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1 Introduction

This paper studies core and optimality properties of equilibria in models of economies with
quite general commodity spaces represented by ordered topological vector spaces which
need not be vector lattices. Our analysis has consequences in the case of finite as well as
infinite dimensional commodity spaces. The competitive equilibrium notion refers to the
one introduced by [9] in their theory of value under non-linear prices. Non-linear pricing
systems are of interest for economic analysis in the presence of discrimination among
agents, imperfect competition, progressive income tax tariffs, for general adverse selection
problems or land markets (see, for example, the discussion in [13]). A broad range of other
applications has been provided by [9], where the alternate theory of value arises naturally
from a series of previous contributions in infinite dimensional equilibrium analysis.

It is due to Aliprantis and Brown [2] the new approach to the study of infinite dimen-
sional equilibrium theory that saw its emergence at the beginning of the 1980’s. In their
paper they proposed Riesz dual pairs as a natural setting to represent commodity-price
dualities. They addressed the main questions of existence and optimality of equilibria
emphasizing the rich lattice theoretic structure that is shared by the prevalent models in
economics. The relevance of the lattice structure in infinite dimensional equilibrium analy-
sis was confirmed in the famous existence result given by Mas-Colell in [25]. However, this
relevance was in some sense surprising as it was apparently in contrast with Debreu’s
remarks according to which the main questions of existence and optimality of equilibria
could be answered, in the finite dimensional theory, using cones that are not necessarily
lattice cones (see [14]). These remarks, that concern the “coordinate free theory”, have to
be understood in infinite dimensional spaces in terms of a “vector lattice free analysis”.
Hence the contrast above implicitly motivates a series of relevant subsequent papers in
which lattice requirements have been weakened (see [26], [30], [31], [17] among the others).
The common idea is to assume a topology on the vector lattice commodity space that is
not necessarily locally solid but only locally convex. The dual space, interpreted as price
space, is still required to be a vector sublattice of the order dual. As pointed out by [9],
one shortcoming of this large literature is that the existence of equilibrium allocations
and welfare theorems are proved at the cost of assumptions on the agents consumption
sets that preclude models where location matters and differential information economies
in which the consumption sets may be very small. Moreover, the vector lattice structure
on the commodity space precludes a rich class of models that arise naturally when there
are constraints on disposal technologies (examples include waste discharge restrictions and
pollution disposal, see [27]).

In the contribution given by [9], main reference for the present paper, the limitations of
the lattice approach are addressed definitively: not only the topology of the vector lattice
commodity space need not be locally solid, but also the lattice structure itself can be given
up. This approach affords decentralization by means of generalized pricing systems. More
precisely,

e the commodity space is simply an ordered vector space which needs not be a vector
lattice;

e the existence and optimality of equilibria are proved supporting the relevant alloca-
tions by means of non-linear prices induced by personalized pricing systems.

The vector lattice free analysis gives back the standard Walrasian model of general



equilibrium whenever, for instance, the commodity space is a vector lattice and consump-
tion sets coincide with the positive cone and has applications in finite as well as infinite
dimensional commodity spaces. In [9], [6] non-linear decentralization is motivated as aris-
ing, respectively, from a discriminatory price auction and from models of portfolio trading.
In [7], non-linear prices are reconsidered as elements of a lattice cone called the super order
dual', hence the theory with ordered vector spaces may be considered as basically not so
different from the one with vector lattice commodity-price duality. Finally, in [3], [4] nec-
essary and sufficient conditions are given on the order structure of the commodity space
for supporting prices to be linear.

The aim of this paper is to establish some new cooperative characterizations of per-
sonalized equilibria, that is competitive equilibria supported by non-linear prices. Such
characterizations arise naturally as motivated by the notion itself and are helpful for a
deeper understanding of the non-linear approach to the competitive theory. In particular,
we provide characterizations formulated in terms of the veto power of just one coalition,
namely the grand coalition. This is done:

e in a family of economies associated to the original one, in which the initial endowment
of agents is modified in a precise direction;

e in the original economy, provided that agents are allowed to participate in the grand
coalition using only a share of their initial endowments.

This kind of characterizations is inspired by a regularity condition, characteristic of
personalized equilibria when compared with classical Walrasian equilibria, called arbitrage
free condition, imposed in relation to the arbitrage opportunity that is due non-linearity.
The arbitrage free condition is interpreted in the paper as a coalition-based arbitrage free
condition using coalitions in which agents may participate with an arbitrary share of their
initial resources (Aubin coalitions). According to it, in a personalized equilibrium, agents
in a coalition have no incentive to sell their total initial endowment to get a revenue that
is greater than the revenue from each member’s assigned bundle.

First we prove that personalized equilibria coincide, under standard assumptions, with
Aubin core allocations, i.e. they are exactly those allocations that are stable with respect
to Aubin coalitions improvements. Then, we concentrate on the veto power of the grand
coalition adopting the veto mechanism introduced by [20]. The blocking power is exercised
by the grand coalition in a family of new economies associated to the original one, once
the relevant allocation z has been fixed. In each of them the total initial endowment is
a path from the initial endowment e of the original economy to x. We prove that under
properness and irreducibility assumptions, personalized equilibria are exactly robustly ef-
ficient allocations, that means allocations that cannot be blocked by the grand coalition
in any of these economies.

A central ingredient of our analysis is represented by rational allocations. Rational
allocations have been introduced by [9] as a “convexification”of the notions of individual
rationality and Pareto optimality. As a further contribution of the paper, we point out
that, interestingly, this convexification made directly on a set of allocations, makes us
able to dispense with the use of the Lyapunov convexity theorem (clearly not valid in our
infinite dimensional set up)?.

Tt is a larger, with respect to the dual cone, lattice ordered cone containing non-linear prices.
2The Lyapunov convexity theorem, through an application of the Vind’s theorem on the measure of
blocking coalitions (see [33]), is a central tool in [20] for finite dimensional economies.



In a second step, we assume that the veto power of the grand coalition is exercised
in the original economy. Of course we cannot expect that personalized equilibria coincide
with Pareto optimal allocations. Hence we assume that the grand coalition is defined with
reference to a larger set of individual shares of participation: we say that a Aubin coalition
has full support if each trader takes part in the coalition with a non-zero share of his initial
endowment (a share that is not necessarily equal to one). Of course the Aubin core is a
subset of the core defined considering only coalitions with full support and, consequently,
also personalized equilibria are stable with respect to this class of coalitions. Moreover,
assuming properness and irreducibility, we show that personalized equilibria are exactly
those allocations that cannot be blocked by coalitions with full support. Here, again, we
use rational allocations as a central element of our analysis, in order to dispense with the
use of Lyapunov convexity theorem.

In conclusion, the veto power of the grand coalition is enough to obtain personalized
equilibria. Applications of our results are discussed in the last part of the paper. In par-
ticular, following [21], we provide a strategic interpretation of personalized equilibria, as
Nash equilibria of a game with only two players (subsection 5.1). Moreover, in subsec-
tion 5.2 we apply results to economies with asymmetric information furnishing a suitable
interpretation of the weak fine core.

The paper is organized as follows. Section 2 includes some preliminary and general facts
about ordered topological vector spaces. The model and the main equilibrium notions
are introduced throughout Section 3. This Section includes the notions of blocking in
connection with the grand coalition. The characterizations of personalized equilibria in
terms of the veto exercised by the whole set of agents are proved in Section 4 (Theorem
4.1, Theorems 4.13 and 4.14). Section 5 is devoted to applications and the final section 6
prospects the case of non convex preferences.

2 General facts

L is assumed to be an ordered topological vector space 3 under a Hausdorff locally convex
topology 7. Moreover, it will be assumed that order bounded intervals of L are (topologi-
cally) bounded sets and that the positive cone is generating i. e. L = Ly — L.

We use standard notation for the topological, order and algebraic duals of L. They
are, respectively, L', L™ and L* and each a subset of the subsequent. Also, the values f(c)
of real valued functions f over L are denoted by f - c.

For any index t € T', let X; C L, be a nonempty closed convex cone. Then 0 € X;.
Moreover, for a finite T' (in this case we use T" also to denote the cardinality of T") we have
that ;e X; is a closed convex cone of the suitable power of L.

Given a point ¢ € L, the symbols x,y, z, ... are reserved for maps on 7" with x; € X;
(i.e. points of Il;er X;) and such that ), ., x; < c. Such maps form a set denoted by
A.. Naturally the set A, is convex and therefore also closed in the weak topology (in the
power LT). Observe that

Ac+Ag C Acyg and A C A for all e,d e Ly, € > 0.

3Remind that the positive orthant Ly of an ordered vector space is a proper cone i.e. a convex cone
with vertex 0 and such that Ly N (—L4+) = {0}. If a topological vector space is also an ordered vector
space, then we say that it is an ordered topological vector space if its positive cone is closed.

40f course the generating property is automatic in a vector lattice as well as the boundedness of order
intervals in case L is a topological vector lattice.



Set C' to be the convex cone generated by all sets X;. One has that C' = >, . X;.
Naturally, points of C' are non-negative. Denote by M the linear subspace of L generated
by C,ie. M =C —C.

A family p = (p¢)ier of elements of L* (i.e. of linear functionals over L) gives rise to a
value function 1, : C — [0, 00] defined by means of

Wy - ¢ = Pp(c) == sup Z Dt Yt

yeAe jer

Note that 1,(0) = 0 and that, if a family p is made of order bounded functionals, then
the associated value function is real valued.

Proposition 2.1. [9, Lemma 3.3] If the family p is made of order bounded functionals,
then the associated value function 1, has the following properties.

1. monotonicity, namely on C one has c < d =1, -c <, -d

2. superadditivity, namely on C one has p(c+ d) > ¥,(c) + ¢p(d)

3. positive homogeneity on C, i.e. Pp(ec) = ep(c) fore >0

4. Yy -c=q-cif the family p is a constant, i. e. ¢ =p; for allt €T
5. pr-c<y-c forallce Xy

A property that it is worthy of being highlighted is the following. We say that decompos-
ability property is satisfied if we have that

Ac + Ad = Achd
whenever ¢ and d are in the cone C (see property (A4) later).

Remark 2.2. When all sets X; coincide with the positive cone L., then the above de-
composition property is equivalent to the Riesz decomposition property of the space L
(see [9, Lemma 3.4]).

It is also of interest to observe then, having all X; = L, and the Riesz decomposition
property for L, that L™ is a Riesz space and the supremum of {p;,t € T; 0}, i.e. (Vierps) ™,
exists in L™. Call ¢ € L™ such a supremum. By the Riesz-Kantorovich formula it can be
seen that even in this case ¢, -c=¢q-cforce€ L.

The following is a remarkable fact.

Theorem 2.3. [9, Theorem 3.5] Let F' be a linear subspace of the order dual L~. Then
the following are equivalent

1. the function v, is additive on C' whenever p belongs to FT
2. Acta C clopr pry (Ac + Ag) whenever ¢ and d are in the cone C.

Remark 2.4. Whenever the map 1, is additive on C, then it can be uniquely extended to
the linear space M generated by C' as a linear functional. Therefore, if the decomposability
property holds, then automatically the weak closure condition of Theorem 2.3 also holds
(for any F) and, for any family p that belongs to F'T, 1, coincides with a linear map over
M.



Finally, we recall that a vector e € L is an order unit if for each ¢ € L there exists
some A > 0 such that ¢ < Xe. If e is an order unit for L, then so are ae and e + ¢, for all
a>0and c € Ly. An element e € L, is an order unit if and only if it is an internal point
of L, that is for each ¢ € L there exists A\, € (0,1) such that Ae + (1 — X\)c € L4, for
all X € (A, 1) (see [8, Lemma 1.7]). Moreover, an order unit e of Ly is a strictly positive
vector, i.e. for every non-zero linear functional ¢ € L/Jr we have ¢ -e > 0. This follows from
[8, Lemma 2.54] and [8, Lemma 2.65].

3 The Model

We shall deal with exchange economies. The commodity space L is assumed to be an
ordered topological vector space under a topology 7 that is locally convex. Moreover, it
will be assumed that order bounded intervals are (topologically) bounded sets and that
the positive cone is generating i. e. L = L, — L5,

Let us denote by T a finite set of consumers. For any consumer ¢ € T, the initial
endowment is e; > 0. It belongs to the consumption set X; C L which is a closed convex
cone. The total initial endowment is e and it belongs to C, the cone generated by all
consumption sets.

Preferences of the individual ¢ are given by means of a correspondence P; of the con-
sumption set in itself. The set P(x) represents the collection of elements in X; that are
preferred to the bundle z € X; (the “preferred to” set). Here are possible assumptions on
preferences.

1. irreflexivity, namely any P;(x) does not contain x;

2. convexity of values;

3. strict monotonicity, i.e. x +y € P,(x) whenever z,y € X; and y # 0
4. any set P;(z) is open in X}

5. any “worse than” set P, '(x) := {2z € X; : € Pi(2)} is open in X; with respect to
the weak topology.

6. x € P,(y) implies that y ¢ P;(z) for each t € T and z, y € X;.

Naturally, when strict monotonicity holds, any set P,(x) is non-empty as it contains
x + ey for positive numbers €. Consequently, also x € P;(x) always holds true.

The set of above properties of the preference correspondence is denoted by (A1).

Concerning hypothesis denoted in bold characters like (A1), (A2) etc, throughout
the sequel, an explicit appeal to them will be made whenever they are used in obtaining
results. Assumption (A1, 6.) will be explicitly used only in subsection 5.1, assumption
(A1, 5.) only in connection with the existence of equilibria.

An assignment is, by definition, a map = on T with x; € X; (i. e. a point in Il;er X3).
An assignment x is said to be an allocation if ), p x; < e (i.e. if feasibility is satisfied).
Allocations form a set denoted by A or by A. to emphasize the role of vector e in the
feasibility. The following compactness condition is introduced to guarantee the existence
of relevant allocations:

SIf /L is a vector lattice, then it would be enough to assume that the positive cone of L is 7-closed and
that L is a vector sublattice of L™.



(A2): the set A is assumed to be weakly compact.

Of course (A2) is satisfied under the hypothesis of weak compactness of the interval
[0, €], since A C [0,¢].

Let us introduce a properness condition on preferences as in [9)].

(A3): There is an allocation v, with v; > 0 for any ¢ € T', and a family of correspon-
dences® (Pt)teT, each defined on X; and with values in L, such that

teT, reX; = P(z)NX; = P(z) and z+ v, € int(Py(z)).

As it is usual, the properness-like assumption on preferences compensates for the pos-
sible lack of interior points in the positive cone of the commodity space, since it ensures
that infinite dimensional separation theorems can be applied. Precisely, it gives a condi-
tion sufficient for the preferred set to be supported by a continuous linear functional. The
condition contained in (A3) and adopted in [9], is due to [31]. If the commodity space
L is a vector lattice and preferences are complete preorderings on X; = L4, then it can
be proved that Mas-Colell’s ([25]) uniform properness condition is strictly stronger than
(A3) (see also the extreme desirability condition in [32]). Related conditions are given in
[10] and [30].

3.1 Properties of feasible allocations

We now introduce some well-known properties that a (feasible) allocation may satisfy. The
following notions are price free, in the sense that they should be understood as intrinsic
in the commodity space. The term coalition will be reserved to non empty subsets of the
set T'.

Definition 3.1. An allocation z is
1. individually rational, when e, ¢ P;(x;) for any agent t (write x € IR).

2. weakly Pareto optimal (write x ewPQO), if y, € P,(xy) for all t, entails that (y;)ier
is not feasible. Equivalently: A, NI Pi(z¢) = 0.

3. in the core (write x € C) , if it cannot be blocked by any coalition of agents, namely
there does not exist a coalition S and a map y on S with y; € Py(x,), for all t, and

such that ) ,cq yr < > jcq €t

4. an Edgeworth equilibrium (write x € C¥), whenever it is in the core of any replica
economy.

5. in the Aubin core 7 (write x € C*) , if it cannot be f-blocked by any coalition of
agents, namely a coalition S does not exist such that a map (o, yi)ies can be found
with

(s, 9) €]0,1] x Pi(we) and Y apys < Y ey
tes tes

6. a strong Edgeworth equilibrium (write x € sC¥) if

(co [ J[Pelxe) —ed) N (=Ls) = 0.

teT

Sconvex-valued is required if we are under the assumption (A1, 2.) of convexity of preferences

"Same as f-core or fuzzy core.



7. in the strong Aubin core (write x € sC») , if it cannot be strongly f-blocked, namely

it is impossible to find a set (necessarily finite here) of coalitions Si,...,Sgr such
that maps (o}, v} )tes,, 7 = 1,..., R, can be found with
R R
(af,47) €)0,1] x Py(we) and Y Y ajy; < ) ) ajer.
r=1tes, r=1teS,

The optimality properties provided by Definitions 3.1 will be reinterpreted in terms of
suitable coalitions in subsection 3.3. For the moment, we register that the following obvious

inclusions hold true:
¢t cccwPONIR.

Moreover,

Proposition 3.2. [9, Lemma 7.2] We have sC¥ C CE. The reverse inclusion C¥ C sC¥
also holds under the assumption that preferences are convex-valued, i.e. (Al, 2.), and
continuous, i.e. (Al, 4.).

Proposition 3.3. We have sCA C CA. The reverse inclusion C* C sC? also holds under
the assumption that preferences are conver-valued, i.e. (A1, 2.).

PROOF: The first inclusion simply follows by definition. Assume now that z ¢ sC4. Then
there exist finitely many coalitions Si,...,Sgr such that maps (o}, v} )es,, 7 = 1,..., R,
can be found with

R R
(of,y7) €]0,1] x Py(zy) and > D afyl < > Y ofe.

r=1tesS, r=1teS,
Then, defining for each r = 1,..., R and for t ¢ S,, o} equal to zero and y; arbitrary, we
have also
R R
DD oy <) aer
teT r=1 teT r=1
R
Let us define for each t € T, oy :Z aj, S={teT:a; #0} and for each t € S,
r=1

R
1
Y= — E a;y; . Then, by convexity, y; € Pi(z;) and a contradiction follows from
o7
r=1

R R
Z Y = ZZ apyp < ZZ apep = Z ey

tesS teT r=1 teT r=1 tesS

Proposition 3.4. We have sC* C sCP.

PROOF:

Let # € sC* and assume that x ¢ sC” so that we find a point in —L, which is a
convex combination of points in J,cp [Pi(2¢) — €. Set T, € T by t € Ty, if and only if
R, > 0 points of P,(x;) — e; are involved in the above mentioned convex combination.
Then we can write for t € T,, r =1,... Ry,



Re Ry
(af,yf) €10,1] x Py(w) and Y Y ajy; < Y ) ofer

teT, r=1 teT, r=1
Let R = maxter, Ry and define forr =1... R

Sy ={teT,:a, #0}.

Then we have that each S, is non empty and writing previous inequality as

R R
DD i <)) e

teS, r=1 tesS, r=1

we contradict z € sCA.
Od

Proposition 3.5. We have sCF C CA. The reverse inclusion C* € sCE also holds under
the assumption that preferences are conver-valued, i.e. (A1, 2.).

PROOF: Let us start with = ¢ C*. Then a coalition S exists such that a map (o, y:)es
can be found with

(at,9) €]0,1] x Pi(we) and Y gy < Y ey
tes tes

Up to an obvious normalization, it is clear that the set (colJ,cq [Pi(z¢) —ef]) N (—L4) is
nonempty. Viceversa, take x ¢ sC®, then a point z € (co Usier [Ps(z¢) —ed]) N (=L4 ). We
can write, by convexity, 0 > z = >, A¢(2—e;) with z; € Py(ay) foralltand ), . Ay = 1.
Naturally we rewrite D, Azt < D, Arer to understand that o ¢ cA. O

3.2 Competitive equilibria and generalized prices

We start introducing standard notions of valuation and competitive equilibria. Since at
this stage prices are required to be linear, existence and optimality of equilibria are in
general not guaranteed for infinite as well as finite dimensional commodity spaces, given
the possibility that the ordering of the commodity space is not a lattice order®. Here are
the Walrasian notions.

Definition 3.6. An allocation x is a Walrasian
1. wvaluation equilibrium, when q- Py(x) > q-x; for a certain q¢ € L' such that q-e # 0;

2. quasi equilibrium, when q - Pi(x¢) > q-e; for a certain ¢ € L' such that q-e # 0
andq-x; =q-¢e;, VEET;

3. equilibrium, when q - Py(x4) > q-e; for a certain ¢ € L' such that q-e # 0 and
q-ry=q-e, VteT.

8In [27] an example is provided of an economy with three commodities in which there is no Walrasian
equilibrium and the second welfare theorem fails for linear prices.



The alternate theory of value arises from a personalized pricing system defined as
follows. We just refer to a family p = (p;)ier of elements of L* (i.e. of linear functionals
over L assigned to each trader) as a list of personalized price. A list of personalized price,
as we have seen, gives rise to a value function 1, : C' — [0,00] that will be defined
as the generalized price associated to the list. If a list of personalized prices is made of
order bounded functionals (we say that it is order bounded), then the value function is
real valued. In this case, the name generalized price for the value function is naturally
motivated by property 4 in Proposition 2.1 or, when all consumption sets coincide with
the positive cone L; and the Riesz decomposition property holds for L, by Remark 2.2.
Then, following the interpretation given by [9], in a first step a discriminating Walrasian
auctioneer assigns to each (price-taking) consumer ¢ a personal linear price p;. Given this
list of prices, the value of the generalized price v, over a commodity bundle c, 1, - ¢, is
the highest possible value that it is attainable by decomposing the vector ¢ € C' into a
consumable family (y;)ier of vectors and assuming that each agents ¢ pays its own personal
price p;. According to this, it is natural to say that an allocation x of the economy, given
the personalized price p, is a mazimizing allocation if the value 1), - e is exactly achieved

in x, namely
Yp-e = sup E Pty = E Dt - Tt
YEAe jor teT

We use the symbol A™2%P) to denote the set of maximizing allocations.

Remark 3.7. Notice that under the assumption of weak compactness of the set of al-
locations of the economy, assumption (A2), a maximizing allocation always exists when
the personalized price is made of continuous functionals (we speak then of a continuous
personalized price) due to weak continuity of the function Z pey; defined on LT, In other

teT
words:

pe (LI)T = A(max,p) 7& 0.

Also observe that
.CCE.A(maX’p) :>¢p'$t = pt - Ty, VteT

since otherwise, by Proposition 2.1 (properties 5., 2. and 1.), one has ) ,.pp; - T4 <
YoterUpx S Yp-e = P - Ty, Le. a contradiction.

We say that the economy satisfies the consumption decomposability property,
(A4), if it is true that A, + Ay = Actq whenever ¢ and d are in the cone C.

Property (A4) relies on the consumption sets of the economy. Indeed if u € A4, and
therefore for the map u = (us)er, one has ), . us < c+d =), .1 (¢ + dy), there is no
guarantee that any uy is uy = u) +u} with uj € [0, ¢;] and u € [0, d;]. Moreover even if the
Riesz decomposition property would ensure the right decomposition, without the solidity
of consumption sets (A4) could fail.

The consumption decomposability property is related to the possibility of a generalized
price to be a linear map. The base for such a statement is in Theorem 2.3 and Remark
2.4.

Remark 3.8. If (A4) holds, then for any order bounded personalized price, 1, coincides
with a linear map over M. As we have seen in Remark 2.2, when the commodity space
L enjoys the Riesz decomposition property and all consumption sets coincide with the
positive cone L., then we have (A4) and the generalized price associated to an order
bounded personalized price can be identified with an element of L™, the order dual of L.



About continuity of possible linear extensions of generalized prices we have what fol-
lows.

Theorem 3.9. Suppose all consumption sets are Ly and p is an order bounded personal-
ized price. If 1, is the restriction to Ly of an element q of L', then in L™ the supremum
of {pi,t € T; 0}, i.e. (Vierpe)™, exists and it is continuous, moreover it coincides with q.

We define now equilibria supported by non-linear prices, that is competitive equilibria
naturally arising in our setting whose introduction is due to [9]. They turn out to be of
interest for infinite as well as finite dimensional commodity spaces, leading to a broad
range of economic applications.

Definition 3.10. For an allocation x € A, we say that it is a:

1. personalized valuation equilibrium if it exists an order bounded personalized price p
such that

() Yp-e>0
(Z’L) tET,yEPt(.’Et)j ¢p~y2¢p~xt
(i) pre=Y_ vy

teT

2. personalized quasi-equilibrium if it exists an order bounded personalized price p such
that (i), (ii) above hold and (iii) is replaced by

(131)p Py - Z e < Z )y - T, Vo € RJTr.

teT teT

3. personalized equilibrium if it exists an order bounded personalized price p such that
(i), (i), above hold and (ii) is replaced by

(i teT,yeP(z)= tp-y>thp z

Condition (ii1) is an arbitrage-free condition motivated by nonlinearity of prices. What
is relevant in it is the < sign since the reverse inequality holds due to: feasibility of x,
monotonicity and superadditivity of the generalized price . Clearly in the above definition
3. = 2. = 1. Moreover, if we denote by pVEP the set of allocations that are personalized
valuation equilibria with respect to a list p, then it is trivially true that:

x € pVEP and 4, - xp =pi-ap, VE €T = x € AP,

Let us denote now by pQE&P and by pEP the sets of allocations that are, respectively,
personalized quasi-equilibria and personalized equilibria with respect to the personalized
price p. Sets of all allocations that are, respectively, personalized valuation equilibria, quasi-
equilibria and equilibria with respect to some personalized price p are pVE&, pQE and p€.
The irreducibility condition needed in this setting to convert quasi equilibria in equilibria
supported by nonlinear prices (i.e. to show that 2. = 3.), looks as an assumption on
decomposability of all initial endowments. We say that a vector 0 < ¢ € L, is decomposable
if an always nonzero element of A, can be found. Let us introduce assumption

(A5): All initial endowments are decomposable.

Mhp-e >ty (e Tt) = D, Up - e So when (iii) holds, then necessarily the inequalities become
equalities. We shall discuss the condition in details in subsection 3.3.
Note also that from (i) it follows that ¥, - e; < 1, - ¢ for any agent t.
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Remark 3.11. Notice that if the consumption sets are equal each other, then 7 1 € A,,,
so assumption (AS5) is fulfilled. A similar conclusion is achieved for different consumption
sets if one can find a number k > 0 such that e < ke; for allt € T. Indeed | € A., for
allteT.

Lemma 3.12. Assume strict monotonicity and continuity of preferences (i.e. (A1, 3. and
4.)). Assume further the decomposability condition (A5).
If x € pQEP N A™aP) and, for all agent, one has (¥) py - x; < p; - Py(x;), then x € pEP.

PROOF: It is only necessary to prove the above condition (ii)p.

We first claim that: for any ¢ necessarily ¢ - x; > 0.

Since x is maximizing, by condition (i) we have: 0 < v,-e = >, ps-x¢ and necessarily
an s exists with 0 < ps - x5 = Y5 - 5.

Now by continuity take for any y € Ps(zs) a number k €]0,1[ such that ky € Ps(xs)
and apply assumption (*):

0<ps-xs <ps-ky=kps-y

obtaining that p; -y is non zero and therefore ps -y > kps -y and also ps -y > ps - 5 In
other words we have obtained: (xx)ps - zs < ps - Ps(zs). Using (A5) to decompose e;, we
can find z € X, with 0 < z < ¢; and by (**) applied to y = = + 25 (€ Ps(zs) because
of monotonicity) we have ps -z > 0. Now: ¢, - 4 > 1), - e, > 1 - 2 > ps - 2, the three
inequalities coming from, respectively, condition (iii),, 1. and 5. of Proposition 2.1.

The claim is therefore proved and to obtain (i), again take for any y € P;(z;) a number
k €]0,1] such that ky € P;(z;) and apply assumption (i7): kyp -y = 9, - ky > ¢ - a4
discovering that v, - y > 0 and therefore 1, - y > ki, - y > 2, - 4, as desired. O

Theorem 3.13. ([9, Theorem 4.3]) A Walrasian equilibrium x with respect to the positive
equilibrium price q necessarily is a personalized equilibrium with respect to the continuous
personalized price p; = q(Vt) that gives rise to the generalized price g additive on C.
Reciprocally, o personalized equilibrium x, with respect to an order bounded personalized
price p such that ¢, is additive and continuous on C, is a Walrasian equilibrium.

PROOF: It is just by assumption that ¢ € Ly, q-e #0, q-xt =q- e, q- P(xt) > q- et
for all ¢ € T. Applying Proposition 2.1 to the family constantly equal to ¢, one has that
Yp-c=gq-con C. Then (i), (ii), and (4i7), of Definition 3.10 obviously hold.

Assume now that x is a personalized equilibrium under p. We have seen already in
footnote that v, - e; < 9, - x4 for any agent t. If ¢, is additive on C' then we have by

feasibility that

Zlbp'xt:%'zxt§¢p'€:Z¢p'€t

teT teT teT
and therefore 1, - ¢, = 1), - x; for al t. Since 9, is uniquely extendible as a linear and
continuous functional over M, by the Hahn-Banach theorem let ¢ € L’ be an extension of
it. Then z is a Walrasian equilibrium under q. a

Remark 3.14. In view of Theorem 3.13, we are in the Arrow-Debreu-McKenzie model
whenever the generalized price is additive and continuous. This is for example the case
when the personalized price is continuous and the consumption decomposability property
holds true or the consumption sets coincide with the positive cone of a vector lattice L in
which L' is a vector sublattice of L™.
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We can see now conditions under which the set pV& of allocations that are person-
alized valuation equilibria can be compared with the set wPQO of weakly Pareto optimal
allocations. For the proof of the next two theorems we refer to [9, Theorem 5.1].

Theorem 3.15. Assume preferences are convezr-valued. Assume further that (A3) holds
(the properness condition) and x € wPQO.

1. A continuous personalized price p can be found such that

pr-xe < pr- Pe(ay), VEeT.

2. Assume further that preferences are strictly monotone, then the same p supports x as
a personalized valuation equilibrium (i.e. wPO C pVE) and, moreover, x € Almax, p)
or, what is the same here, V- vy = py -2, VE € T

Of course, one can also summarize the thesis (analogous to that of the second wel-
fare theorem) of the above Theorem as: wPO C UpE( )T pVEP. Under continuity of
preferences the inclusion of Theorem 3.15 can be reversed.

Theorem 3.16. Assume that any set Pi(x;) is open in Xy, then
pVE C wPO.
We conclude this subsection by proving the following inclusion.

Proposition 3.17. We have p€ C sC».

PROOF:
Let x € p€ be supported by a generalized price v, and assume that = ¢ sCA so that we
find coalitions Si,..., Sk and maps (o}, y; )ies,, 7 = 1,..., R, with (o} ,y;) €]0,1] x P;(z)

and n n
© S a3 e

r=1teS, r=1tesS,

By condition (74), of Definition 3.10 we have for r =1,..., R and t € S,

Yp - yp > Py xy
and then

R R
(+4+) Z Z ayp -y > Z Z ay iy - Ty

r=1tes, r=1tes,

Observe now that by superadditivity, positive homogeneity and monotonicity of the
functional v, due to (+), one has

iZ ATy i <y (iz a:yz) <4y (iz a;et>.

r=1tes, r=1tes, r=1tes,

If the latter quantity is written as
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Pp- (Zle D tes, a{et) =Vp (Zle Dter ﬁfet) =y (ZteT (Zle ﬁf) €t) ; where
B¢ is null on T'\ S, and coincide with of on S, condition (#ii), of Definition 3.10 can be
used in order to get

Up - (Z(Rl ﬂl) et> sZ(Rl BI) ¢p-xt:§jz agyp - wr.

teT \r= teT \r= r=1tesS,

that contradicts (++).

3.3 Notions of blocking

Reconsider the additional condition in the notion of personalized equilibrium denoted by
(7i1) and called arbitrage free condition:

¢p'z Qe S Z Oét¢p'$t, Vo € R’{_

teT teT

and observe that, due to the positive homogeneity of 1), it can be rewritten in the form

Py - Z oper < Z gty - x4, Yo € [0, 1]T.
teT teT
This remark allows us to interpret (iii), as a coalition based arbitrage free condition.
Indeed, define the set

Y=Aa:T—[0,1]:{teT:a>0} #0}

and call: any element « in the set ¥ an Aubin (or fuzzy) coalition, the set S, = {t € T :
ay > 0} the support of a.

The function (a) € [0,1]7 is interpreted as a coalition in which agent ¢ takes part
employing only a share oy of is initial resources e;. Of course ordinary coalitions form a
subset of X, since they can be identified with their characteristic functions.

Looking now at condition (7ii), above, it is clear that ) , . aze; is the initial endow-
ment of the Aubin coalition and the arbitrage free condition can be interpreted by saying
that: under a personalized equilibrium allocation, Aubin coalitions have no nominal incen-
tive to sell their total initial endowment to get a revenue that is greater than the revenue
from each member’s assigned bundle. Hence the personalized equilibrium notion implicitly
contains a requirement of stability with respect to deviations of Aubin coalitions, in the
sense that agents in a Aubin coalition have no incentive to deviate from their optimal
choice in the generalized budget set'?. Is the allocation also stable with respect to devia-
tions when agents in the coalition are free to redistribute their initial endowments among
theirself?

To answer to this question, we shall give or reinterpret in the following the blocking
mechanisms and the corresponding cooperative notions of equilibria in terms of Aubin
coalitions.

%the interpretation of condition (i), proposed in [9] relies on coalitions of a continuum economy
canonically associated to the finite one.
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Definition 3.18. The coalition o € 3 of support S, blocks an allocation x, if there exists,
over Sy, an assignment y S.t.

i) Z QY < Z Qe

teESa tESa
it) yr € Py(xy), for allt € S,.

Once this is fixed, it is clear that the notion of Aubin core introduced in Definition
3.1 can be reconsidered from the perspective of Aubin coalitions: x € C* is the same as
saying that x cannot be blocked by an Aubin coalition. Since each agent ¢ may participate
to a coalition o employing only a share oy of his initial resources, the intuition behind is
that a feasible allocation belongs to the Aubin core if it is not possible for agents to join
such a coalition and to redistribute their initial endowment among themselves according
to these shares letting each member obtain a strictly preferred bundle. The feasibility over
the coalition has to account of these shares as it is expressed by the weighted sum in

condition ii)*!.
Similarly, if we take a finite set A = {a', ..., af'} of Aubin coalitions, we say that = is
blocked by A if we can find assignments y' ...,y enjoying the following properties:
R R
t €Sy =y € Pi(xy) and ZZ ajy; < ZZ ajeq.
r=1teT r=1teT

Let us call A a generalized Aubin coalition for supporting the intuition that an agent
t may join simultaneously several coalitions o', ...,a® by participating in each with a
portion ¢ of his resources.

Once this is fixed, we can clearly say that € sC? is the same as saying that x cannot
be blocked by any generalized coalition.

The main results in the paper aim to characterize personalized equilibria as the only
allocations that are stable with respect to the veto power of the grand coalition (in the
usual or Aubin sense). Personalized equilibria are strong Edgeworth equilibria (see [9,
Lemma 7.4], proved here as a combination of Propositions 3.4 and 3.17). Consequently,
they are in the Aubin core and weakly Pareto optimal, that means stable with respect
to improvements of the grand coalition, assuming that agents may employ a share or the
whole initial endowment joining it. In general these inclusions do not end up in equiva-
lences. So the veto power of the grand coalition is not enough to characterize competitive
equilibria unless the veto mechanisms is modified in a suitable direction.

To show this, we shall deal with the blocking mechanism due to [20], in which the veto
is exercised by the grand coalition in a family of economies associated to the original one.
The next definitions are formulated following their approach.

Definition 3.19. Let x be a given assignment. We say that it is non-dominated when the
grand coalition can’t block it, i.e. Ae NIep Pi(xe) =0 (write x € N'D,).

It is clear that wPO = N'D, N A..
We introduce now a notation. Fix maps y € I;erX; and a € [0,1]7 then define the
new assignment e(a,y) by means of e(a,y); = ager + (1 — ay)y;.

"the notion of Aubin core is due to [11] for finite economies and has been extended in [29] to arbitrary
measure spaces of agents, in [12], [16], [18] it has been studied for economies with infinitely many goods
and allowing for production.
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The economy coincident with the original one except for the replacement of the initial
endowment e by e(a,y) is just referred to as e(a,y) for simplicity. Obviously e(1,y) = e
and e(0,y) is the economy that has y as initial endowment. The economies e(«, y) describe
a path connecting these two.

Call robustly efficient (write x € Ro€ f) a feasible allocation x that is non dominated
in each economy e(a, ), i.e. an allocation for which A,y o) N Iler Pi(z¢) = () for all a €
[0,1]7. In other terms, set

ND(x) := ﬂ J\/’De(avx),
a€l0,1]T

the definition of robust efficiency is

RoEf={xr € Ac: x € ND(z)}.

4 Further properties and characterizations of personalized
equilibria

We are going to show in this section that personalized equilibria can be characterized
in terms of the veto power of the grand coalition. This will be done under two different
approaches. In subsection 4.1 we will see that personalized equilibria coincide with robustly
efficient allocations, that is they are robust with respect to the veto power exercised in each
of the auxiliary economy in which the initial endowment is modified in a precise direction.
Then, in subsection 4.2, it will be proved that personalized equilibria are exactly those
allocations that cannot be f-blocked by the grand coalition. In both cases, the central
element of our analysis will be represented by the class of rational allocations.

4.1 Personalized equilibria and robust efficiency

The main aim in this section is to show that personalized equilibria coincide with robustly
efficient allocations. This characterization has been introduced for competitive equilibria
of finite dimensional economies by [20]. There the proof relies on the use of Vind’s theorem
about the measure of blocking coalitions in suitable atomless economies, that in its turn
applies the Lyapunov convexity theorem. To extend the result to infinite dimensional
economies we proceed first proving that Aubin core allocations are robustly efficient. Then
we show that robustly efficient allocations belong to the class of rational allocations.
Rational allocations have been introduce by [9] as a “convexification”of the notions of
individual rationality and Pareto optimality. They turn out to have a central role even
in our analysis. Then we use the equivalence between personalized equilibria and rational
allocations to prove our result. Notice that by means of rational allocations and properness
assumption, we can dispense with the use of Lyapunov convexity theorem and Vind’s
result.

Theorem 4.1. Assume preferences are irreflexive, convex-valued, strictly monotone and
continuous, i.e. (Al,1., 2., 3. and 4.). Assume further that (A3) (the properness condi-
tion) and (A5) hold. Take x to be an allocation, i.e. v € A.. Then x is a personalized
equilibrium if and only if it is robustly efficient i.e.

pE = RoEf.

The proof will be given in several steps
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Theorem 4.2. Assume convexity (A1, 2.), strict monotonicity (A1, 3.) and continuity
(A1, 4.) of preferences. Take x to be an allocation, i.e. x € A.. If x is in the Aubin core,
then x is robustly efficient, i.e.

CA C RoEF.

PROOF:
Take a point y € Ag(a,z) N Hier Pi(7¢) and set S to be the support of a. Clearly

Z er(o, ) :Z atet—l—z xt—z Ty SZ oztet—l—z et—z o

teT tes teT tes tes teT tes

Zyt+zyt+zat$tfzatet+zet

t¢S tesS tesS tesS teT

and therefore

that can be rewritten as

(%) Z Yyt + Z (yr + apxy) < Z (1+ay)er + Z et.

t¢S teS tesS ¢S

Up to a normalization factor, the function 3 equals to 1 outside S and to 1+ « over S is
a fuzzy coalition and we see now that it blocks the allocation x so that we have proved

T < Ch=z S m NDe(a,ac)-
a€l0,1]T

Fix ¢ €]0, 1] such that 1 — a; < ¢ and also (by (A1, 4.)) ey; € Pi(z), Vt € S. Observe the
following
Y + aqzy = ey + aqxy + (1 — )y = eyr + ez

once we set x; + la—_fyt =: z; € Py(x;) because of assumption (A1, 3.). Also note that

1 Ot
?/t-f—oztxtzeyt—f—atzt:(l-i-at) 1—|—045yt+1+042:t
t t

and that (ﬁsyt + %zt) =: wy € Py(z4) by assumption (A1, 2.). It is now clear by

(%) that the fuzzy coalition 3 blocks via the assignment w that outside S coincide with y.
O

As consequence of Theorem 4.2, since personalized equilibria are in the Aubin core,
we obtain the first inclusion.

Proposition 4.3. Assume convezity (A1, 2.), strict monotonicity (A1, 3.) and continu-
ity (A1, 4.) of preferences. Take x to be a personalized equilibrium. Then x is robustly
efficient, i.e.

pE CRoES.

To fully characterize personalized equilibria as robustly efficient allocations, we intro-
duce the notion of rational allocations, a class of allocations isolated by [9]. Some notation
helpful to define them now follows. By £ we mean the class of functions « : T — L
such that all values sum no more than e, the total initial endowment. Clearly such set
is nonempty, closed and convex and contains A. By 0 we denote the indicator function
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of the singleton {t}, therefore 0°x := = + 0°(es — x5) coincides, given the map z, with x
everywhere on 1" but s, where the value is ey, the initial endowment of agent s.
Now, given an allocation z, set

Z(x) = co(LU{f'z:t € T} () Mer Xs.

The above set is trivially convex and closed, naturally contains A. A map y € Z(x) means
both that y; € X; for all t and that y € co (LU {f'z : t € T}).

Definition 4.4. An allocation x is said to be rational if Z(x) N e Pi(z) = 0.

Naturally, the defining equality can be written as: co (LU{0'z : t € T})N e Pi(xy) = 0.
We may refer to rational allocations also as rational equilibria and denote the class of all
of them by RA.

Remark 4.5. Notice that: RA C wPQO. Indeed Z(x) includes A and AN yer Py(x) =
() is the weak optimality of an allocation x.

We present below the main properties of rational allocations.

Proposition 4.6. ([9, Lemma 6.2]) If we assume strict monotonicity (A1, 3.) and con-
tinuity (A1, 4.) of preferences and (A5), then: RAC IR.

Remark 4.5 joint with Theorem 3.15 says that

RAC wPO C U (pVEP N A(max’p))

pe(L)T

of course under convexity, monotonicity of preferences and under properness (A3). The
further properties enjoyed by rational allocations with respect to weakly Pareto optimal,
namely that disjoint from II;ep P;(z) is not just A but the bigger set Z(x), are mirrored
in what follows.

Theorem 4.7. Assume preferences are conver-valued. Assume further that (A3) holds
(the properness condition) and x € RA.

1. A continuous personalized price p can be found such that

pr-xe < pp- Pe(xy), Ve eT.
2. Assume further that preferences are strictly monotone, then the same p supports x
as a personalized quasi equilibrium (i.e. RA C pQE). Moreover, x € A(max, p)

PROOF: Let = be a rational allocation. As in the proof of Theorem 3.15, a separating
p = (pt)ter, i.e. a family p € (/)7 such that

p-2(x) <p- (her Pi(xy))

is found. Since p separates a fortiori A from (IT;er pt(xt)) it remains only to prove condition
(7i1), because all the rest was already proved in Theorem 3.15. For its proof we refer to
[9, Lemma 6.3]. O

17



Corollary 4.8. Assume preferences are convex-valued, strictly monotone and continuous,
i.e. (A1, 2., 3. and 4.). Assume further that (A3) (the properness condition) and (A5)
hold. Then:

RAC |J (p€r n Almaor)),

pe(L)T

PROOF: Let x be a rational allocation. By Theorem 4.7 z € (pQEP N A7)} and by an
appeal to Lemma 3.12 it is possible to conclude.
O

Remark 4.9. In [9, Emaple 7.7] an economy is presented in which all assumptions (Ai)
but (A5) hold. For this economy a personalized quasi equilibrium can be exhibited (and
therefore also a rational equilibrium) which is not individually rational (and therefore it is
not a core allocation and a fortiori not a personalized equilibrium). It is worth noticing that
the commodity space is 2-dimensional, and there are two agents with different consumption
sets both non coinciding with the positive orthant.

Theorem 4.10. Assume preferences are irreflexive, conver-valued, strictly monotone and
continuous, i.e. (Al, 1., 2., 8. and 4.). Then a feasible allocation x is rational if it is
robustly efficient, i.e.

RoEf C RA.

PROOF: Assume that x is robustly efficient. If it is not rational, then take z € Z(x) N
[;er Pi(x4). Since z is the convex combination of a point u € £ and of the vectors 6,
t € T, we can write

z:au—kZﬂtﬂi

teT

where o+ ), .p B = 1 and o, 3; > 0, for all £ € T'. According to a standard argument for
rational allocations (see for example the proof of [9, Lemma 7.3]), we derive:

Zzt +Zﬁsx5 S Zet +Zﬁs€s
teT seJ teT sed

once denoted by J the set of s € T' for which (s is different from zero. This follows from
the inequalities

Z (z—e) = Oéz (ug—ey) +ZZﬂs S)i—er) < ZZﬂs w)t—e€t) Zﬂs es).

teT teT seT teT seT teT seT

By continuity assumption on preferences, there exists A € (0,1) such that \z; € P;(z;) for
all t € T'. Then, by obvious calculation, observing that

1
> ——=1-Nz =0,
t¢J7+T

we get

1 55 1-A 1 55
—Az + Ts+ zs | < e + e
y+T SEZJ’erT( T B s>_ZV+Tt ng ’

teT



where

T +y
:E >0, E =1 d Az € Py(wy).
8 2 Br > t€T7+ 7+T ST an 2t € Pi(xy)

Observe now that xs + 1ﬁ LA eP, (zs) by monotonicity assumption, when zs # 0. Other-
wise, from z; = 0 € Ps(x;) it follows x5 # 0 and, by continuity, there would exist d5 €0, 1]
such that dszs € Ps(zs). So we can replace xs with such dsx still keeping the inequality.
Formally,

Bs
Z— t+Z’y+TwS§

tET seJ teT

where w; is equal to x5 + 15—)‘25, when z; # 0, it is equal to d;xs otherwise.
S
Hence we can write

€P(xt) €P; ()

= N
Z at (s¢) +be (wy) SZ(at—i—bt)et
teT teT

where even though all a; # 0 but not all b, (for ¢t ¢ J), surely all a; + by =: p # 0.
Therefore

::ytEPt(:Et)
f_/—
Z Pt [—St + wt} Z peet
teT teT

and in ), piye < D ,cq prer we can assume all p; €0, 1]. Choose now by continuity € > 0
such that all ey, € Pi(z;). From

Zptyt + Z(l — pe)a < Zptet + Z(l — pt)Tt
teT teT teT teT

we derive

ZPtEyt + Z(l — pi) Ty + Zpt(l — &)y < Z [prer + (1 — pr)ay],

teT teT teT teT
and also
Pt
Zptf:‘ytJrZ |:xt+( ]+Zl—€yt<z prer + (1 — pi)ai]
teT tes t¢S teT

where S denotes the set of traders ¢ for which p; is not equal to one.

pe(l —¢)

(1—pr)
dixy € P(xy), when t € S and y; = 0. Then we can write

Doeye+ Y ey + (1= poud <Y pree+ (1= po)ae

t¢S tes teT

Define now u; = x¢ + y; for those t € S such that y; is not zero and u; =

that implies, by convexity assumption, that = ¢ Ro€ f. a
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Remark 4.11. With reference to the assumptions on preferences, we saw that:

under convexity, the sets C*,sC* sC¥ do coincide and, by adding continuity, they also
coincide with C® (Propositions 3.2, 3.3 and 3.5).

As we have just seen in Theorem 4.2, then, we can even write that the previous set is
contained in Ro€ f if we assume further strict monotonicity.

Theorem 4.10 gives, with no extra conditions than irreflexivity, the inclusion of Ro€ f in
RA.

We derive therefore the two conclusions that follows.

1 - With continuous, convex, strictly monotone irreflexive preferences and assuming proper-
ness, by means of an appeal to Theorem 4.7 and to [9, Lemma 6.4], we get:

CAr=sC*=sCP=CP CRoEfF CRA=pOE

2 - With continuous, convex, strictly monotone irreflexive preferences, assuming properness
and (A5), by means of Corollary 4.8, since personalized equilibria are in the Aubin core,
we get :

Ch=sC*=sCP =CP =RoEf =RA =pE =p QE.

Note that the proof of Theorem 4.1 is now achieved.

4.2 Personalized equilibria and coalitions with full support

In this section we concentrate on the veto power of the grand coalition. It will be exercised
allowing all agents to take part in the coalition with a (non-zero) share of their endowment.
This means that we shall concentrate on the set X of coalitions with full support (i.e. the
support is all of T') defining a core, namely the set of allocations that cannot be f-blocked
by the grand coalition, denoted by CJ/?.

Naturally, CA C C?. Our aim is to find mild conditions under which the equality holds
true. Then, we will derive a characterization of personalized equilibria in terms of the
blocking power of the grand coalition.

Lemma 4.12. Let us assume (A1, 4) and that the initial endowments ey, for all agents
t, are o-units (or internal points). Then, given an allocation x ¢ C*, a map o : T — [0,1]
and an assignment y exist with:

Sa # 0, Y er arler — ye) is an o-unit and, for all t € Sy, y; is an o-unit belonging to
P (xt).

PROOF: First let us show that a and y exist such that S := S,(= support of «) #
0, > e arye < X er uey, and, for all t € S,y is an o-unit with y; € P;(x;). Note that,
for this, we must only prove that the assignment y can be chosen with the property that
Yt 18 an o-unit V¢ € S, the rest being simply the definition of the Aubin core.

Consider that ey, + (1 —€)e; tends to y; as € tends to 1, so, by continuity assumption,
we can find € €]0, 1] with ey; + (1 — ¢)e; € Pi(z) for all t € S. Naturally, the inequality
Y oter Yt < D e ey can be written as ), g % (eyy) < D ,cq H(eer) and, conse-
quently, as > oo % leys + (1 —e)er] < D ocg Hep. Clearly ey; + (1 — €)er is an o-unit
and we are done.

Now, to obtain that ), ., as(e; — y¢) is an o-unit, assume ), e < Yo Qe
and, for all t € S, y; € Pi(x¢), y; o-unit. It is then enough to take a positive € with ey, €
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Py(x4) for all t € S to have that >, g arys — D ycq ai(eys) = Y cq uyi(1—¢) is an o-unit
and therefore that even

Z QY — Z ar(eyr) + Z ar(er —yt) = Z o (er — eye)

tes tes teT teT

is an o-unit.
Od

Observe that in the above lemma, under the weaker assumption that all initial en-
dowments are strictly positive vectors, then in the conclusion we can replace o-units by
strictly positive vectors.

Theorem 4.13. Let us assume (A1, 3. and 4.) and that the initial endowments e;, for all
agents t, are o-units (or internal points). Then, an allocation x ¢ C*, can be f-blocked by
the grand coalition or, in other words, can be blocked by a fuzzy coalition with full support.
Consequently,

A A

PROOF: An appeal to above Lemma 4.12 gives a blocking fuzzy coalition « with a support
S. Let the vector v be an o-unit and such that v = Y7, ¢ aze; — > ;g oy Assuming
that the support S is not full, for any ¢t € T'\ S, monotonicity says that z; + e; € Pi(xy)
and choose, according to the definition of internal point, A > 0 with v — A Zt¢ gxy € Ly.
Now modify « and y replacing, for t ¢ S, oy by A and y; by z; + e;. The modified fuzzy
coalition « has full support and blocks x:

Zatyt + Z)\(xt +e)=—v+ Zatet + Z)\(xt +e) =

tes t¢S tesS t¢S
Zatet - U+ ()\Z%t) +Z)\€t < Zatet +Z)\€t.
tes t¢S t¢S tesS t¢S

a

Order units of the commodity space L are precisely the internal points of L. When
L is also completely metrizable, then order units are precisely the interior points of L.
([9, Theorem 2.8]), and then for the validity of Theorem 4.13 we need to assume that
Ly has a non-empty interior. That non fuzzy core allocations can be f-blocked by the
grand coalition even when the initial endowments are not necessarily internal points, is an
achievement of next theorem. In this case, properness assumption is required and the role
of the grand coalition is clarified also in connection with personalized equilibria.

Theorem 4.14. Assume preferences are irrefliexive, conver-valued, strictly monotone and
continuous, i.e. (A1, 1., 2., 8. and 4.). Assume further that (A3) (the properness condi-
tion) and (A5) hold. Then, an allocation that cannot be f-blocked by the grand coalition
or, in other words, cannot be blocked by a fuzzy coalition with full support, is a personalized
equilibrium. Consequently,

Cp =pE.

PROOF: Assume that x cannot be f-blocked by the grand coalition and that it is not
rational. Following line by line the same proof of Theorem 4.10 we find that
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Z Pyt < Z pret

teT teT

where we can assume all p; €]0,1] and y; € P;(x;), that means a contradiction. Since x is
therefore rational, the conclusion now follows from Corollary 4.8. O

5 Applications

In this section we provide some applications of our results on the veto power of the grand
coalition. Subsection 5.1 provides a game theoretic approach to equilibria supported by
non-linear prices, showing a characterization of personalized equilibria as Nash equilibria
of a game with only two players. Subsection 5.2 applies our main results to differential
information economies, offering an interpretation of the weak fine core.

5.1 Personalized equilibria and two-player games

Our aim in this section is to show that personalized equilibria of the economy coincide
with Nash equilibria of a two-player game G. This result represents a first attempt to
provide a strategic interpretation of competitive equilibia supported by non-linear prices.
The characterization will follow from Theorem 4.14 and requires the introduction of a suit-
able game G. In presenting the game, we adapt to our general framework the main ideas
n [21]. Contrary to usual strategic interpretation of competitive equilibria, the approach
proposed by [21] does not consider money and prices. The game associated to the market
economy is played by two players regardless of the number of agents. It will be referred as
a society game because, according to the interpretation of [21], the society plays the game
in two different roles. The results of this section extend the main theorems in [21] to the
case of infinite dimensional commodity spaces, allowing for non-linear prices supporting
competitive allocations. Notice that when the personalized price become linear, for ex-
ample if the commodity space is a vector lattice and the consumption sets coincide with
the positive cone, the characterization result in [21] is extended to classical competitive
equilibria.

There are two players: the strategy set for player 1 coincides with the set of allocations
that are non zero in each coordinate, i.e.

Si={reA: x #0forallteT}

while the strategy set of player 2 is defined as

Sy = {(a,y) € Ny x yer Xy - Zatyt < Zatyt}a

teT teT

that is player 2 chooses a strategy in the set of allocations that are feasible in the Aubin
sense, considering a strictly positive participation of each member of the society. Observe
that S; and Sy are non empty since they contain, respectively, the initial endowment
allocation e and the pair (1,e), where 1 denotes the characteristic function of the whole
set T of traders. The set of strategy profiles is S = S; X S, hence a strategy profile is
s = (z,a,y) € S, where x € S; is the strategy of player 1, («,y) € Ss is the strategy of
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player 2. Let us denote by II; : § — IR and Il : S — IR the payoff functions for players 1
and 2, respectively.

We say that the game (G, 11, 1) is a society game if it satisfies the following properties:
for s = (z,a,y) € S

G.1 if x = y, then II;(s) = Ilz(s) = 0;
G.2 ¢ € Pi(yp), for all t € T iff TI;(s) > 0;
G.3 y; € Pi(zy), for all t € T iff TIx(s) > 0;

G4 ifs' = (z,0,y) € S and z € Pi(x;) for all t € T, then II;(s") > I (s).

From the definition of a society game, some immediate consequences follow.

Proposition 5.1. Assume that the economy satisfies (A1, 1., 3., 6.) and let (G,11;,115)
be the associated society game. Then the following properties hold true:

1. for each s € S, if II1(s) > 0 then Ila(s) < 0 and conversely;
2. if s* = (¥, a*,y*) is a Nash equilibrium for G, then x* € wPO;
3. if s= (z,a,x) €S and x € wPO, then agent 1 cannot improve his payoff;

4. if v € Sy, then x ¢ C? iff Ua(z, o, y) > 0, for a strategy (a,y) € Ss.

PROOF: The first item is a consequence of assumption (A1, 6.) and of the properties G.2
and G.3 of the society game.

To prove the second statement, observe that if in a Nash equilibrium s* = (z*, a*, y*)
the allocation z* ¢ wPQO, then there would exists z € A such that z; € Py(x}) for all
t € T. Assumptions (A1, 1.) and (A1, 6.) ensure that, if for a t € T 2z = 0, then
x; # 0 and z7 ¢ P;(0) contrary to (A1,3.). Hence z € Si. Now from G.4, we have
IT; (z, ", y*) > II;(s*) and a contradiction.

Let s = (z,a,2) € S and z € wPO, by G.1 the payoff of player 1 in s is equal to
zero. Assume then that II(z,«,z) > 0 for an allocation z € S;. Then by G.2 we have a
contradiction.

The last statement simply follows by definition of So and property G.3. a

Hence a society game can be interpreted as a game in which the society plays in
two different roles. As player 1, it chooses feasible allocations and tries to make Pareto
improvements. As player 2, the society comes up with an alternative allocation trying to
dominate the allocation proposed by 1. Theorem 5.1 tells us that player 1 has incentive
to deviate whenever the selected strategy is not efficient. Player 2 has incentive to deviate
whenever the strategy of player 1 can be dominated by the grand coalition. What we will
see next is that in a Nash equilibrium the first player chooses a strategy that is efficient,
while the second player forces the strategy of 1 to be competitive.

First we state the existence Theorem of a Nash equilibrium for a society game.

Theorem 5.2. Assume that the economy satisfies (A1, 1., 2., 4., 5., 6.), (A2), (A3)
and (A5). Let (G,111,115) be the associated society game. Then the set of Nash equilibria
1 pure strategies is non-empty.
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PROOF: By [9, Theorem 8.3] and Remark 4.11, there exists a personalized equilibrium
allocation z*. Clearly s* = (z*,1,2*) belongs to S12. Since z* is in wPQ, from Proposition
5.1, it follows that player 1 cannot improve his payoff. On the other hand, by Theorem
4.14 | x* € C? and then from 4. of Proposition 5.1 the conclusion follows. O

Our last result characterizes personalized equilibria as Nash equilibria of a society
game.

Theorem 5.3. Assume that the economy satisfies (Al,1., 2., 3., 4. and 6.). Assume
further that (A3) and (A5) hold. Let (G,111,115) be the associated society game.

1. If s* = (z*,a*,y*) € S is a Nash equilibrium with 1I;(s*) = Ia(s*) = 0, then
x* € p&;

2. if ¥ € p€, then any s* = (2%, a*,y*) € S with II;(s*) = Ila(s*) = 0 is a Nash
equilibrium.

In particular, x* € p€ iff (x*,1,2*) is a Nash equilibrium for (G,111,11s).

PROOF: To prove the first implication, assume that =* ¢ p€. Then by Theorem 4.14, x* ¢
C}* and, by 4. of Proposition 5.1, Ils(z*, a,y) > 0 = Ia(z*, a*, y*), for some (a,y) € So,
that is a contradiction.

Conversely, assume that z* € p&, and that for s* = (z*,a*,y*) € § with II;(s*) =
II5(s*) = 0, s* is not a Nash equilibrium. Then it may be the case that for some x € Sy,
IT) (z, o*,y*) > 0 = II;(s*). But then by G.2, z* ¢ wPO and a contradiction. Or it may
be the case that IIa(z*, o, y) > 0 = IIy(s*) for some (a,y) € S2. Then by G.3 z* ¢ Cj? and
a contradiction follows from Theorem 4.14. O

Example 5.4. An example of a society game associated to the economy will be now
provided. Since the strategy sets of both players have been already fixed, we have only to
define the payoff functions.

Assume that for each trader t € T Xy = Ly and that for x € L

Pi(z) ={y € Ly : w(yr) > ue(we) }

for some continuous concave and strictly monotone utility function u;. Define the payoffs
of players 1 and 2 as follows

Iy (z, o, y) = minger [ug(we) — ue(ye)]
Hy(x, o, y) = minger oy [ut(yt) - ut(xt)]

for each (x,c,y) € S. Then it is easy to show that the payoff functions define a society
game (G, 11y,11y) for which Proposition 5.1 holds true. Under properness assumption (A3),
the existence of a Nash equilibrium for the game G is guaranteed by Theorem 5.2 (notice
that assumption (A5) in this case is obviously true). Finally, following verbatim the proof
of [21, Proposition 4.1], one can show that in each Nash equilibrium s* of the game G it is
true that I1; (s*) = Ila(s*) = 0. Hence Theorem 5.3 guarantees a one to one correspondence
between Nash equilibria of the game G and personalized equilibria.

12Notice that z; = 0 for a t € T would imply, by monotonicity, that z* can be blocked by t and this
contradicts the fact that zx belongs to C*
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5.2 FEconomies with differential information

We introduce for a Differential Information Economy (DIE, for short) the notion of Aubin
weak fine core in line with the notion of weak fine core introduced by [24]. Our aim is to
show that the Aubin weak fine core coincides with the Aubin private core (see [19] and
[22]) of a suitable economy with symmetric information and therefore with the personalized
equilibria of that economy. With respect to the analogous result proved by [15], we consider
a more general ordered topological vector space of contingent commodities. Moreover,
we emphasize here the use of the previous full support results in order to overcome the
unavailability of Lyapunov’s Theorem.

For simplicity we consider a DIE in which the exogenous uncertainty is represented
by a probability space (2, F, IP), the finite set  collecting all possible states of nature
and IP representing a strictly positive common prior. The private information of a trader
t € T is represented by a sub-algebra F; of F and it is assumed that F = VicrF;. We
assume that the space of physical commodities is an ordered topological vector space B
as described in Section 3 and that By has a non empty interior. We shall denote by L
the product space L = B®. Utility that a trader ¢t € T derives from physical consumption
is given by the real function u;(w,v), with w € Q and v € B,. Standard assumptions on
uy are that u;(w, ) are continuous, concave and (strictly) increasing. The same properties
are then inherited by the (ex-ante) expected utility of the random consumption utility
ug(w, z(w)). Such expected utility is denoted by U;(z), for each random bundle x € L.

For each trader ¢t € T, we shall denote by X; the set of random bundles that are
measurable with respect to the private information of trader ¢, i.e.

X; ={x € Ly : x is measurable wrt F;},

a closed convex cone in L. We complete the description of our DIE by defining the initial
endowment as a profile (e;)ier such that e; € X;.

Notice that by introducing the correspondence x € X; +— Pi(z) = {y € Ly : U(y) >
Ui(x)} N Xy, DIE is a special case of an economy as given in Section 3. Consequently, we
see that Aubin core as given in Definition 3.1 is identical to the Aubin private core as
defined in [19] and [22]. “Private” since in the blocking mechanism agents in a blocking
coalition don not share their private information.

It is natural to say that a list (p;)ier € (L')T of continuous personalized prices is
indiwvidually measurable if each p; is Fi-measurable. The next notion is due to [9].

Definition 5.5. An allocation x of DIE is said to be an individually measurable per-
sonalized equilibrium if there exists an individually measurable list of continuous prices
(pt)ier € (L')T supporting = as a personalized equilibrium (see Definition 3.10).

According to [9], in an individually measurable personalized equilibrium the auctioneer
assigns to agents personalized prices in such a way that none of them may infer additional
information from his individual price. The generalized price is the same for every trader
and, since agents maximize their ex-ante utility functions subject to informational con-
straints, agents that are better informed will be in general better off.

Following [9] and results of subsection 4.2 we derive.

Proposition 5.6. Assume that the total initial endowment e = ), 1 e; is strictly positive
and that a number k > 0 exists such that e < ke; for allt € T. Then, the Aubin private
core of DIE coincides with the set of individually measurable personalized equilibria.
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PROOF: Since e < ke; each e; is decomposable (see Remark 3.11). Moreover each e;
belongs to the interior of L, and then the economy is proper with respect to the initial
endowment allocation e;.

We know that p€ = C* (see Remark 4.11, 2.) and, clearly, individually measurable
personalized equilibria are in the Aubin core. We want to show the converse. So take
x € p€ = C» and the list of prices p; € L' that support z as a personalized equilibrium. By
definition, the conditional expectation E[p;|F;] =: ¢;'3 is F;-measurable and p; -z = q;- 4.
More generally p; - X; = ¢; - X;. What above is enough to prove that 1, is the same as 1),
namely that x is an individually measurable personalized equilibrium with the generalized
price 1. O

A notion of core in which agents in a blocking coalition share private information will
be introduced below. It will be in the spirit of the so called weak fine core and therefore
called Aubin weak fine core. For the rest of the present section we denote by (F;);cr the
finitely many distinct information partitions of {2 and we shall identify a partition with
the information algebra it generates. The set T of agents can be naturally partitioned into
finitely many subsets T; = {t € T : F; = F;}. Set, for any group S of agents, I(S) to
denote the subset of I made of those indices ¢ for which T; NS # ().

Definition 5.7. An x € Li 1s called an Aubin weak fine core allocation, we write then
x € CME if any x; is measurable with respect to F and

LY erai(w) <Y jeret(w), for all state w

2. a fuzzy coalition v and (y;) € L4 for any t € S, such that

(a) for any t € Sy, y: is (Vier(s,)Fi)-measurable
() Tres, () < Tres merlw), for all state w
(¢) U(y) > Ug(y), for allt € S,.

do no exist.

Notice, in the above definition, the request of measurability of y; with respect to the
joint information of members of the coalition. If € C*, the Aubin (private) core, then
x; is Fi-measurable and therefore also F-measurable as required in the definition above.
However, a direct comparison between C* and C*%f is not possible since from the existence
of a blocking y in the weak fine core sense, it does not follow that ¢ blocks x in the private
sense.

While private core is the appropriate core notion when agents have no access to any
communication systems, the weak fine core is the appropriate notion of core when agents do
have access to a communication system allowing them to fully share their information in a
blocking coalition. We want to show now that the Aubin weak fine core of the DIE coincides
with the Aubin (private) core of a suitable economy with symmetric information. The latter
coincides with DIE except for the replacement of any F; with F. As a consequence, the
weak fine core of DIE coincides with the set of personalized equilibria in the new economy.
This result has been proved for large differential information economies with finitely many
commodities by [15] with a proof that relies on the application of Vind’s theorem (and
therefore Lyapunov’s).

3¢ (w) is defined by E[p:|F:](w) = m Do Ay (w) p(w’), where A;(w) is the unique element of F;
containing w
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Theorem 5.8. Assume that e; is an interior point of L, for eacht € T'. Then the Aubin
weak fine core of DIE is the same as the Aubin private core of the economy in all equals
to the DIE except for the assumption that all agents have the same information F; = F.

PROOF: By writing F = {E1, ..., E} }, random bundles in the set X = {z € B_fﬁ cxis F —
measurable} are identifiable with element of Bﬁ. The ex-ante utilities U; with utilities
defined over B_’f_ as

k
Ul(x1,...,xx) = Z (Z ut(w,:cs)ﬂj(w)> .

s=1 weFE;

Denote by « — C* the Aubin core of the symmetric economy in all equals to DIE except
for the assumption that all agents have the same information F.

The inclusion x — C* € CA is obvious, so let us show the converse. For that purpose,
consider the complete information economy where, for each trader ¢ € T', the commodity
space is Bﬁ, the utility is the U; given above and the initial endowments e; are reconsidered
through representatives in B_’f_.

Let € CA" and suppose 2 ¢ x — C*. The latter circumstance entails that there are
v and for any t € S, a y; € X such that Ztesw Yy (w) < Ztesw Yeer(w), for all w, and
Ut(yt) > Ut(.’Et), for all t € S’y.

Modulo the identifications described above, we have, in B_’f_: Zte s, Yty < Zte s, Veet
and Ui(y;) > U(zy), for all t € S,.

As a consequence of Theorem 4.13, the non fuzzy core allocation x can be blocked
by a fuzzy coalition with full support, i. e. we can find for any trader ¢ € T a pair
(o, 2¢) €]0,1] x Lﬁ with Y, cpavze < D0 cpazer and Up(z¢) > Uy(wy), for all t € T

Going back to DIE, to see that our assumption x € CA" is violated by the fuzzy
coalition « and assignment (z;)cr is enough to observe that trivially I(S,) = I. O

Our final result guarantees that the weak fine core coincide with personalized equilibria.
Hence, while the Aubin private core coincides with the set of personalized equilibria, and
then it rewards the information advantage of a trader, in a weak fine core allocation, the
information advantage is worthless.

Theorem 5.9. Assume that the total initial endowment e = ), e is interior to the
positive cone and that a number k > 0 exists such that e < ke, for all t € T'. Then, the
Aubin weak fine core of DIE coincides with individually measurable personalized equilibria
of the economy in all equals to DIE except for the assumption that all agents have the
same information F, = F.

PROOF: Let z € CA"f and suppose  is not an individually measurable personalized equi-
librium. By Theorem 4.14 and Proposition 5.6, x ¢ x—C?. Then as in the proof of Theorem
5.8 we get a contradiction. O

6 Final remarks

Our final remarks deal with the possible extension of core equivalences presented in this
paper to the case of non-convex economies. Again the central element is represented by
rational allocations, even if slightly modified. This class will be related to strong Aubin

27



core allocations. The use of the strong Aubin core to characterize competitive allocations
in the presence of non-convex preferences is due to [23] and to [18] in Banach lattice
commodity spaces.

A possible approach to cover the case in which assumption (A1, 2.) is not fulfilled
follows.
Remind, from subsections 3.1 and 3.2 , that the inclusions p€ C sC* C sCF are valid in
general. Now, the following holds true.

Proposition 6.1. Under the assumptions (A1, 3. and 4.), any allocation x € sC* satis-
fies the condition
(¢0) Z(z)N Iep co Py(zy) = 0.

PROOF: Assume not. The same proof of [9, Lemma 7.3] in which P;(z;) is replaced by
coP;(x;), guarantees that co ([U,cp [(co Pi(¢)) — e]) N (—=Ly) # 0. This clearly implies
that (coU,eq [(Pi(xt)) — e]) N (=L4) # 0 and a contradiction. O

Naturally, an allocation z for which the condition (¢) is true is a rational allocation and
the above condition (¢) can be considered as defining rational allocations of an economy
equals to the original one except for the replacement of the sets P,(x;) by coP;(zy).

To characterize personalized equilibria as strong Aubin core allocations, we consider
the following stronger version of properness assumption:

(A3)": There is an allocation v, with v; > 0 for any ¢ € T, and a family of convex
correspondences (Qt)teT, each defined on X; and with values in L, such that

teT, zeX; = Qt(x) NX; = coP(x) and =+ € mt(Qt(x))

Theorem 6.2. Assume that the economy € (A1, 3. and 4.). Assume further that (A3)'
and (A5) hold. Then p€ =sC» =sCF.

PROOF: It is enough to show that an allocation z for which (o) is true belongs to p€. Let =
be such an allocation. Due to the above observation we just apply Corollary 4.8 replacing
the sets Py(x¢) by coP;(x¢). To conclude, just note that personalized quasi-equilibria and
equilibria do not change when we modify the original economy replacing preferences by
their convex hull. Indeed,

¢p'Pt(xt) 2’(/)p'$t<:>¢p'COPt(.’Et) 2’(/)1;'56,5
and
¢p'Pt(xt) >’l/)p'$t<:>¢p'COPt(.’Et) >’l/)p'CCt

as it can be seen by using properties of v,,. O

A natural question arises whether a suitable properness condition required directly on
the preferences P;(x) implies a condition like (A3)". For example, if this is the case in
the properness assumption formulated in [18] for non-convex preferences (the commodity
space is a Banach lattice and prices are linear) or in the uniform monotonicity assumption
for non-convex preferences required in [13] (the commodity space is an ordered topological
vector space and prices are superadditive). Finally, for a study of non-linear prices in
non-convex economies with the tools of variational analysis, we refer to [28].
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