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Abstract

Using Hotelling's two-stage model of spatial competition, we develop a lending model where the equilibrium
outcome may be characterized by maximal differentiation - in contrast to Hotelling's model where firms have an
incentive to reduce differentiation, as long as a pure-strategy price equilibrium exists. The difference is due to
the specificities of banks' activities: banks perform independent tests to assess the credit-worthiness of their loan
applicants, and thereby create a nongeographic customer heterogeneity. If banks are sufficiently pessimistic
about the credit-worthiness of firms, they try to minimize the risk of default by moving away from the market
center.
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4 Lqwurgxfwlrq

Rq 4 Pdufk 4<<</ d sdfndjh ri pdunhw0rshqlqj frpplwphqwv iru �qdqfldo

vhuylfhv ehwzhhq 435 phpehuv ri wkh Zruog Wudgh Rujdql}dwlrq +ZWR, hq0

whuhg lqwr irufh1 Wklv sdfndjh lv pdlqo| wdujhwhg wr lqwhqvli| edqnlqj frp0

shwlwlrq e| rshqlqj iruphuo| orfdoo| vhjphqwhg pdunhwv1 Vlplodu dwwhpswv

zhuh pdgh lq Hxursh +h1j1 wkh HF*v Vhfrqg Edqnlqj Gluhfwlyh ri 4<;;, dqg

lq wkh Xqlwhg Vwdwhv +h1j1 wkh Ulhjoh0Qhdo Lqwhuvwdwh Edqnlqj dqg Eudqfk0

lqj H!flhqf| Dfw ri 4<<7,1 Wkhvh phdvxuhv zhuh h{shfwhg wr uhgxfh wkh

ghjuhh ri jhrjudsklfdo vshfldol}dwlrq vljql�fdqwo|1 Krzhyhu/ wkh h{shulhqfhv

lq Hxursh dqg wkh XV kdyh ehhq pl{hg lq wkdw uhvshfw1 Lq Hxursh/ uhfhqw

frqvrolgdwlrq ri wkh edqnlqj lqgxvwu| kdv whqghg wr rffxu zlwklq lqglylgxdo

frxqwulhv udwkhu wkdq dfurvv erughuv/ lqfuhdvlqj orfdo pdunhw srzhu lqvwhdg

ri lqwhqvli|lqj frpshwlwlrq +Gdqwklqh hw do1/ 4<<<,1 Vlploduo|/ olehudol}dwlrqv

ri wkh vwdwhzlgh eudqfklqj uhvwulfwlrqv lq Fdoliruqld dqg Qhz \run Vwdwh

kdyh qrw holplqdwhg wkh lpsruwdqfh ri vpdoo orfdo edqnv +Plvknlq 4<<:/ s1

5:7,1

Rqh zd| wr ghdo zlwk wkh skhqrphqrq ri dq dssduhqw shuvlvwhqfh ri pdu0

nhw vhjphqwdwlrq lq wkh edqnlqj lqgxvwu| lv wkh dqdo|vlv ri }hur0rqh hqwu|

ghflvlrqv e| qhz ulydov/ fkhfnlqj zkhwkhu hqwu| lqwr uhjlrqdo edqnlqj pdu0

nhwv lv eorfndghg e| wkh lqfxpehqw edqnv1 Wklv kdv uhfhqwo| ehhq h{dplqhg

e| Ghoo*Dulffld hw do1 +4<<<,1

Dqrwkhu zd| lv wr wdnh wkh jhrjudsklfdo glphqvlrq h{solflwo| lqwr frq0

vlghudwlrq dqg dqdo|}h wkh uhflsurfdo lqfhqwlyhv ri edqnv wr pryh judgxdoo|

lqwr hdfk rwkhu*v uhjlrqdo pdunhwv lqvwhdg ri pdnlqj d vlpsoh }hur0rqh hqwu|

ghflvlrq1 Wklv lv grqh lq rxu sdshu1 H{whqglqj d ohqglqj prgho ri Eurhfnhu

:



+4<<3,/ zh xvh Krwhoolqj*v +4<5<, prgho ri vsdwldo frpshwlwlrq dqg dsso|

lw wr wkh edqnlqj vhfwru1 Zh vkrz wkdw d sxuh0vwudwhj| orfdwlrq0wkhq0sulfh

htxloleulxp zlwk pd{lpdo vsdwldo gl�huhqwldwlrq pd| h{lvw/ lq frqwudvw wr

Krwhoolqj*v prgho/ lq zklfk qr htxloleulxp lq sxuh vwudwhjlhv lv srvvleoh +vhh

g*Dvsuhprqw hw do1 +4<:<,,1

Hvvhqwldoo|/ zh xvh d kljko| vlpsol�hg prgho wr suhvhqw rqh edvlf lghd

ri zk| jhrjudsklfdo vsdfh kdv d vshfldo lpsruwdqfh wr edqnlqj frpshwl0

wlrq1 Qdpho| wkdw edqnv pd| xqlqwhqwlrqdoo| ghwhulrudwh wkh frpsrvlwlrq

ri wkhlu folhqwhoh e| prylqj forvhu wrzdugv hdfk rwkhu1 Wkh gulylqj irufh

lv lpshuihfw lqirupdwlrq dftxlvlwlrq ri edqnv1 Ohqglqj h{srvhv edqnv wr

wkh ulvn ri ghidxow1 Vr edqnv w|slfdoo| vhohfw wkhlu fxvwrphuv rq wkh edvlv

ri fuhglw0zruwklqhvv whvwv1 Vxfk whvwv jhqhudwh d fxvwrphu khwhurjhqhlw| lq

wkh iroorzlqj vhqvh1 Wkhuh duh +l, �upv wkdw sdvvhg erwk edqnv* whvwv/ +ll,

�upv wkdw idlohg erwk edqnv* whvwv/ dqg +lll, �upv wkdw sdvvhg wkh fuhglw0

zruwklqhvv whvw ri rqh edqn/ exw idlohg wkdw ri wkh ulydo edqn1 Dv d uhvxow/

edqnv frpshwh h�hfwlyho| rqo| iru �upv wkdw sdvvhg erwk whvwv1 Frqyhuvho|/

�upv wkdw sdvvhg rqo| rqh edqn*v whvw uhsuhvhqw or|do fxvwrphuv ri wkdw

edqn1 Krzhyhu/ wkhvh �upv surylgh d kljkhu ulvn ri ghidxow1 Zh vkrz wkdw

li edqnv duh shvvlplvwlf derxw wkh �upv* fuhglw0zruwklqhvv/ wkh| kdyh dq lq0

fhqwlyh wr pryh dzd| iurp wkh ulydo edqn lq rughu wr plqlpl}h wkh ulvn ri

xqlqwhqwlrqdoo| vhuylqj wkrvh fxvwrphuv wkdw kdyh ehhq uhmhfwhg e| wkh ulydo

edqn1

Rxu sdshu lv vlplodu lq vslulw wr wkdw ri Ghoo*Dulffld hw do1 +4<<<, dqg

Jhkulj +4<<;,1 Dv lq wkhvh sdshuv/ zh lghqwli| pdunhw irufhv wkdw duh vsh0

fl�f iru wkh edqnlqj lqgxvwu| dqg suhyhqw edqnv iurp hqwhulqj hdfk rwkhu*v

pdunhw1 Dqdo|}lqj d }hur0rqh hqwu| ghflvlrq ri srwhqwldo hqwudqwv/ Gho0

;



o*Dulffld hw do1 vkrz wkdw dgyhuvh vhohfwlrq dfwv dv d eduulhu wr hqwu|1 Lq

wkhlu prgho lqfxpehqw edqnv kdyh jdwkhuhg lqirupdwlrq derxw wkhlu folhqwv*

fuhglw0zruwklqhvv douhdg| +ohduqlqj e| ohqglqj,/ dqg wkhuhiruh rzq dq lqiru0

pdwlrqdo dgydqwdjh ryhu srwhqwldo hqwudqwv1 Li douhdg| wzr edqnv duh lq wkh

pdunhw/ Ghoo*Dulffld hw do1 vkrz wkdw wkh pdunhw lv eorfndghg iru d wklug

edqn1 Jhkulj +4<<;, dqdo|}hv h{ dqwh vfuhhqlqj lqfhqwlyhv ri d prqrsrolvwlf

edqn wkuhdwhqg e| hqwu|1 Lq klv prgho/ wzr edqnv pdnh vhtxhqwldoo| fuhglw

r�huv edvhg rq fuhglw0zruwklqhvv whvwv1 Kh �qgv wkdw wkh vhfrqg pryhu*v

srro ri dssolfdqwv pd| eh vr dgyhuvho| vhohfwhg wkdw ohqglqj lv qrw suri0

lwdeoh dq| pruh1 Lq erwk sdshuv d }hur0rqh hqwu| ghflvlrq lq dq dv|pphwulf

lqfxpehqw0hqwudqw frqwh{w lv h{dplqhg1 E| frqwudvw/ zh frqvlghu judgxdo

pdunhw hqwu| e| v|pphwulf edqnv lq jhrjudsklfdo vsdfh1

Fkldssrul hw do1 +4<<8, dqg Hfrqrplghv hw do1 +4<<9, vwxg| hqwu| gh0

flvlrqv ri edqnv lq Vdors*v +4<:<, flufxodu prgho ri surgxfw gl�huhqwldwlrq1

Krzhyhu/ wkh orfdwlrqv ri edqnv duh qrw ghulyhg hqgrjhqrxvo| wkhuh1 Wklv/

lq wxuq/ lv wkh irfxv ri rxu sdshu1

Uhodwhg wr rxu sdshu lv dovr wkh zrun e| Zrqj dqg Fkdq +4<<6, zkr

vwxg| h{0srvw dxglwlqj lq vsdwldo fuhglw pdunhw frpshwlwlrq1 Xvlqj d udwkhu

vshfl�f dxglwlqj frvw ixqfwlrq/ Zrqj dqg Fkdq �qg d xqltxh v|pphwulf or0

fdwlrq htxloleulxp/ zklfk lqyroyhv vsdwldo gl�huhqwldwlrq1 Wkh nh| dvvxps0

wlrq lq wkhlu sdshu lv wkdw edqnv xvh sulfh glvfulplqdwlrq zlwk uhvshfw wr

eruurzhuv* orfdwlrqv1 Krzhyhu/ wr wkh ehvw ri rxu nqrzohgjh ri wkh edqnlqj

lqgxvwu|/ edqnv duh w|slfdoo| qrw deoh wr gr vr1

Vsdwldo frpshwlwlrq ehwzhhq qrq�qdqfldo �upv zkhq fxvwrphuv duh khw0

hurjhqrxv kdv ehhq dqdo|}hg e| gh Sdopd hw do1 +4<;8, dqg Dqghuvrq hw do1

+4<<5,1 Lq wkhlu prghov/ pruh or|do fxvwrphuv duh dq dgydqwdjh dqg qrw d
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glvdgydqwdjh1 Wkh dxwkruv fdq wkhuhiruh vkrz wkdw/ iru d vx!flhqw ghjuhh

ri fxvwrphu khwhurjhqhlw|/ vxssolhuv fkrrvh wr djjorphudwh lq wkh plggoh ri

wkh pdunhw1 D frpsdulvrq zlwk rxu prgho fohduo| uhyhdov zkdw glvwlqjxlvkhv

edqnlqj frpshwlwlrq iurp frpshwlwlrq ehwzhhq qrq�qdqfldo �upv= lw lv wkh

ulvn ri xqlqwhqwlrqdoo| vhuylqj ghwulphqwdo fxvwrphuv1 Wklv ulvn dfwv dv d

ghjorphudwlyh irufh lq vsdwldo frpshwlwlrq1

Lq wkh iroorzlqj vhfwlrq/ zh ghvfuleh rxu prgho ri vsdwldo frpshwlwlrq lq

fuhglw pdunhwv1 Wkh sulfh jdph lv dqdo|}hg lq Vhfwlrq 61 Lq Vhfwlrq 7/ zh

vwxg| wkh �uvw0vwdjh orfdwlrq ghflvlrqv1 Zh glvfxvv srvvleoh prgl�fdwlrqv ri

rxu prgho lq Vhfwlrq 8/ dqg jlyh d frqfoxvlrq lq Vhfwlrq 91

5 Wkh prgho

Zh frqvlghu wzr edqnv/ l @ 4> 5/ dqg d frqwlqxxp ri �upv1 Hdfk �up vhhnv

d ordq wr �qdqfh dq lqyhvwphqw surmhfw ri d vl}h qrupdol}hg wr 41 Wkhuh duh

wzr w|shv ri �upv/ v 5 id> ej/ gl�hulqj lq wkhlu uhwxuq rq lqyhvwphqw= wkh

e0w|sh �up rewdlqv d uhwxuq ri \ A 4> dqg wkh d0w|sh �up jhwv d uhwxuq ri

}hur1 Hdfk edqn r�huv fuhglw dw dq lqwhuhvw udwh u� � 41 Krzhyhu/ wkh edqnv

nqrz wkdw �upv duh deoh wr uhsd| wkh fuhglw rqo| zkhq wkhlu lqyhvwphqw kdv

ehhq surgxfwlyh1 Xqghu idloxuh/ �upv duh surwhfwhg e| olplwhg oldelolw| dqg

uhsd| qrwklqj1 Zkhwkhu d �up lv ri w|sh d ru e lv dvvxphg wr eh xqnqrzq

wr �upv dv zhoo dv wr edqnv1 Wkhuh lv khqfh d sulrul qr sureohp ri dgyhuvh

vhohfwlrq lq wklv prgho1 Hdfk edqn*v sulru eholhi wkdw d �up lv ri w|sh d lv �/

zkhuh 3 ? � ? 41 Lq rughu wr dvvhvv zkhwkhu d �up zloo eh deoh wr uhsd| wkh

ordq/ wkh edqnv shuirup lqghshqghqw fuhglw0zruwklqhvv whvwv1 Wkhvh whvwv

duh frvwohvv dqg vwrfkdvwlfdoo| lqghshqghqw iru hdfk �up1 Hdfk whvw surylghv
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d vljqdo/ V 5 iD>Ej/ derxw wkh �up*v delolw| ri ordq uhsd|phqw/ zkhuh D

ghqrwhv dq xqidyrudeoh vljqdo dqg E d idyrudeoh rqh1 Zh dvvxph wkdw edqnv

fdqqrw revhuyh wkh ulydo*v whvw uhvxowv1 Ordq dssolfdqwv duh wkhuhiruh vhohfwhg

rq wkh edvlv ri d edqn*v rzq whvw uhvxow dorqh1 Vlqfh w|sh d*v lqyhvwphqw

surmhfw |lhogv qr srvlwlyh uhwxuq/ hdfk edqn lv zloolqj wr r�hu fuhglw rqo| wr

�upv/ iru zklfk lw revhuyhv wkh idyrudeoh vljqdo E= Ohw t +Vmv, ghqrwh wkh

frqglwlrqdo suredelolw| ri revhuylqj vljqdo V/ jlyhq dq v0w|sh �up1 Dv lq

Eurhfnhu +4<<3, zh xvh wkh gh�qlwlrqv=

t@ � t +Dmd, > 4� t@ � t +Emd,

tK � t +Dme, > 4� tK � t +Eme,

dqg dvvxph wkdw 3 � tK � t@ � 4/ l1h1 wkh whvw vwdwlvwlf lv srwhqwldoo|

lqirupdwlyh1

Edqnv xsgdwh wkhlu sulru eholhiv dffruglqj wr Ed|hv* uxoh1 Ohw s +vmV>U,

ghqrwh d edqn*v srvwhulru eholhi wkdw d �up lv ri w|sh v> jlyhq lw ehorqjv

wr wkh +V>U,0jurxs/ l1h1 wkh edqn kdv revhuyhg vljqdo V dqg wkh ulydo kdv

revhuyhg vljqdo U 5 iD>Ej1 s +V>U, lv wkh suredelolw| wkdw d �up ehorqjv

wr wkh +V>U,0jurxs1 Zh rewdlq

s� � s +emE>D, @
4

se
+4� �, +4� tK, tK

s2 � s +emE>E, @
4

s�
+4� �, +4� tK,

2

s� � s +E>E, @ � +4� t@,
2 . +4� �, +4� tK,

2

se � s +E>D, @ � +4� t@, t@ . +4� �, +4� tK, tK

Wkh �upv lq wkh fuhglw pdunhw duh glvwulexwhg rq wkh uhdo olqh dffruglqj

wr d xqlirup ghqvlw| ixqfwlrq gh�qhg ryhu wkh lqwhuydo ^3> 4`1 Wkh edqnv

duh orfdwhg dw srlqwv }� dqg 4� }21 Hdfk �up vhhnv dw prvw rqh fuhglw1 Wr
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rewdlq d fuhglw iurp d edqn/ wkh �up lqfxuv d wudqvsruwdwlrq frvw w shu xqlw ri

glvwdqfh ehwzhhq lwv rzq orfdwlrq dqg wkh edqn*v orfdwlrq1 Wkhvh frvwv dulvh

iurp wudqvdfwlrqv wkdw uhtxluh d ylvlw ri wkh eruurzhu wr wkh edqn/ vxfk dv

lqlwldo qhjrwldwlrqv dqg uhqhjrwldwlrqv ri wkh fuhglw frqwudfw14 Wkh| lqfoxgh

gluhfw wudyho frvwv dv zhoo dv wkh rssruwxqlw| frvwv ri wudyhoolqj wlph1 Zh

dvvxph wkdw wkh �upv* wudqvsruwdwlrq frvwv duh qrw revhuydeoh e| wkh edqnv1

Khqfh/ edqnv duh qhlwkhu deoh wr pdnh sulfhv qru fuhglw r�huv frqwlqjhqw

rq orfdwlrq dvshfwv15 Iru vlpsolflw|/ zh dvvxph ixuwkhu wkdw wudqvsruwdwlrq

frvwv duh rqo| sdlg zkhq wkh surmhfw kdv wxuqhg rxw wr eh vxffhvvixo/ vlqfh

�upv duh surwhfwhg e| olplwhg oldelolw|1

Wkhuh duh irxu vshfldo fdvhv ri wkh prgho/ ghshqglqj rq wkh lqirupdwlyh0

qhvv ri wkh edqnv* fuhglw0zruwklqhvv whvw=

+l, Wkh whvw vwdwlvwlf xvhg wr vhohfw fxvwrphuv pd| |lhog qr lqirupdwlrq

dw doo derxw d �up*v delolw| wr uhsd| wkh fuhglw/ l1h1 t@ @ tK1 Lw iroorzv wkdw

s� @ s2 @ 4� �/ s� @ +4� tK,
2/ dqg se @ tK +4� tK,1

+ll, Wkh whvw pd| eh shuihfwo| lqirupdwlyh/ l1h1 t@ @ 4 dqg tK @ 31 s�

lv wkhq qrw gh�qhg/ s2 @ 4/ s� @ 4 � �/ dqg se @ 31 Edqnv kdyh shuihfw

lqirupdwlrq derxw hdfk �up*v delolw| wr uhsd| wkh fuhglw dqg fdq hqvxuh wkxv

wr vhuyh rqo| e0w|sh �upv1 Wkh prgho uhgxfhv khqfh wr wkh Krwhoolqj prgho1

+lll, Wkh whvw vwdwlvwlf pd| eh shuihfwo| lqirupdwlyh zlwk uhvshfw wr d0

w|sh �upv/ exw lpshuihfwo| lqirupdwlyh zlwk uhvshfw wr e0w|sh �upv/ l1h1

4 Lq d eurdghu lqwhusuhwdwlrq ri wkh prgho rqh pd| dovr wklqn ri fxvwrphuv zkr kdyh

khwhurjhqrxv suhihuhqfhv derxw wkh fuhglw frqwudfwv r�huhg e| edqnv lq gl�huhqw uhjlrqv/

iru h{dpsoh/ gxh wr fxowxudo dqg uhjlrqdo uhjxodwru| gl�huhqfhv1 Wudqvsruwdwlrq frvwv duh

wkhq wkh glvxwlolw| iurp qrw vljqlqj wkh suhihuuhg fuhglw frqwudfw1
5 Lq Vhfwlrq 8 zh glvfxvv vwudwhjlhv ri vsdwldo glvfulplqdwlrq zkhq edqnv duh deoh wr

revhuyh wkh �upv* wudqvsruwdwlrq frvwv dqg orfdwlrqv1

45



t@ @ 4 dqg tK ? 31 Wklv jlyhv s� @ s2 @ 4/ s� @ +4� �, +4� tK,
2/ dqg

se @ +4� �, +4� tK, tK1 Lq wklv fdvh/ dq d0w|sh �up vhqgv dq D0vljqdo zlwk

fhuwdlqw| vxfk wkdw edqnv fdq lqihu iurp d E0vljqdo zlwk fhuwdlqw| wkdw wkh

�up zloo uhsd| wkh fuhglw1 Khqfh/ li edqnv r�hu fuhglw rqo| wr �upv/ iru

zklfk wkh| revhuyh d E0vljqdo/ zh rewdlq djdlq wkh Krwhoolqj prgho dv d

vshfldo fdvh ri rxu ohqglqj prgho1

+ly, Wkh whvw vwdwlvwlf pd| eh shuihfwo| lqirupdwlyh zlwk uhvshfw wr e0

w|sh �upv/ dqg lpshuihfwo| lqirupdwlyh zlwk uhvshfw wr d0w|sh �upv/ l1h1

t@ ? 4 dqg tK @ 31 Wklv |lhogv s� @ 3/ s2 @ +4� �, @ ^4� �t@ +5� t@,`/

s� @ 4 � 5�t@ . �t2@/ dqg se @ � +4� t@, t@1 Lq wklv fdvh/ d edqn lqihuv

fruuhfwo| iurp dq D0vljqdo wkdw wkh �up zloo qrw eh deoh wr uhsd| wkh fuhglw1

Krzhyhu/ d E0vljqdo grhv qrw jxdudqwhh wkdw wkh �up lv ri w|sh e iru vxuh1

Wklv vshfldo fdvh vhhpv prvw vxlwdeoh wr ghvfuleh wkh vhohfwlrq sureohp ri

edqnv lq fuhglw pdunhwv1

6 Wkh sulfh jdph

Lq wklv vhfwlrq/ zh dqdo|}h wkh htxloleulxp lq wkh sulfh jdph ri wzr edqnv

zklfk duh orfdwhg dw }� ? 4@5 dqg 4 � }2 A 4@5/ uhvshfwlyho|1 Hdfk edqn

vhuyhv wzr fodvvhv ri fxvwrphuv1 +4, Ilupv wkdw sdvvhg rqo| wkh rzq edqn*v

whvw dqg duh wkhuhiruh or|do wr wkdw edqn1 +5, Ilupv wkdw sdvvhg erwk edqnv*

whvwv1 Wkh gxrsro| sur�wv duh jlyhq e|=

�� @ se +u�s� � 4,{� . s� +u�s2 � 4,{ +4,

�2 @ se +u2s� � 4, +4� {2, . s� +u2s2 � 4, +4� {, +5,

zkhuh {� ghqrwhv wkh fxvwrphu iurp wkh +E>D,0jurxs/ zkr lv lqgl�huhqw

ehwzhhq frqwudfwlqj zlwk edqn 4 ru frqwudfwlqj qrw dw doo1 {2 ghqrwhv wkh
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lqgl�huhqw fxvwrphu iurp wkh +D>E,0jurxs1 Dqg �qdoo| { ghqrwhv wkh fxv0

wrphu iurp wkh +E>E ,0jurxs/ l1h1 zlwk srvlwlyh vljqdov iurp erwk edqnv/

zkr lv lqgl�huhqw ehwzhhq frqwudfwlqj zlwk edqn 4 ru zlwk edqn 5=

{ @
4

5
+4� }2 . }�, .

4

5w
+u2 � u�, +6,

{� @ }� .
4

w
+\ � u�, +7,

4� {2 @ }2 .
4

w
+\ � u2, +8,

Wkh �uvw0rughu frqglwlrqv iru pd{lpl}lqj sur�wv zlwk uhvshfw wr sulfhv duh=

ses�{� � se
u�s� � 4

w
. s�s2{�

4

5
s�
u�s2 � 4

w
@ 3 +9,

ses� +4� {2,� se
u2s� � 4

w
. s�s2 +4� {,�

4

5
s�
u2s2 � 4

w
@ 3 +:,

zlwk wkh vroxwlrq=

uW� @
��}� � �2}2 . ��

�e

+;,

uW2 @
��}2 � �2}� . ��

�e

+<,

zkhuh ��> �2> ��> �e duh srvlwlyh frqvwdqwv1 Iru v|pphwulf srvlwlrqv/ wkdw lv

}� @ }2 @ }/ zh kdyh=

uW� @ uW2 @ uW @
5ses�}w. 5ses�\ . 5se . s� . ws2s�

7ses� . s�s2
= +43,

Wkh pdlq lghd ri wkh sdshu lv wkdw edqnv pd| lpsuryh wkh frpsr0

vlwlrq ri wkhlu folhqwhoh e| prylqj dzd| iurp hdfk rwkhu1 Zh duh wkhuh0

iruh lqwhuhvwhg lq sulfh htxloleuld iru v|pphwulf orfdwlrqv +}� @ }2, zkhuh

3 ? {2 ? { @ 4@5 ? {� ? 4 krogv +frqvlghu Iljxuh 4/ lq zklfk zh sorw fxv0

wrphuv* zloolqjqhvv wr sd| iru d fuhglw iurp hdfk edqn dv ixqfwlrqv ri wkhlu

orfdwlrq,1 Wkdw lv/ zh uxoh rxw vroxwlrqv lq zklfk wkh pdunhw lv fryhuhg iru

or|do �upv/ l1h1 iru �upv wkdw kdyh sdvvhg rqo| rqh edqn*v fuhglw0zruwklqhvv

whvw16

6Qrwh wkdw wkh fryhuhg0pdunhw fdvh lv fohduo| dq duwhidfw ri wkh xqlirup glvwulexwlrq1
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x xx2 10 1
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z1 z2

1 2

Iljxuh 4=

Wkh iroorzlqj ohppd vshfl�hv sdudphwhu uhvwulfwlrqv vxfk wkdw rq wkh

rqh kdqg wkh pdunhw iru or|do �upv lv qrw fryhuhg/ dqg rq wkh rwkhu kdqg d

prqrsro| vlwxdwlrq lv uxohg rxw/ dv lw lv looxvwudwhg lq Iljxuh 41 Xqghu wkhvh

uhvwulfwlrqv/ wkh h{lvwhqfh ri d xqltxh htxloleulxp lq wkh sulfh jdph lv wkhq

hvwdeolvkhg lq Sursrvlwlrq 41

Ohppd 4 Li \ A ^5se . s�`@^5ses� . s�s2` dqg }� @ }2 @ } ? 4@5/ wkhq

wkhuh h{lvw xqltxh ydoxhv w dqg w zlwk 3 ? w ? w vxfk wkdw

{ @ 4@5 ? {� @ 4� {2 ? 4

iru doo w 5 ^w> w` dqg uW
�
@ uW

2
@ uW jlyhq e| +43,1

Surri1 Vhh dsshqgl{1

Sursrvlwlrq 4 Xqghu wkh suhfrqglwlrqv vshfl�hg lq Ohppd 4 dqg li }� @

}2 @ } lv vpdoo hqrxjk dqg w 5
�
w> w

�
/ wkhq uW

�
/ uW

2
dqg uW dv jlyhq e| +43, lv

wkh xqltxh htxloleulxp1

Iru pruh jhqhudo exw ohvv wudfwdeoh glvwulexwlrqv wklv sureohp zrxog ydqlvk1
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Surri1 Iluvw/ zh zloo fkhfn zkhwkhu wkh vroxwlrq jlyhq e| +43, |lhogv srvlwlyh

sur�wv1

�� @ se +u
Ws� � 4,{� . s� +u

Ws2 � 4,
4

5
A 3

li

uW A
5se{� . s�

5se{�s� . s�s2
� au=

Lq idfw zh kdyh

uW @
5ses�}w. 5ses�\ . ws2s� . 5se . s�

7ses� . s�s2

�
5se . s�

5ses� . s�s2
A au

li {� ? 41 E| v|pphwu|/ wkh vdph dujxphqwv krogv iru edqn 51

Qh{w/ zh kdyh wr fkhfn zkhwkhu rqh edqn frxog jdlq e| ghyldwlqj1 Lqyhv0

wljdwlqj wkh prqrsro| sur�wv hdvlo| uhyhdov wkdw/ zkhqhyhu {� ? 4 krogv iru

d gxrsro|/ d prqrsrolvw zrxog fkdujhu d orzhu sulfh wkdq d gxrsrolvw1 Wkdw

uxohv rxw sur�wdeoh ghyldwlrq zlwk d kljkhu sulfh1 Ilqdoo|/ li }� @ }2 � } lv

vpdoo hqrxjk/ lw lv qrw sur�wdeoh wr fkdujh d orzhu sulfh wr jdlq wkh zkroh

pdunhw1 Wklv lv zhoo nqrzq iurp wkh ruljlqdo Krwhoolqj jdph +vhh g*Dvsuh0

prqw hw do1 +4<:<,,1

D eulhi lqvshfwlrq ri wkh htxloleulxp sulfh uW jlyhq e| +43, vkrzv wkdw lw lv

lqfuhdvlqj dv edqnv pryh wkhlu orfdwlrqv vlpxowdqhrxvo| wrzdugv wkh pdunhw

fhqwhu1 Wkh uhdvrq lv wkdw/ fhwhulv sdulexv/ dq lqfuhdvh lq }� @ }2 � } ohdgv

wr pruh fxvwrphuv iurp wkh +E>D,0jurxs iru edqn 4 dqg pruh fxvwrphuv

iurp wkh +D>E,0jurxs iru edqn 5/ zkloh wkh qxpehu ri fxvwrphuv iurp wkh

+E>E,0jurxs uhpdlqv frqvwdqw iru hdfk edqn1 Wklv lqfuhdvh lq wkh uhodwlyh

dprxqw ri ohvv suhihuuhg/ exw or|do fxvwrphuv ohdgv/ lq wxuq/ wr kljkhu sulfhv1

Qrwh wkdw wkh sulfh htxloleulxp fhdvhv wr h{lvw dv }� @ }2 � } jhwv odujh1

Iru vx!flhqwo| forvh orfdwlrqv/ hdfk edqn kdv dq lqfhqwlyh wr xqghufxw wkh
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ulydo*v sulfh vr wkdw wkh ulydo orvhv wkh fxvwrphu orfdwhg h{dfwo| dw wkh ulydo*v

orfdwlrq dqg 0 gxh wr olqhdu wudqvsruwdwlrq frvwv 0 dovr doo fxvwrphuv orfdwhg

ixuwkhu dzd|/ l1h1 lq wkh ulydo*v �klqwhuodqg�1 Wklv glvfrqwlqxlw| lq wkh ehvw

uhso| wr wkh rwkhu edqn*v sulfh suhfoxghv wkh h{lvwhqfh ri d sulfh htxloleulxp

lq sxuh vwudwhjlhv/ vlploduo| dv lq wkh Krwhoolqj prgho +vhh g*Dvsuhprqw hw

do1 +4<:<,,1

7 Orfdwlrq ri edqnv

Gluhfw h�hfw yhuvxv sulfh0vwudwhjlf h�hfw1 Lq wklv vhfwlrq zh dqd0

o|}h wkh �uvw0vwdjh orfdwlrq ghflvlrq ri edqnv1 Wkdw lv/ zh dvvxph wkdw

edqnv iruhvhh wkdw wkhlu sur�wv zloo eh wkh htxloleulxp rxwfrph ri d sulfh

jdph wdnlqj sodfh diwhu wkhlu orfdwlrq ghflvlrqv1 Dv lw lv zhoo0nqrzq iurp

Krwhoolqj*v wzr0vwdjh jdph/ lw lv qrw srvvleoh wr ghulyh vx!flhqw frqglwlrqv

iru wkh orfdwlrq0wkhq0sulfh htxloleulxp dqdo|wlfdoo|1 Wkh vdph sureohpv ds0

shdu lq rxu prgho/ dqg duh glvfxvvhg ehorz1 Qhfhvvdu| frqglwlrqv iru d

sxuh0vwudwhj| htxloleulxp wr h{lvw lq wkh wzr vwdjh jdph duh

g��+}�> }2> u
W

�
> uW

2
,

g}�

�
�
�
�
_52'f

@
g�2+}�> }2> u

W

�
> uW

2
,

g}2

�
�
�
�
_5�'f

@ 31

Li zh uhvwulfw edqnv wr orfdwh lq wkh lqwhulru ri wkh grpdlq ri wkh glvwul0

exwlrq ri fxvwrphuv/ pd{lpdo gl�huhqwldwlrq lv d ixuwkhu fdqglgdwh iru dq

htxloleulxp/ zlwk

g��+}�> }2> uW�> u
W

2
,

g}�

�
�
�
�
_52'f

? 3 dqg
g�2+}�> }2> uW�> u

W

2
,

g}2

�
�
�
�
_5�'f

? 3

iru }� @ }2 @ 3 dv qhfhvvdu| frqglwlrqv1

Zh surfhhg e| dqdo|}lqj wkhvh frqglwlrqv/ wkdw lv zh lqyhvwljdwh hdfk

edqn*v lqfhqwlyh wr pryh judgxdoo| forvhu wr ru ixuwkhu dzd| iurp wkh ulydo
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edqn1 Dvvxplqj wkdw wkhuh h{lvwv d sulfh htxloleulxp lq sxuh vwudwhjlhv dv

fkdudfwhul}hg deryh/ zh pd| xvh wkh vwdqgdug ghfrpsrvlwlrq ri wkh wrwdo

h�hfw uhvxowlqj iurp d vpdoo ghyldwlrq ri edqn 4*v orfdwlrq rq lwv sur�w +wkh

dujxphqw iru edqn 5 lv dqdorjrxv,=

g��+}�> }2> uW�> u
W

2
,

g}�

�
�
�
�
_52'f

@
C��+}�> }2> uW�> u

W

2
,

C}�� ~} �
gluhfw h�hfw

.
C��+}�> }2> uW�> u

W

2
,

Cu2
�
guW

2

g}�� ~} �
sulfh0vwudwhjlf h�hfw

+44,

Wkh fkdqjh ri orfdwlrq }� kdv d gluhfw h�hfw rq edqn 4*v sur�w1 Wklv frqvlvwv

ri d fkdqjh lq wkh wrwdo qxpehu ri edqn 4*v fxvwrphuv dqg d fkdqjh lq wkh

frpsrvlwlrq ri wklv folhqwhoh1 Wr vhh wkh odwwhu qrwh wkdw/ dv edqn 4 pryhv

wrzdugv wkh fhqwhu ri wkh pdunhw/ wkh qxpehu ri fxvwrphuv wkdw duh uhmhfwhg

e| edqn 5 exw duh dffhswhg e| edqn 4 lqfuhdvhv e| C{�@C}� @ 4 zkloh

wkh qxpehu ri fxvwrphuv wkdw sdvvhg erwk edqnv* whvwv lqfuhdvhv rqo| e|

C{@C}� @ 4@51 Wkh folhqwhoh frqwdlqv khqfh pruh +ohvv, �upv zlwk d kljkhu

ulvn ri ghidxow li edqn 4 lqfuhdvhv +ghfuhdvhv, }�1 Wkh vljq ri wkh ryhudoo

gluhfw h�hfw lv wkhuhiruh dpeljxrxv1 Ixuwkhupruh/ dq| fkdqjh lq }� d�hfwv

edqn 5*v sulflqj ehkdylru1 Dv edqn 4 pryhv forvhu wrzdugv edqn 5/ sulfh

frpshwlwlrq lqfuhdvhv1 Wkh sulfh0vwudwhjlf h�hfw fdq wkhuhiruh eh vkrzq wr

eh qhjdwlyh1 Wkh wrwdo h�hfw ri }� rq �� lv wkh vxp ri wkh gluhfw dqg wkh

sulfh0vwudwhjlf h�hfwv1

Wkh pdlq sxusrvh ri wklv sdshu lv wr ghprqvwudwh wkdw jhrjudsklf orfd0

wlrq sod|v d vshfldo uroh lq edqnlqj frpshwlwlrq zkhq frpsduhg zlwk �qru0

pdo� sulfh frpshwlwlrq dprqj qrq�qdqfldo �upv1 Iru wkh xvxdo �uvw0sulfh0

wkhq0orfdwlrq gxrsro| lw lv nqrzq iurp Krwhoolqj*v +4<5<, idprxv sdshu

wkdw wkh gluhfw h�hfw lv srvlwlyh dqg grplqdwhv wkh sulfh0vwudwhjlf h�hfw/

vxfk wkdw vxssolhuv kdyh dq lqfhqwlyh wr uhgxfh gl�huhqwldwlrq/ dv orqj dv d

4;



sxuh0vwudwhj| sulfh htxloleulxp h{lvwv1 Wklv uhvxow kdv ehhq jhqhudol}hg e|

Vklorq| +4<;4, iru d zlgh fodvv ri fxvwrphu glvwulexwlrqv1 Krzhyhu/ wkh frq0

 lfw ehwzhhq wkh wzr h�hfwv suryhv wr eh gl�huhqw lq edqnlqj frpshwlwlrq1

Zh zloo vkrz lq Sursrvlwlrq 5 wkdw lq rxu prgho wkh wrwdo h�hfw ri }� rq ��

pd| eh qhjdwlyh1 Dv d suhsdulqj vwhs/ wkh iroorzlqj ohppd fkdudfwhul}hv

wkh sdudphwhu uhvwulfwlrqv zlwk uhvshfw wr s�> s2> s�> se iru Sursrvlwlrq 51

Ohppd 5 Xqghu wkh suhfrqglwlrqv ri Ohppd 4/ wkhuh h{lvwv d xqltxh ydoxh

as 5 ^3> s2` iru dq| }� @ }2 @ } vxfk wkdw g��@g}�m_52'f ? 3 li s� ? as dqg

s2 ? se@ws�/ dqg g��@g}�m_52'f � 3 rwkhuzlvh1

Surri1 Vhh dsshqgl{1

Sursrvlwlrq 5 Wkhuh h{lvwv d qrq0hpsw| vhw ri sdudphwhuv w> \> s�> s2> s�> se

dqg orfdwlrqv }� @ }2 @ } vxfk wkdw d sulfh htxloleulxp h{lvwv dqg g��@g}�m_52'f

dv zhoo dv g�2@g}2m_5�'f duh qhjdwlyh1

Surri1 Wkh sursrvlwlrq iroorzv iurp Ohppd 4 dqg Ohppd 5= Ohppd 4

jlyhv wkh uhvwulfwlrqv zlwk uhvshfw wr w dqg \ vxfk wkdw d sulfh htxloleulxp

h{lvwv1 Wkh uhvxowlqj udqjhv iru w dqg \ duh qrq0hpsw| iru dq| s�> s2> s�> se

dqg vpdoo }� @ }2 @ }1 Ohppd 5 pdnhv uhvwulfwlrqv vroho| rq s�> s2> s�> se1

Wkh fuxfldo uroh wkdw wkh sdudphwhuv s� dqg s2 sod| lq ghwhuplqlqj

zkhwkhu edqnv kdyh dq lqfhqwlyh wr pryh wrzdugv ru dzd| iurp hdfk rwkhu lv

looxvwudwhg lq Iljxuh 5 dqg 61 Zh sorw wkh fkdqjh ri d edqn*v sur�w uhvxowlqj

iurp d vpdoo orfdwlrqdo fkdqjh dv d ixqfwlrq ri s�/ wkh eholhi wkdw d fxvwrphu

wkdw sdvvhg rqo| wkh rzq whvw lv fuhglwzruwk|1 Ohppd 5 dqg Sursrvlwlrq 5

vkrz wkdw edqnv kdyh dq lqfhqwlyh wr pryh dzd| iurp hdfk rwkhu/ li wkh| duh

vx!flhqwo| shvvlplvwlf derxw wkh fuhglwzruwklqhvv ri fxvwrphuv wkdw sdvvhg
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p̂ 1p
2p 34 / tpp

01

1

2=

Π

dz
dz

d

Iljxuh 5=

rqo| wkhlu rzq whvw/ l1h1 s� ? as/ dqg dovr derxw fxvwrphuv wkdw sdvvhg erwk

whvwv/ l1h1 s2 ? se@ws� +vhh Iljxuh 5,1 Lq wklv fdvh/ wkh gluhfw h�hfw lv wrr

zhdn wr ryhufrph wkh sulfh0vwudwhjlf h�hfw1 Frqyhuvho|/ li s� lv kljk/ wkh gh0

whulrudwlrq lq wkh frpsrvlwlrq ri wkh folhqwhoh fdxvhg e| d pryh wrzdugv wkh

ulydo edqn grhv qrw pdwwhu/ vlqfh edqnv hduq d srvlwlyh sur�w iurp vhuylqj

erwk fodvvhv ri fxvwrphuv1 Dv d frqvhtxhqfh/ wkh edqnv duh gudzq lqwr d

uhjlrq lq zklfk qr sxuh0 vwudwhj| sulfh htxloleulxp h{lvwv1

Lq Iljxuh 6/ zh kdyh looxvwudwhg wkh vlwxdwlrq zkhuh s2 A se@s�w/ wkdw

lv wkh ordq0uhsd|phqw suredelolw| ri wkh suhihuuhg +E>E,0jurxs lv kljk lq

frpsdulvrq wr wkh vl}h udwlr ri erwk jurxsv1 Lq wklv vlwxdwlrq/ edqnv duh vr

hdjhu wr lqfuhdvh wkh qxpehu ri +E>E,0�upv wkdw wkh frpsrvlwlrq h�hfw lv

uhodwlyho| xqlpsruwdqw/ uhjdugohvv ri wkh pdjqlwxgh ri s�1 Djdlq/ dv lq wkh

fdvh ri kljk s�/ edqnv kdyh dq lqfhqwlyh wr pryh wrzdugv hdfk rwkhu1

Lq wkh odwwhu wzr fdvhv/ lw lv hdv| wr vhh wkdw edqnv zloo djjorphudwh

lq wkh pdunhw fhqwhu dqg udqgrpl}h lq sulfhv dv \ ehfrphv yhu| odujh1

Wkh uhdvrq lv wkdw edqnv fdq hqvxuh wkdw wkh| rewdlq srvlwlyh sur�wv iurp

53



1p
2p34 / tpp

01

1

2=

Π

dz
dz

d

Iljxuh 6=

vhuylqj wkh or|do fxvwrphuv wkdw sdvvhg rqo| wkh rzq whvw dv \ jhwv odujh

hqrxjk1 Dv d frqvhtxhqfh/ hdfk edqn zrxog ehqh�w iurp dq lqfuhdvh udwkhu

wkdq d ghfuhdvh lq wkh qxpehu ri wkhvh fxvwrphuv1 Krzhyhu/ zh suhihu wr

dujxh lq idyru ri d ghjorphudwlyh irufh ri wkh or|do0fxvwrphuv h�hfw lq wkh

edqnlqj frqwh{w1 Dv glvfxvvhg deryh/ fuhglwzruwklqhvv whvwv duh w|slfdoo|

qrw shuihfwo| lqirupdwlyh zlwk uhvshfw wr edg �upv1 Wklv lpsolhv wkdw s�

dqg s2 duh orz/ ohdglqj wr ghjorphudwlrq1

Pd{lpdo gl�huhqwldwlrq dv dq htxloleulxp fdqglgdwh1 Lw lv lqwhuhvw0

lqj wr qrwh wkdw/ iru s� qhdu e| as/ wkhuh h{lvwv d a} vxfk wkdw g��@g}� @

g�2@g}2 @ 3 iru }� @ }2 @ a}1 Krzhyhu/ zh suryh ehorz wkdw wklv grhv qrw

lqglfdwh d orfdwlrq htxloleulxp1 Udwkhu/ iru } A a}/ zh kdyh g��@g}� A 3 dqg

g�2@g}2 A 3/ dqg khqfh dq djjorphudwlrq irufh suhydlov/ ohdglqj wr d vlwxd0

wlrq/ lq zklfk qr sxuh0vwudwhj| sulfh htxloleulxp h{lvwv1 Wkh rssrvlwh krogv

iru } ? a}/ zlwk } @ 3 dv d sxuh0vwudwhj| orfdwlrq0wkhq0sulfh htxloleulxp

fdqglgdwh1

Zh qrz ghprqvwudwh wkdw wkh prgho frxog dgplw d xqltxh v|pphwulf
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vxejdph0shuihfw htxloleulxp lq sxuh vwudwhjlhv/ zklfk lqyroyhv pd{lpdo gli0

ihuhqwldwlrq1 Uhjuhwwdeo|/ lw lv qrw srvvleoh wr suryh wkdw wklv htxloleulxp

fdqglgdwh lv lq idfw dq htxloleulxp1 Wkh ixqgdphqwdo gl!fxow| lv wkh iro0

orzlqj= iru vxfk d surri zh zrxog kdyh wr fkhfn wkdw qr edqn fdq jdlq e|

ghyldwlqj/ wkdw lv e| prylqj forvhu wr lwv frpshwlwru1 Wkdw lqfoxghv orfd0

wlrqv/ lq zklfk qr sxuh0vwudwhj| sulfh htxloleulxp h{lvwv1 Khqfh/ zh zrxog

qhhg wr frpsxwh wkh sur�wv lq wkh pl{hg0vwudwhj| sulfh htxloleuld1 Wkhvh

htxloleuld duh hlwkhu fkdudfwhul}hg e| wkh lqfhqwlyh wr h{sorlw wkh or|do �upv

zlwk d kljk sulfh ru e| wkh lqfhqwlyh wr fdswxuh wkh zkroh pdunhw zlwk

d orz sulfh1 Lq wkh iruphu fdvh sur�wv fdq hdvlo| eh ghulyhg/ vlploduo| dv

lq Eurhfnhu +4<<3,1 Krzhyhu/ lq wkh odwwhu fdvh wkh sureohp lv vlplodu wr

wkdw dqdo|}hg e| Rveruqh dqg Slwfkln +4<;:,/ iru zklfk lw lv dssduhqwo| qrw

srvvleoh wr ghulyh wkh htxloleulxp sur�wv dqdo|wlfdoo|17

Sursrvlwlrq 6 Vxssrvh �upv* orfdwlrqv duh uhvwulfwhg wr olh lq wkh lqwhuydo

^3> 4`1 Wkhq wkh rqo| fdqglgdwh iru d v|pphwulf vxejdph0shuihfw +orfdwlrq0

wkhq0sulfh, htxloleulxp lq sxuh vwudwhjlhv lv }� @ }2 @ 3 dqg u� @ u2 @

^5ses�\ . 5se . s� . ws2s�`@^7ses� . s�s2` li s� ? as dqg s2 ? se@ws�1 Rwk0

huzlvh/ qr vxfk htxloleulxp h{lvwv1

Surri1 Zh vkrz wkdw g2��@g}
2

�
A 3/ zkdw wrjhwkhu zlwk Ohppd 5 lpsolhv

wkh uhvxow dv vwdwhg1

g2��

g}2
�

@ +s�se . �� � s2s�,
guW

�

g}�

7Zh qhhg wr fkhfn ghyldwlrqv ri rqh edqn/ jlyhq wkh rwkhu edqn lv srvlwlrqhg dw wkh

iulqjh ri wkh glvwulexwlrq1 Wklv lv dqdorjrxv wr wkh dqdo|vlv ri uhjlrq W5 lq Iljxuh 5 ri

Rveruqh dqg Slwfkln +4<;:,1
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srvlwlyh1 D eulhi lqvshfwlrq ri +;, uhyhdov wkdw guW
�
@g}� A 31

8 Glvfxvvlrq

Lq wkh iroorzlqj zh zloo glvfxvv vrph srvvleoh zd|v wr prgli| dqg jhqhudol}h

rxu prgho1

Dowhuqdwlyh wudqvsruwdwlrq frvwv1 G*Dvsuhprqw hw do1 +4<:<, kdyh

vkrzq wkdw wkh sureohp ri qrqh{lvwhqfh ri d sxuh0vwudwhj| sulfh htxlole0

ulxp lq wkh Krwhoolqj prgho fdq eh flufxpyhqwhg e| dvvxplqj vx!flhqwo|

frqyh{ wudqvsruwdwlrq frvwv1 Vlploduo|/ wklv dvvxpswlrq zrxog jxdudqwhh d

sxuh0vwudwhj| sulfh htxloleulxp iru doo orfdwlrqv lq rxu edqnlqj prgho1 Dv

d frqvhtxhqfh/ lw vkrxog eh srvvleoh wr suryh wkh h{lvwhqfh ri d vxejdph0

shuihfw +orfdwlrq0wkhq0sulfh, htxloleulxp lq sxuh vwudwhjlhv1 Iru orz s� dqg

s2/ wklv htxloleulxp zrxog lqyroyh pd{lpdo vsdwldo gl�huhqwldwlrq/ mxvw dv wkh

rqo| fdqglgdwh htxloleulxp ri rxu prgho zlwk olqhdu wudqvsruwdwlrq frvwv1

Frqyh{ wudqvsruwdwlrq frvwv duh riwhq lqwhusuhwhg dv lqfuhdvlqj pdujlqdo

glvxwlolw| lq prghov ri qrqjhrjudsklfdo surgxfw gl�huhqwldwlrq zlwk khwhurjh0

qrxv fxvwrphu wdvwhv1 Krzhyhu/ lq wkh jhrjudsklfdo frqwh{w wklv dvvxpswlrq

dsshduv dv d phuh h{shglhqw wr hqvxuh wkh h{lvwhqfh ri d sxuh0vwudwhj| htxl0

oleulxp1 Zkhq wudqvsruwdwlrq frvwv duh lqwhusuhwhg dv glvxwlolw| iurp wlph

frqvxpswlrq/ wkh olqhdu fdvh vhhpv prvw sodxvleoh1 Lq d whfkqrorjlfdo vhqvh/

rqh w|slfdoo| revhuyhv zhdno| frqfdyh wudqvsruwdwlrq frvwv1 Lw lv khqfh qrw

vxusulvlqj wkdw lq gl�huhqw uhjlrqdo hfrqrplf prghov wudqvsruwdwlrq frvwv

duh frpprqo| dvvxphg wr eh olqhdu ru frqfdyh lq glvwdqfh +vhh/ iru lqvwdqfh/

yrq Wkÿqhq +4;<7,/ Dorqvr +4<9:,/ dqg Vdpxhovrq +4<;6,,1
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Vsdwldo glvfulplqdwlrq1 Zh dvvxphg wkdw edqnv duh qrw deoh wr glv0

fulplqdwh dprqj ordq dssolfdqwv zlwk uhvshfw wr orfdwlrqv1 Wklv dvvxpswlrq

vhhpv zhoo mxvwl�hg lq pdq| vlwxdwlrqv= +l, zkhq edqnv fdqqrw revhuyh ru

dvvhvv wkh wudqvsruwdwlrq frvwv ri d �up/ zklfk lqfoxgh wudyho frvwv dqg rs0

sruwxqlw| frvwv ri wudyhoolqj wlph dvvrfldwhg zlwk wkh ordq dssolfdwlrq dqg

frqwudfw/ dqg +ll, zkhq �upv fdq hdvlo| klgh wkhlu orfdwlrqv/ iru h{dpsoh/

e| uhorfdwlqj xqvhhq ru fkrrvlqj d fruuhvsrqghqfh dgguhvv wkdw lv gl�huhqw

iurp wkh wuxh orfdwlrq1

Rwkhuzlvh/ vsdwldo glvfulplqdwlrq pd| eh dq rswlrq1 Rqh srvvlelolw| lv

wkdw edqnv ghflgh wr dffhsw rqo| ordq dssolfdqwv orfdwhg zlwklq d fhuwdlq

}rqh1 Doo dssolfdqwv orfdwhg eh|rqg wkh erughu0olqh ri wkdw }rqh zloo eh

uhmhfwhg/ zlwkrxw hyhq whvwlqj wkhlu fuhglw0zruwklqhvv1 Wkh dujxphqw iru dq

htxloleulxp lq vxfk }rqlqj vwudwhjlhv zrxog uxq dv iroorzv1 Li edqnv kdyh

v|pphwulf orfdwlrqv zlwk 3 � }� ? 4@5 ? 4� }2 � 4/ wkhq lq dq htxloleulxp

zlwk u� @ u2 edqn 4 zloo rewdlq doo fxvwrphuv ri wkh +E>E,0jurxs orfdwhg

ehwzhhq 3 dqg 4@5/ zkloh doo +E>E,0�upv orfdwhg ehwzhhq 4@5 dqg 4 zloo

jhw fuhglw iurp edqn 51 Wkxv/ edqn 4 fdq lqihu iurp d �up wkdw lv forvhu

orfdwhg wr edqn 5 exw zloolqj wr vljq wkh fuhglw frqwudfw r�huhg e| edqn 4/

wkdw lw grhv qrw ehorqj wr wkh +E>E,0jurxs1 Wklv �up lv khqfh ohvv olnho|

wr uhsd| wkh fuhglw1 Wkxv/ lqvwhdg ri orfdwlqj dw wkh pdunhw iulqjh/ edqnv

frxog uhgxfh wkh ulvn ri ghidxow e| fkrrvlqj qrw wr vhuyh fxvwrphuv eh|rqg

fhuwdlq erughu0olqhv1

Ixuwkhupruh/ edqnv frxog fkdujh orfdwlrq0vshfl�f lqwhuhvw udwhv dv lq

Zrqj dqg Fkdq +4<<6,1 Qhyhuwkhohvv/ qhlwkhu irup ri glvfulplqdwlrq srolf|

lv frpprqo| revhuyhg lq wkh edqnlqj vhfwru1
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Jhqhudo fxvwrphu glvwulexwlrq1 Wr idflolwdwh wkh dqdo|vlv/ zh dvvxphg

d xqlirup fxvwrphu glvwulexwlrq1 Lw lv srvvleoh wr suhvhqw wkh pdlq lghdv ri

wkh sdshu zlwk d pruh jhqhudo fxvwrphu glvwulexwlrq1 Krzhyhu/ lw lv wkhq

gl!fxow wr hqvxuh wkh xqltxhqhvv ri wkh htxloleulxp lq wkh sulfh jdph1

Wzr0glphqvlrqdo jhrjudsklfdo vsdfh1 Lq rxu prgho/ edqnv duh uh0

vwulfwhg wr fkrrvh orfdwlrqv dorqj d olqh1 Lw lv/ ri frxuvh/ pruh uhdolvwlf

wr frqvlghu d wzr0glphqvlrqdo jhrjudsklfdo vsdfh1 Hfrqrplghv +4<;9, kdv

dqdo|}hg wkh wzr0glphqvlrqdo htxlydohqw ri Krwhoolqj*v prgho ri vsdwldo frp0

shwlwlrq ehwzhhq qrq�qdqfldo �upv1 Kh zdv deoh wr suryh wkh h{lvwhqfh ri

d sxuh0vwudwhj| sulfh htxloleulxp iru doo v|pphwulf orfdwlrqv1 Wklv ohdgv

xv wr frqmhfwxuh wkdw wkh jhqhudol}dwlrq ri rxu edqnlqj prgho wr wkh wzr0

glphqvlrqdo vsdfh zrxog holplqdwh wkh sureohp ri srvvleoh qrqh{lvwhqfh ri

d sxuh0vwudwhj| sulfh htxloleulxp dv zhoo1 Krzhyhu/ wkh dqdo|vlv zrxog qrw

ehfrph hdvlhu1 Lq idfw/ rqh zrxog vxevwlwxwh wkh dqdo|wlfdo sureohpv ri �qg0

lqj wkh pl{hg0vwudwhj| htxloleulxp ri wkh sulfh jdph iru htxdoo| gl!fxow

sureohpv ri vroylqj wkh orfdwlrq jdph lq d wzr0glphqvlrqdo vsdfh1 Pruh0

ryhu/ zh eholhyh wkdw wkh hvvhqwldo lghd ri rxu sdshu/ l1h1 wkdw edqnv kdyh

dq lqfhqwlyh wr lqfuhdvh gl�huhqwldwlrq vr dv wr plqlpl}h wkh ulvn ri vhuylqj

xqlqwhqwlrqdoo| d edg fxvwrphu/ zrxog frqwlqxh wr krog lq d wzr0glphqvlrqdo

prgho1

Eudqfkhv1 Orfdwlrq ghflvlrqv ri edqnv/ dv prghoohg khuh/ fdq eh lqwhu0

suhwhg dv wkh ghflvlrq ri xqlw edqnv wr pryh olwhudoo| wkhlu xqltxh srvlwlrq

lq vsdfh1 Dv orqj dv wkh pdunhw lq wkh klqwhuodqg ri hdfk edqn lv fryhuhg/

dq dowhuqdwlyh lqwhusuhwdwlrq lv wkdw edqnv hqodujh ru uhgxfh wkh vl}h ri wkhlu

eudqfk qhwzrun1
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9 Frqfoxvlrq

Wklv sdshu h{dplqhv wkh qdwxuh ri frpshwlwlrq lq fuhglw pdunhwv lq d jhr0

judsklf vsdfh1 Fuhglw pdunhwv duh fkdudfwhul}hg e| lpshuihfw lqirupdwlrq/ vr

edqnv w|slfdoo| vhohfw wkhlu fxvwrphuv rq wkh edvlv ri fuhglw0zruwklqhvv whvwv1

Zh kdyh lqwurgxfhg wkhvh ihdwxuhv/ lpshuihfw lqirupdwlrq dqg lqirupdwlrq

dftxlvlwlrq dfwlylwlhv/ lqwr Krwhoolqj*v prgho ri vsdwldo frpshwlwlrq1 Wkh lq0

irupdwlrq dftxlvlwlrq dfwlylwlhv ri edqnv jhqhudwh d qrq jhrjudsklf fxvwrphu

khwhurjhqhlw|1 Zkloh d qrqjhrjudsklf fxvwrphu khwhurjhqhlw| pd| lqgxfh

qrq�qdqfldo vxssolhuv wr uhgxfh gl�huhqwldwlrq +gh Sdopd hw do1 +4<;8, dqg

Dqghuvrq hw do1 +4<<5,,/ zh kdyh vkrzq wkdw lw pd| lqwurgxfh wkh uhyhuvh

lqfhqwlyhv lq wkh frqwh{w ri edqnlqj frpshwlwlrq/ wkdw lv wkh srvvlelolw| ri

xqlqwhqwlrqdoo| vhuylqj d edg fxvwrphu jhqhudwhv d ghjorphudwlyh irufh1 Wkh

fuxfldo gl�huhqfh zlwk vsdwldo frpshwlwlrq ehwzhhq qrq�qdqfldo �upv olhv lq

wkh idfw wkdw or|do fxvwrphuv fdq eh ghwulphqwdo lq wkh edqnlqj frqwh{w gxh

wr d kljk ulvn ri ghidxow/ zkloh wkh| duh ehqh�fldo iru qrq�qdqfldo �upv gxh

wr d kljk zloolqjqhvv wr sd|1
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Dsshqgl{

Surri ri Ohppd 41 Iru u� @ u2/ {� @ 4� {2 krogv1 Xvlqj uW
�
@ uW

2
@ uW

+43,/ vlpsoh fdofxodwlrqv |lhog {� � { @ �

2
li w � w dqg {� � 4 li w � w/ zkhuh

w @ 5
\ +5ses� . s�s2,� 5se � s�
7ses� +4� }, . s�s2 +6� 5},

w @
\ +5ses� . s�s2,� 5se � s�
5ses� +5� }, . s�s2 +5� },

Ilqdoo|/ wkh frqglwlrq \ A ^5se.s�`@^5ses�.s�s2` hqvxuhv wkdw 3 ? w ?

w1

Surri ri Ohppd 51 Frqvlghu edqn 4 +wkh surri iru edqn 5 lv dqdorjrxv,1

Wdnlqj wkh sduwldo ghulydwlyhv C��@C}� dqg C��@Cu2 dqg vxevwlwxwlqj lqwr

+44, |lhogv

g��

g}�

����
_52'f

@ se +u
W

�s� � 4, .
4

5w
s� +u

W

�s2 � 4,

�
w.

guW
2

g}�

�
+45,

Xvlqj guW
2
@g}� iurp +<, dqg vxevwlwxwlqj lqwr +45, |lhogv

g��

g}�

����
_52'f

@ se +u
W

�s� � 4, . s� +u
W

�s2 � 4, � ��

zkhuh �� � ^:s�ses2s� . ;s2
�
s2
e
. s2

2
s2
�
`@^+7s�se . s2s�, +6s2s� . 7s�se,` lv

srvlwlyh dqg lqfuhdvlqj lq s�1

Lq wkh iroorzlqj zh surfhhg lq wkuhh vwhsv +l,0+lll,1 Iluvw +l,/ zh zloo vkrz

iru s� @ 3 wkdw g��@g}�m_52'f ? 3 li dqg rqo| li s2 ? se@ws�1 Wkh qh{w vwhs

+ll, lv wr vkrz iru s� @ s2 wkdw g��@g}�m_52'f A 31 Vlqfh g��@g}�m_52'f lv

frqwlqxrxv lq s�/ wklv suryhv wkdw wkhuh h{lvwv d ydoxh iru s� 5 ^3> s2^/ ghqrwhg

e| as vxfk wkdw g��@g}�m_52'f @ 3 li s� @ as1 Ilqdoo| +lll,/ zh zloo vkrz wkdw

as lv xqltxh1
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+l, Zh xvh uW
�
@ uW iurp +43, dqg rewdlq iru s� @ 3 wkdw

g��

g}�

����
_52'f

@ �se .
4

6
s�

�
5se . s� . ws2s�

s�s2
s2 � 4

�
1

Iru s� @ 3/ rqh hdvlo| yhul�hv wkdw vljq
�
g��@g}�m_52'f

�
@ vljq +s2 � se@ws�,1

+ll, Iru s� @ s2/ zh jhw

g��

g}�

����
_52'f

@ +uW�s2 � 4, +se . s� � ��, =

Xvlqj wkh uhvwulfwlrq rq \ lq Ohppd 4 dqg uW
�
@ uW/ +uW

�
s2 � 4, fdq eh

vkrzq wr eh srvlwlyh1

+lll, Ilqdoo|/ zh zloo vkrz wkdw iru s2 ? se@ws� wkhuh h{lvwv d xqltxh as/

vxfk wkdw vljq+g��@g}�m_52'f, @ vljq+s� � as,1 E| uhduudqjlqj whupv/ zh

fdq zulwh

g��@g}�m_52'f U 3/

4� uW
�
s�

uW
�
s2 � 4

T
s�
se

� �� +46,

zkhuh �� dqg khqfh wkh UKV ri +46, lv lqfuhdvlqj lq s�1 Wkxv/ zh qhhg wr

vkrz wkdw wkh OKV lv ghfuhdvlqj lq s�1 Iru wklv/ zh xvh uW� @ uW iurp +43,

dqg wdnh wkh ghulydwlyh ri wkh OKV zlwk uhvshfw wr s�1

Zh rewdlq wkdw gOKV@gs� ? 3 li

\ � �2 . } � �� � 7s2es2 � 5ses2s� . s�2w
2s2� . ws22s

2

� A 3 +47,

zkhuh �2 dqg �� duh srvlwlyh whupv1 Iurp Ohppd 4 zh nqrz wkdw \ A

^5se.s�`@^5ses�.s�s2`1 Wr suryh wkh lqhtxdolw|/ zh pd| vhw } @ 3 dqg \ @

^5se . s�`@^5ses� . s�s2`1 Ixuwkhupruh/ zh xvh wkh vxevwlwxwlrqv s� @ ��s2

dqg s2 @ �2se@ws�/ zkhuh 3 ? �� ? 4 dqg 3 ? �2 ? 41 Wkdw �qdoo| doorzv

xv wr yhuli| lqhtxdolw| +47,1
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Uhihuhqfhv

^4` Dorqvr/ Z1 +4<9:,/ �D uhirupxodwlrq ri fodvvlfdo orfdwlrq wkhru| dqg

lwv uhodwlrq wr uhqw wkhru|�/ Sdshuv ri wkh Uhjlrqdo Vflhqfh Dvvrfldwlrq

4</ 560771

^5` Dqghuvrq/ V1 S1/ gh Sdopd/ D1/ dqg Wklvvh/ M10I1 +4<<5,/ Glvfuhwh Fkrlfh

Wkhru| ri Surgxfw Gl�huhqwldwlrq/ PLW Suhvv/ Fdpeulgjh/ Pdvvd0

fkxvhwwv1

^6` Eurhfnhu/ W1 +4<<3,/ �Fuhglw0zruwklqhvv whvwv dqg lqwhuedqn frpshwl0

wlrq�/ Hfrqrphwulfd 8;/ 75<07851

^7` Fkldssrul/ S10D1/ Shuh}0Fdvwuloor/ G1/ dqg Yhuglhu/ W1 +4<<8,/ �Vsdwldo

frpshwlwlrq lq wkh edqnlqj v|vwhp= Orfdol}dwlrq/ furvv vxevlglhv dqg

wkh uhjxodwlrq ri ghsrvlw udwhv�/ Hxurshdq Hfrqrplf Uhylhz 6</ ;;<0

<4;1

^8` Gdqwklqh/ M10S1/ Jldyd}}l/ I1/ yrq Wkdgghq/ H10O1/ dqg Ylyhv/ [1 +4<<<,/

Wkh Ixwxuh ri Hxurshdq Edqnlqj/ FHSU Uhsruw/ Orqgrq1

^9` g*Dvsuhprqw/ F1/ Jdev}hzlf}/ M1 M1/ dqg Wklvvh/ M10I1 +4<:<,/ �Rq

Krwhoolqj*v *Vwdelolw| lq frpshwlwlrq�*/ Hfrqrphwulfd 7:/ 4478044831

^:` Ghoo*Dulffld/ J1/ Iulhgpdq/ H1/ dqg Pdutxh}/ U1 +4<<<,/ �Dgyhuvh vh0

ohfwlrq dv d eduulhu wr hqwu| lq wkh edqnlqj lqgxvwu|�/ UDQG Mrxuqdo

ri Hfrqrplfv/ iruwkfrplqj1

^;` gh Sdopd/ D1/ Jlqvexujk/ Y1/ Sdsdjhrujlrx/ \1 \1/ dqg Wklvvh/ M10I1

+4<;8, �Wkh sulqflsoh ri plqlpxp gl�huhqwldwlrq krogv xqghu vx!flhqw

khwhurjhqhlw|�/ Hfrqrphwulfd 86/ :9:0:;41
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^<` Hfrqrplghv/ Q1 +4<;9,/ �Qdvk htxloleulxp lq gxrsro| zlwk surgxfwv

gh�qhg e| wzr fkdudfwhulvwlfv�/ UDQG Mrxuqdo ri Hfrqrplfv 4:/ 7640

76<1

^43` Hfrqrplghv/ Q1/ Kxeedug/ U1 J1/ dqg Sdold/ G1 +4<<9,/ �Wkh srolwlfdo

hfrqrp| ri eudqfklqj uhvwulfwlrqv dqg ghsrvlw lqvxudqfh= D prgho ri

prqrsrolvwlf frpshwlwlrq dprqj vpdoo dqg odujh edqnv�/ Mrxuqdo ri

Odz dqg Hfrqrplfv 6</ 99:0:371

^44` Jhkulj/ W1 +4<<;,/ �Vfuhhqlqj/ furvv0erughu edqnlqj/ dqg wkh doorfdwlrq

ri fuhglw�/ Zrunlqj Sdshu/ plphr1

^45` Krwhoolqj/ K1 +4<5<,/ �Vwdelolw| lq frpshwlwlrq�/ Hfrqrplf Mrxuqdo 6</

7408:1

^46` Plvknlq/ I1 V1 +4<<:,/ Wkh Hfrqrplfv ri Prqh|/ Edqnlqj/ dqg Ilqdqfldo

Pdunhwv/ Iliwk Hglwlrq/ Dgglvrq0Zhvoh|/ Uhdglqj/ Pdvvdfkxvhwwv1

^47` Rveruqh/ P1 M1 dqg Slwfkln/ F1 +4<;:,/ �Htxloleulxp lq Krwhoolqj*v

prgho ri vsdwldo frpshwlwlrq�/ Hfrqrphwulfd 88/ <440<551

^48` Vdors/ V1 F1 +4<:<,/ �Prqrsrolvwlf frpshwlwlrq zlwk rxwvlgh jrrgv�/

Ehoo Mrxuqdo ri Hfrqrplfv 43/ 47404891

^49` Vdpxhovrq/ S1 D1 +4<;6,/ �Wkÿqhq dw wzr kxqguhg�/ Mrxuqdo ri Hfr0

qrplf Olwhudwxuh 54/ 479;047;;1

^4:` Vklorq|/ \1 +4<;4,/ �Krwhoolqj*v frpshwlwlrq zlwk jhqhudo fxvwrphu glv0

wulexwlrqv�/ Hfrqrplfv Ohwwhuv ;/ 6<0781

^4;` Wkÿqhq/ M1 K1 yrq +4;75,/ Ghu lvrolhuwh Vwddw lq Eh}lhkxqj dxi Odqg0

zluwvfkdiw xqg Qdwlrqdoùnrqrplh/ Uhsulqw 4<<3/ Vflhqwld0Yhuodj/ Ddohq1
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^4<` Zrqj/ N1 S1 dqg Fkdq/ G1 U1 +4<<6,/ �D vlpsoh prgho ri vsdwldo edqn0

lqj frpshwlwlrq�/ Hfrqrplfv Ohwwhuv 75/ 6<406<:1
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