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Abstract

We establish new characterizations of Walrasian expectations equilibria based on the veto mechanism in the
framework of differential information economies with a finite number of states of nature and a measure space of
agents that may have atoms. We show that it is enough to consider the veto power of a single coalition, consisting
of the entire set of agents, to obtain the Aubin private core. Moreover, we investigate on the veto power of
arbitrary small and big coalitions, providing an extension to mixed markets of the well known Schmeidler [20] and
Vind's [22] results in terms of Aubin private core allocations.
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1 Introduction

The aim of this paper is to investigate on the veto mechanism in differential information economies
with a finite number of states of nature and a measure space of agents that may have atoms, when
some restrictions on admissible coalitions is imposed. From a mathematical point of view, an atom
is a subset of the space of agents with strictly positive measure containing no proper subsets with
strictly positive measure and it is typically used to represent an economic individual concentrating
in his hand a large initial ownership compared with the total market endowment. This situation is
known as monopoly, or more generally, oligopoly. Even if the initial endowment is spread over a
continuum of small traders, it could be the case that some of them decide to act only together, as a
single individual, without the possibility to form proper subgroups. This scenario, still represented
via atoms, includes cartels, syndicates and other form of institutional agreements. It is well known
that the presence of non negligible traders causes a lack of perfect competition and consequently a
failure in the Core-Walras Equivalence Theorem. Nonetheless, it is sometimes possible to extend
the core equivalence theorem to mixed markets (see [10], [19] and [21] among others for contri-
butions in this direction), but the cost in terms of assumptions in not negligible, since it is needed
that large traders lose their market power becoming competitors. This is guaranteed assuming, as
Shitovitz suggested ([21]; see also [4] for an extension to infinite dimensional commodity spaces
and [19] for an extension to differential information economies), that there are at least two large
traders of the same type, meaning that they have the same initial endowment and same preferences.
In order to characterize competitive equilibrium allocations without imposing any additional con-
ditions on the atomic sector, we consider Aubin approach to core analysis (see [1]), according
to which agents may participate by using only a fraction of their initial resources when forming
a coalition. This new pondered veto concept was introduced by Aubin [1] in complete informa-
tion economies with a finite number of agents and commodities, in order to characterize the set
of competitive equilibria, when the ordinary core seems to be too large to coincide with it. Later,
Noguchi [18] proved that even in the presence of atoms, the Aubin core provides a characterization
of competitive equilibria. The Aubin pondered veto concept and the equivalence with the set of
Walrasian equilibria was extended in the framework of atomic differential information economies
with a finite number of states of nature by Graziano and Meo [9] (see also [19] in which the free
disposal condition is avoid and [3] for the case of atomic economies with public goods). Under
uncertainty and with asymmetrically informed agents, keeping the main idea of Aubin that agents
in a blocking coalition may use only a fraction of their initial endowment, it is also required that
members of a blocking coalition can only use their own private information. This is due to the
fact that agents in forming a coalition have no opportunities to share information. It is worth of
noting that in differential information economies different notions of Aubin core can be consid-
ered depending on the information sharing rules and on possibilities of communication among
agents. Even if in this paper we focus on the Aubin private core, we provide conditions ensuring
that in some cases the information sharing rules and the communication opportunities play no role.

Checking whether a given allocation belongs to the Aubin private core seems to require to look



upon the whole set of possible coalitions in order to test whether any groups of agents, by employ-
ing a rate of their own initial endowment and by using their own private information, can improve
upon such allocation. Therefore, this seems to be hard to check, unless the economy is very small.
As pointed out by Hervés-Beloso and Moreno-Garcia in [13], it may be difficult to argue that
coalition formation is costless and free: “The fact that agents are organized in some way, and per-
haps they are not entirely free, may result in high formation costs, commitments and constraints,
which make difficult to assume that the veto mechanism works freely and spontaneously”. For this
reason, it is usually assumed that only a subset of the set of all possible coalitions in an economy
is considered to be really formed. The papers [13], [14] and [15] go in this direction (see also [16]
for an infinite dimensional commodity space setting). They obtain a characterization of Walrasian
equilibria by using the veto power which differs substantially from the equivalences obtained by
Debreu and Scarf in [5] and Aubin in [1]. Indeed, on the one hand Debreu-Scarf and Aubin enlarge
the set of blocking coalitions: the former by replicating the economy, the latter by allowing the
participation of the agents with any rate of their endowments. On the other hand, Hervés Beloso
and Moreno Garcia in [13], [14] and [15] consider the veto power of just one coalition, namely
the grand coalition, by enlarging the possible redistribution of endowments. In other words, they
consider the veto power of a single coalition in infinitely many economies obtained by perturbing
the original initial endowments. In this paper, we extend their result in terms of Aubin private core
by showing that the Aubin private core coincides with the set of those allocations which are not
privately blocked by any generalized coalition with full support, that is whose support equals the
set of all agents. Our result differs from [15] in two main aspects: first we slack the assumption of
“finitely many agents” by considering the general case of differential information mixed markets.
Second, we do not need to construct a family of economies perturbing agents’ initial endowment,
since we show that it is enough to consider the pondered veto power of a single coalition in just
one economy.

Going on our analysis on the implications that restrictions on the measure of a blocking coali-
tion may have on the Aubin private core, we extend Schmeidler and Vind’s Theorems to the set of
feasible allocations not privately blocked by any generalized coalition in mixed differential infor-
mation economies. Schmeidler and Vind’s Theorems gave a new interpretation of the Core-Walras
equivalence theorem obtained by Aumann in 1964 [2] for atomless economies. Schmeidler [20]
showed that it is enough to consider the veto power of arbitrary small coalitions to get the core, and
Vind [22] completed the scenario by showing that any allocation that is non blocked by arbitrary
large coalitions is in the core. Behind their results the hypothesis that the economy is atomless is
crucial. The aim of this paper is to provide conditions guaranteeing that in mixed economies with
asymmetrically informed agents, given any positive number «, less than the measure of the grand
coalition, an allocation outside the Aubin private core can be blocked by a generalized coalition
whose support has measure smaller than « (extension of Schmeidler’s theorem) and by a gen-
eralized coalition whose support has measure equals to « (extension of Vind’s theorem). If the
economy is atomless, Schmeidler and Vind’s Theorems come easily from Lyapunov convexity
theorem; but, if there are some large traders, it could be not possible to reduce the measure of



a blocking coalition as much as we want. That’s why in the case of mixed differential informa-
tion economies a restriction on the real number « is needed. Indeed, in atomless economy the
Aubin private core does not change whatever restriction on the measure of a blocking coalition
is imposed; while in mixed markets an allocation outside the Aubin private core can be privately
blocked only by generalized coalitions whose support has measure smaller (or equal) to any «
greater than the measure of the atomic sector. Whenever « is smaller that the measure of the
atomic sector, we need to make negligible the veto power of large traders in order to manage the
measure of a blocking coalition. We show in Example 4.1 that for our purpose the presence of at
least two atoms of the same type, according to Shitovitz’s assumption, may not be enough, but a
stronger hypothesis on the atomic sector 77 is needed. We prove that if there are countably many
large traders of the same type, even in a mixed market, an allocation x outside the Aubin private
core is privately blocked by a generalized coalition whose support has arbitrarily small measure
(Theorem 4.3) and by a generalized coalition whose support has a certain measure smaller than the
measure of the atomless sector Ty (Theorem 4.4). To this end the allocation = must satisfy what
we call the “equal treatment property on the atomic sector”, according to which identical large
traders are equally treated under x. We also illustrate some examples to underline the necessity
of the hypotheses used, and as a consequence of all these equivalences, we establish a list of new
characterizations of Walrasian expecations allocations based on the veto mechanism.

The paper is organized as follows. We first present the theoretical model and state main defini-
tions; then, in Section 3, we investigate on the veto mechanism of the grand coalition while Section
4 contains extensions to mixed markets of Schmeidler and Vind’s results in terms of Aubin private
core allocations. Proofs are collected in the Appendix.

2 The model and the main definitions

In this section we illustrate the theoretical framework for studying exchange economies with un-
certainty and asymmetrically informed agents. First, we formally present the basic model describ-
ing briefly each component of it and then we focus on the key solution concepts that we will use
throughout our analysis.

2.1 The model

We consider a Radner-type exchange economy £ with differential information, modeled by the
following collection

&= {(Q,}—); (1,7, p); ]Rﬂ; (]:t>Qtautaet)teT}
where:

1. (Q,F) is a measurable space describing the exogenous uncertainty; €2 is the finite set
denoting the possible states of nature (i.e., Q@ = {w1,...,wy}) and F is the field of all the
events.



2. (T,T,u) 1is a complete, finite measure space, where: 7" is the set of agents and 7 is
the o-field of all eligible coalitions, whose economic weight on the market is given by the
measure . An arbitrary finite measure space of agents makes us deal simultaneously with
the case of discrete economies, non-atomic economies as well as economies that may have
atoms. Indeed, discrete economies are covered by a finite set 7" with a counting measure
u. Atomless economies are analyzed by assuming that (7,7, u) is the Lebesgue measure
space with 7' = [0, 1]. Finally, mixed markets are those for which 7" is composed by two
sets: Ty and T}, where T} is the atomless sector and 7} the set of atoms!. We will refer
to Ty as the set of “small” traders and to 77 as the set of “large” traders.2 For this reason,
£ is called differential information mixed economy (or mixed market). The disjoint union
of atoms in 77 formalizes the presence of agents concentrating in their hands an initial
ownership of some commodity in a large amount compared with the total availability on the
market (oligopoly), or groups of traders deciding to act only together without the possibility
to form proper subgroups * (cartels, syndicates).

3. Bﬂ is the commodity space.

4. (.7-}, qt, U, et) o is the set of agents’ characteristics. Each economic individual £ € T is
indeed characterized by:

- a private information described by F; which is a partition of {2. The interpretation is as
usual: if w € € is the state of nature that is going to be realized, agent ¢ observes the
unique element of F; which contains w. With an abuse of notation, we still denote by
F; the field generated by F;. Since {2 is finite, there exists a finite collection {F;};cs
of fields on (2, such that

{Fe . teTy={F: iel}.
Denoted by
[Z':{tETZ ft:f;‘}

the information set of type ¢ € I, that is the set of agents with the same information F;,
we assume that for each i € I, I; € T, with u(I;) > 0, and (I;);c; forms a partition
of T'.

- g 1s a probability measure on F, which represents agent ¢’s prior belief regarding nature.

- a state-dependent utility function representing agent t’s preferences:
u: QxR — R

(wy,z) — w(w,z).

'An atom is a subset with strictly positive mass containing no proper subsets of strictly positive mass. Recall that
every measure space has at most countable many disjoint atoms. Hence, the measure space I' can be decomposed into
a countable union of atoms 7 and an atomless part T (see [12] p. 45).

2This terminology is, in particular, motivated when T is a separable metric space. Indeed, in this case, T} is the set
of traders ¢ € T for which p(t) = 0, while T is the set of traders such that u(¢) > 0 (see [12]).

3For further details on mixed markets we refer an interesting reader to [21].



We assume that for all t € T and w € , the function w(w,-) : Ry — IR is
continuous and monotone, and for all w € §2, the mapping (¢, z) — u(z,w) is 7 ® B-
measurable, where B is the o-field of Borel subsets of ]Rﬂ.

- an initial endowment of physical resources, also contingent to the states of nature, which
is given by a F;-measurable functione; : 2 — jRﬂr.

Two agents ¢ and s are said to be of the same type if they have the same economic char-
acteristics, that is they have the same private information, same prior, utility function and initial
endowment, i.e., (ft,qt,ut,et) = (fs,qs,us,es).

2.2 Main notions and basic relations

We now recall the main equilibrium concepts we will analyze in the paper and state the basic re-
lations arising among them.

An allocation for the economy & is a function* z : T x Q — IRY such that (i) z(-,w) is
p-integrable on T for all w € Q and (i7) x(t, -) is F;-measurable for almost all ¢ € T'. Condition
(17) is interpreted as informational feasibility of the allocation x, while the meaning of condition
(1) depends on the space of agents 7. An allocation x is said to be feasible if for each state of
nature the total consumption does not exceed the total endowment, that is

/ xp(w) dp < / er(w) du, for all w € Q. (1)
T T
The free disposal condition expressed by (1) is usually required to ensure the existence of com-
petitive allocations supported by non negative prices (see [6]), but on the other hand it does not
guarantee the incentive compatibility of equilibria (see [7]). We denote by F'(£) the set of all
feasible allocations for the economy &.

For each ¢t € T', we denote by

My = {xt Q- ]Rﬁ Doay(e) is Fr — measurable}

the consumption set of agent ¢ € 7. Since M, takes into account the information constraints, not
only it is smaller than the commodity space, but it also differs from agent to agent.

Although the economy is static we give a two period interpretation as follows: in the first
period, traders make contracts based on their private information which are contingent on the
realized state of nature. Consumption takes place in the second period, once the state of nature
is realized. Since, at the time of contracting agents receive no additional informational signal,
the ex ante expected utility is the appropriate measure of an agent’s well being. For any function

“We will often denote z(t,w) by x:(w).



z:Q— Rﬂ we denote by h;(x) the ex-ante expected utility of trader ¢ from x, that is

he@) = 3w, 2(0))ge(w).

we

The competitive equilibrium concept assumes that a price vector p is a non-zero state de-
pendent function p : 0 — ]Rﬁ exogenously given for each commodity in each state of nature.
Consumers, taking prices as given, exchange their endowments trying to maximize their welfare.
For each t € T" and each price vector p, the budget set of agent ¢ is made by all functions measur-
able with respect to ¢’s private information.

B(p) = {x € M : Zp(w) cz(w) < Zp(w) . et(w)} .

we weN

Definition 2.1. A price vector p and a feasible allocation x are said to be a Walrasian ex-
pectations equilibrium for the economy & if for almost all t € T, x(-) maximizes the ex ante
expected utility hy on B;(p) and

Zp(w)'/

weN T

n@)dn = Yo p(w) - [ erw)dp
weN T

The budget set of each agent ¢, through M, takes into account not only physical but also infor-
mational constraints, since agents can consume only the commodity bundles that they are able to
distinguish. This implies that an increase in the information available to agent ¢ will be reflected
in a refinement of his algebra JF; which enlarges his budget set. Therefore, under a Walrasian
expectations equilibrium, agents better informed are, in general, better off. A Walrasian expec-
tations allocation is a feasible allocation x for which there exists a price vector p such that (p, x)
is a Walrasian expectations equilibrium. We denote by V(&) the set of all Walrasian expectations
allocations. This is a non cooperative notion since each agent maximizes his ex-ante expected
utility function over his budget set without taking care of actions of the other market participants.
On the other hand, according to the core notion, agents can cooperate within coalitions in order
to improve their welfare. It is well known that in differential information economies, core notions
depend on the information sharing rules and on possibility of communication among agents. Con-
sequently, different core notions are analyzed: the coarse core, the fine core and the private core.
We first recall the definition of private core due to [24].

Definition 2.2. A feasible allocation x is said to be a private core allocation for the economy
& if there do not exist a coalition S and an alternative allocation y : T x  — ]Rﬂ such that

(@) u(S)>0,
(11) y(+) is Fr—measurable for almost all t € S
(131) hi(yt) > he(ze) for almost all t € S

(iv) /Syt(w) dp < /Set(w) du for all w e Q.



If there exist S and y which satisfy conditions (i) — (iv), then we will say that the coalition
S privately blocks x via y, or that x is improved upon by coalition .S via y. According to [24],
the private core of the economy &, denoted by C'(£), is the set of feasible allocations that are not
privately blocked by any coalition. In other words, a feasible allocation x is in the private core if
no coalition of agents can redistribute their initial endowments among themselves using their own
private information and making each of its member better off. A feasible allocation z is said to be
Pareto optimal or efficient if it is not privately blocked by the whole coalition of agents 7. We
denote by PO(€) the set of efficient allocations of £. Clearly, any private core allocation is Pareto
optimal, i.e., C(£) C PO(E).

According to the coarse core notion, due to [23], agents in a blocking coalition can only use
their common information, i.e., condition (i) above must be replaced by

(iic)  we(+) is /\ Fi—measurable for almost all ¢ € S.
tesS

On the other hand, in the fine core, also introduce in [23], information is pooled among mem-
bers of a blocking coalition, hence (ii) should be replaced by

(tig) we(-) is \/ Fi—measurable for almost all ¢ € S.
tes
Let us denote by C.(£) and C'¢(&) respectively the coarse and the fine core, and observe that
since forany S € 7 andt € S, /\te gFt CF C vte g Ft, we can easily conclude that

C4(€) C O(E) € Cu(E).

In this paper, we will focus on the private core for more than one reason. Differently from the
coarse and the fine core, which have some problems associated with the existence and incentive
compatibility, the private core presents desirable properties: it is non empty under standard con-
tinuity and convexity assumptions on utility functions; and it perceives the differences of (quality
of) information among traders. Precisely, an agent who is well informed and is expected to co-
operate with a non well informed agent, does not prefer pooling information nor using common
knowledge, because otherwise he cannot take advantage of his finer private information. More-
over, it is shown that in atomless economies under some economic reasonable assumptions, the
private core coincides with the set of Walrasian expectations allocations.

Even if the coarse core, the fine core and the private core are three different cooperative solu-
tion concepts, we now provide conditions ensuring that in some cases the information sharing rule
and the communication possibilities among agents play no role, thatis Cf(€) = C(€) = C.(E).

Proposition 2.1. Ler £ be a differential information economy with common prior, i.e., ¢t = ¢
forallt € T. Assume that for all t € T, the initial endowment e; and the utility function u; are
state independent, i.e., e;(w) = ey and ui(w, ) = w(+) for all w € Q, and that u(-) is concave.
Then,



The above result also provides a new characterization of Walrasian expectations equilibria in
those economies in which the Core-Walras equivalence theorem holds. The Core-Walras equiv-
alence theorem states that competitive equilibria are the only allocations such that no group of
agents is able to achieve a preferred outcome for its members using only its initial aggregate
resources. According to the competitive equilibrium concept, agents are price takers, meaning
implicitly that none of them can affect prices and the aggregate demand. Therefore, the natu-
ral mathematical model for representing perfect competition is to use a continuum of agents as
Aumann proposed, since changes in individual behavior is negligible. But competition in the real
economic activity is far from being perfectly competitive. For this reason we allow the presence of
non negligible individuals represented by atoms, which causes a lack of perfect competition and
hence the failure of the equivalence between core and competitive equilibrium allocations (see
[21] for several examples). Nonetheless, it is sometimes possible to extend the core equivalence
theorem to mixed markets (see [10], [19] and [21] among others for contributions in this direc-
tion), but the cost in terms of assumptions in not negligible, since it is needed that large traders
lose their markets power becoming competitors. This is guaranteed assuming, as Shitovitz sug-
gested (see [21]), that there are at least two large traders of the same type, meaning that they have
the same initial endowment, same utility function, same private information and prior. In order
to characterize competitive equilibrium allocations without imposing any additional conditions on
the atomic sector, we consider Aubin approach to core analysis (see [1]) and define the so called
Aubin private core.

Definition 2.3. Let A be the set of all measurable functions vy : T — [0, 1], whose support S,
has positive measure, that is,

W(Sy) = p({teT : (1) >0}) >0,
We call an element v in .4 a generalized coalition.

Definition 2.4. A generalized coalition vy € A privately blocks an allocation x : T x  — IR’
if there exists an allocationy : T x ) — IRﬂ such that

(1) y(+) is Fr—measurable for almost all t € S,
(74) he(ye) > he(ze)  for almost all t € S,

(iif) / A (B)ye(w) dps < / V(Der(w)du for all w e Q.

vy S’Y

The Aubin private core of the economy &, denoted by C4 (&), is the set of all feasible allo-
cations which are not privately blocked by any generalized coalition. In other words, a feasible
allocation belongs to the Aubin private core if it is not possible for agents to redistribute their
initial resources among themselves using their own private® information (see (7)) and obtaining
a strictly preferred bundle (see (77)). According to the usual interpretation, each member ¢ of .S,

5This requirement justifies the adjective “private” for the Aubin core.



may participate employing only a part (¢) of his initial endowment. Thus, the feasibility over the
coalition S, takes into account for these shares as condition (i7) expresses.

As for the core, different notions of Aubin core can be defined in differential information
economies depending on the information sharing rules and on possibility of communication among
agents. Therefore by replacing suitably condition (i) above we can define the coarse and the fine
Aubin core and notice that similar comments, as Proposition 2.1, done for the core, still hold for
the Aubin core.

By allowing agents to employ only a rate of their initial resources in forming a coalition, the
number of possible blocking coalitions enlarges; consequently the Aubin private core is included
in the core. Indeed, if x is privately blocked (in the usual sense) by a coalition S, then x is privately
blocked (in the Aubin sense) by the generalized coalition 7y : T' — [0, 1], defined by v(-) = xs().
Notice that since y(t) is zero for all ¢ € T"\ S, condition (i77) in Definition 2.4 can be replaced
by the integral over the whole space of agents 7', that is

/ Y )y (w) du < / y(t)er(w) dp for all w € Q.
T T

We close this section by investigating on the basic relationships among the main equilibrium
concepts illustrated above. We have already observed that the Aubin private core is contained
into the private core; furthermore it is well known that, under standard assumptions, a Walrasian
expectations allocation exists and it is efficient. Therefore, the next proposition, stating that any
Walrasian expectations allocation is not privately blocked by any generalized coalition, implies
the non emptiness of the Aubin private core, and hence the existence of a private core allocation
in differential information mixed markets.

Proposition 2.2. Any Walrasian expectations allocation is in the Aubin private core, that is
W(E) C Ca(E).
In conclusion, in a mixed differential information economy the following relations hold true

W(E) C C4(E) C C(E) C PO(E).

3 The Veto Mechanism of the Grand Coalition

Checking whether a given allocation belongs to the Aubin private core seems to require to look
upon the whole set of possible coalitions in order to test whether any groups of agents, by employ-
ing a rate of their own initial endowment and by using their own private information, can improve
upon such allocation. Therefore, this seems to be hard to check, unless the economy is very small.
As pointed out by Hervés-Beloso and Moreno-Garcia in [13], it may be difficult to argue that



coalition formation is costless and free: “The fact that agents are organized in some way, and per-
haps they are not entirely free, may result in high formation costs, commitments and constraints,
which make difficult to assume that the veto mechanism works freely and spontaneously”. For this
reason, it is usually assumed that only a subset of the set of all possible coalitions in an economy
is considered to be really formed.

The papers [13], [14] and [15] go in this direction (see also [16] for an infinite dimensional
commodity space setting). They obtain a characterization of Walrasian equilibria by using the
veto power which differs substantially from the equivalences obtained by Debreu and Scarf in [5]
and Aubin in [1]. Indeed, on the one hand Debreu-Scarf and Aubin enlarge the set of blocking
coalitions: the former by replicating the economy, the latter by allowing the participation of the
agents with any rate of their endowments. On the other hand, Hervés Beloso and Moreno Garcia
in [13], [14] and [15] consider the veto power of just one coalition, namely the grand coalition,
by enlarging the possible redistribution of endowments. In other words, they consider the veto
power of a single coalition in infinitely many economies obtained by perturbing the original initial
endowments. In this section, we extend their result in terms of Aubin private core by showing that
the Aubin private core coincides with the set of those allocations which are not privately blocked
by any generalized coalition with full support, that is whose support equals the set of all agents T'.
Our result differs from [15] in two main aspects: first we slack the assumption of “finitely many
agents” by considering the general case of differential information mixed markets. Second, we do
not need to construct a family of economies perturbing agents’ initial endowment, since we show
that it is enough to consider the pondered veto power of a single coalition only in the “original”
mixed economy.

To this end, let 7" — C 4 (£) be the set of all feasible allocations which are not privately blocked
by a generalized coalition +, with full support®. Formally, an allocation = belongs to 7' — C 4 (€)
if there do not exist a generalized coalition  and an allocation y : 7" x 2 — ﬂ%ﬁ such that

(1)
(1) w(
(iii)  hy(

)
(1v) /T’y(t)yt(w) dp < /Tfy(t)et(w) dp  for all w € Q.

) >0 for almost allt € T
-) is Fy—measurable for almost all t € T'
y¢) > hy(zy) for almost all t € T

Clearly any allocation x € T — C4(€) is efficient, but the converse may not be true. Moreover,
since any Aubin private core allocation cannot be blocked by any generalized coalition, a fortiori it
is neither privately blocked by a generalized coalition with full support; i.e., C4(E) C T —Cy(E).
We now prove that whenever agents have a positive amount of each commodity in each state of
nature, also the converse inclusion is true.

®A generalized coalition ~ has full support if (¢) > 0 for almost all ¢ € T, or equivalently, u(suppy) = u({t €
T 5 y(t) > 0}) = (7).

10



Theorem 3.1. In a mixed differential information economy & in which all agents have a positive
amount of each commodity in each state of nature (i.e., for every w € € and almost all t €
T, e(t,w) > 0), an allocation = does not belong to the Aubin private core if and only if it is
privately blocked by a generalized coalition v with full support, that is C4(£) =T — Ca(E).

The problem of coalition formation has captured the attention of many; in particular the re-
stricted veto mechanism which allows only a subset S of the set of all possible coalitions in an
economy to be the set of admissible coalitions. If only some coalitions, those belonging to S,
can be formed, it is possible to define the S-core and study the implications that this assumption
has with regard to the veto mechanism. Similarly, we may consider only generalized coalitions
with support in S, and define the S- Aubin core, i.e., S — C4(€). Notice that whatever subset
S of admissible coalitions may be, the Aubin core is contained in S — C4(€), since by reducing
the number of possible blocking coalitions we enlarge the set of feasible allocations not privately
blocked. According to our Theorem 3.1, the private Aubin core does not change if we impose that
only the grand coalition can privately block an allocation, and consequently it coincides with the
S-Aubin core for every subset S containing the set of all agents.

Corollary 3.1. In a mixed differential information economy £ in which all agents have a positive
amount of each commodity in each state of nature (i.e., for every w € ) and almost all t €
T, e(t,w) > 0),

Ca(&) =8 —Ca(&) forany S €T suchthat T € S.

The above result is an extension of Theorem 3.3 in [13] to differential information economies,
but first we work with a general mixed market while in [13] only a finite number of agents is
considered; second we do not need convexity, but we assume that all agents have strictly positive
endowments. This assumption enables us to prove that if a generalized coalition blocks an alloca-
tion, that coalition can block that allocation by disposing a strictly positive amount of its resources
(see Lemma 5.1 in the Appendix which is crucial in the proof of Theorem 3.1). The subset S of
admissible coalitions can be also the set of arbitrarily big coalition, that is for any o € (0, u(7")]
we may define S to be the set of coalitions with measure at least equals to «, i.e.,

SH={SeT: us) >al

Clearly, for any « € (0, u(T')], the set of all agents T belongs to S.F; therefore from Corollary 3.1
we obtain another characterization of the Aubin private core in terms of veto power of arbitrarily
large generalized coalitions.

Corollary 3.2. In a mixed differential information economy € in which all agents have a positive
amount of each commodity in each state of nature (i.e., for every w € €1 and almost all t €
T, e(t,w) > 0),

Ca(€) =85 = Ca(€)  for any a € (0,(T)].
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The presence of large traders as well as uncertainty and information asymmetry may determine
imperfections or deviations from the perfect competition scheme, for example the failure of the
Core-Walras equivalence theorem. Allowing agents to participate in a coalition with a share of
his resources restores this classical result (see [8] for more details). The equivalence between the
Aubin core and the set of Walrasian equilibrium allocations has been proved in different context
(see for example [1], [3], [9], [17], [18], and [19] among others).

Theorem 3.2. [The Aubin Core-Walras Equivalence Theorem] Let £ be a differential informa-
tion economy in which for every w € Q and almost all t € T, e(t,w) > 0, w(-,x) is strictly
monotone and quasi-concave. Then, the Aubin private core coincides with the set of Walrasian
expecations allocations.

In conclusion, we summarized all the above results in a list of equivalences stated in the
following corollary.

Corollary 3.3. Let £ be a differential information economy in which for every w € Q) and
almost all t € T, e(t,w) > 0, u(-, ) is strictly monotone and quasi-concave. Let x be a
feasible allocation for E. Then, the following statements are equivalent.

1. The allocation x is a Walrasian expectations allocation, i.e., . € W (E).
2. The allocation x is non privately blocked by any generalized coalition, i.e., x € C'y(E).

3. The allocation x is non privately blocked by any generalized coalition with full support, i.e.,
xeT —Cy (5 )

4. Forany S € T suchthatT € S, x € S — C4(&).

5. Given any o € (0,u(T)], the allocation x is non privately blocked by any generalized
coalition whose support has measure bigger than «, i.e., x € S — Cy(E) for any o €

(0, u(T)].

This result can be viewed as an extension of Corollary 4.1 in [16] in which only a finite
number of agents has been considered and additional assumptions have been used, as for example
the hypothesis (A.5) in [16] according to which for each agent ¢ the utility function w;(-, z) is
JFi-measurable for any z € Rﬁ. The measurability assumption of utility is usually used for
incentive compatibility issues not treated in this article, since, as demonstrated in [7], equilibria
with free disposal may not be incentive compatible. It is worth noting that the above equivalences
hold under mild assumptions that do not guarantee the Core-Walras equivalence theorem in mixed
markets (see [21] and [19] for an extension to economies with asymmetrically informed agents).
Hence, we have obtained different characterizations of Walrasian expectations allocations even in
those economies in which the private core is too big to cover the set of equilibria.

12



4 The veto power of small and big coalitions

In 1964 Aumann [2] showed that in atomless economies competitive allocations are those feasi-
ble allocations which are not blocked by any coalition of agents. In his result, the veto power of
infinitely many coalitions is crucial. Indeed, in finite economies, where the number of blocking
coalition is finite, the Core-Walras equivalence theorem is only asymptotic. Eight years later, three
notes in the same issue of Econometrica gave new interpretation of Aumann’s theorem. Schmei-
dler [20] showed that it is enough to consider the veto power of arbitrary small coalitions to get the
core. Grodal [11] showed that the set of blocking coalitions can be further restricted by consider-
ing only those consisting of finitely many arbitrary small set of agents with similar characteristics.
Vind [22] completed the scenario, by showing that any allocation that is not blocked by arbitrary
large coalitions is in the core. In this section we continue to invastigate on the implications that
restrictions on the measure of a blocking coalition may have on the Aubin private core. Basically,
we try to extend Schmeidler and Vind’s Theorems to the set of feasible allocations not privately
blocked by any generalized coalition in mixed differential information economies. To this end, let
« be a real positive number in the interval (0, (7")], and define the following sets.

Let S, — Ca(€) be the set of all feasible allocations which are not privately blocked by any gen-
eralized coalition 7, whose support S, has measure smaller than c, that is, ,u(SV) < a.

Let S, — C4(€) be the set of all feasible allocations which are not privately blocked by any gen-
eralized coalition ~, whose support S, has measure equal to «, that is, 1(S,) = o

When imposing a restriction on the measure of a blocking coalition we reduce the number of
possible groups of agents which can block and consequently the set of non blocked allocations
enlarges. Therefore, the Aubin private core is included in both sets defined above, that is

Ca(€)C S, —Ca(€) and CA(E) €S, —C4(E) for any a € (0, u(T)].

We want to find conditions under which the above inclusions are equivalences and hence the
blocking power of arbitrary small and big generalized coalitions is enough to obtain the Aubin
private core; that is,

Ca€) = S5 — Cal€) for any a € (0, u(T)] @
CA(E) =8, — Ca(E) for any a € (0, u(T)]. 3)

If « = u(T), Theorem 3.1 already guarantees the above equivalences; hence we look at
a < u(T) case only. Notice that (2) and (3) can be considered, respectively, extensions of Schmei-
dler and Vind’s theorems in terms of Aubin private core to differential information economies.
Indeed, (2) states that, given any positive number «, less than the measure of the grand coali-
tion 1(7"), an allocation outside the Aubin private core can be blocked by a generalized coalition
7, whose support S, has measure smaller than «. In other words, any allocation which is not
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blocked by “small” generalized coalitions is in the Aubin private core. Similarly, (3) states that,
it is enough to consider the blocking power of arbitrary large generalized coalitions, in order to
obtain the Aubin private core. Indeed, given any positive number «, less than the measure of the
grand coalition 1(7"), an allocation outside the Aubin private core can be blocked by a generalized
coalition v, whose support S, has measure equal to «.. It is worth noting that if the economy &
is atomless, (2) and (3) are immediate consequences of the Core-Walras equivalence theorem and
Proposition 3.1 in [15] (see also Lemma 3 in [19] for a further extension); therefore our aim is to
prove them in those economies satisfying so mild assumptions that the core may be strictly bigger
than the set of equilibria.

If p is atomless, (2) and (3) are not a big iusse since they basically follow from Lyapunov
theorem; but, if there are some large traders, it could be not possible to reduce the measure of a
blocking coalition as much as we want. That’s why in the case of mixed differential information
economies a restriction on the real number « is needed. The theorems below state that in atomless
economy the Aubin private core does not change whatever restriction on the measure of a blocking
coalition is imposed; while in mixed markets an allocation outside the Aubin private core can be
privately blocked only by generalized coalitions whose support has measure smaller (equal) to any
« greater than the measure of the atomic sector 77.

Theorem 4.1. Let £ be a differential information economy. If € is atomless, i.e., Ty = (), then
CA(S) = 807 - CA(S) fOT any o € (Oa/‘L(T))v

otherwise

Ca(€) =Sy —Cal€)  for any a € (u(Th), w(T)).

Theorem 4.2. Let £ be a differential information economy in which all agents have a positive
amount of each commodity in each state of nature (i.e., for every w € €1 and almost all t €
T, e(t,w) > 0). If € is atomless, i.e., T1 = (), then

CA(E) =80 —Ca(E) for any a € (0,u(T)),

otherwise
Ca(€) =S80 — Ca(€)  for any a € (u(Th), u(T)).

Thanks to the above results we can add two points in the list of equivalences of Corollary
3.3, that is Walrasian expectations allocations are the only feasible allocations which cannot be
privately blocked by a generalized coalition with arbitrary support provided that conditions of
Theorems 4.1 and 4.2 are satisfied. We now want to underline the importance of such conditions
in order to get the equivalences discussed above. To this end, we illustrate an example of an
economy in which there exists an allocation that cannot be blocked by a generalized coalition
whose support has measure smaller or equal to a certain «, but which is outside the Aubin core.
Notice that in the following economy there are two atoms, and the real number « is smaller than
wu(Th); therefore it does not contradict the above results.
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Example 4.1. Consider a mixed economy with two goods, T' = [O, %] U A; U As, such that
w(Ay) = pu(As) = % The initial endowment of small traders is (%, %) while (%, %) is the initial
endowment of both atoms. The utility function of each agent ¢ € T' is given by the function
ug(xt, yr) = x¢ + yi.. Consider the following feasible allocation

(e, ye) = (2,1) forallt €Ty and (xa,,ya,) = (Ta,,ya,) = (0,0),

and notice that it is not in the core and a fortiori it is outside the Aubin core, since it it blocks by
the coalition A; U Ay via the initial endowment. We now show that (z,y) € S, — Ca(€) for any
o€ (0, %) Indeed assume, by the way of contradiction, that for some o € (0, %) there exists a
generalized coalition  with support S, such that ;1(Sy) = a which Aubin-blocks the allocation
(2,y). Clearly, since a < , then Ay ¢ S, otherwise 3 > o = u(S,) > p(A;) = 3 which is an

absurd. Similarly Ay ¢ S,. Therefore, S, C [O, %] and there exists (z¢, w;) such that z; +w; > 3

for almost all t € S and
1
| A0zdn< [ A0 d
S, S,

/v(t)wtdus/ ’y(t)%du.

Sy S,

By adding, we get the following contradiction

3 [ a@dn< [ O+ wldes [ R 5| O

vy 0l

With similar arguments, we can show that (z,y) € Sy — Ca(€) forany « € (0, 1].

In the above economy the generalized coalition v does not play any role, hence Example
4.1 can be used also to show that in mixed economy even the core changes if restrictions on
possible blocking coalitions are imposed. The failure of equivalences stated in Theorems 4.1 and
4.2 consists in the difficulty to manage the measure of large traders which cannot allow us to
reduce the measure of a blocking coalition as much as we want. To overcome this problem we
need an additional assumption which makes negligible the veto power of large traders. Shitovitz
in [21], in order to satisfy a similar necessity, requires that atoms are at least two and of the same
type, and he shows that this situation engenders such intense competition among large traders that
they lose their market power becoming competitors, so that the Core-Walras equivalence theorem,
which typically fails in presence of atoms, can be restored. To manage the measure of a blocking
coalition the presence of at least two atoms of the same type, according to Shitovitz’s assumption,
may not be enough, as shown in Example 4.1 where two identical large traders are considered.
Hence Example 4.1 suggests that for our goal a stronger assumption on the atomic sector 77 is
needed. We show below that if there are countably many large traders of the same type, even in a
mixed market, an allocation = outside the Aubin private core is privately blocked by a generalized
coalition whose support has arbitrarily small measure (Theorem 4.3) and by a generalized coalition
whose support has a certain measure smaller than the measure of the atomless sector 7 (Theorem
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4.4). To this end the allocation x must satisfy what we call the “equal treatment property on the
atomic sector”, according to which identical large traders are equally treated under x. Precisely,
we assume that x belongs to the following set

ET(E)={x € F(E) : ha(zry) = hp(zrp) if A € Ty and B € Tj are of the same type}.
We are now ready to state the following theorems.

Theorem 4.3. Let £ be a mixed differential information economy with countably many atoms
of the same type such that ui(w,-) is concave for all t € Ty and all w. Let x be an allocation
satisfying the equal treatment property on the atomic sector, i.e., © € ET(E). Then, for any
a € (0,u(T)), x is in the Aubin private core if and only if v € S, — C4(E).

Theorem 4.4. Let £ be a mixed differential information economy with countably many atoms
of the same type such that for all t € T\ and all w us(w, -) is concave; and for every w € Q) and
almost allt € T, e(t,w) > 0. Let x be an allocation satisfying the equal treatment property on
the atomic sector, i.e., x € ET(E). Then, for any o € (0, u(Tp)], « is in the Aubin private core if
and only if v € So, — C4(E).

The following example shows that the requirement that the allocation z satisfies the equal
treatment property on the atomic sector is necessary to get the desirable equivalences. Indeed,
it illustrates an economy with countably many identical atoms in which for some a € (0, u(7))
there exists an allocation x such that

x €S, —Ca(E)\Ca(E) and z€Sy—Ca(E)\Call).

This example does not contradict Theorems 4.3 and 4.4, since under the allocation x the identical
atoms get different level of utility, i.e., x ¢ ET(E).

Example 4.2. Consider a mixed economy £ with two goods, and T = |0, %] U {4, }nemn,
where 11(Ay,) = 5= for any n € IN. Moreover,

1
e = (1,2) forallteTy= [O, 2] ,
ee = (2,1) forallteT and
w = x4y forallteT.

Consider the following feasible allocation

(xt,yt) = <1, 2) for all ¢t € To
3\" 1
(zr,y1) = <<2> ,2) for all t € Tj.
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Notice that (x,y) is feasible and (z,y) ¢ ET(E). Moreover, it is outside the core and a fortiori
(x,y) ¢ Ca(E). Indeed, it is blocks by the atoml A; via the initial endowment. On the other hand,
we now prove that forany v < § < p(Ty), the allocation (2, y) € So—Ca(€). Assume by absurd
that for some o < % there exists a generalized coalition  with support S, such that u(S,) = «
and which blocks in the Aubin sense (z,y) via an alternative allocation (z,w). Clearly, A; ¢ S,
otherwise % > a = p(Sy) > u(Ar) = % which is an absurd and similarly A, ¢ S,. Hence,
define I = {n € IN : A, € S5}, we have that

(1) 2z + wy > g for almost all t € S, N1y

|
(2) za, twa, > <3> +§ forallnel

2
ZA 2
(3) / Y(t)ze dp + YAn om / ~(t) du + YA, —
SyNTy nzg 3" SyMTo nze] 3"
WA 1
@ [ a@wdn Y < [ 2@ dus Y g
S»YQTO nZEI 371 S»yﬂTo 7;[ 371

Multiply (1) by ~(t) for any ¢ € S, NTj and (2) by 7?;‘;:’ for any n € I; then by adding and finally
by integrating we get that

za, +wa 7 11 1
V(8) [z + we] dp + 7&"">/ Sy dp+ )Y va,ls 5, + 500
/S'ymTO TLZEI 371 S’ym’TO 2 nzel 2 3” 2’"’
and hence by adding (3) and (4) it follows that
3 7 11 1
3y(t) dp + 7M>/ Y@ dp+ ) vaulson 50k
/S’YI'WTO nZEI 3" SyNTo 2 HZGI 23 2"
that is . . -
S YO + D _vaulsy — 53] <0,
which is an absurd, since for any n > 3, and a fortiori for any7 nel, [2% — %3%] > 0. Therefore,

(2,y) € Sa — Ca(E), but notice that (z,y) ¢ C4(€). Similarly we can prove that for any o < 3,
(z,y) € Sy = Ca(€) \ Ca(€).

It is worth of noting that the possibility for agents to use only a rate of their initial resources
in forming a coalition can be dropped, so that Example 4.2 also shows that in mixed markets even
with countably many atoms of the same type restrictions on the measure of a blocking coalition
deeply impact on the private core. In other words, Schmeidler and Vind’s theorem cannot be ex-
tended under these conditions since there may exist an allocation outside the core which cannot

"Recall that A ¢ Syand As ¢ S,
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be blocked by arbitrary small coalitions , i.e., C(£) € S, — C(€) and by a coalition of a given
measure, i.e., C(£) C S, — C(E).

In the statement of Theorem 4.4, the real number « has to satisfy an additional condition:
allocations outside the Aubin private core are blocked by generalized coalition whose support has
measure equal to a certain o, which must be smaller than the measure of the atomless sector. The
following example has the aim to underline the importance of this condition. In fact, it shows
that in an economy with coutably many identical large traders, given a certain « bigger than the
measure of the atomless sector 1 (7p), there exists an allocation x satisfying the equal treatment
property on the atomic sector, i.e., z € ET(E), which is outside the Aubin core but such that
x € Sy — Ca(E).

Example 4.3. Consider a mixed economy £ with two goods, and 7' = [ , 81] U{A,}new UB,
where (1(Ay) = 5 forany n € IN and u(B) = 17692 Moreover,

e = (40, 6;) forallt € Ty = [O, 811] ,

e = (1 1> for allt € T} and
2720

Ut = T+ Ys forallteT.

Consider the following feasible allocation

(xe,y¢,) = (0,0) forallte Ty
81
(e, ye) = (1, 400> for all t € T1.

Notice that (z,y) € ET(E), but it is outside the core and a fortiori (z,y) ¢ Ca(E). Indeed, it
is blocks by the atomless sector Ty via the initial endowment. On the other hand, we now prove
that for any o € (2, 1), the allocation (z,y) belogs to S, — C4(€). Notice that o > = >
8% = p(Tp). Assume by absurd that there exists a generalized coalition y with support .S, such
that 11(S,) = « and which blocks in the Aubin sense (x,y) via an alternative allocation (z,w).
Clearly, A; ¢ S, otherwise % > a = pu(Sy) > p(4r) = % which is an aburd and similarly
B ¢ S.,. Moreover, observe that there does not exist a coalition C' C T such that 1(C') = a and
A1 ¢ Cand B ¢ C. Indeed for any C' C T with Ay ¢ C and B ¢ C we have that

5 1 °°1 1 29 5

Therefore, (x,y) € So — Ca(E) \ Ca(E).

Again notice that in the example above the possibility for agents to use only a part of their
endowment in forming a blocking coalition can be dropped, so that it can be rewritten in terms of
core allocations.
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S Appendix

5.1 Proofs of Section 2

PROOF of Proposition 2.1: Since C((€) C C(£) C C.(E), we just need to show that C.(€) C
C¢(€). To this end, let x be a coarse core allocation and assume on the contrary that z ¢ Cf(E).
This means that there exist a coalition .S and an alternative allocation y : T x 2 — Rﬁ such that

@) S >0,
(tig) () is \/ JFi—measurable for almost all t €
tesS

(141) hi(yt) > he(z¢) for almost all t € S
(1v) / yr(w)dp < / er(w) du for all w € Q.
S S

Now, consider the constant (i.e., state independent) allocation z; given as follows: for each
teS

2=y yww),

we

and notice that z(-) is /\,.g 7 measurable for almost all £ € S. Moreover, condition (74i) and
concavity of u; imply that for almost all ¢ € S

hi(z) = Zut(zt(w))q(w):

we
S (z yt<w>q<w>) () > Y [z w(yt(w»qw)] o) =
weN weN weN Lwe
D ulyaw) = he(y) > he(ze).

wef)

Finally, from (7v) it follows that for any w € 2

[ = [ ¥ na)du=

%[/Syt(w)du] qw) < u;;de[ﬂ/set<w)dyj| qlw) =
%USGW] q(w) = /Set(w)du.
This completes the proof. -
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PROOF of Proposition 2.2: Let (p, z) be a Walrasian expectations equilibrium and assume,
on the contrary, that there exist a generalized coalition ~y, with support S~, and an allocation
y: T x Q — IR, such that

(1) y¢(+) is Fy—measurable for almost all t € S,
(2) hi(ye) > hi(zy) for almost all t € S,
B [ 2w de< [ 0@ foralw e

S, s,

Since z € W(E), condition (2) implies that for almost all ¢ € Sy, y; ¢ Bi(p), that is
Y owea PW) - y(w) > > cop(w) - er(w). Now, since v(t) > 0 for all ¢ € S, then

Zp(w) )y (w) > Zp(w) -v(t)ei(w) for almost all t € S,
we we

and hence ) ., p(w) - [IS«/ v )y (w) dp — fSw y(t)er(w) du} > (, which contradicts (3). O

5.2 Proofs of Section 3

In order to prove Theorem 3.1, the following lemmata are needed. The first lemma states that if
an allocation x is privately blocked by a generalized coalition v with support S.,; that coalition
blocks = by disposing a strictly positive amount of its resources.

Lemma 5.1. Let £ be a mixed differential information economy in which all agents have a
positive amount of each commodity in each state of nature (i.e., for every w € ) and almost all
t €T, e(t,w) > 0). If an allocation x is privately blocked by a generalized coalition -y, with
support S., via an alternative allocation y, then there exists a subcoalition C of S, such that
yt(w) > 0 for almost all t in C and all w in SQ.

PROOF: Let z be privately blocked in the Aubin sense by a generalized coalition ~y with support
S, via an alternative allocation ¥, that is

(1) y(+) is Fy—measurable for almost all t € S,
(2) hi(ye) > he(zy) for almost all t € S,

(3) / Y (B)ye(w) dps < /S Y(Den(w) dyi for all w € Q.

Sy ,

Thanks to the continuity assumption of utility function, there exist € > 0 and a subcoalition C'
of S,, with positive measure, such that

hi(eye) > he(xt) for almost all t € C.
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Notice that for all w € €2,

[ AOnw) - /S O+ /C M) ey <
Y(t)
< /S e /C M cer(w) du =
v(t) .
J erdn + [ Tee) 0 enoll

hence, for all w € )

[, o e [ T ews0-eein < |

c S,\C
J

v

e i [ e dn

or equivalently
i) di < [ Abea)du
Y
where
(w) = yr(w) ifte S,\C
¢ eyr(w) + (1 —e)e(w) ifteC
and o \
o @) ifte Sy\C
) = { 10 e

3
Clearly z:(-) is F;-measurable for almost all ¢ € S. Moreover, since for every w € 2 and
almost all t € T, e(t,w) > 0, we have that z;(w) > 0 for almost all t € C' and all w € Q; and
hi(zt) > he(z¢) for almost all ¢ € S. The function 4 can be normalized in order to represent a
generalized coalition which privately blocks z via the allocation z, with z;(w) > 0 for all w €
and for almost allt € C' C S,,. O

Lemma 5.2. Let £ be a mixed differential information economy in which all agents have a
positive amount of each commodity in each state of nature (i.e., for every w € ) and almost all
t € T, e(t,w) > 0). If an allocation = does not belong to the Aubin private core then it is
privately blocked by a generalized coalition v of support S., via an allocation y such that

/S y(t)[er(w) = ye(w)] dp >0 for all w € Q.

PROOF: Since x ¢ C'4(€), then there exist a generalized coalition + of support S, and an alterna-
tive allocation y such that

(1) y¢(+) is Fr—measurable for almost all t € S,
(2) hi(ye) > hi(z¢) for almost all t € S,

(3) / Yty (w) dp S/ Y(t)er(w) dp  for all w € Q.

v S’Y
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By the previous lemma, there exists a subset C' of .S, such that y;(w) > 0 for almost all t € C
and all w € ). Moreover, from the continuity assumption, it follows that there exist a real number
€ € (0,1) and a subset B of C, with positive measure, such that

hi(eye) > he(xt) for almost all ¢ € B,
and clearly ey;(w) < y+(w) for almost all ¢ € B and for all w € (.
Define for all w € €2 and all ¢ € S, the following allocation z

[ ww) ifteS,\B
(W) _{ gyt(w) ift e BV,

and notice that for almost all ¢ € S, () is F;-measurable and h;(2;) > h¢(x;). Moreover, since
~(t) and y¢(w) are strictly positive for almost all ¢ € B and all w € €, it follows that for all w € €,

/S ) = /S O it /B A(ey(w) du <

A (B)ye(w) dn < /S Y(er(w) dp.

< /S | Oue)dn /B YOule) = |

s,

Therefore, x is privately blocked in the Aubin sense by the generalized coalition  via the
allocation z, and

/ Y(t)z(w) dp < / v(t)er(w)dp for all w € Q.
s, s,

We are now ready to prove Theorem 3.1.

PROOF of Theorem 3.1: Obviously, if an allocation x is privately blocked by a generalized
coalition with full support then it is not in the Aubin private core, i.e., C4(E) CT — C4(&).

Conversely, let € T'— C'4(€) and assume that x ¢ C4(&). Then, there exist a generalized
coalition 7 : 7 — [0, 1] and an allocation y : S, x © — IR’ such that

(1) y¢(+) is Fy—measurable for almost all t € S,
) he(ye) > hi(z¢) for almost all t € S5,

(vit) / Y )yt (w) dp < /S v(t)er(w) dp  for all w € Q.

S, ,

where S, = {t € T': ~(t) > 0}.
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From Lemma 5.2 we may assume that

(7i7) /S Yty (w) du < /S v(t)er(w)dp for all w € Q,

or equivalently

(i) /S

~

Yty (w) dp + d(w) = /S y(t)er(w)dp  for all w € Q,

where d(w) > 0 for all w € €. Given a vector § with all equal and positive components (i.e.,
§=(d,...,0) and § > 0), define the following allocation § : T' x  — IR%:

N ] y(w) ifte s,
hul(w) = { W)+ 6 ifteT\S,,

and we notice that ¢ (-) is F;-measurable for almost all ¢t € T" and h¢(g;) > hy(x¢) for almost
all ¢ € T. For any state of nature w and for any 6 > 0, there exists a positive real number
es(w) € (0,1), “small enough™® that for any w € €,

es(w) [ lar(w) +5 — o)) dp < dw).
T\,
Define® €5 = min,,cq €5(w), and notice that & # 0 and for all w € €,
Z / (@) + 6 — eu(w)] dp < d(w).
T\S,
Let4 : T — [0, 1] be defined as follows

o @) ifte s,
() = { & ifteT\S,,

then, for any state w,

/T S)(w) dp = /Swwt)yt(w)dm / 5l (w) + 0] dpt <

1 \SA
< /
S

v(t)er(w) du — d(w) + / éser(w) dp + d(w) =

vy T\S’Y
= [ e dn
T
We have built a generalized coalition 4, with full support, which privately blocks x via the
allocation §. This completes the proof. |

8We use the subscription § to stress the dependence of e with respect to the vector 4.
*Trivially, such a minimum exists since € is finite.
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5.3 Proof of Section 4

PROOF of Theorem 4.1: We have already noted that for any o € (0, (7)), Ca(€) C S, —
CA(E); therefore we just need to prove the converse. First consider the case that £ is atomless.
Assume on the contrary that for some o € (0, ;(7")) there exists an allocation z in S, — C4(&)
which is outside the Aubin private core. This means that there exist a generalized coalition 7y :
T — [0,1] and an allocation y : S, x Q — IR} such that

(1) y¢(+) is Fy—measurable for almost all t € S,
(i) hi(ye) > hi(zy) for almost all t € S,

(141) / Yty (w) du < / v(t)er(w)dp  for all w € Q,

v S’Y

where S, = {t € T': ~(t) > 0} is the support of 7.

Notice that ;(S,) > «, otherwise z ¢ S, — Ca(E€), which is a contradiction. Define the
measure v over measurable subsets of S, as follows: for any B € 7, such that B C S,

8) = ([ ~0eat) - ()] dois (B )

Since
v is  non atomic
v(Sy) = (/S v(®)[er(w) = ye(w)] dps; u(%))
y
v(®) = (0,0),
given 3 < ﬁSv) < 1, by Lyapunov convexity theorem, there exists a measurable subset Bg of S,

such that v(Bg) = (v(S,), that is

/ Y[yt (w) — er(w)] dp = ﬁ/ Y(&) [yt (w) — er(w)]dp <0 for all w e 2, and
Bs s
wBs) = Bu

Thus, the allocation z is privately blocked by the generalized coalition +/, defined as 7/(-) =
Y(:)x B4 (+), whose support Bj has measure smaller than a.. This contradicts the assumption that
x belongs to S, — C4(€).

,
Sy) < a.

Let £ now be a mixed differential information economy. Then, we want to show that

Ca()=S8, —Ca(€) for all € (u(Th), u(T)).
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As observed before one inclusion is obvious. To prove the converse inclusion, let us proceede by
the way of contradiction. Assume that for some « in (u(71), (7)) there exists an allocation
outside the Aubin private core such that v € S, — C4(€). Let vy be the generalized coalition
which privately blocks x via an alternative allocation y, that is

(1) y¢(+) is Fy — measurable for almost all ¢ € S5,
) he(ye) > hi(z¢) for almost all t € S,

(iif) /S () dps < / V(er(w)d for all w € 9,

Sy
where S, = {t € T : ~(t) > 0}. Since z € S; — C4(E), it follows that p(Sy) > a > pu(T1)
and hence!® u(S, N Tp) > 0. Moreover,
1(Sy NTo) = p(Sy) — u(SyNTh) = a — p(Sy NT1) > 0.

Therefore, there exists € € (0, 1) such that ep (S, N Tp) < a — (S, NT1). Applying Lyapunov
convexity theorem to S, N1y we find B, € 7 such that B, C S, NTy; u(Be) = eu(S, NTpy) and

/ v(t) [ye(w) — er(w)] dpu = e/s - () [yt (w) — er(w)] dp for all w € Q.

Define
~(t) ift € Be
() =14 ey(t) iftesS,NTy
0 otherwise,

and notice that the support of 7, denoted by S5, is B. U (S, NT) with measure smaller than «:
u(S5) = u(B. U (S, N T1)) = p(Bo) + (S, N T1) = en(S, N To) + u(S, NTh) < a

Since S5 C S, then for almost all ¢ € S5 y(-) is still F;-measurable and preferred to x. Finally,
forallw € Q

/ AOw) — ew)du = / V() () — er(w)) dp + ¢ / () () — er(w)) dp
S. Be

5 S»YIAITl

= / (O () — er(w) dp+ e / (D)) — ex(w)] dp
S,NTo SyNTy

= ¢ [ 1Ole) - ) du <0,

Sy

This is an absurd because z € S, — C4(E). O

OIf (S, N To) = 0, then (S, = u(S, NT1) < w(T1) < . This is an absurd since (S,,) > o
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PROOF of Theorem 4.2: We have already noted that for any « € (0, (7)), Ca(€) C
So — C4(E); therefore we just need to prove the converse. To this end, consider first the case that
£ is atomless and assume, by the way of contradiction, that for some o € (0, (7)) there exists an
allocation x in S, — C'4(€) which is outside the Aubin private core. This means that there exist a
generalized coalition vy : 7" — [0, 1] with support S,,, and an allocation 3 : S, x Q — ﬂ%ﬁ such
that

(1) y¢(+) is Fy—measurable for almost all t € S,
(17) hi(ye) > he(zy) for almost all t € S, and

(4i7) / Y )y (w) du < /S y(t)er(w)dp  for all w € Q.

S"/ Y

Since x € S — Ca(E), p(Sy) # «. Define the measure v over measurable subsets of .S, as
follows: for any B € 7, such that B C S,

8) = ([ ~(0eat) ~ ()] dois w(8) )
Since

v is non atomic

v(Sy) = (/ v(®)er(w) = ye(w)] dps; u(57)>
Sy
v(0) = (0,0),

then, for any € € (0, 1), by Lyapunov convexity theorem, there exists a measurable subset B, of
S., such that

v(B,) = (6/5 v(t)[ed(w) — ye(w)] dps; w(%)) :
s
Define the following generalized coalition 4 whose support is B :
4:T —[0,1]

{ y(t) ift € B,

YW=10 " iften\B.

Then, for all w € €,

/ SOy (@) — (@) dp = e /S Y O)(w) — @) dp < 0 for all w € 9.

€ v

Thanks to the generality of € in (0,1), o = eu(Sy) < p(S), the result is proved for any
a < u(Sy). If @ > u(Sy), being £ is atomless, there exists a coalition C' containing .S, such

26



that 4(C') = «. Since S, C C, we can follow the proof of Theorem 3.1 replacing C' by 7" and
complete the proof for the atomless case.

Let £ now be a mixed differential information economy. Then, we want to show that
Sa—Ca(E) =Ca(€) for all a € (u(Th), u(T)).

Again, as observed before one inclusion is obvious. Let a be in (p(77), u(7)) and let z € S, —
Ca(€); we need to show that x € C4(£). Assume on the contrary that z ¢ Cy4(E), hence
by Theorem 3.1 it is privately blocked by a generalized coalition with full support, i.e., x ¢
T — C4(&). This means that there exist a generalized coalition -y and an alternative allocation y
such that

(1) yi(+) is Fr — measurable for almost all t € T
(i1) hi(yt) > he(ze) for almost all t € T,

i) [ Ao dn< [ sa)dn  foralwen

Observe that p(Tp) > o — p(T1) > 0, and therefore there exists € € (0, 1) such that eu(7y) =
a — u(Th). Lyapunov convexity theorem ensures the existence of a measurable subset B of T
such that p(B) = eu(Tp) and

[ 10ln) -~ a@dn=e [ @) -~ al)dn for any we 0.
B To

Consider the coalition B U T3 and the function

~v(t) ifte B
A(t) = ey(t) ifteTy
0 otherwise.

Notice that the alternative allocation y and the generalized coalition  are such that

(1) w(BUTL) =pu(B)+ pu(Tr) = eu(To) + p(T1) = o
(2) y¢(+) is F+ — measurable for almost all t € BU Ty,
(3) hi(yt) > he(z¢) for almost all t € BU Ty, and finally for all w € Q2

(4) /B O] i = /

() 1) —er (w)] dute / () () —en(w)] it < 0.
To

T

This is a contradiction since x € S, — C'4(€). O

Observe that the assumption that all agents have a positive amount of each commodity in each
state of nature only needs to apply Theorem 3.1.
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PROOF of Theorem 4.3: One inclusion is obvious, since C4(£) C S, — C4(€) for any
a € (0, u(T)). Therefore, we just need to prove the converse. To this end, assume on the contrary
that for some o € (0, (7)) there exists an allocation x satisfying the equal treatment property on
the atomic sector (i.e., x € ET(E)) suchthatz € S, — C4(E) \ Ca(E). This implies that there
exist a generalized coalition v and an alternative allocation y such that

(1) ye(+) is Fy — measurable for almost all ¢ € S,
(i) hi(ye) > hi(x¢) for almost all t € S,

(4i7) / Y )y (w) du < / v(t)er(w) dp for all w € Q,
S, S,
where S, = {t € T : ~(t) > 0} is such that u(S,) > «, since z € S; — Ca(£E). Assume
without loss of generality!! that x(S, N7p) > 0 and let 8 € (0, 1) be such that Bu(S, NTp) < a.

Lyapunov convexity theorem applied to S, N T implies the existence of a measurable subset B
of S, N Ty such that u(B) = Bu(S, N Tp) and

/ Y(O)[yt(w) — ex(w)] dp = Y(O)[yt(w) — er(w)]dp for all w € Q.
B 5,NTo

Let I = {i € IN : p(SynNA;) > 0} and notice that I # (). Indeed, if I = (), then p(Sy N
To) = p(S,) and the generalized coalition 7, defined as ¥(t) = ~(t) if t € B and ¥(t) = 0
otherwise, blocks x via y. This is an absurd since p(suppy) = p(B) = Bu(Sy N Ty) < o
Hence I # (). Now, notice that since ), - n 1(A,) = p(T1) and p(A,) > 0 for any n, it follows
that lim,,_~ ¢1(A4,) = 0. This implies that there exists an atom C' whose measure is smaller
than o — Bu(Sy N Tp). Define the measure /i on 7 such that fijr\(s,ny) = p and fi(4;) =
’Y(AZ),LL(AZ) for any ¢ € I. Notice that /1(57 N TI) = Eie] v(A;)p(A;) and fSa,ﬂTl ye() dpp =
> icr Y(Ai)ya, () u(A;). Moreover, define

(%) ifte B
(1) = BEECR ift=C
0 otherwise, and

a) =4 40 ift e B
" awary Js,om () din ift=C.

Since all large agents have the same private information, ¢ (-) is F;-measurable for almost all
t € BUC. Moreover, 7 is a generalized coalition whose support S5 = B U C'is such that

1(S5) = u(B) + u(C) = Bu(Sy NTo) + u(C) < a.

Since x € ET(E), it follows that hc(xc) = hi(xy) for almost all ¢ € S, N T;. Furthermore
from (i7) and from Jensen’s inequality, since atoms have the same utility function and prior, it

""The proof can be adopted also if 11(S, N Tp) = 0.
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follows that h¢(9;) > he(x;) for almost all ¢ € B U C'. Finally, since atoms have also the same
initial endowment, from (7iz) we have that for all w € €,

/ YD) [Ge(w) — er(w)] dp = / Y[y (w) — er(w)] dp +3(O) e (w) — ec(w)]u(C)
S B

ki

[ oo —awian + sPEER st [ i o) | wo) -
5[ ) —a@lde + B 1A ) —eal)n(A)
vM1o iel

. /S (B lpe(w) — er(w)] dp < 0.

The function v can be normalized to represents a generalized coalition blocking = via y and this
is an absurd since x € S, — C4(€). O

PROOF of Theorem 4.4: One inclusion is obvious, since C4(£) C S, — C4(E) for any
a € (0,u(T")). Therefore, we just need to prove the converse. Assume on the contrary that for
some a € (0, u(Tp)] there exists an allocation x € ET() NSy — C4(E) such that x ¢ C4(E),
and hence from Theorem 3.1, z ¢ T'— C4(&). This implies that there exist a generalized coalition
~ and an alternative allocation y such that

(1) y¢(+) is Fr — measurable for almost all t € T
(i1) hi(yt) > he(ze) for almost all t € T,

(4i7) /T'y(t)yt(w) dp < /T'y(t)et(w) du for all w € Q.

Now, notice that since ) n (An) = p(71) and p(A,) > 0 for any n, it follows that
lim,, 00 p(Ay,) = 0. This implies that there exists an atom C' whose measure is smaller than «.
Notice that p(7p) + 1(C) > a+ u(C) > a = u(Tp) > a — pu(C) > 0. Hence there exists
e € (0,1) such that eu(Tp) = a — u(C). By Lyapunov convexity theorem there exists B C T
measurable such that u(B) = eu(1p) and for all w €

/ YOy (w) — er(w)] dp = 6/ 1(O)ye(w) = ex(w)] dp.
B

To

Define the measure /i on 7 such that fi7, = p and i(A,) = v(An)u(Ap) for any n. Notice that
AT = S0, v (An)p(Ay) and [ () di = 3, /(An)ya, (u(Ay). Moreover, define

~(t) ifte B
~ (T .
(t) =4 LB ift=C
0 otherwise, and
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~()_{yt(‘) ifte B
bel) = iy Jr v () di ift=C.

Since all large agents have the same private information, ;(-) is F;-measurable for almost all
t € BUC. Moreover, 7 is a generalized coalition whose support S5 = B U C'is such that

1(S5) = u(B) + p(C) = en(To) + u(C) = a.

Since z € ET(E), it follows that ho(z¢) = he(z) for almost all ¢ € T;. Furthermore from
(74) and from Jensen’s inequality, since atoms have the same utility function and prior, it follows
that h.(g;) > h¢(x;) for almost all ¢ € B U C. Finally, since atoms have also the same initial
endowment, from (7i7) we have that for all w € €2,

[ A0l - a@ldn = [ 10 - e dn +3C)fie) - cclwlu@) =
el AT |1

[ A0 - a@lan + |

[ A0 —eldn + X (A, (@) — e, a4

/ y(w) df — ec(w) | u(C) =
T

= / V() [p(w) — ex(w)] da < 0.
T

The function 4 can be normalized to represents a generalized coalition blocking = via ¢ and this
is an absurd since = € S, — Cx(E). O

Observe that if « > p(77) the additional assumption on large traders is not needed as shown in
Theorem 4.2; moreover the assumption that all agents have a positive amount of each commodity
in each state of nature only needs to apply Theorem 3.1.
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