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Abstract

We consider a two-stage model where a leader, according to its risk-averse proneness, solves a MinSup
problem with constraints corresponding to the reaction sets of a follower and defined by the solutions of a
guasi-variational inequality (i.e. a variational inequality having constraint sets depending on its own solutions)
which appear in concrete economic models such as social and economic networks, financial derivative models,
transportation network congestion and traffic equilibrium. In general the infimal value of a MinSup (or the
maximal value of a  MaxInf) problem with quasi-variational inequality constraints is not stable under
perturbations in the sense that the sequence of optimal values for the perturbed problems may not converge to
the optimal value of the original problem even in presence of nice data. Thus, we introduce different types of
approximate values for this problem, we investigate their asymptotical behavior under perturbations and we
emphasized the results concerning MinSup problems with variational inequality constraints as well results
holding under stronger assumptions that can be more easily employed in applications.
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1 Introduction

Variational problems with contraints defined by solutions to other variational problems modelize
numerous economic and engineering problems [35], [14], [8], [12]... Usually, in these models two
levels can be distinguished: a lower level in which a variational problem is solved by a follower in
reaction to every decision imposed by a leader which solves an optimization problem at an upper
level. In this paper the leader is assumed to be a minimizer. When the set of solutions to the
lower level (called best responses of the follower) is not a singleton, to choose a best decision for
the leader can become problematic if he cannot predict the follower choice simply on the basis of
his own rational behavior. According to the risk proneness of the leader, two possible extremes
situations are:

(i) the optimistic case, when the leader assumes that the follower, in reaction to any decision of
the leader, chooses, amongst its best responses, one which minimizes the objective of the leader;
(ii) the pessimistic case, when the leader assumes that the follower can choose, amongst its best
responses, one which mazimizes the objective of the leader.

So, according to its risk proneness, if Q(x) is the set of best responses to the leader decision of
the follower and f is the objective function of the leader, then the leader minimizes the function

inf f(z,u) in the optimistic case and the function sup f(x,u) in the pessimistic one. There-
ueQ() weQ(x)

fore, the leader modelizes the upper level as a MinInf (risk-prone) problem in the first case and as
a MinSup (risk-averse) problem in the second one.

When the lower level corresponds to an optimization problem, these two formulations configure,
respectively, a strong (optimistic) and a weak (pessimistic) Stackelberg problem (also called bilevel
optimization problem) (see, for example, [7], [10], [28]....)

When the lower level is defined more generally by the solutions set of a variational or a quasi-
variational problem, the optimistic case has been extensively investigated from various point of
view [40], [35], [21], [23], [10], [14].... More recently, in [26], the asymptotic behavior of the infimal
values of optimistic bilevel programs with variational inequalities constraints under perturba-
tions has been investigated.

On the contrary, in this paper, we consider a pessimistic two-stage model with quasi-variational
inequality constraints. More precisely, we assume that (X,7) is a Hausdorff topological space,
H C X is a nonempty closed set, K C R" is a nonempty convex and closed set, A is a function
from H x K to R" and S is a set-valued map from H x K to K with nonempty values. Then, for
every x € H, we consider the following parametric quasi-variational inequality

(QVI)(z) find we S(x,u) such that (A(z,u),u—w) < 0 Vwe S(z,u).

The solution map Q : « € H — Q(x) associates to every x € H the set Q(z) of solutions to
(QVI)().

It is worth noting that Q(z) may be not a singleton even under very restrictive conditions on the
function A ([4]).

Then, given the objective function of the leader f: H x K — RU {—o00}, the MinSup (pessimistic
bilevel) problem with quasi-variational inequality constraints, (MS) for short, consists in finding
Z € H such that

sup f(&, u) = min sup f(z,u)
ueQ(#) T€H yeQ(x)

and the corresponding infimal value, called the security value is

w = inf sup f(z,u).
meHuGQ(x)



Differently from what concerns optimistic two-stage models, there are quite a few papers devoted
to MinSup problems with quasi-variational problem constraints ([37], [38]). This is probably due to
the intrinsic theoretical difficulties of the problems presented in both levels [20], [14], [11]... Indeed,
referring to classical weak Stackelberg problems, it is known that they may fail to have a solution
also in presence of regular data [7], even if some restricted classes of functions ensuring existence
results have been determined in [34], [36] and [32]. Moreover, at the lower level, a quasi-variational
inequality has to be solved, that is a problem in which a fixed-point problem is combined with a
variational inequality over a set depending on the solution itself, and that amounts, therefore, to
an implicit variational problem [4], [22]... Finally, note that their ”bilevel” nature does not allow
to get general convergence results for solutions and security values under perturbations of the data
(see, for example, [32]). An attempt to overcome these difficulties consisted in defining appropriate
regularized problems admitting solutions whose security values approach the initial security value
under reasonable conditions. Investigations of regularizations for weak Stackelberg problems, para-
metric or not, have been presented in a sequential setting, [31] and [32], as well in a topological one
[20], together with approximation methods (like Tykhonov, least-norm regularization, Molodtsov
and interior penalty methods) [30], [29] and [28].

Aim of this paper is now to investigate the asymptotical behavior of the security values of the
pessimistic model with quasi-variational inequality constraints under perturbations on the data,
having in mind to obtain conditions of minimal character which guarantee the convergence of the
security values of suitable regularized perturbed problems to the security value of the unperturbed
problem. So, some useful tools of Variational and Set-valued Analysis ([3],[25],[39]...), necessary to
reach results of minimal character involving possibly discontinuous data, will be recalled in Section
2.

More precisely, let (A,), be a sequence of functions from H x K to R", (S,), be a sequence of
set-valued maps from H x K to K and (f,), be a sequence of functions defined on H x K and
valued in R U {—oco}. For each positive integer n, we denote by Q, the map that associates to
x € H the solutions set of the problem

(QVI),(z) findue K : uwe Sy(z,u) and (A, (z,u),u —w) < 0 VweS,(z,u).
For each n € N, we denote by w,, the security value for the corresponding problem (M S),,

wp, = inf su T, U
n weHule(w)fn( ),

We show in Section 3 that the sequence of the exact security values w,, may not converge to the exact
security value w even under "nice” assumptions on the data. So, we define approximate security
values for MinSup problems with quasi-variational inequality constraints (without perturbations)
by the security values of suitable regularized MinSup problems with quasi-variational inequality
constraints.

More precisely, we assume that € = (e1,£2), &1 > 0 and €9 > 0 and we consider the following
approximate solutions map

Q.:x€H— Q. (x) ={ue K :du,S(z,u)) <ey and (A(z,u),u —w) < e;Vw e S(x,u)}.
(1)

Then, we formulate the following regularized MinSup problem

find & € H suchthat sup f(&, u)=min sup f(z,u),
u€Q. (&) T€H yeQ, ()



whose corresponding approximate security value is

we = inf sup f(z,u),
€ xeH ueEQ, (x)
and we investigate the convergence of w. to the exact security value w as ¢ is converging to 0.
Finally, in Section 4, we assume the presence of perturbations as defined above and we investigate

the asymptotic behavior of the approximate security values wl = in}f{ sup  fn(x,u). The
€ yeQp ()

case where H and S are described by inequalities is analyzed and, in both sections 3 and 4, results
concerning MinSup problems with variational inequality constraints are enlightened. We emphasize
that such results can open a way for motivate the use of numerical approximations as discretizations
and penalizations since they allow to define a general scheme for approaching the security value w
by the sequence w? of security values of regularized perturbed problems.

2 Preliminaries

The following notions ([3], [21]) will be used in the paper. Let (K,), be a sequence of nonempty
subsets of R".

The Painlevé-Kuratowski upper and lower limits of the sequence (K,,), are defined respectively
by
e z € limsup K, if there exists a sequence (zj) converging to z such that z € K,,, for a subse-

quence (K, )i of (K, ), and for each k € N

e z € liminf K, if there exists a sequence (z,), converging to z such that z, € K, for n sufficiently
n

large.
We recall that both these sets are closed and may be empty.

A function h : H — RU {—o00} is coercive on H if for every ¢t € R there exists a sequentially
compact set Cy C X such that
Levih ={zxe H :h(z) <t} C C,.

A function g : H x K — RU {—o0} is coercive with respect to u on K uniformly with respect
to x € H (coercive in u on K for short) if for every ¢ € R there exists a compact set Y; C R" such
that

(Levyg) () ={ue K :g(z,u) <t} C Y, for every x € H.

A set-valued map F from X to K is sequentially lower semicontinuous over X, lowersemicontinuous
for short, if for every x € X and every sequence (z,), converging to x in X

F(z) C liminf F(x,).

A set-valued map F' from X to K is sequentially closed over X, closed for short, if for every € X
and every sequence (), converging to x in X

limsup F(z,) C F(x).

n

A set-valued map F' from X to K is sequentially subcontinuous over X, subcontinuous for short,
if for every « € X and every sequence (x,,), converging to x in X, every sequence (uy, ), such that



u, € F(x,), for every n € N, has a convergent subsequence;

A sequence (F,), of set-valued maps from X to K lower converges to F in X if for every z
and every sequence (), converging to x in X

F(z) C liminf F,(z,).
n

A sequence (Fp,), of set-valued maps from X to K upper converges to F in X if for every x € X
and every sequence (), converging to x in X

limsup F,(z,) C F(x).

n
A sequence (T},),, of functions from K to R”:

/

— is G~ —converging to T in K if for every u € K there exists a sequence (ul,

w in K such that lim T, (u),) = T'(u), that is

)n converging to

graphT C liminf graphT,.

— is equi-coercive on K if there exist a point v, € K and, for every t € R, a compact set Z, C R"
such that
{ue K : (Th(u),u—v,) <t} C Z; forallneN

A sequence of functions (gn)n, gn : H X K — RU {—00}:

— sequentially continuously converges to a function g in H X K, ¢—converges to g for short, if
for every (z,u) € H x K and every sequence (Z,uy), converging to (z,u), in H x K, one has
hrIln In(Tnyun) = g(z,u);

— is equi-coercive on H x K if for every t € R there exists a sequentially compact set W, C X x R"
such that
Levi g, ={(z,u) € Hx K :gy(z,u) <t} C W;forallneN

For examples that illustrate and compare the above concepts see [21].
The next lemma is a basic result for the next sections and can be proved as in [26].

Lemma 2.1 Let (F,), be a sequence of set-valued maps from H x K to K.
If (Fy)y lower converges to F in H x K, then, for every x € H, every u € K, every sequence
(zn, upn)n converging towards (x,u), in H x K, one has

lim sup d(tp, Fr(n,upn)) < d(u, F(z,u)).

n

If (Fy,), upper converges to F in H x K and the following holds:
o given a convergent sequence (Tp,Un)n, (Tn,un) € H X K, every sequence (wp)n, such that
wy, € Fy(xp,uy) for alln € N, has a convergent subsequence,
then, for every x € H, every u € K, every sequence (Zn, Uy, ), converging towards (z,u), in H x K,
one has

d(u, F(z,u)) < limninf AU, Fp(Tr, up))-



3 Approximating security values

Assuming that A,,, S,, fn are perturbations of A, S and f respectively, for each positive integer
n, as in the introduction, we denote by Q,, the map that associates to x € H the solutions set of
the problem

(QVI)p(z) findue K : ue Sy(x,u) and (A,(z,u),u—w) < 0 VweS,(z,u).

Throughout the paper, the sets of solutions to the lower level problems are assumed to be nonempty.
Conditions ensuring the existence of solutions to quasi-variational inequalities, or to variational
inequalities, in finite dimensional spaces can be found, for example, in [15] and in [13].
For each n € N, we denote by w,, the security value for the corresponding perturbed problem
(MS)n

wp, = inf sup fu(x,u),

" zeH u€Qn (x) "

First, we show that the sequence of the perturbed exact security values w, may not converge to
the exact value w even under “nice” assumptions on the data.

Example 3.1 Assume that « € R, X = H = [0,a], h = 1, K = [0, 400, Sp(z,u) = S(z,u) =
K, Ay(z,u) = 1/n and f,(z,u) = uw + x + 1/n. The sequences (Ay), and (f,), uniformly
converge, and therefore also continuously converge, to the functions A and f defined, respectively,
by: A(z,u) = 0 and f(z,u) = u+ z. One easily checks that Q,(x) = {0}, Q(z) = [0, +o0], so

that w, = ir[lf ](:v +1/n) = 1/n, w = 400 and the sequence (wy,), does not converge to w.
z€(0,a

Therefore, we assume that e = (g1,€2), €1 > 0 and €5 > 0 and in line with previous papers (see,
for example, [29], [19], [37], [16], [25], [26]...) we consider the following approzimate solutions map

Q.:xe€H— Qx)={ue K :du,S(z,u)) <eyand (A(z,u),u —w) < g1 Vw € S(z,u)} (2)
Then, we formulate the following reqularized MinSup problem

find & € H such that sup f(Z, u) =min sup f(z,u)
u€Q. (&) T€H e, (x)

whose corresponding approximate value is

we = inf sup f(z,u).
v yeQ. (z)

We show that w. can be used to determine the security value w under suitable conditions.

Proposition 3.1 Assume that the following hold:

Ly) the set-valued map S is subcontinuous, lower semicontinuous and closed on H x K

Ls) the function A is continuous on H X K ;

Uy) the function —f is coercive in u on K;

Us) for every x € H there exists a sequence (), converging to x in H such that for every u € K
and every sequence (uy,), converging to u in K one has

limsup f(n, ) < f(2,1).

Then,
w = lim w,.
e—0



Proof
Since lim w, = inf w. and w < w,, it is sufficient to prove that
e—0 e>0

inf w, < w.
e>0

Assume that this inequality is not true and let a be a real number such that
w < a < inf w,.
e>0
There exists a point & € H such that

sup f(Z,u) < a. (3)
u€Q(T)

So, f(Z,u) < afor every u € Q(Z). Let (Z,), be a sequence converging to T and satisfying condition

Us), and let (£,)n, = (€1,n,€2.n)n be a sequence of pairs of positive real numbers decreasing to 0
such that ¢ + €1, < ws, < sup  f(Zp,u) for every n € N. There exists a sequence (4y)n
u€Q.,, (Tn)
such that
Up € Qe (Tp) and a + €1 < f(Tn, Un) (4)

for every n € N. Assumption Uy) implies that a subsequence (@), of (4y)n converges to a point

@ € K that must belong to S(Z, ) since d(z, S(Z,w)) < liminf d(Z,/, S(Zp/, Un)) <lim €9, = 0
n' n'

by Lemma 2.1.

Now, let w € S(Z,u) and let (w, ), be a sequence converging to w € K such that wy,, € S(Zp, )

for n’ sufficiently large. Since the function A is continuous one has

(A(Z,0),u —w) = Um{(A(ZTn,Un ), Up —wp) < limeq,, = 0.
n' n’
Therefore, @ € Q(Z) and f(Z,u) < a by (3). However, conditions Us) and (3) imply that a <
limsup f(Z,,u,) < f(Z,u) and one has a contradiction. O

n

Remark 3.1 Assumption Us) is satisfied if the function f(z,-) is upper semicontinuous (usc for
short) on K for every x € H, but the following example shows that these two conditions are not
equivalent in general.

Example 3.2 Assume that X = H = [0,4o0[, h = 1, K = [0,400[, f(z,u) = u~* when z > 0,
f(0,u) =1if u € [0,1] and f(0,u) = 2 if v > 1. The function f(0,-) is not usc at u = 1 since
f(0,1) =1 < limsup f(0,u,) = 2 for every sequence (up)n, Uy > 1, converging to 1. However,

n
condition Us) is satisfied for x = 0 because there exists the sequence (), = (1/n), such that for
every u € K and every sequence (uy), converging to u one has: lim f(1/n,u,) <1 < f(0,u). In
n

—1/n

fact, lim f,,(1/n,u,) = lim (uy) is equal to 1 when w is positive and is equal to 0 when v = 0.
n n

Having in mind to approach the security value w also in the presence of perturbations of the data,
it is useful to introduce the strict approzimate solutions map ([29], [19], [37])

S.:xeH—6.(x)={uecK:du,S(r,u)) <ez and (A(z,u),u —w) < eVw e S(z,u)} (5)



and the corresponding MinSup problem

find & € H such that sup f(&, u) =min sup f(z,u)
ueS. (2) r€H yee, ()

whose security value is

o = inf sup f(z,u).
: t€H yea ()

Since, for every x € H, Q(x) C S.(x) C Q.(z) one has
w < 0. < we (6)
and these inequalities imply that assumptions of Proposition 3.1 also guarantee that

lim o, = w.
e—0

The following corollary is a simplified version of Proposition 3.1, easier to use in the applications.

Corollary 3.1 Assume that the sets H and K are compact. If conditions L), La) and
Uj)  for every x € H, the function f(x,-) is usc on K,
hold, then

w = lim w, = lim o,.
e—0 e—0
Variational inequality constraints case

If the map S does not depend on u, i.e. variational inequality constraints are considered at the
lower level, the above approximation scheme leads to consider the approximate values

ve = inf sup f(z,u) T = inf sup f(z,u)
c v€H ey, (z) ¢ z€H yes,_ (x)

where
Veix € H—=V.(x) ={ue K :du,S(x)) <ep and (A(z,u),u —w) < e Vwe S(z)}

Sc:x e H— S (x)={ueK:du,S()) <ez and (A(z,u),u —w) < egVw e S(z)}
and one has the following result:

Proposition 3.2 Assume that the following hold:

Ly) the set-valued map S is subcontinuous, lower semicontinuous and closed on H;

Ls) the function A is continuous on H x K;

Us) for every x € H there exists a sequence (), converging to x in H such that for every u € K
and every sequence (U ), converging to u in K one has

limsup f(zn,un) < f(,u).

n

Then,

v=1lim r. = lim 7..
e—0 e—0



Proof
As in Proposition 3.1, assume that there exists a € R such that v < a < iI>1f(; Ve. Then, there exists
g

Z € H such that f(z,u) < a for every u € V(Z), and a sequence (Z, ), converging to T satisfying
condition Us). If (£,,)n, = (€1,n,€2,n)n is a sequence of pairs of positive real numbers decreasing to
0 such that a + €1, < v, for every n € N, there exists a sequence (&y,), such that

Un € Ve, (Tp) and a + €1 < f(Zn, Uy) (7)

for every n € N. The map S being subcontinuous, the set S(x,,) is compact for every n. So, from
d(tn, S(Zn)) < €2,, one infers that there exists z, € S(&,) such that

|G, — 2zp|| = min ||lu, —2|| < 2.
2€S8(Zn)
A subsequence of (z,), must converge to a point @ € S(Z) since S is closed and subcontinuous.
Therefore, a subsequence of (uy,), converges to the same point @ that can be proved to solve the
variational inequality (VI)(Z), so that & € V(Z) and f(Z,u) < a. Then, conditions Usz) and (7)
lead to a contradiction since a < limsup f(ZT,,u,) < f(Z,u) < a. O
n

Note that, in order to approximate the security value v, assumption U;) can be eliminated, so a
“compactness” condition (that is: S is subcontinuous) is present only on the lower level problem.

Corollary 3.2 Assume that the set K is compact. If conditions L), Ls), Uj) hold, then

v=lim v, = lim ..
e—0 e—

4 Asymptotically approximating security values

Assuming that A,,, S,, f. are perturbations of A, S and f respectively, we define the following
approximate solutions maps

O :xeH— Qx)={ue K : du,Sy(z,u)) <eg and (A, (z,u),u —w) <e1 Vw e Sy(x,u)}
G ixeH—-62x)={ue K : dlun,Sp(z,u)) <eg and (A,(z,u),u —w) <e; Y w € Sp(x,u)}

€

and we consider the regularized perturbed MinSup problems with constraints described by the
maps Q7 and &7, whose security values are

wl = inf sup fn(z,u) ol = inf sup fu(z,u)

*EH ueQr (x) veH yeer ()
In this section, as in the unperturbed case considered in Section 3, we wish to approximate the
security value w with the approximate security values w” and/or o and we start by showing that
the data of Example 3.1 guarantee that the sequences (w!), and (o), approach asymptotically
the security value w even if the exact security values sequence (wy,), does not converge to w.

Example 4.1 Assume that a € R, X = H = [0,a], h =1, K = [0, +00[, Sp(z,u) = S(z,u) = K,
Ap(z,u) =1/n, fo(z,u) =u+2x+1/n, A(z,u) =0 and f(z,u) = u+ x. One easily checks that
Q% (x) = [0, ne], 62(x) = [0, ne[, so that w? = ol = zeir[%)fa] (x+1/n+mne) = 1/n+ne. Then, we
have:

lim limw] = lim limo} = w = +o0.

e—=0 n e=0 n



Remark 4.1 In Example 4.1 one also has:

lim limw? =0

n e—0
S0, it is clear that to define a satisfactory approximation scheme one has to study the behavior of
(wl)y, and (o7),, first for n going to 400 and second for € going to 0 and not the contrary.
Moreover, in line with classical methods in Variational Analysis ([1], [9], [39]), we approximate w
by the sequences (w!), and (o), separately from above and from below because this allows to

g
individuate assumptions of minimal character on the upper level data (see [18],[17]).

We start by approximating w from above.

Proposition 4.1 Assume that the following hold:

L3) the sequence (Sy)n upper and lower converges to S on H x K ;

Ly) for every (x,u) € H x K and every sequence (T, un), converging to (x,u) in H x K, any
sequence (Wy)n, such that wy, € Sy, (x,,uy,), has a convergent subsequence;

Ls) for every x € H and every sequence (x,), converging to x in H, the sequence (A, (Tn,))n
G~ —converges to A(x,-) in K;

Us) the sequence (fp)n is equicoercive on H x K;

Uy) for every (z,u) € H x K and every sequence (y,un), converging to (x,u) in H X K one has

Fleu) < lminf £ (e, u).

Then, we have
0. < liminfo? Ve>0 (8)

and consequently
w < liminf liminfo?.
e—0 n
Proof
Assume that (8) fails to be true. There exist € > 0 and a real number a such that
linhinfag < a < o..
Then, there exist an increasing sequence of positive integers (ny); and a sequence (zy)x, zx € H,
such that
sup  fo(zp,u) < a< oo VkeN (9)
u€SLF (x4,)
By assumption Us) we can assume that a subsequence of (zy), still denoted by (xy), converges
to a point T € H.
Consider u € 6,(Z) and a sequence (uy)y, whose existence is guaranteed by Ls), converging to
in K and such that
li}gn Ap, (g, ug) = A(Z, ). (10)

Since d(u, S(Z, 1)) < €2, Lemma 2.1 ensures that there exists k, € N such that d(ux, Sg(zx, ux)) <
g for k > k, and we claim that (A,, (zx, ux), ur —w) < &1 for every w € Sy (xx, ux) and for k suffi-
ciently large. Indeed, if it is not true, there exists an infinite set of positive integers N’ and sequence
(wg)xr such that wy € S (wpr, upr) and (Ap,, (T, ups ), ury — wypr) > €1 for every &' € N'. By
assumptions L3) and Ly), a subsequence of (wg)g must converge towards a point w € S(&, ) and,
by (10), (A(Z, 4), u—w) > €1 which is in contradiction with @ € &.(Z). Therefore, uy, € &% (zy,) for



k sufficiently large, so, conditions Uy) and (9) imply that f(Z,a) < li%inf Jor (@pyu) < a < oe.

As @ is an arbitrary point in &.(Z), we also have

sup  f(z,u) < a< o
uES. (Z)

and we get a contradiction. O

The next result gives an approximation of w from below.

Proposition 4.2 Assume that the following hold:

L3) the sequence (Sy,)n upper and lower converges to S on H x K ;

Ly) for every (z,u) € H x K and every sequence (T, un)n converging to (x,u) in H x K, any
sequence (Wp)n, such that wy, € Sy (xn,uy), has a convergent subsequence;

Lg) the sequence (A,)y, c—converges to A on H x K;

L7) the sequence (A,)y, is equicoercive on H x K ;

Us) for every x € H there exists a sequence (), converging to x such that for every u € K and
every sequence (uy), converging to u in K one has

lim sup fn(mnaun) < f(‘rau)'

Then,
limsup w!' < w, Ve>0 (11)
n
and consequently
limsup limsupw! < w.
e—0 n
Proof

Assume that (11) fails to be true. Let a be a real number such that w. < a < limsup w7, let
n

Z € H be such that sup f(Z,u) < a and let (x,), be a sequence converging to T in H satisfying
UGQE (f)
assumption Us).
Being ¢ < limsupw? < limsup sup f,(z,,u), there exist an increasing sequence (ny)x of
n n u€Qr (zy)
positive integers and a sequence (uy, )i such that u,, € QU (x,, ) and fn, (Tn,, Un,) > a for every
k.
Then, d (tn,,, Sny, (Tny, Un,)) < €2 and (An, (T, Uny ), Un, — w) < €1 for every w € Sy, (Tn,, Un,)
and every k. The sequence (A,), is equicoercive on H X K, so, a subsequence of (uy, )k, still
denoted by (un, )i, must converge to a point u, € K. Assumptions L3) and L4) guarantee that
Lemma 2.1 applies and one has d(u,, S(Z, uo)) < liminf d (up, , Sn, (Tn,, Un, ) < €2.
n

Given a point w € S(Z,u,), by the lower convergence of (S,,), to S, there exists a sequence (wy )
converging to w such that wy € Sy, (Tn,, un,) for k sufficiently large. Since

(Any (@ny Uny ), Uny, — wE) < €1
and (A,), c—converges to A, one has (A(Z,uo), uo — w) < €1, which implies that u, € Q. (T).
Therefore, by Us) we infer that a < limsup fp, (n,,un,) < f(Z,u,) < a which gives a contradic-

k
tion. O
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Remark 4.2 Condition Us), that amounts to a sort of convergence of the sequence (f,), towards
f, has been introduced by Attouch and Wets in [2] to get the upper limit of the sets of MinSup
points for the functions (f,), contained in the set of the Minsup points for the function f. It has
been further employed by Loridan and Morgan ([32], [33]) in order to get convergence of solutions
to weak Stackelberg problems in a sequential setting and by the authors for stability of constrained
MinSup points [17] and of approximate solutions to weak Stackelberg problems [20]. As observed
in [17], this convergence cannot be set in the framework of epiconvergence ([9], [1]) differently from
the convergence considered in condition Uy) of Proposition 4.1. Also note that Us) amounts to Us)
when f, = f for every n € N.

Remark 4.3 If we strengthen the assumptions on the set-valued maps S, we can weaken the
assumptions on the functions A,. Namely, the following result, alternative to Proposition 4.2,
holds.

Proposition 4.3 Assume that the following hold:

Lg) the set-valued map S,, is convex-valued on H x K for every n;

L3) the sequence (Sy,)n upper and lower converges to S on H x K ;

Ly) for every x € H and every sequence (X, up), converging to (x,u) in H x K, any sequence
(Wp)n, such that w, € Sy (xn,un), has a convergent subsequence;

Lg) the sequence (Ay)y, c-converges to A on H x K;

Us) for every x € H there exists a sequence (), converging to x such that for every u € K and
every sequence (uyp), converging to u in K one has

limsup fr(@n, u,) < f(z,u).
Then,

limsup w! < we Ve>0 (12)
n
and consequently
limsup limsupw] < w.
e—0 n
Proof

Assume that (12) fails to be true. Let a be a real number such that w. < a < limsup w?,
n

let Z € H be such that sup f(Z,u) < a and let (z,), be a sequence converging to T in H
u€ Qe ()
satisfying assumption Us). Being a < limsupw? < limsup sup fn(zn,u), there exist an in-
n n u€EQN (xy,)

creasing sequence (ny)y of positive integers and a sequence (un, )i such that w,, € QM (x,,) and
Frr (Tny,, Un,, ) > a for every k. Then, d(un, , Sn, (Tn,, Un,,)) < €2 and (Ay, (T, Uny ), Un, — W) < &7
for every w € Sy, (@n, , un, ) and every k. There exists a sequence (zy)x such that z, € Sy, (Tn,, Un, )
and ||z —un, || < ez for every k, so that, by condition Ly4), a subsequence of (uy, ), still denoted by
(tn, )k, must converge to a point u, € K and, by Lemma 2.1, d(u,, S(Z,u,)) < €2. Given a point
w € S(Z,u,), by the lower convergence of (S,), to S, there exists a sequence (wy) converging to
w such that wy € Sy, (Tn,, Un, ) for k sufficiently large. Since

(Any (T, Uny, )y Un, — W) < €1
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and (A,,), c—converges to A, (A(Z,u,),u, —w) < &1 and we have u, € Q.(Z). Therefore, by Us)
we infer that a < lmsup fi, (Tn,, Un,) < f(Z,u,) < a which gives a contradiction. O
k

Now, from propositions 3.1, 4.1 and 4.2 (resp. propositions 3.1, 4.1 and 4.3) we infer that the exact
value w can be globally approximated by both sequences (w?), and (o).

Proposition 4.4 Assume that assumptions L) — Ly), Lg) — L7), U1) —Us) (resp. Lo)—L4), Lg),
Ul) - U5)) hold.

Then
w = Ehg(l) h}lnwE = glg(l) 117111106. (13)
Proof
Inequalities in (6) imply that
ol <w!

for every n € N. Therefore, by propositions 4.1 and 4.2 (resp. 4.1 and 4.3) one gets

0. <liminfo? <limsupol < limsupw < w.
n n n
as well as
0. <liminfo! <liminfw! <limsupw < w,.
n n n

So, applying Proposition 3.1 one infers that (13) is true. O

Corollary 4.1 Assume that the sets H and K are compact. If conditions L1) — L3), Lg), Uj),
and the following hold
Us) the sequence (fp)n c-converges to f,
then

w = lim limw? = lim limo}.

e=0 n e=0 n

The following example shows a set of data that satisfy all assumptions of Proposition 4.4 and that
does not satisfy all assumptions of Corollary 4.1.

Example 4.2 Let X = H =[0,1], h=1, K = [0,1], Sp(z,u) = S(z,u) = [0,u], A,(x,u) = 1/n,
fo(z,u) = (x —1/n)? — (u— )% — 1 for x € [0,2/n] and f,(z,u) = —(u — x)? for z €]2/n,1],
f(0,u) = —(u? +1) and f(z,u) = —(u — x)? for z €]0,1]. One easily checks that all assumptions
of Proposition 4.4 are satisfied. However the sequence (f,), does not continuously converge to f
since, for every u, the sequence (2/y/n,u), converges to (0,u) but the sequence (f,,(2/v/n,u)), =
(—(u—2/y/n)?), does not converge to f(0,u) = —u? — 1.

Finally, we assume that the constraint set H and the constraint maps S and S,, are described by
inequalities
H = {zeX : hi(z)<0,i=1,..,m}

P
Sz,u) = {veK : sj(z,u,v) <0, j=1,.,p} = ﬂ {ve K : sj(z,u,v) <0}

j=1

12



P
Sn(z,u) = {veK : sjp(z,u,v) <0, j=1,.,p} = ﬂ {fveK : sjp(x,u,v) <0},
j=1
where h;, s; and s;, are real-valued functions defined, respectively, in X and in H x K x K and
we are interested in determining sufficient conditions on the data for assumptions L), L3) and
Ly4). Tt is obvious that the set H is closed whenever the functions h; are lower semicontinuous
and that H is compact if the functions h; are coercive. However, getting continuity properties
for the map S, as well convergence results for the sequence (S, ),, needs more specific arguments.
This is essentially due to the lower semicontinuity and lower convergence properties, that are not
preserved by intersections ([18], [17]). First results on continuity properties of univariate set-valued
maps described by inequalities can be found in [6]. Extensions to wider classes of functions, as well
convergence properties, are in ([18], [17]) and in [26]. Convergence results for sequences of bivari-
ate set-valued maps can be proven by easy adaptations of Lemma 2.1 in [26] and Lemma 2.2 in [26].

Variational inequality constraints case

Here, we consider the approximate solutions maps
VP cxe H—- VN z)={ue K : du,S,(x)) <ez and (A, (z,u),u —w) <e; YV we S,(x)}

S rxeH—SMa)={ueK : dunp,Sn(z)) <ez and (A,(z,u),u —w) <e1 Vwe Sy(x)}

g

and the approximate security values

vl = inf sup fn(z,u) ' = inf sup fu(zx,u).
: JveHuEV?(J) " : weHuESQ(;E) e

The next results can be deduced from Propositions 3.2, 4.1 and 4.3 similarly to Proposition 4.4
and Corollary 4.1.

Proposition 4.5 Assume that assumptions Lg) — Ly), Lg), Us) — Us) hold.
Then

v = ;I_I}(l) hrrlnl/s = 611_r>r(1) hvrlnTg. (14)

Corollary 4.2 Assume that the set H is compact. If conditions Lo)—Ls), Lg), U3), Ug) hold, then

v = lim limy! = lim lim7]".
e—=0 n e—=0 n

5 Concluding remarks

We have presented a way to get lower and upper approximations of the security value of a MinSup
problem with (quasi)variational inequality constraints through the security values of perturbed
MinSup problems. Namely, in order to globally approach the security values w and v (see (13)
and (14)), one has to perturb the problem, to regularize such perturbations and to pass to the
limit: first with respect to the perturbation parameter, then with respect to the approximation
parameter. We emphasize that Example 4.1 shows that these two final steps cannot be exchanged,
nor a unique limit can be considered taking a sequence (&,), converging to 0, since for ¢, = 1/n
li7rln wg =1 while w = +00. Although assumptions of propositions 4.4 and 4.5 are rather strong,
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propositions 4.1, 4.2 and 4.3 give approximations from below and from above of the security values
w and v that can be used whenever one of the assumptions of propositions 4.4 and 4.5 is not
satisfied.

The extension to infinite dimensional spaces would require a suitable ”equilibrium” between com-
pactness and continuity properties, [20, p. 6], and will be further investigated in a forthcoming
paper.

Finally, in our approximation scheme we do not need that the set-valued maps S and S,, are convex-
valued except in Proposition 4.3 where the convexity of S, (z,u) allows to weaken the assumptions
on the sequence (Ay)n.

In our opinion, this theoretical approach can get an insight into the inherent difficulties of the
considered problem and can explain the lack of non-heuristic numerical methods in the continuous
case.

Acknowledgements The authors thank the referees for their useful comments and suggestions
that improved the readibility of the paper.

References

[1] H. Attouch, Variational Convergence for Functions and Operators, Applicable Mathematics
Series, Pitman, Advanced Publishing Program, Boston, 1984.

[2] H. Attouch and R.J. Wets, Convergence des points min/sup et de points fixes, C. R. Acad.
Sci. Paris, 296, (1983), pp. 657-660.

[3] J.P. Aubin and A. Frankowska, Set-valued Analysis, Birkhauser Boston, Boston, 1990.

[4] C. Baiocchi and A. Capelo, Variational and Quasivariational Inequalities, Applications to Free
Boundary Problems, John Wiley and Sons, New-York, 1984.

[5] X. Ban, S. Lu, M. C. Ferris and H. Liu, Risk-averse second best toll pricing, Proceedings of
the 18th International Symposium of Transportation and Traffic Theory (ISTTT 18)(2009),
pp. 197-218.

[6] B. Bank, J. Guddat, D. Klatte, B. Kummer and K. Tammer, Non-Linear Parametric Opti-
mization, Academic-Verlag, Berlin, 1982.

[7] T. Basar and G. J. Olsder, Dynamic Noncooperative Game Theory, Academic Press, Lon-
don/New York, 1982.

[8] B. Colson, P. Marcotte and G. Savard, An overview of bilevel optimization, Ann. Oper. Res.,
153, (2007), pp. 235-256.

[9] G. Dal Maso, An Introduction to Gamma-Convergence, Birkhduser, Boston, 1993.
[10] S. Dempe, Foundations of Bilevel Programming, Springer, 2002.

[11] S. Dempe, B.S. Mordukhovich and A.B. Zemkoho, Necessary optimality conditions in pes-
simistic bilevel programming, Optimization, (2012), to appear.

14



[12]

[13]

[14]

[15]

[16]

[20]

[21]

[22]

[23]

[26]

[27]

L. Drouet, A. Haurie, F. Moresino, J-Ph. Vial, M. Vielle and L. Viguier, An oracle based
method to compute a coupled equilibrium in a model of international climate policy, Comput.
Manag. Sci., 5, (2008), n. 1-2, pp. 119-140.

F. Facchinei and J.S. Pang, Finite-Dimensional Variational Inequalities and Complementarity
Problems, Springer Series in Operations Research, XXXII, Vol. I and II, Springer, 2003.

M. Fukushima and J.S. Pang, Quasi-variational inequalities, generalized Nash equilibria, and
multi-leader-follower games, Comput. Manag. Sci., 2, n. 1, (2005), pp. 21-56.

P.T. Harker and J.S. Pang, Finite-dimensional variational inequality and nonlinear comple-
mentarity problems: a survey of theory, algorithms and application, Math. Program., 48,
(1990), pp. 161-220.

M.B. Lignola, Well-posedness and L—well-posedness for quasi-variational inequalities, Journal
of Optimization Theory and Applications, 128, n. 1, (2006), pp. 119-138.

M.B. Lignola and J. Morgan, Topological existence and stability for Min Sup problems, J.
Math. Anal. Appl., 151, (1990), pp. 164-180.

M.B. Lignola and J. Morgan, Convergences of marginal functions with dependent constraints,
Optimization, 23, (1992), pp. 189-213.

M.B. Lignola and J. Morgan, Approximate solutions to variational inequalities and applica-
tions, Le Matematiche, 49, (1994), pp. 281-293.

M.B. Lignola and J. Morgan, Topological existence and stability for Stackelberg problems,
Journal of Optimization Theory and Applications, 84, (1995), 145-169.

M.B. Lignola and J. Morgan, Stability of regularized bilevel programming problems, Journal
of Optimization Theory and Applications, 93, (1997), pp. 575-596.

M.B. Lignola and J. Morgan, Existence of solutions to generalized bilevel programming prob-
lem, in Multilevel Programming-Algorithms and Applications, Eds A. Migdalas, P.M. Pardalos
and P. Varbrand, Kluwer Academic Publishers, 1998, pp. 315-332.

M.B. Lignola and J. Morgan, Well-posedness for optimization problems with constraints de-
fined by variational inequalities having a unique solution, J. Global Optim., 16, n. 1, (2000),
pp. 57-67.

M.B. Lignola and J. Morgan, Existence of solutions to bilevel variational problems in Banach
spaces, in F. Giannessi, A. Maugeri and P.M.Pardalos Equilibrium Problems and Variational
Models, Kluwer Academic Publishers, 2001.

M.B. Lignola and J. Morgan, Stability in regularized quasi-variational settings, Journal of
convex Analysis, 19, 4, (2012), On line.

M.B. Lignola and J. Morgan, Approximate values for mathematical programs with variational
inequality constraints, Comput. Optim. Appl., 59, 2, (2012), pp. 485-503.

M.B. Lignola, J. Morgan and V. Scalzo, Lower convergence of approximate solutions to vector
quasi-variational Problems, Optimization, 59, 6, (2010), pp. 821-832.

15



[28]

[29]

[30]

[31]

P. Loridan and J. Morgan, Weak Via Strong Stackelberg Problem: New Results, J. Global
Optim., 8, (1996), pp. 263-287.

P. Loridan and J. Morgan, Least-norm regularization for weak two-level optimization prob-
lems, Optimization, Optimal Control and Partial Differential Equations, Internat. Ser. Numer.
Math., Birkhauser, Basel, 107, (1992), pp. 307-318.

P. Loridan and J. Morgan, Regularizations for two-level optimization problems, Advances in
Optimization, Lecture Notes in Econom. and Math. Systems, Springer, Berlin, 382, 1992, pp.
239-255.

P. Loridan and J. Morgan, Epsilon-regularized two-level optimization problems, Lecture Notes
in Mathematics, Springer Verlag, Berlin, Heidelberg, New York, 1405, 1989, pp. 99-113.

P. Loridan and J. Morgan, New results on approximate solutions in two-level optimisation,
Optimization, 20, (1989), pp. 819-836.

P. Loridan and J. Morgan, A theoretical approximation scheme for stackelberg problems, J.
Optim. Theory Appl., 61, (1989), pp. 95-110.

R. Lucchetti, F. Mignanego and G. Pieri, Existence theorems of equilibrium points in Stack-
elberg games with constraints, Optimization, 18, (1987), pp. 857-866.

Z.-Q. Luo, J.-S. Pang and D. Ralph, Mathematical Programs with Equilibrium Constraints,
Cambridge University Press, Cambridge, 1996.

J. Morgan, Constrained well-Posed two-level optimization problems, in F. Clarke, V. Demi-
anov and F. Giannessi, Nonsmooth Optimization and Related Topics, Ettore Majorana Inter-
national Sciences Series, Plenum Press, New York, 1989, pp. 307-326.

J. Morgan and R. Raucci, Continuity properties of e-solutions for generalized parametric saddle
point problems and application to hierarchical games, J. Math. Anal. Appl., 211, 1, (1997),
pp. 30-48.

J. Morgan and R. Raucci, Lower semicontinuity for approximate social Nash equilibria, Inter-
nat. J. Game Theory, 31, (2002), pp. 499-509.

T. Rockafellar and R. J.-B. Wets, Variational Analysis, Springer, 2010.

J.J. Ye and D.L. Zhu, Optimality conditions for bilevel programming problems, Optimization,
33, n. 1, (1995), pp. 9-27.

16



