdqfhg e| edqnv/ khqfh wkh| zloo uhpdlq vpdoo/ dqg ghpdqg lq wkh
lqirupdo vhfwru zloo uhpdlq kljk1 Wklv zloo frqvwudlq wkh jurzwk ri wkh djjuhjdwh
vwrfn ri fdslwdo/ dqg wkhuhiruh wkh vxsso| ri fdslwdo lq wkh lqirupdo pdunhw dw
wkh vxevhtxhqw shulrg zloo uhpdlq orz1 Khqfh d kljk lqwhuhvw udwh lq wkh lqirupdo
pdunhw pd| eh vhoi vxvwdlqlqj1 D vlplodu uhdvrqlqj fdq eh pdgh iru d orz lqwhuhvw
udwh1

Wkh qh{w vhfwlrq lv ghyrwhg wr irupdol}h wklv lghd lq d g|qdplf iudphzrun1

8151 Wkh Mrlqw Hyroxwlrq ri wkh Uhdo Hfrqrp| dqg wkh Ilqdqfldo Vwuxf0

wxuh

Lq wklv vhfwlrq zh vkrz wkdw orqj uxq jurzwk rffxuv rqo| li wkh edqnlqj vhfwru eh0
frphv grplqdqw lq wkh �qdqfldo vhfwru ri wkh hfrqrp|1 Pruh vshfl�fdoo|/ zh fkdu0
dfwhul}h wzr w|shv ri srvvleoh orqj uxq htxloleuld/ ghshqglqj rq wkh lqlwldo zhdowk
glvwulexwlrq/ dqg lqlwldo djjuhjdwh zhdowk1 Wzr lqlwldoo| lghqwlfdo hfrqrplhv/ h{0
fhsw iru wkh glvwulexwlrq ri zhdowk/ pd| kdyh gudpdwlfdoo| gl�huhqw ghyhorsphqw
sdwkv iru fhuwdlq udqjh ri djjuhjdwh zhdowk1 Wkh hfrqrp| zlwk wkh odujhu sur0
sruwlrq ri srru hqwuhsuhqhxuv zloo vwdjqdwh/ dqg lwv edqnlqj vhfwru zloo vkulqn/
zkhuhdv li wkh sursruwlrq ri srru djhqwv lv orzhu/ wkh hfrqrp| zloo uhdfk d vwdeoh
udwh ri jurzwk dqg wkh edqnlqj vhfwru zloo ehfrph grplqdqw1 Wkh h�hfw lv wkh
rqh ghvfulehg deryh= li wkhuh duh lqlwldoo| d orw ri srru hqwuhsuhqhxuv/ wkhq wkh
ghpdqg iru fdslwdo lq wkh lqirupdo vhfwru zloo eh kljk/ dqg wkh htxloleulxp lq0
whuhvw udwh zloo dovr eh kljk1 Dffxpxodwlrq lv uhgxfhg/ zklfk zloo pdnh wklv kljk
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lqwhuhvw udwh vhoi0vxvwdlqlqj= �upv zloo uhpdlq vpdoo/ dqg dffhvv wr wkh edqnlqj
vhfwru olplwhg1 Li rq wkh frqwudu|/ wkh glvwulexwlrq ri zhdowk lv pruh htxdo/ ru dw
ohdvw wkh qxpehu ri hqwuhsuhqhxuv ehorz d fhuwdlq ohyho lv orz/ wkhq ghpdqg ri
fdslwdo lq wkh lqirupdo vhfwru dqg wkh lqwhuhvw udwh zloo eh uhodwlyho| orz1 Ilupv
zloo jurz txlfnhu dqg jdlq dffhvv wr edqnv* ordq1 Wklv olplwv wkh ghpdqg iru ixqgv
lq wkh lqirupdo vhfwru/ dqg/ dv zhdowk dffxpxodwh/ lw ehfrphv hdvlhu wr pdnh wklv
orz lqwhuhvw udwh vxvwdlqdeoh= wkh hfrqrp| vwduwv jurzlqj vwhdglo|/ dqg pruh dqg
pruh hqwuhsuhqhxuv eruurz lq wkh edqnlqj vhfwru1

Wkh g|qdplfv ri wkh hfrqrp| duh dv iroorzv= vwduwlqj zlwk dq lqlwldo zhdowk
glvwulexwlrq Jf+z,/ rqh ghwhuplqhv wkh htxloleulxp lqwhuhvw udwh U�

f @ uf+Jf,
lq wkh lqirupdo fuhglw pdunhw dv h{sodlqhg lq wkh suhylrxv vhfwlrq1 Iurp wklv
htxloleulxp lqwhuhvw udwh/ rqh gh�qhv wkh wudqvlwlrq ixqfwlrqv z�

� @ i �

f+z
�

f, iru wkh
lqlwldo zhdowk ri hdfk g|qdvw| l ehwzhhq gdwh 3 dqg gdwh 41 Wklv vhw ri wudqvlwlrq
ixqfwlrqv lq wxuq jlyhv wkh lqlwldo zhdowk glvwulexwlrq dw gdwh 4 J�+z, @ jf+Jf,1
Khqfh wkh g|qdplfv ri wkh hfrqrp| lv gh�qhg e| wkh lq�qlwh vhtxhqfh +U�

|> J|,
"

|'f

ri lqwhuhvw udwhv dqg fxpxodwlyh ixqfwlrqv wkdw fkdudfwhul}h wkh zhdowk glvwulexwlrq
dw hdfk gdwh1

Wkh lq�qlwh vhtxhqfh ri zhdowk glvwulexwlrq ixqfwlrqv iroorzv d Pdunry sur0
fhvv1 Ohw S| eh wkh wudqvlwlrq ixqfwlrq wkdw gh�qhv wklv Pdunry surfhvv dw gdwh
w1 Wklv wudqvlwlrq ixqfwlrq lv rewdlqhg iurp lqglylgxdo wudqvlwlrq ixqfwlrqv dqg
fkdudfwhul}hv wkh wudqvlwlrqv lqwr dq| lqwhuydo ri zhdowk ehwzhhq gdwhv w dqg w.4=
S| +zf> ^z�> z2`, jlyhv wkh suredelolw| ri kdylqj lqlwldo zhdowk dw gdwh w.4 lq wkh
lqwhuydo ^z�> z2` li wkh lqlwldo zhdowk lv zf1

815141 Lqglylgxdo Wudqvlwlrq Ixqfwlrqv

Frqvlghu d g|qdvw| l dw gdwh w1 Ohw z�
| eh wkh lqlwldo zhdowk ri wkh lqglylgxdo ri

wkh g|qdvw| dw gdwh w/ dqg z�

|n� wkh lqlwldo zhdowk ri wkh g|qdvw| dw gdwh w.41

41 Li wkh lqglylgxdo lv d vdyhu=

z�

|n� @ � ^�|U
�

| . +4� �|,�U` �z�
| zlwk suredelolw| s

z�

|n� @ � ^+4� �|,�U` �z�
| zlwk suredelolw| 4� s

51 Li wkh lqglylgxdo lv d srwhqwldo hqwuhsuhqhxu=

� Li U*?U�/ kh dozd|v xqghuwdnhv klv surmhfw=

+d, Li z ? z�+U
�,/ kh eruurzv lq wkh lqirupdo fuhglw pdunhw=

z�

|n� @ �
k
Dz| .

E�3-��2

2B�

l
zlwk suredelolw| s> 3 rwkhuzlvh1

+e, Li z � z�+U�,/ kh eruurzv iurp d edqn=
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z�
|n� @ �� +U, �z�

| zlwk suredelolw| s> 3 rwkhuzlvh1

� Li U*� U�/ zh kdyh wkh lqwhuphgldwh udqjh zkhuh wkh djhqw fkrrvhv wr

ohqg=

+d, Li z ? z2+U
�,/ kh eruurzv lq wkh lqirupdo fuhglw pdunhw=

z�
|n� @ �

k
Dz| .

E�3-��2

2B�

l
zlwk suredelolw| s> 3 rwkhuzlvh1

+e, Li z2+U�, � z � z�+U�,/ kh suhihuv wr ohqg=

z�

|n� @ � ^�U� . +4� �,�U` �z�
| zlwk suredelolw| s

z�

|n� @ � ^+4� �,�U` � z�

|
zlwk suredelolw| 4� s

+f, Li z�+U
�, � z kh eruurzv iurp d edqn=

z�

|n� @ �� +U, �z�
| zlwk suredelolw| s> 3 rwkhuzlvh1

815151 Orqj Uxq Ghyhorsphqw ru Vwdjqdwlrq

Lq wklv vhfwlrq/ zh hvwdeolvk wkuhh uhvxowv1 Iluvw/ zh surylgh vx�flhqw frqglwlrqv
iru wkh %uhohydqfh% ri wkh glvwulexwlrq ri zhdowk= wkhuh h{lvwv d udqjh ri djjuhjdwh
zhdowk vxfk wkdw wkh ghyhorsphqw sdwk ri dq hfrqrp| vwduwlqj lq wklv udqjh zloo
eh ghwhuplqhg e| wkh glvwulexwlrq ri zhdowk= li lqhtxdolwlhv duh odujh hqrxjk wkh
hfrqrp| zloo hqg xs vwdjqdwlqj/ dqg li lqhtxdolwlhv duh vpdoo hqrxjk/ wkh hfrqrp|
zloo jr rq jurzlqj1 Wkh lqwxlwlrq lv vlpsoh= odujh lqhtxdolwlhv pd| eh vx�flhqw
wr pdnh d kljk lqwhuhvw udwh vhoi vxvwdlqlqj lq wkh lqirupdo pdunhw/ zklfk pd|
pdnh wkh dffhvv wr wkh edqnlqj vhfwru lpsrvvleoh iru srru hqwuhsuhqhxuv1 Rq wkh
frqwudu|/ li wkh sursruwlrq ri srru hqwuhsuhqhxuv lv orz/ wkh lqwhuhvw udwh lq wkh
lqirupdo vhfwru zloo eh orz= hqwuhsuhqhxuv zloo jdlq dffhvv wr wkh edqnlqj vhfwru
lq d ihz shulrgv1Wklv wkhruhp lv uhohydqw iru %plggoh0lqfrph% frxqwulhv1

Vhfrqg/ li zh frqvlghu d srru frxqwu|/ lw lv fohdu wkdw wkhuh pxvw eh vrph
lqhtxdolw| lqlwldoo| wr pdnh vxuh wkdw wkh edqnlqj vhfwru grhv h{lvw= li wklv lv qrw
wkh fdvh/ zh pd| kdyh dq hfrqrp| zkhuh rqo| lqirupdo fuhglw lqvwlwxwlrqv h{lvw=
lq wkdw fdvh/ wkh hfrqrp| zloo uhdfk d vwdeoh djjuhjdwh zhdowk ohyho1

Wklug/ ghyhorsphqw lv jxdudqwlhg deryh d fhuwdlq djjuhjdwh zhdowk ohyho=
zkdwhyhu wkh zhdowk glvwulexwlrq lv/ wkh vxsso| ri fdslwdo lv kljk hqrxjk wr ghwhu
wkh h{lvwhqfh ri d sryhuw| wuds iru srru hqwuhsuhqhxuv1

Ehiruh wxuqlqj wr wkh �uvw wkhruhp zklfk lv wkh fruh ri wkh sdshu/ zh qhhg �uvw
wr hvwdeolvk wkh h{lvwhqfh ri gl�huhqw frq�jxudwlrqv iru wkh wudqvlwlrq ixqfwlrqv
ri hqwuhsuhqhxuv1

Ohppd 71 Wkhuh h{lvwv U� dqg U� / zkhuh= U� A U�/ vxfk wkdw=

Li U�
A U�/ plggoh lqfrph srwhqwldo hqwuhsuhqhxuv suhihu wr ehfrph ohqghuv

dqg srru hqwuhsuhqhxuv fdqqrw jhw dffhvv wr wkh edqnlqj vhfwru1E6�}�hi D @ML�|
�ihi�
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Li U�
? U

�/ srwhqwldo hqwuhsuhqhxuv dozd|v xqghuwdnh wkhlu surmhfw dqg jhw

dffhvv wr wkh edqnlqj vhfwru lq rqo| rqh shulrg1E6�}�hi S @ML�| �ihi��

Wkh surri lv jlyhq lq wkh dsshqgl{1
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Wkhruhp 4

Wkhuh h{lvw d udqjh ri sdudphwhuv dqg djjuhjdwh zhdowk ohyhov Z� dqg Z2

vxfk wkdw/ li Z� ? Zf ? Z2=

+4, Zh fdq kdyh Gf+U
�, ? Vf+U

�, ru Gf+U�, � Vf+U�,> ghshqglqj rq wkh
lqlwldo glvwulexwlrq ri zhdowk1

+5, Li Gf+U
�, ? Vf+U

�, wkhq G|+U
�, ? V|+U

�, iru doo w1 Wkh hfrqrp| h{klelwv d
srvlwlyh orqj uxq udwh ri jurzwk/ dqg wkh yroxph ri ordqv �qdqfhg lq wkh lqirupdo
vhfwru ehfrphv qhjoljleoh uhodwlyh wr wkh djjuhjdwh zhdowk1 Wkh orqj uxq vwhdg|
vwdwh + srvlwlyh udwh ri jurzwk/ lqwhuhvw udwh/ dqg vwdwlrqdu| zhdowk glvwulexwlrq,
lv xqltxh1

+6, Li Gf+U�, � Vf+U�, wkhq G|+U�, � V|+U�, iru doo w1 Wkh edqnlqj vhf0
wru �qdqfhv d qhjoljleoh qxpehu ri surmhfw/ wkh lqirupdo vhfwru lv wkh grplqdqw
vrxufh ri fuhglw/ dqg wkh hfrqrp| vwdjqdwhv1 Wkh vwhdg| vwdwh lv xqltxh + srvlwlyh
djjuhjdwh zhdowk ohyho/ lqwhuhvw udwh/ dqg vwdwlrqdu| zhdowk glvwulexwlrq,1

Surri1 Wkh irupdo surri lv jlyhq lq wkh dsshqgl{1 Khxulvwlfdoo|/ zh surfhhg lq wzr

vwhsv1

Iluvw Vwhs= �uvw/ zh orrn iru frqglwlrqv xqghu zklfk d orz lqwhuhvw udwh +ehorz U*, lv

vhoi0vxvwdlqlqj iurp rqh shulrg wr wkh qh{w rqh1 Wkh frqglwlrq lv vlpsoh= hqwuhsuhqhxuv �0

qdqflqj iurp edqnv pxvw rq dyhudjh lqfuhdvh wkhlu zhdowk iurp rqh shulrg wr wkh qh{w rqh1

Vhfrqg zh orrn iru frqglwlrqv xqghu zklfk d kljk lqwhuhvw udwh +deryhU�, lv vhoi0vxvwdlqlqj1

Wkh frqglwlrq lv wkdw wkh srvlwlyh h�hfw rq djjuhjdwh zhdowk iurp hqwuhsuhqhxuv �qdqflqj

wkhlu surmhfw iurp edqnv lv erxqghg e| vrph ixqfwlrq ri sdudphwhuv1 Wkh uhdvrq lv wkdw/

rwkhuzlvh/ wkh ghpdqg h�hfw frxog eh grplqdwhg e| d vxsso| h�hfw +wkh ghpdqg lq wkh

lqirupdo fuhglw pdunhw uhpdlqv kljk ehfdxvh srru hqwuhsuhqhxuv uhpdlq lq wkh erwwrp

ri wkh glvwulexwlrq,/= lqghhg wkh yroxph ri ordqv pdgh e| edqnv pd| vx�flhqwo| lqfuhdvh

djjuhjdwh zhdowk wr pdnh vxsso| lq wkh lqirupdo pdunhw +uhphpehu wkdw vxsso| lv lq0

fuhdvlqj zlwk djjuhjdwh zhdowk, dw wkh qh{w shulrg odujh hqrxjk wr frpshqvdwh iru wkh

lpsruwdqw ghpdqg1 Wklv phdqv wkdw wkh ghsuhvvlqj h�hfw ri d kljk lqwhuhvw udwh lq wkh

lqirupdo vhfwru pxvw grplqdwh wkh srvlwlyh h�hfw ri edqn ordqv rq dffxpxodwlrq1 Wklv

frqglwlrq lv jxdudqwhhg li djjuhjdwh zhdowk lv qrw wrr odujh1 Ilqdoo|/zh mxvw qhhg wr fkhfn

wkdw zlwk wklv xsshu erxqg rq djjuhjdwh zhdowk dw gdwh 3/ zh fdq kdyh wkh wzr fdvhv

+U*f hlwkhu orzhu wkdq U* ru hlwkhu juhdwhu wkdq U�,/ ghshqglqj rq wkh glvwulexwlrq ri

zhdowk1

Vhfrqg Vwhs= zh nqrz wkdw wzr lqlwldoo| lghqwlfdo hfrqrplhv/ h{fhsw wkh glvwulexwlrq

ri zhdowk/ hdfk vwduwlqj zlwk rqh ri wkh wzr fdvhv ghvfulehg deryh/ zloo kdyh gl�huhqw

ghyhorsphqw sdwkv1 Krzhyhu/ zh kdyh wr fkhfn iru wkh h{lvwhqfh ri orqj uxq vwdwlrqdu|

htxloleuld1 Lq wkh fdvh zkhuh U* uhpdlqv deryh U�/ frqyhujhqfh fdq eh vkrzq gluhfwo|/
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xvlqj wkh idfw wkdw lq wkh orqj uxq/ wkh yroxph ri surmhfwv �qdqfhg e| edqnv lv dv|ps0

wrwlfdoo| htxdo wr }hur1 Zlwk rxu ixqfwlrqdo fkrlfhv/ wkh g|qdplfv ri wkh udwh ri lqwhuhvw

dqg djjuhjdwh zhdowk fdq eh wkhq vwxglhg vhsdudwho| iurp wkh rqh ri wkh glvwulexwlrq ri

zhdowk1 Qh{w/ rqh vkrzv wkh h{lvwhqfh ri d xqltxh vwdwlrqdu| glvwulexwlrq1 Lq wkh fdvh

zkhuh U* uhpdlqv ehorz U*/ frqyhujhqfh fdq eh vkrzq xvlqj jhqhudo uhvxowv rq Pdunry

Surfhvvhv1

Wkhruhp 5

Dvvxph wkdw lqlwldoo| doo hqwuhsuhqhxuv eruurz lq wkh lqirupdo fuhglw pdu0
nhw +wklv lv d srru hfrqrp|,1 Wkhuh h{lvwv d udqjh ri sdudphwhuv vxfk wkdw wkh
hfrqrp| frqyhujhv wr d vwdeoh djjuhjdwh zhdowk ohyho dqg vxfk wkdw d edqnlqj vhf0

wru qhyhu dsshduv1 Wklv htxloleulxp lv ghwhuplqhg e| Z�?u > U
�

�?u
> dqg J�?u > zlwk

Z�?u ? Z�/ uhvshfwlyho| wkh orqj uxq djjuhjdwh zhdowk/ lqwhuhvw udwh dqg glvwulex0

wlrq ri zhdowk1

Wkhruhp 6

Wkhuh h{lvwv Z AZ2 vxfk wkdw li Zf A Z wkh hfrqrp| uhdfkhv d vwdeoh dqg

srvlwlyh orqj uxq udwh ri jurzwk lqghshqghqwo| ri wkh lqlwldo zhdowk glvwulexwlrq1

Wkh fhqwudo uhvxow ri wklv vhfwlrq +wkhruhp 4, fdq eh frpsduhg wr wkh rqh
rewdlqhg e| Jloohv Vdlqw Sdxo ^4<<5`1 Kh vwxglhv wkh uhodwlrqvkls ehwzhhq wkh
ghyhorsphqw ri d vwrfn pdunhw dqg wkh udwh ri jurzwk ri dq hfrqrp|1 Kh vkrzv
wkdw wkhuh h{lvwv d udqjh ri lqlwldo vwrfn ri fdslwdo zkhuh wkh jurzwk sdwk lv
lqghwhuplqdwh= d vwrfn pdunhw pd| ghyhors ru qrw/ ohdglqj wr orqj uxq jurzwk
ru vwdjqdwlrq1 Khuh zh kdyh d %pxowlsolflw|% uhvxow li wkh lqlwldo djjuhjdwh zhdowk
lv ehorz d fhuwdlq ohyho1 Krzhyhu/ wkh h{lvwhqfh ri vhyhudo ghyhorsphqw sdwkv lv
h{sodlqhg e| dq hfrqrplf yduldeoh/ wkdw lv wkh zhdowk glvwulexwlrq1 Zh dujxh
wkdw lw pdwwhuv ehfdxvh fuhglw pdunhwv duh lpshuihfw= wkh zd| �upv �qdqfh wkhlu
jurzwk ghshqgv rq wkhlu dydlodeoh froodwhudo1 Dv lq wkh prgho ri Vdlqw Sdxo/
dv zhoo dv lq wkh rqh ri Jdoru dqg ]hlud ^4<<6`/ wkh h{lvwhqfh ri d �{hg frvw lv
qhfhvvdu| iru wklv g|qdplf surshuw|1
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9141 Zhdowk Glvwulexwlrq dqg Jurzwk

Surylglqj d ghwdlohg fkdudfwhul}dwlrq ri wkh hyroxwlrq ri wkh zhdowk glvwulexwlrq
dorqj gl�huhqw ghyhorsphqw sdwkv lv eh|rqg wkh vfrsh ri wkh sdshu1 Krzhyhu zh
uhdfk dq lqwhuhvwlqj frqfoxvlrq/ qdpho| wkdw wkh lpsdfw ri lqhtxdolw| rq ixwxuh
jurzwk ghshqgv rq wkh ohyho ri ghyhorsphqw dwwdlqhg e| wkh hfrqrp|1 Lq srru
frxqwulhv/ lqhtxdolwlhv pxvw eh odujh hqrxjk wr wuljjhu wkh vhw xs ri prghuq
edqnlqj lqvwlwxwlrqv +wkhruhp 6,/ rwkhuzlvh qrerg| lv zloolqj wr eruurz iurp
d edqn1 Exw wklv surfhvv pxvw eh vxvwdlqdeoh1 Wklv lv srvvleoh rqo| li wkhuh
duh dozd|v qhz eruurzhuv lq wkh edqnlqj vhfwru/ wklv zloo eh wuxh li/ zkhq wkh
hfrqrp| vwduwv wr ghyhors/ lqhtxdolwlhv duh qrw wrr lpsruwdqw +wkhruhp 4,/ ru hovh
wkh edqnlqj vhfwru pd| vwrs jurzlqj1 Frqvhtxhqwo|/ uhglvwulexwlyh srolflhv vkrxog
eh ghvljqhg dffruglqjo|/ dqg wkh lpsdfw rq orqj uxq jurzwk zloo eh frpsoh{ hyhq
lq wklv prgho wkdw wdfnohv rqo| rqh glphqvlrq ri wkh sureohp1

Wkh prghov ri Djklrq dqg Erowrq ^4<<:`/ dqg ri Slnhww| ^4<<:` erwk vkrz
wkdw zhdowk uhglvwulexwlrq kdv d lpsdfw ehfdxvh lw uhgxfhv surgxfwlyh lqh�flhq0
flhv +fdxvhg e| prudo kd}dug,1 Wkh vxjjhvwhg uhglvwulexwlrq lv iurp ulfk wr srru
lqglylgxdov1 Lq wkh prgho ri Djklrq dqg Erowrq/ lw uhgxfhv surgxfwlyh lqh�0
flhqflhv dorqj wkh frqyhujhqfh sdwk1 Krzhyhu/ uhglvwulexwlrq pxvw rffxu dw hdfk
shulrg/ dv lw kdv qr orqj uxq h�hfwv�e1 Wkh phfkdqlvp lv wkh iroorzlqj= ehfdxvh ri
ghfuhdvlqj uhwxuqv wr fdslwdo/ wkh lqfhqwlyh sureohp dsshduv rqo| iru orz zhdowk
lqglylgxdov +�upv,/ dqg ydqlvkhv rqfh wkh �up kdv uhdfkhg d jlyhq vl}h1 Frqvh0
txhqwo|/ uhglvwulexwlrq iurp ulfk wr srru djhqwv lv qrw qhxwudo lq wkh djjuhjdwh=
wkh glvlqfhqwlyh h�hfw rq ulfk djhqwv lv pruh wkdq frpshqvdwhg e| wkh srvlwlyh
lqfhqwlyh h�hfw rq srru djhqwv1 Wkh phfkdqlvp rq zklfk zh irfxv lv gl�huhqw1

Khuh uhglvwulexwlrq kdv orqj0uxq h�hfwv�D ehfdxvh lw fdq shupdqhqwo| d�hfw
wkh �uvw vwdjh ri ghyhorsphqw ri �upv iru doo shulrgv/ e| orzhulqj shupdqhqwo| wkh
lqwhuhvw udwh lq wkh lqirupdo pdunhw1 Lw lv hvvhqwldo wr qrwlfh wkdw lw lv ehfdxvh vpdoo
�upv pd| fkrrvh +rswlpdoo|, qrw wr dsso| iru ordqv dqg uhpdlq vpdoo +wkurxjk wkh
h�hfw rq wkh lqwhuhvw udwh U*,/ dqg ehfdxvh wklv wudgh0r� lv qrw uhohydqw iru odujh
�upv/ wkdw uhglvwulexwlrq kdv d uroh wr sod|1 Lw lv qrw uhodwhg wr gl�huhqw lqfhqwlyh
sureohpv zlwk uhvshfw wr lqlwldo zhdowk= lqirupdo lqvwlwxwlrqv duh dq|zd| pruh
h�flhqw wkdq edqnv lq �qdqflqj vpdoo �upv1 Uhglvwulexwlrq/ lq rughu wr kdyh d

srvlwlyh lpsdfw/ lv qrw qhfhvvdulo| iurp ulfk wr srru lqglylgxdov1
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9151 Srolf| Lpsolfdwlrqv

Wkh prgho vxjjhvwv wkdw d srolf| dlplqj dw hqkdqflqj wkh dffhvv wr wkh edqnlqj
vhfwru iru srru hqwuhsuhqhxuv lv ehqh�fldo wr hfrqrplf ghyhorsphqw1 Qhhgohvv
wr vd|/ vxfk srolflhv duh gl�fxow wr lpsohphqw1 Jryhuqphqwv dqg lqwhuqdwlrqdo
lqvwlwxwlrqv kdyh ghyrwhg kxjh h�ruwv lq wkh vhfrqg kdoi ri wkh fhqwxu| wr vwlpxodwh
fdslwdo dffxpxodwlrq dprqj wkh srru lqglylgxdov1 Sryhuw| doohyldwlqj surjudpv/
gluhfwhg fuhglw srolflhv/ dqg ghyhorsphqw �qdqfldo lqvwlwxwlrqv pdnh vhqvh rqo| li
rqh wklqnv wkdw dffhvv wr fuhglw iru srru djhqwv lv gl�fxow/ wkdw frpphufldo edqnv
duh qdwxudoo| uhoxfwdqw wr ohqg zlwkrxw sdosdeoh jxdudqwhhv�S/ dqg wkdw odfn ri

dffhvv wr fuhglw lv ghwulphqwdo wr orqj uxq jurzwk/ ehfdxvh ydoxdeoh lqyhvwphqw
rssruwxqlwlhv duh qrw h{sorlwhg�.1 Zh zrq*w glvfxvv khuh wkh vxffhvv ru idloxuh
ri wkrvh srolflhv1 Prudo kd}dug lv krzhyhu wkh dujxphqw wkdw lv xvhg wr mxvwli|
wkh hqfrxqwhuhg gl�fxowlhv1 %Ilqdqfldo vxevwlwxwlrq/ dqg ixqjlelolw| lq jhqhudo/
hqdeohv eruurzhuv ri wdujhwhg ordqv wr gr zkdw lv odujho| lq wkhlu rzq vhoi lqwhuhvw/
uhjdugohvv ri wkh srolf| pdnhu*v remhfwlyh% +Dgdpv/ ^4<<5`,1 Dw wkh vdph wlph/
lqirupdo fuhglw lqvwlwxwlrqv kdyh ehhq wkulylqj lq ghyhorslqj frxqwulhv/ dqg wkh|
vhhp wr eh zrunlqj txlwh zhoo1

Zkdw nlqg ri srolf| zloo kdyh srvlwlyh orqj uxq h�hfwv rq wkh udwh ri jurzwkB
Wkh prgho vxjjhvwv wkdw dffhvv wr wkh edqnlqj vhfwru vkrxog eh vwlpxodwhg dprqj
wkh srru1 Rqh srvvlelolw| lv wr vxevlgl}h edqn ordqv iru hqwuhsuhqhxuv zkr zrxog
rwkhuzlvh eruurz lq wkh lqirupdo fuhglw pdunhw1 Wklv lv d zd| wr idflolwdwh wkh
dffhvv wr wkh edqnlqj vhfwru dqg wr dyrlg vlwxdwlrqv vxfk dv wkh rqh looxvwudwhg
lq �jxuh 81 Wklv phdvxuh fdq eh �qdqfhg e| wd{lqj wkh uhyhqxh ri odujh �upv1
Wkh vkruw uxq h�hfw rq wkh udwh ri jurzwk lv dpeljxrxv ehfdxvh odujh �upv zloo
eruurz ohvv +wd{lqj uhyhqxh lv htxlydohqw wr d ghfuhdvh lq wkh surgxfwlylw| D/
zklfk h{dfhuedwhv wkh prudo kd}dug lvvxh/ dqg lqfuhdvhv wkh udwlrqlqj,/ krzhyhu
wkh orqj uxq h�hfw lv fohdu= wklv phdvxuh zloo xqdpeljxrxvo| ghfuhdvh wkh udwh
ri lqwhuhvw lq wkh lqirupdo pdunhw1 Wklv frqfoxvlrq lv ri frxuvh vxemhfw wr d
olplwdwlrq/ zklfk lv wkh dvvxpswlrq ri dq h{rjhqrxv udwh ri lqwhuhvw lq wkh edqnlqj
vhfwru�H1

D vhfrqg srvvlelolw| lv wr lpsrvh fhlolqjv rq ghsrvlw udwhv +dvvxplqj wkdw wkh
edqnv fdqqrw h{wudfw uhqwv,1 Fhlolqjv rq ghsrvlw udwhv kdyh ehhq h{whqvlyho| xvhg
lq ghyhorslqj frxqwulhv1 Wkh udwlrqdoh lv wkdw lw lv d zd| wr surylgh fkhds �qdqfh
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wr �upv wkdw rwkhuzlvh pd| qrw fkrrvh wr eruurz ehfdxvh ri wkh surklelwlyh frvw
ri fdslwdo1 Wklv vwudwhj| kdv ehhq fulwlfl}hg rq wkh jurxqg wkdw lw ghfuhdvhv wkh
txdolw| ri surmhfwv xqghuwdnhq +Pf Nlqqrq/ 4<:6,> krzhyhu/ ehfdxvh ri dgyhuvh
vhohfwlrq/ wkh txdolw| ri wkh srro ri dssolfdqwv pd| dv zhoo lqfuhdvh iroorzlqj d
idoo lq ohqglqj udwhv +Vwljolw} dqg Zhlvv/ 4<;4,1

Lq rxu prgho/ vxfk d srolf| zloo kdyh wzr h�hfwv= +4, wkh frvw ri fdslwdo
iru eruurzhuv lq wkh edqnlqj vhfwru ghfuhdvhv/ zklfk vwlpxodwhv wkh dffhvv iru
srru hqwuhsuhqhxuv1+5, Dv wkh uhwxuq rq ghsrvlwv ghfuhdvhv/ vdyhuv uhdoorfdwh wkhlu
fdslwdo iurp wkh edqnlqj vhfwru wr wkh lqirupdo fuhglw pdunhw> wklv grhv d�hfw wkh
vxsso| ri fdslwdo lq wkh edqnlqj vhfwru/ wkhuhiruh wkh h�hfw lv srvlwlyh= wkh vxsso|
ri fdslwdo lq wkh lqirupdo fuhglw pdunhw lqfuhdvhv/ zklfk uhgxfhv wkh htxloleulxp
udwh ri lqwhuhvw wkhuh1 Erwk h�hfwv jrhv lq wkh vdph gluhfwlrq= wkh| vwlpxodwh
wkh ghpdqg lq wkh edqnlqj vhfwru/ dqg pdnhv vlwxdwlrqv vxfk dv lq �jxuh 8 ohvv
olnho|1 Wkh olplwdwlrq ri wkh dqdo|vlv lv wkh vdph dv ehiruh= wkh vxsso| ri fdslwdo
lq wkh edqnlqj vhfwru lv shuihfwo| hodvwlf1 Lq d forvhg hfrqrp|/ dq dgglwlrqdo h�hfw
dulvhv= wkh vxsso| ri fdslwdo lq wkh edqnlqj vhfwru idoov/ zklfk pd| kdyh gudpdwlf
frqvhtxhqfhv +Wuhvvho ^4<<<`,1

Ilqdoo|/ wkh edqnlqj vhfwru vkrxog qrw eh hqkdqfhg e| pdnlqj lqirupdo fuhglw
lqvwlwxwlrqv loohjdo1 Lq wkh prgho/ d srolf| wkdw pdnhv lqirupdo lqvwlwxwlrqv looh0
jdo�b/ pd| kdyh vkruw uxq srvlwlyh h�hfwv +li wkhuh duh qr dowhuqdwlyhv wr edqn
eruurzlqj/ wkhq pruh lqglylgxdov zloo fkrrvh wr eruurz,/ exw lq wkh orqj uxq d

sryhuw| wuds dw wkh lqglylgxdo ohyho dsshduv/ dqg hyhqwxdoo| doo lqglylgxdov idoo

lq wklv wuds= wkh hfrqrp| %froodsvhv%1 Edqnv fdqqrw shuirup wkhlu uroh ehfdxvh

wkh| fdqqrw hqirufh ordq uhsd|phqw li qr froodwhudo lv surylghg1 Lqirupdo fuhglw
lqvwlwxwlrqv kdyh wkhuhiruh d uroh wr sod|1

9161 Frqfoxglqj Uhpdunv

Wkh dlp ri wkh prgho lv wr pdnh d �uvw vwhs lq wkh gluhfwlrq ri dqdo|}lqj wkh

ghyhorsphqw ri edqnlqj lqvwlwxwlrqv lq ghyhorslqj frxqwulhv/ zkhq srru djhqwv

fdq dovr eruurz iurp lqirupdo fuhglw lqvwlwxwlrqv1 Lqirupdo fuhglw lqvwlwxwlrqv fdq

ohqg zlwkrxw dvnlqj iru d froodwhudo> krzhyhu wkh| fdqqrw ohqg odujh dprxqwv ri

fdslwdo/ dqg wkh| fdqqrw glyhuvli| ulvn1 Edqnv rq wkh frqwudu| r�hu d vdih uhwxuq wr

vdyhuv dqg duh deoh wr jdwkhu odujh dprxqwv ri fdslwdo zlwkrxw lqfxuulqj dgglwlrqdo

frvwv1 Exw wkh| fdqqrw shuihfwo| yhuli| wkh ehkdylru ri eruurzhuv1 Khqfh wkh|

dvn iru d froodwhudo1 Zh dujxh wkdw wklv h�hfw fdxvhg e| lpshuihfw lqirupdwlrq

lv hvvhqwldo wr ixoo| xqghuvwdqg wkh hyroxwlrq ri prghuq edqnlqj lqvwlwxwlrqv lq
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ghyhorslqj frxqwulhv1

Wklv uholdqfh rq sdosdeoh dvvhwv pdnhv wkh glvwulexwlrq ri zhdowk uhohydqw1

Wkh dqdo|vlv eurdgo| vxjjhvwv wkdw vrph lqhtxdolwlhv duh qhfhvvdu| lqlwldoo| wr

wuljjhu wkh vhw xs ri prghuq edqnlqj lqvwlwxwlrqv> krzhyhu/ wkh edqnlqj vhfwru

zloo jr rq ghyhorslqj li wkhuh lv d frqvwdqw �rz ri qhz eruurzhuv= lqhtxdolwlhv

pxvw qrw eh odujh rqfh wkh hfrqrp| kdv vwduwhg wr ghyhors1

+iuihi?Uit

Dgdpv/ G1 %Exloglqj Gxudeoh Uxudo Ilqdqfldo Pdunhwv lq Diulfd%/ Vdylqjv dqg Gh0

yhorsphqw/ 4<<51

Dohhp/ Luidq/ %Lpshuihfw Lqirupdwlrq/ Vfuhhqlqj/ dqg wkh Frvwv ri Lqirupdo Ohqglqj=

D Vwxg| ri d Uxudo Fuhglw Pdunhw lq Sdnlvwdq/% Wkh Zruog Edqn Hfrqrplf Uhylhz/ LY

+4<<3,/ 65<06831

Djklrq/ Sklolssh/ dqg Sdwulfn Erowrq/%D Wulfnoh0Grzq Wkhru| ri Jurzwk dqg Gh0

yhorsphqw zlwk Ghew0Ryhukdqj/% Uhylhz ri Hfrqrplf Vwxglhv/ O[LY +4<<:,/ 48404:5

Edqhumhh/ Deklmlw/ dqg Dqguhz Qhzpdq/ %Rffxsdwlrqdo Fkrlfh dqg wkh Surfhvv ri

Ghyhorsphqw%/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ FL +4<<6,/ 5:705<;1

Edqhumhh/ Deklmlw dqg Dqguhz Qhzpdq/ %Lqirupdwlrq/ wkh Gxdo Hfrqrp|/ dqg Gh0

yhorsphqw%/ Uhylhz ri Hfrqrplf Vwxglhv/ O[Y +4<<;,/ 96409861

Eduur/ Urehuw M1/ %Hfrqrplf Jurzwk lq d Furvv0Vhfwlrq ri Frxqwulhv%/ Wkh Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ FYL +4<<4,/ 73:07761

Ehqflqyhqjd/ Ydohulh U1 dqg Euxfh G1 Vplwk/ %Ilqdqfldo Lqwhuphgldwlrq dqg Hqgrjh0

qrxv Jurzwk%/ Uhylhz ri Hfrqrplf Vwxglhv/ OYLLL +4<<4,/ 4<8053<1

Ehqflqyhqjd/ Ydohulh U1 dqg Euxfh G1 Vplwk/ %Vrph Frqvhtxhqfhv ri Fuhglw Ud0

wlrqlqj lq dq Hqgrjhqrxv Jurzwk Prgho%/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/

[YLL +4<<6,/ <:04551

Ehuwkhohp|/ Mhdq Fodxgh dqg Dulvwrp�hqh Ydurxgdnlv/ %Frqyhujhqfh Foxev dqg Jurzwk=

Wkh Uroh ri Ilqdqfldo Ghyhorsphqw dqg Hgxfdwlrq/% R{irug Hfrqrplf Uhylhz/ [OYLLL

+4<<7,/ 633065;1

Ehvoh|/ Wlprwk|/ %Qrqpdunhw Lqvwlwxwlrqv iru Fuhglw dqg Ulvn Vkdulqj lq Orz0Lqfrph

Frxqwulhv%/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 4<<81

Elqvzdqjhu/ K1 dqg Vkdklgxu/ N1 %Wkh Lpsdfw ri Irupdo Ilqdqfh rq wkh Uxudo

Hfrqrp| ri Lqgld%/ Wkh Mrxuqdo ri Ghyhorsphqw Vwxglhv/ 4<<81

Erxujxljqrq/ Iudq�frlv/ %Glvwulexwlrq/ Uhglvwulexwlrq dqg Ghyhorsphqw= Zkhuh Gr

zh VwdqgB%/ Zrunlqj Sdshu Ghowd <;044/ 4<<;1

Eudxgho/ Ihuqdqg/ dqg Huqhvw Odeurxvvh/ D Vrfldo dqg Hfrqrplf Klvwru| ri Iudqfh/

Sduw LLL +Sdulv= Suhvvhv Xqlyhuvlwdluhv gh Iudqfh/ 4<:9,1
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Ghphwuldghv/ Sdqlfrv/ dqg Nkdohg Kxvvhlq/ %Grhv Ilqdqfldo Ghyhorsphqw Fdxvh Hfr0

qrplf JurzwkB Wlph0Vhulhv Hylghqfh iurp 49 Frxqwulhv%/ Mrxuqdo ri Ghyhorsphqw Hfr0

qrplfv/ OL +4<<9,/ 6;:07451

Gldprqg/ Grxjodv/ %Ilqdqfldo Lqwhuphgldwlrq dqg Ghohjdwhg Prqlwrulqj%/ Uhylhz ri

Hfrqrplf Vwxglhv/ OL +4<;7,/ 6<607471

Iu|/ Pd{zhoo M1/ Prqh|/ Lqwhuhvw dqg Edqnlqj lq Hfrqrplf Ghyhorsphqw +Orqgrq=

Wkh Mrkq Krsnlqv Vwxglhv lq Ghyhorsphqw/ Vhfrqg Hglwlrq/ 4<<8,1

Jdoru/ R1 dqg Mrvhsk ]hlud %Lqfrph Glvwulexwlrq dqg Pdfurhfrqrplfv/% Uhylhz ri

Hfrqrplf Vwxglhv/ O[ +4<<6,/ 68085

Jrogvplwk/ Ud|prqg Z1/ Ilqdqfldo Vwuxfwxuh dqg Ghyhorsphqw +Qhz Kdyhq/ FW=

\doh Xqlyhuvlw| Suhvv/ 4<9<,1

Juhhqzrrg/ Mhuhp| dqg Er|dq Mrydqrylf/ %Ilqdqfldo Ghyhorsphqw/ Jurzwk/ dqg wkh

Glvwulexwlrq ri Lqfrph%/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ [FYLLL +4<<3,/ 43:90443:

Kr�/ Nduod/ dqg Mrvhsk H1 Vwljolw}/ %Lqwurgxfwlrq= Lpshuihfw Lqirupdwlrq dqg Uxudo

Fuhglw Pdunhwv0Sx}}ohv dqg Srolf| Shuvshfwlyhv/% Wkh Zruog Edqn Hfrqrplf Uhylhz/ LY

+4<<3,/ 5680831

Kropvwurp/ Ehqjw/ dqg Mhdq Wluroh/ %Ilqdqfldo Lqwhuphgldwlrq/ ordqdeoh ixqgv dqg

wkh Uhdo Vhfwru/% Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 4<<:1

Krshqkd|q/ Kxjr/ dqg Hgzdug Suhvfrww %Vwrfkdvwlf Prqrwrqlflw| dqg Vwdwlrqdu|

Glvwulexwlrq iru G|qdqlf Hfrqrplhv%/ Hfrqrphwulfd/ O[ +4<<5,/ 46;:04739

Nlqgohuehujhu/ Fkduohv/ D Ilqdqfldo Klvwru| ri Zhvwhuq Hxursh/ +Orqgrq= J1 Doohq

dqg Xqzlq Sxeolvkhuv/ 4<:9,1

Nlqj/ Urehuw J1/ dqg Urvv Ohylqh/ %Ilqdqfh dqg Jurzwk= Vfkxpshwhu Pljkw eh

Uljkw/% Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ FYLLL +4<<6d,/ :4606:1

Nlqj/ Urehuw J1/ dqg Urvv Ohylqh/ %Ilqdqfh/ Hqwuhsuhqhxuvkls/ dqg Jurzwk= Wkhru|

dqg Hylghqfh%/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ [[[LL +4<<6e,/ 8460751

Odpehuwh/ P1 %Dq Dqdo|vlv ri wkh Uroh ri Sdzqvkrsv lq wkh Sklolsslqh Ilqdqfldo

V|vwhp%/ Vdylqjv dqg Ghyhorsphqw/ 4<<41

Ohylqh/ Urvv/ %Ilqdqfldo Ghyhorsphqw dqg Hfrqrplf Jurzwk= Ylhzv dqg Djhqgd/%

Mrxuqdo ri Hfrqrplf Olwhudwxuh/ [[[Y +4<<:,/ 9;;0:591

Ohylqh/ U1 dqg ]huyrv/ V1 %Vwrfn Pdunhwv dqg Hfrqrplf Jurzwk%/ Wkh Dphulfdq

Hfrqrplf Uhylhz/ O[[[YLLL +4<<;,/ 86:08;1

PfOhrg/ Urvv K1 %Lqirupdo dqg Irupdo Vhfwru Ilqdqfh lq Lqgrqhvld= Wkh Ilqdqfldo

Hyroxwlrq ri Vpdoo Exvlqhvvhv/% Vdylqjv dqg Ghyhorsphqw/ [Y +4<<4,/ 4;:053<1

PfNlqqrq/ Urqdog/ Prqh| dqg Fdslwdo lq Hfrqrplf Ghyhorsphqw/ +Zdvklqjwrq/

G1F1= Eurrnlqjv Lqvwlwxwlrq/ 4<:6,1

Qdel/ Lmd}/ %Lqyhvwphqw lq Vhjphqwhg Fdslwdo Pdunhwv/% Wkh Txduwhuo| Mrxuqdo ri

Hfrqrplfv/ 4<;</ 78607951

55



Sdjdqr/ Pdufr/ %Ilqdqfldo Pdunhwv dqg Jurzwk= dq Ryhuylhz/% Hxurshdq Hfrqrplf

Uhylhz/ [[[YLL +4<<6,/ 94609551

Slnhww|/ Wkrpdv/ %Wkh G|qdplfv ri wkh Zhdowk Glvwulexwlrq dqg wkh Lqwhuhvw Udwh

zlwk Fuhglw Udwlrqlqj/% Uhylhz ri Hfrqrplf Vwxglhv/ O[LY +4<<:,/ 4:604;<

Udmdq/ Udjkxudp J1 dqg Oxljl ]lqjdohv/ %Ilqdqfldo Ghshqghqfh dqg Jurzwk/% Wkh

Dphulfdq Hfrqrplf Uhylhz/ O[[[YLLL +4<<;,/ 88<08;91

Urxelql/ Qrxulho/ dqg [dylhu Vdod0l0Pduwlq/ %Ilqdqfldo Uhsuhvvlrq dqg Hfrqrplf

Jurzwk/% Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ [[[L[ +4<<5,/ 80631

Vdlqw Sdxo/ Jloohv/ %Whfkqrorjlfdo Fkrlfh/ Ilqdqfldo Pdunhwv dqg Hfrqrplf Ghyhors0

phqw% Hxurshdq Hfrqrplf Uhylhz/ [[[YL +4<<5,/ :960;41

Vkdz/ Hgzdug V1/ Ilqdqfldo Ghhshqlqj lq Hfrqrplf Ghyhorsphqw +Qhz \run= R{irug

Xqlyhuvlw| Suhvv/ 4<:6,1

Vldpzdood/ Dppdu/ dqg do1/ %Wkh Wkdl Uxudo Fuhglw V|vwhp= Sxeolf Vxevlglhv/

Sulydwh Lqirupdwlrq/ dqg Vhjphqwhg Pdunhwv/% Wkh Zruog Edqn Hfrqrplf Uhylhz/ LY

+4<<3,/ 5:40<91

Vwljolw}/ Mrvhsk H1/ %Shhu Prqlwrulqj dqg Fuhglw Pdunhwv/% Wkh Zruog Edqn Hfr0

qrplf Uhylhz/ LY +4<<3,/ 6840991

Vwljolw}/ Mrvhsk H1 dqg Dqguhz Zhlvv/ %Fuhglw Udwlrqlqj zlwk lpshuihfw lqirupd0

wlrq/% Wkh Dphulfdq Hfrqrplf Uhylhz/ O[[L +4<;4,/ 6<60743

Vwljolw}/ Mrvhsk H1/ %Wkh Uroh ri wkh Vwdwh lq Ilqdqfldo Pdunhwv/% ZE Dqqxdo Frq0

ihuhqfh rq Ghyhorsphqw Hfrqrplfv/ 4<<61

Vxvvpdq/ Ruhq/ dqg Mrvhsk ]hlud/ %Edqnlqj dqg Ghyhorsphqw%/ FHSU G1S1 q�445:/

4<<81

Wrzqvhqg/ Urehuw P1/ %Ulvn dqg Lqvxudqfh lq Yloodjh Lqgld/% Hfrqrphwulfd/ O[LL

+4<<7,/ 86<08<51

Wrzqvhqg/ Urehuw P1/ %Ilqdqfldo V|vwhpv lq Qruwkhuq Wkdl Yloodjhv/% Wkh Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 4<<8/ 434404379

Wuhvvho/ W1 %Ilqdqfldo Vwuxfwxuh/ Lqhtxdolwlhv dqg Jurzwk%/ Ghowd Z1S1 q�4<<<5/

4<<<1

�TTi?_� 

� Surri ri Ohppd 4

Dq lqyhvwru fkrrvhv wkh sursruwlrq ri klv zhdowk � wr eh doorfdwhg wr wkh lqirupdo

fuhglw pdunhw=

Pd{#
�hsX �

�U�z . +4� �,�Uz
�
. +4� hs,X ++4� �,�Uz,

�
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Wkh vroxwlrq fdq eh zulwwhq=

� @
+� � 4, �U

�U.U�

zkhuh= � @
k

hR{-
E�3hR�D-

l �

�3@

=

� Surri ri Sursrvlwlrq 4

Wkh h{shfwhg xwlolw| ri eruurzlqj iurp d edqn lv=

YK@?& @ s +�z,@ � �

Lqirupdo eruurzlqj jlyhv=

Y .

�?u @ s

�
Dz .

+D�U�,2

5��

�@

z� lv gh�qhg e|= s +�z�,
@
� � @ s

k
Dz� .

E�3-��2

2B�

l@
Ohqglqj jlyhv wkh xwlolw|=

Y,e?_ @
�
s
�
�U�z. +4� �,�U

�@
. +4� s, ++4� �,�U,@

�
� z@

Lw lv hylghqw wkdw li wkhuh h{lvwv � vxfkw wkdw li U� A D�� ohqglqj ehfrphv pruh ydoxdeoh

wkdq eruurzlqj iurp wkh lqirupdo vhfwru iru vrph ydoxhv ri z1 U* lv gh�qhg e|=

YK@?& +z�+U3,, @ Y,e?_ +z�+U3,,

� Surri ri Wkhruhp 4

Suholplqdu| frqglwlrqv +Ohppd 7,=

4 Iluvw/ zh vkrz wkdw ghshqglqj rq wkh lqwhuhvw udwh lq wkh lqirupdo vhfwru/ zh

fdq kdyh wkh furvvlqj ri wkh wudqvlwlrq ixqfwlrq ri +H, �qdqflqj iurp wkh

lqirupdo pdunhw zlwk wkh 78� olqh1 Wklv surshuw| lv suredeo| vwurqjhu wkdq

zkdw zh dfwxdoo| qhhg iru wkh surri ri wkh wkhruhp/ krzhyhu lw pdnhv lw

vlpsohu1 D vx�flhqw frqglwlrq lv lqghhg wkdw zkhq U* lv deryh d fhuwdlq ydoxh/

srru hqwuhsuhqhxuv wkdw duh vxffhvvixo ryhu vhyhudo shulrgv hyhqwxdoo| idoo lq

wkh uhjlrq ^z2> z�` zkhuh ohqglqj lv pruh lqwhuhvwlqj wkdq eruurzlqj1 Wklv

vwrsv wkh dffxpxodwlrq surfhvv iru wkh g|qdvw|1 Fohduo|/ rqh dq|zd| qhhgv

uhvwulfwlrq rq sdudphwhuv lq dq| fdvh> wkxv frqvlghulqj d pruh uhvwulfwlyh

fdvh lv qrw ri lpsruwdqfh1 Lqghhg/ hyhq lq d pruh jhqhudo fdvh/ wkh surri

zloo ghshqg rq wkh h{lvwhqfh ri d �{hg rssruwxqlw| frvw +rwkhuzlvh wkh uhjlrq

^z2> z�` grhv qrw h{lvw,1
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41 Gh�qh iz wkh zhdowk ohyho vxfk wkdw =iz @ �
k
Diz . E�3-��2

2B�

l
1

Wkh wudqvlwlrq ixqfwlrq ri wkh hqwuhsuhqhxu zloo furvv wkh 78� olqh li dqg rqo|

li= iz ? z�

ru=

YK@?&+iz , ? Y�?u+iz ,

Iurp wkh gh�qlwlrq ri iz deryh/ wkh frqglwlrq lv htxlydohqw wr=

s +�@�� 4,
�
5��+4� �D,

�
@

�
D�U�

�
@

? �

Wklv lv reylrxvo| wuxh dv U* whqgv wr D +lwv xsshu erxqg,1 Qrz zh duh

lqwuhvwhg lq wkh fdvhv zkhuh wklv surshuw| grhv qrw dozd|v dulvh1 Khqfh/ zh

mxvw qhhg wr fkhfn wkdw wklv lv qrw wuxh iru wkh orzhu ydoxh ri U*1 D vx�flhqw

frqglwlrq lv wkhuhiruh=

K @
s +�@�� 4,

�
5��+4� �D,

�
@
+D� �U,@ A �+4,

Dvvxph +4, lv phw1 Khqfh wkhuh h{lvwv U�

�
5 `�U>D^ vxfk wkdw=

U�
� U

�

� /iz � z�

5 Qrz zh vkrz wkdw li U* lv qrw wrr odujh/ dq hqwuhsuhqhxu fdq kdyh dffhvv wr

edqn ordqv lq rqo| rqh shulrg1 Iru wklv zh mxvw qhhg wr fkhfn wkdw iru vrph

sdudphwhuv/ dq hqwuhsuhqhxu zlwk }hur lqlwldo zhdowk pd| kdyh dffhvv wr edqn

ordqv lq rqh shulrg li kh lv vxffhvvixo1 D vx�flhqw frqglwlrq lv wkdw=

z�+U
�

|n�, ?
� +D�U�

|
,2

5��

zklfk lv htxlydohqw wr=

YK@?&c|n�

#
� +D�U�

|,
2

5��

$
? Y�?uc|n�

#
� +D�U�

|,
2

5��

$

E| xvlqj wkh idfw wkdw U*|n�A�U/ wkh frqglwlrq uhgxfhv wr=

s ^�@
�D@` �

�@ +D�U�,2@�
5��
�@ A �. s �

+D� �U,2@�
5��
�@
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Wklv fdqqrw eh yhul�hg iru odujh ydoxhv ri U* +U* whqgv wr D,1 Lq rughu wr kdyh

wklv srvvlelolw|/ zh mxvw qhhg wr dvvxph=

s ^�@ � +4 .D,@` �
�@ +D� �U,2@

�
5��

�
@

A �+5,

41 Khqfh wkhuh h{lvwv U�

2
vxfk wkdw=

U�
� U�

2 / wudqvlwlrq wr edqn ordqv wdnhv h{dfwo| rqh shulrg

Lw lv vwudljkiruzdug wr vhh wkdw +4, dqg +5, fdq eh mrlqwo| yhul�hg/ dv lq

erwk fdvhv rqh mxvw qhhgv wr kdyh � vpdoo hqrxjk/ jlyhq rwkhu sdudphwhuv1

Pruhryhu �@ � +4 . D,@ A 3 dqg �@� A 4 li U lv qrw wrr odujh dqg D lv

odujh hqrxjk +wdnh iru h{dpsoh �D 2 4=,

6 Gh�qh U� @Pd{ iU�>U�

�
> U�

2
j dqg U� @Plq iU�> U�

�
>U�

2
j= Frqvhtxhqwo|/ li

U*?U�/ zh kdyh wkh fdvh zkhuh hqwuhsuhqhxuv dozd|v xqghuwdnh wkhlu surmhfw/

dqg jhw dffhvv wr edqn ordqv lq rqo| rqh shulrg> li U*A U�/ wkhq plggoh

lqfrph hqwuhsuhqhxuv suhihu wr ohqg dqg srru hqwuhsuhqhxuv fdqqrw hvfdsh

wkh erwwrp ri wkh glvwulexwlrq1

Frqglwlrqv xqghu zklfk d orz lqwhuhvw udwh +ehorz U
�, lv vxvwdlq0

deoh iurp rqh shulrg wr wkh qh{w rqh=

Dvvxph wkdw dw gdwh w/ zh kdyh=

G�?uc|

�
U

�
�
? V

�?uc|

�
U

�
�
+d,

zkhuh=

G�?uc|

�
U�
�
@
�
�3-�

B�

�
��J|

�
z�+U�,

�

V
�?uc|

�
U�
�
@ �f�+U�,=Z|

Djjuhjdwh zhdowk dw shulrg w.4 lv htxdo wr +wlph vxevfulswv duh gursshg iru U* dqg

ghulyhg sdudphwhuv,=

Z|n� @ �f

]
"

f

�
�s

�
�U� . +4� �,�U

�
z . �+4� s, ^+4� �,�U`z

�
gJ|+z,

.���s � �

]
"

f

zgJ|+z, . ���s
+D�U�,2

5��
J|+z�,� ���s +��D,

]
��

f

zgJ|+z,

Gh�qh=
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%� @ +�s ^�U� . +4� �,�U` . �+4� s, ^+4� �,�U`,

Khqfh djjuhjdwh zhdowk lv=

Z|n� @
�
�f%

� . ���s � �
�
Z|.���s

+D�U�,2

5��
J|+z�,����s +��D,

]
��

f

zgJ|+z,

zkhuh wkh vhfrqg sduw phdvxuhv wkh uhodwlyh dyhudjh h�flhqf| ri wkh lqirupdo

pdunhw zlwk uhvshfw wr wkh irupdo pdunhw ryhu lwv udqjh ri dfwlrq1

Ghpdqg lq wkh lqirupdo pdunhw dw gdwh w.4 fdq eh zulwwhq wkh iroorzlqj zd|=

gh�qh z�cfcr @ ��

�E#-�nE�3#�D-� dqg z�cfcs @ ��

�EE�3#�D-� =

Djhqwv idoo lq wkh lqwhuydo ^3>z�` dw shulrg w.4 li dqg rqo| li dw shulrg w wkh| duh

xqvxffhvvixo hqwuhsuhqhxuv ru vdyhuv lq vrph udqjh ghshqglqj rq wkh vxffhvv ru

idloxuh ri wkh surmhfw wkh| �qdqfhg=

G�?uc|n�

�
U
�
�
@

�
D�U�

��

�
��J|n�

�
z�+U

�,
�

zlwk=

J|n� +z�, @ ��+4� s, . �f +sJ|+z�cfcr, . +4� s,J|+z�cfcs ,,

@ ��+4� s, . �fK|

Dqg=

V
�?uc|n�

�
U�
�
@ �f�

�
U�
�
Z|n�

Zh orrn iru d frqglwlrq wkdw jdudqwlhv wkdw

G�?uc|n�

�
U�
�
? V

�?uc|n�

�
U�
�

zlwk wkh dvvxpswlrq wkdw wklv lv wuxh dw gdwh w/ dqg xvlqj wkh htxdwlrq jlylqj wkh

hyroxwlrq ri djjuhjdwh zhdowk1U
��

f
zgJ|+z, fdq eh erxqghg iurp deryh e|= z� +J|+z�,� +4� s,, =

Pruhryhu/ xvlqj +d,=

�
D�U�

��

�
��J|

�
z�+U

�,
�
? �f�+U

�,=Z|
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d vx�flhqw frqglwlrq lv=

D�U�

��
� �� +��+4� s, . �fK|,

? J|+z�,

�
D�U�

��
��

�
%� . ���s�

��
� �f����s +��D,z� +J|+z�,� +4� s,,

.�f����s
+D�U�,2

5��
J|+z�,

E| xvlqj= J|+z�, A 4� s dqg= K| ? 4/ d vx�flhqw frqglwlrq lv=

+4� s,�� +�s�� 4, A �f
�
4� +4� s,%�

|

�

Dv %�

|
A �U/ lw uhgxfhv wr=

+4� s,�� +�s�� 4, A �f +4� +4� s,�U, +V4,

Lw fdq eh lqwhusuhwhg wkh iroorzlqj zd|= �s� phdvxuhv wkh jurzwk h�hfw ri edqnlqj

�qdqfh/lw pxvw eh wkh fdvh wkdw dq hqwuhsuhqhxu �qdqflqj iurp d edqn hduq hqrxjk

wr ohdyh d kljkhu zhdowk dw klv fklog wkdq zkdw kh uhfhlyhg1 Dq|zd| jurzwk hq0

kdqflqj h�hfwv dsshdu rqo| li +���s�. �f�U,� A 4 + lw lv vwudljkiruzug wr vkrz

wkdw lw lv srvvleoh e| wdnlqj qxphulfdo h{dpsohv= fohdu li �f jrhv wr }hur,1 Wkxv

zkdw lv uhtxluhg lv wkdw wkhuh duh hqrxjk srwhqwldo hqwuhsuhqhxuv lq wkh hfrqrp|

dqg wkdw froodwhudo uhtxluhphqw e| edqnv duh qrw wrr lpsruwdqw/ zklfk phdqv wkdw

edqnv duh vx�flhqwo| h�flhqw1

Frqglwlrqv xqghu zklfk d kljk lqwhuhvw udwh +deryh U�, lv vxvwdlq0
deoh iurp rqh shulrg wr wkh qh{w rqh=

Dvvxph dw gdwh w=

G�?uc|

�
U�

�
A V

�?uc|

�
U�

�

Wkh phwkrg lv vlplodu1 Wkh gl�huhqfhv zlwk wkh suhylrxv fdvh duh �uvw wkdw srru

hqwuhsuhqhxuv grq*w hvfdsh wkh erwwrp ri wkh glvwulexwlrq/ dqg vhfrqg wkdw srwhq0

wldo hqwuhsuhqhxuv suhihu wr eh ohqghuv1 Khqfh/ djjuhjdwh zhdowk kdv d voljkow| pruh

frpsoh{ wr zulwh=

Z|n� @ +�f%� . ���s � �,Z|.���s
E�3-��2

2B� J|+z2,����s +��D,
U �2

f zgJ|+z,

��� +�s�� %�,
U ��

�2
zgJ|+z,=

Wkh ghpdqg lv=

G�?uc|

�
U�

�
@
�
�3-�

B�

�
��J|

�
z2+U�,

�

5;



Wkh vxsso| ri ixqgv=

V
�?uc|

�
U�

�
@ �+U�,=

�
�fZ| . ��

U
��

�2
zgJ|+z,

�

Dsso|lqj d vlplodu surfhgxuh dv ehiruh/ dqg xvlqj wkh idfw wkdw ghpdqg ri fdslwdo

lq wkh lqirupdo pdunhw kdv qhfhvvdulo| lqfuhdvhg +doo djhqwv zkr zhuh lq wkh lqwhuydok
3> z2+U�,

l
vwd|hg lq wkdw lqwhuydo ri zhdowk/ soxv vdyhuv zkr idoo lq wklv lqwhuydo

lq wkh vdph zd| dv ehiruh, rqh jhwv wkh vx�flhqw frqglwlrq=

�� +4� s,
D�U�

��
A �f��s� �

]
"

��

zgJ|+z, +V5,

Wkh lqwhusuhwdwlrq lv wkh iroorzlqj= wkh qhjdwlyh ghpdqg h�hfw pxvw ryhufrph wkh

srvlwlyh vxsso| h�hfw rq djjuhjdwh zhdowk wkdw frphv iurp hqwuhsuhqhxuv eruurzlqj

iurp edqnv1U
"

��
zgJ|+z, fdq eh erxqghg iurp deryh e|= z|P|/ zkhuh z| dqg P| duh uh0

vshfwlyho| wkh kljkhu zhdowk ohyho dw gdwh w dqg wkh pdvvh ri djhqwv deryh z� dw

gdwh w1 E| d uhfxuvlylw| dujxphqw/ rqh vkrzv wkdw li lw lv wuxh dw gdwh 3/ wkhq lw

uhpdlqv wuxh dw doo iroorzlqj gdwhv +xvlqj wkh idfw wkdw wkhuh kdv ehhq qr hqwu| lq

wklv xsshu uhjlrq lq wkh suhfhghqw gdwhv,/ li �� +�s�, +4� +4� s,��, ? 4/ zklfk
olplwv wkh fkrlfhv iru ��= Frpelqlqj V4 zlwk wklv frqglwlrq/ rqh jhwv wkdw wkh vhw

ri srvvlelolwlhv iru �� lv qrw hpsw| li/ jlyhq wkdw �U A 4/ s lv juhdwhu ru htxdo wr 18

1 Wklv gh�qhv d orzhu erxqg iru ��= Wr phhw wkh rwkhu frqglwlrqv/ hqrxjk ghjuhhv

ri iuhhgrp duh ohiw +zklfk duh wkh vl}h ri wkh froodwhudo dqg wkh ehtxhvw prwlyh/ iru

wkh vl}h ri wkh froodwhudo/ rqh fdq pdnh lw dv vpdoo dv uhtxluhe e| fkdqjlqj D dqg

�> zklfk fdq eh xqghuvwrrg dv dq h�flhqf| h�hfw ri edqnv= dv douhdg| phqwlrqhg/

� fdq zhoo eh xqghuvwrrg dv wkh sulydwh ehqh�wv ohiw wr wkh hqwuhsuhqhxuv rqfh wkh

edqn kdv prqlwruhg klv surmhfw1,

Lqlwldo Frqglwlrqv=

Ilqdoo| rqh qhhgv wr yhuli| wkdw erwk fdvhv duh srvvleoh dw gdwh 3 iru d jlyhq dj0

juhjdwh zhdowk1 Wklv fdq eh grqh e| frqvlghulqj wzr srvvleoh zhdowk glvwulexwlrqv1

Rqh zkhuh djhqwv hlwkhu kdyh }hur zhdowk ru duh ulfk/ zklfk jlyhv wkh vhfrqg fdvh1

Dqg rqh zkhuh d sursruwlrq ri djhqwv kdyh zhdowk htxdo wr z�+U�,/ iru zklfk wkh

uhvxow lv vwudljkiruzdug1 Krzhyhu/ e| wdnlqj wklv fdvh +lqlwldo djjuhjdwh zhdowk

htxdov wr z�+U
�,,/ rqh wkhq qhhgv wr fkhfn li lw lv frqvlvwhqw zlwk wkh frqglwlrqv

deryh,1 Zh jhw wkh iroorzlqj frqglwlrq= ��
�3-�

B�
A +4� ��, �z�+U

�,= Exw zh duh
ohiw zlwk rqh ghjuhh ri iuhhgrp/ zklfk lv �= e| ghfuhdvlqj wklv frvw zh fdq pdnh

z�+U
�, yhuli|lqj wklv frqglwlrq1

Frqyhujhqfh Uhvxowv=

5<



Ilqdoo| rqh kdv wr suryh wkdw wkrvh wzr w|shv ri hfrqrplhv frqyhujh wr d xqltxh

vwhdg| vwdwh +qrwlfh wkdw zh gr qrw wu| wr fkdudfwhul}h rwkhu srvvleoh hfrqrplhv

zkhuh wkh surshuwlhv rq wkh lqwhuhvw udwh pd| qrw eh wuxh iru hdfk shulrg= wklv lv

qrw wkh dlp ri wkh sdshu,1

Wkh surri ri wkhruhp 714 lv edvhg rq Uhpdun 4 ri Wkhruhp 5 e| Krshqkd|q dqg

Suhvfrww +Hfrqrphwulfd/ Qry 4<<5,1 Wkh gl�fxow srlqw lv wkdw zh duh ghdolqj zlwk

qrq wlph krphjhqrxv Pdunry Surfhvvhv 1 Lqghhg wkh wudqvlwlrq ixqfwlrqv ghshqgv

rq wkh htxloleulxp lqwhuhvw udwh U*/ dqg duh wkhuhiruh qrq vwdwlrqdu|1 Krzhyhu/ wkh

frqyhujhqfh surshuw| grhv qrw vwulfwr vhqvr uhtxluh vwdwlrqdulw|1

Edvlfdoo|/ zh qhhg wr fkhfn wzr surshuwlhv=

41 Wkh Pdunry surfhvv S pxvw eh lqfuhdvlqj/ zklfk lv vwudljkw iruzdug wr yhuli|=

d lqlwldoo| srruhu g|qdvw| zloo rq dyhudjh hqg xs zlwk d orzhu zhdowk wkdq

dq lqlwldoo| ulfkhu g|qdvw| iurp rqh shulrg wr wkh qh{w rqh1

51 Lw pxvw yhuli| d pl{lqj frqglwlrq1 Irupdoo|/ zh kdyh wr fkhfn wkh iroorzlqj

frqglwlrq= wkhuh h{lvwv z�� / % A 3 dqg q vxfk wkdw/ iru doo w/ d g|qdvw| zlwk

lqlwldo zhdowk htxdov wr }hur/ zloo uhdfk d zhdowk ohyho juhdwhu ru htxdo wr z��

lq q shulrg zlwk d suredelolw| juhdwhu wkdq %1 Dqg frqyhuvho|/ d g|qdvw|

lqlwldoo| yhu| uhdfk +z forvh wr lq�qlw|,/ zloo hqg xs diwhu q shulrgv zlwk d

zhdowk ohyho ehorz z�� zlwk d suredelolw| juhdwhu wkdq %1

Ohw xv frqfhqwudwh rq wkh hfrqrp| zkhuh zh nqrz wkdw wkh lqwhuhvw udwh uhpdlqv

ehorz U*1 Khuh wkh pl{lqj frqglwlrq lv hdv| wr yhuli|= rqh mxvw qhhgv wr fkrrvh

z�� @ z�

�
U3

�
= dq hqwuhsuhqhxu zlwk lqlwldo zhdowk htxdov rw }hur uhdfk d zhdowk

ohyho deryh wklv wkuhvkrog zlwk suredelolw| s lq rqh shulrg1 Frqyhuvho|/ d yhu| ulfk

djhqw kdv dozd|v d �{hg suredelolw| �� +4� s, ri idoolqj dw }hur lq rqh shulrg1

Wkxv/ jlyhq wkh lqlwldo zhdowk glvwulexwlrq wkh hfrqrp| zloo frqyhujh wr d xqltxh

vwhdg| vwdwhv/ wkdw lv= zhdowk glvwulexwlrq/ lqwhuhvw udwh lq wkh lqirupdo pdunhw/

dqg udwh ri jurzwk1

Qrz wkh hfrqrp| zkhuh wkh lqwhuhvw udwh uhpdlqv deryh U�= Lq wklv fdvh zh df0

qqrw gluhfwo| dsso| wkh wkhruhp dv wkh pl{lqj frqglwlrq lv qrw phw +ehfdxvh ri

wkh sryhuw| wuds,1 Krzhyhu/ frqyhujhqfh fdq eh vkrzq gluhfwo|= lqghhg/ lq wklv

hfrqrp|/ wkh lqwhuhvw udwh uhpdlqv dozd|v deryh U�= Wklv phdqv wkdw wkhuh lv qr

hqwu| ri djhqwv lq wkh xsshu sduw ri wkh glvwulexwlrq1 Krzhyhu/ dq| hqwuhsuhqhxu

kdv dozd|v d �{hg suredelolw| ri jrlqj edqnuxsw/ dqg frqvhtxhqwo| idoolqj edfn

wr }hur zhdowk1 Dqg g|qdvwlhv ri vdyhuv grq*w dffxpxodwh1 Wkhuhiruh/ lq wkh orqj

uxq doo djhqwv idoo edfn lq wkh erwwrp ri wkh glvwulexwlrq1 Zh fdq wkxv uhvwulfw

wkh vxssruw ri wkh zhdowk glvwulexwlrq wr eh ^3> z2` > dqg hlwkhu dsso| wkh wkhruhp/
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ru gluhfwo| fkhfn wkdw wkh g|qdplfv ri wkh lqwhuhvw udwh dqg djjuhjdwh zhdowk fdq

eh wudfnhg grzq lqghshqghqwo| ri wkh glvwulexwlrq ri zhdowk/ dv lq wkh wudglwlrqdo

hfrqrp|1 Qh{w/ rqh fdq vkrz wkh h{lvwhqfh ri d xqltxh orqj uxq zhdowk glvwulexwlrq

fruuhvsrqglqj wr wkh htxoleulxp lqwhuhvw udwh dqg djjuhjdwh zhdowk1

Surri ri Wkhruhp 5

E| xvlqj wkh htxloleulxp frqglwlrq lq wkh lqirupdo fuhglw pdunhw dqg wkh wudqvlwlrq

ixqfwlrqv ri g|qdvwlhv/ rqh jhwv=

Z|n� @ � ^��sD. +4� ��, �U +4� �
|
, . +4� ��,�|

sD` =Z|��
E�3k��2

2 s B�

k�
�2| =Z

2
|

Wkh orqj uxq vwhdg| vwdwh iru wkh djjuhjdwh zhdowk dqg wkh lqwhuhvw udwh duh jlyhq e|=

Z W

�?u @
�dk�R�nE�3k��D-nE�3k��#WdR�3D-oo3�

E�3k��
2

2
R B�

k�
#W2

dqg=

��
�3-�W

B�
@ �W +4� ��,Z

W

�?u

Wkh vroxwlrq h{lvwv li=

^��sD. +4� ��, �U` ? 4
dqg= ^��sD. +4� ��, �U. +4� ��,�

W+sD� �U,` A 4
Whglrxv dojheud vkrzv wkdw lw lv qrw lqfrqvlvwhqw zlwk rwkhu dvvxpswlrqv> hvshfldoo|

wkh vhfrqg frqglwlrq deryh gh�qhv d orzhu erxqg iru �� zklfk grhv qrw jr djdlqvw wkh

frqglwlrqv ri wkhruhp 41

ILJXUHV

1 λ

F (λ )

( q / p )1 / a

A / ( A + σ )

( A - R /p ) / ( A + σ - R / p )

λ

Iljxuh 4= Lqfhqwlyh Frpsdwlelolw| Frqvwudlqw rq Ordq*v Vl}h1
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V i n f
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Iljxuh 5= Rffxsdwlrqdo Fkrlfh li U*?U*
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Iljxuh 6= Rffxsdwlrqdo Fkrlfh li U*AU*
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S (R ’ )

D 1 (R ’ )

D 2 (R ’ )

R ’

R ’

R ’1

R ’2

ν R

A

Iljxuh 7= H�hfw ri dq lqfuhdvh lq wkh sursruwlrq ri srru lqglylgxdov rq wkh
htxloleulxp lqwhuhvw udwh lq wkh lqirupdo vhfwru1

w t
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( E )

( E )

( E )

( S )
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w 0

Iljxuh 8= Wudqvlwlrq Ixqfwlrqv iru Hqwuhsuhqhxuv +H, dqg Vdyhuv +V, zkhq

U*AU�1
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w t
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Iljxuh 9= Wudqvlwlrq Ixqfwlrqv iru Hqwuhsuhqhxuv +H, dqg Vdyhuv +V, zkhq
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