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A trade union whose purpose is to raise wages above the competitive level may foster economic growth if it
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41 Lqwurgxfwlrq

D wudgh xqlrq lv xvxdoo| gh�qhg dv dq rujdql}dwlrq _zkrvh sxusrvh lv wr

lpsuryh wkh pdwhuldo zhoiduh ri phpehuv/ sulqflsdoo| e| udlvlqj zdjhv deryh wkh

frpshwlwlyh ohyho1% ^Errwk +4<<8,/ s1 84`1 Wklv sdshu frqvlghuv d wudgh xqlrq

dfwlqj lq wklv zd| dqg dvnv zkhwkhu dqg krz lw d�hfwv hfrqrplf jurzwk1

Wkh dujxphqw wkdw ohdgv xv wr dqvzhu wkhvh txhvwlrqv srlqwv wr wkh olqn eh0

wzhhq wkh glvwulexwlrq ri idfwru lqfrphv dqg djjuhjdwh vdylqjv1 Lw lv zhoo hvwde0

olvkhg ^vhh/ h1j1/ Ehuwrod +4<<6/ 4<<9,` wkdw wkh jurzwk shuirupdqfh ri dq hfrqrp|

lv forvho| uhodwhg wr djjuhjdwh vdylqjv/ l1h1/ wr wkh sduw ri djjuhjdwh rxwsxw xvhg iru

fdslwdo irupdwlrq1 Lq wxuq/ djjuhjdwh vdylqjv duh olqnhg wr wkh idfwru0lqfrph glvwul0

exwlrq li wkh surshqvlwlhv wr vdyh rxw ri zdjh dqg fdslwdo lqfrph lq wkh hfrqrp| gr

qrw frlqflgh1 Wkhuhiruh lqvwlwxwlrqv ru srolflhv wkdw lpslqjh rq wkh idfwru0lqfrph

glvwulexwlrq duh olnho| wr d�hfw hfrqrplf jurzwk1

Wkh fhqwudo lghd ri wklv sdshu lv wkdw d fhqwudol}hg wudgh xqlrq pd| txdoli| dv

vxfk dq lqvwlwxwlrq1 Lqghhg/ d xqlrq wkdw vxffhhgv lq vkliwlqj lqfrph dzd| iurp

wkh rzqhuv ri fdslwdo wr wkh zrunhuv e| udlvlqj zdjhv deryh wkh frpshwlwlyh ohyho

pd| irvwhu jurzwk li wkh hfrqrp|*v surshqvlw| wr vdyh rxw ri zdjh lqfrph h{fhhgv

lwv surshqvlw| wr vdyh rxw ri fdslwdo lqfrph1

Wkh vwxg| ri wklv lghd uhtxluhv dq dqdo|wlfdo iudphzrun zklfk doorzv iru dj0

juhjdwh vdylqjv wr eh hqgrjhqrxvo| olqnhg wr erwk wkh idfwru0lqfrph glvwulexwlrq

ri wkh hfrqrp| dqg wkh udwh ri hfrqrplf jurzwk1 Iru vlpsolflw| zh frqvlghu d wzr0

shulrg ryhuodsslqj jhqhudwlrqv +ROJ, hfrqrp| h{srvhg wr hqgrjhqrxv jurzwk �d

od Urphu +4<;9,1 Zh lqwurgxfh d prqrsro| xqlrq zklfk vhwv zdjhv dw wkh ehjlq0

qlqj ri hdfk shulrg vr dv wr pd{lpl}h dq remhfwlyh ixqfwlrq kdylqj wkh uhdo zdjh

dqg wkh ohyho ri hpsor|phqw ri xqlrq phpehuv dv lwv dujxphqwv1 Wkh qrwlrq ri

d _wudgh xqlrq remhfwlyh% uhihuv wr wkh uhodwlyh zhljkw d xqlrq dwwdfkhv wr hlwkhu

dujxphqw1

Zh dqdo|}h edodqfhg jurzwk htxloleuld dqg xvh wkh htxloleulxp xqghu odlvvh}0

idluh dv d ehqfkpdun wr zklfk zh uhodwh wkh htxloleulxp zlwk xqlrql}hg oderu1 Wkh

frpsdulvrq doorzv xv wr ghwhuplqh d udqjh ri wudgh xqlrq remhfwlyhv dqg frqglwlrqv

rq wkh djjuhjdwh whfkqrorj| vr wkdw wkh htxloleulxp zlwk xqlrql}hg oderu h{klelwv

idvwhu shu fdslwd lqfrph jurzwk1 Wkh lqwxlwlrq ehklqg wkhvh �qglqjv lv dv iroorzv1

Lq dq ROJ hfrqrp| vdylqjv duh forvho| olqnhg wr wkh hfrqrp|*v zdjh lqfrph dv

rqo| +|rxqj, zrunhuv vdyh1 Wkhuhiruh/ d xqlrq srolf| wkdw udlvhv djjuhjdwh zdjh
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lqfrph vsxuv hfrqrplf jurzwk1 Lq wxuq/ wklv lv srvvleoh li wkh djjuhjdwh whfkqrorj|

lv vxfk wkdw wkh h�hfw ri d uhgxfwlrq lq hpsor|phqw gxh wr zdjhv deryh odlvvh}0

idluh ohyhov lqgxfhv d surqrxqfhg vkliw lq wkh idfwru0lqfrph glvwulexwlrq lq idyru ri

zdjh lqfrphv exw rqo| d vpdoo uhgxfwlrq lq djjuhjdwh rxwsxw1

Kdylqj lghqwl�hg wkh jurzwk h�hfwv ri xqlrql}hg oderu/ zh frqvlghu lwv lpsdfw

rq lqglylgxdo zhoiduh1 Zh �qg wkdw xqlrql}hg oderu pd| ohdg wr kljkhu zhoiduh ri

doo jhqhudwlrqv wkdw dgkhuh wr wkh xqlrq li lw kdv d vwurqj srvlwlyh h�hfw rq shu

fdslwd lqfrph jurzwk1 Wklv lv ehfdxvh wkh rog ri hdfk jhqhudwlrq vx�hu d orvv lq

fdslwdo lqfrph zklfk kdv wr eh r�vhw djdlqvw wkh lqfuhdvh lq zdjh lqfrph1 Wkh

qhjdwlyh h�hfw rq wkh rog dulvhv dv xqhpsor|phqw orzhuv wkh pdujlqdo surgxfwlylw|

ri fdslwdo lpso|lqj d uhgxfhg udwh ri uhwxuq rq rog djh vdylqjv1 Iru wkh vdph uhdvrq/

lqwurgxflqj d oderu xqlrq fdqqrw eh Sduhwr0lpsurylqj dv wkh fxuuhqw rog zloo rqo|

eh d�hfwhg e| wkh xqlrq*v srolf| lq wkh irup ri uhgxfhg rog djh fdslwdo lqfrph1

Wkhuh duh wzr vwudqgv ri wkh olwhudwxuh rq hfrqrplf jurzwk zklfk duh uhodwhg

wr wkh suhvhqw sdshu1 Wkh �uvw vwudqg lqfoxghv sdshuv rq hqgrjhqrxv jurzwk

dqg oderu pdunhw lpshuihfwlrqv vxfk dv Djhoo dqg Orpphuxg +4<<6,/ Fdkxf dqg

Plfkho +4<<9,/ dqg Khoozlj dqg Luphq +4<<<,1 Djhoo dqg Orpphuxg frqvlghu d

oderu xqlrq wkdw sxuvxhv dq hjdolwduldq zdjh srolf|1 Wkh| vkrz wkdw wkh xqlrq pd|

irvwhu vwuxfwxudo fkdqjh lq idyru ri lqfuhdvhg surgxfwlylw| jurzwk e| frpsuhvvlqj

zdjh gl�huhqwldov ehwzhhq orz0surgxfwlylw| dqg kljk0surgxfwlylw| vhfwruv1 Uhodwhg

dujxphqwv duh hpsor|hg e| Fdkxf dqg Plfkho dqg Khoozlj dqg Luphq zkr frqvlghu

plqlpxp zdjh ohjlvodwlrq1 Wkhvh dxwkruv vkrz wkdw plqlpxp zdjhv pd| pryh wkh

hfrqrp| wrzdugv pruh kxpdq fdslwdo uhvshfwlyho| nqrzohgjh lqwhqvlyh surgxfwlrq

djdlq vwlpxodwlqj shu fdslwd lqfrph jurzwk1

Wkh vhfrqg olqh ri uhvhdufk vwxglhv wkh jurzwk h�hfwv ri lqwhujhqhudwlrqdo

wudqvihuv1 Vdlqw0Sdxo +4<<5,/ Zlhgphu +4<<9, dqg Zljjhu +4<<<,/ dprqj rwkhuv/

ghprqvwudwh wkdw lqwhujhqhudwlrqdo wudqvihuv iurp |rxqj wr rog jhqhudwlrqv lq wkh

irup ri sd|0dv0|rx0jr sxeolf shqvlrqv whqg wr orzhu shu fdslwd lqfrph jurzwk e|

glvfrxudjlqj sulydwh vdylqjv dqg lqyhvwphqw1 Iru d vlplodu uhdvrq/ srolflhv wkdw

lpso| wudqvihuv iurp wkh rog wr wkh |rxqj pd| irvwhu jurzwk dv wkh| duh olnho|

wr vwlpxodwh sulydwh vdylqjv1 Lq idfw/ Mrqhv dqg Pdqxhool +4<<5, ghprqvwudwh

wkdw wd{0�qdqfhg wudqvihuv iurp wkh rog wr wkh |rxqj dxjphqw shu fdslwd lqfrph

jurzwk1 D vlplodu dujxphqw xqghuolhv Xkolj dqg \dqdjdzd +4<<9, zkr frqvlghu d

srolf| wkdw e| vkliwlqj wkh wd{ exughq dzd| iurp oderu wr fdslwdo lqfrph pryhv

wkh wd{ exughq iurp wkh |rxqj wr wkh rog zklfk djdlq pd| kdyh d srvlwlyh lpsdfw

rq jurzwk1
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Lq oljkw ri wkhvh frqwulexwlrqv zh fdq vwdwh rxu uhvxowv dv iroorzv1 D xqlrq

iruphg e| wkh zrunlqj |rxqj zklfk vxffhhgv lq udlvlqj wkh djjuhjdwh zdjh eloo

h�hfwlyho| wudqvihuv uhvrxufhv iurp wkh glvvdylqj rog wr wkh vdylqj |rxqj zklfk/ lq

wxuq/ pd| ohdg wr kljkhu djjuhjdwh vdylqjv dqg shu fdslwd lqfrph jurzwk1

Zh hvwdeolvk dqg glvfxvv rxu uhvxowv lq wkh iroorzlqj �yh vhfwlrqv1 Vhfwlrq

5 vhwv xs wkh edvlf prgho1 Vhfwlrq 6 vwxglhv wkh frpshwlwlyh htxloleulxp zklfk

vhuyhv dv d ehqfkpdun iru wkh vxevhtxhqw dqdo|vlv1 Rxu pdlq uhvxow lv suhvhqwhg

lq Vhfwlrq 7 zkhuh zh vwxg| wkh htxloleulxp zlwk xqlrql}hg oderu dqg kljkoljkw

wkh olqn ehwzhhq wkh xqlrq*v remhfwlyh dqg hfrqrplf jurzwk1 Vhfwlrq 8 dqdo|}hv

wkh zhoiduh lpsolfdwlrqv ri wkh htxloleulxp zlwk xqlrql}hg oderu1 Ilqdoo|/ Vhfwlrq

9 frqvlghuv vrph h{whqvlrqv dqg glvfxvvhv wkh urexvwqhvv ri rxu uhvxowv1

51 Wkh Prgho

5141 Wkh Krxvhkrog Vhfwru

Wkh krxvhkrog vhfwru kdv d vlpsoh ryhuodsslqj jhqhudwlrqv vwuxfwxuh �d od

Vdpxhovrq +4<89, dqg Gldprqg +4<98,1 Hdfk jhqhudwlrq lv uhsuhvhqwhg e| d vlqjoh

lqglylgxdo zkr olyhv iru wzr shulrgv1 Lq wkh �uvw shulrg wkh lqglylgxdo vxssolhv

oderu rxw ri khu lqlwldo oderu hqgrzphqw zklfk lv qrupdol}hg wr rqh/ dqg uhfhlyhv

zdjh lqfrph1 Wklv lqfrph lv xvhg wr frqvxph dqg wr vdyh1 Lq wkh vhfrqg shulrg

ri olih wkh lqglylgxdo uhwluhv dqg olyhv rq wkh surfhhgv ri khu vdylqjv1

Dq lqglylgxdo eruq dw wlph w gudzv xwlolw| iurp |rxqj dqg rog djh frqvxps0

wlrq1 Olihwlph xwlolw| xw lv ghwhuplqhg e|=

xw @ x
�
f|w > f

r
w.4

�
>

zkhuh f|w dqg frw.4 ghqrwh |rxqj dqg rog djh frqvxpswlrq/ uhvshfwlyho|1 Iru vlp0

solflw| zh dvvxph wkh xwlolw| ixqfwlrq x wr wdnh wkh irup x
�
f|w > f

r
w.4

�
@ oq f|w .

� oq frw.4> zlwk 3 ? � ? 4 dv wkh glvfrxqw idfwru frpprq wr doo jhqhudwlrqv1 Lw

lv zhoo nqrzq wkdw wklv vshfl�fdwlrq qhxwudol}hv lqfrph dqg vxevwlwxwlrq h�hfwv

dvvrfldwhg zlwk fkdqjhv lq wkh lqwhuhvw udwh14 Hdfk jhqhudwlrq wdnhv wkh uhdo zdjh

zw lq w dqg wkh uhdo lqwhuhvw udwh uw.4 rq vdylqjv iurp w wr w . 4 dv jlyhq dqg

4 5ii 5iU|�L? S uLh @ _�tU�tt�L? Lu �L� @ 4Lhi }i?ih@* �|�*�|) u�?U|�L? �L�*_ @giU|

L�h hit�*|t�
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pd{lpl}hv olihwlph xwlolw| xqghu wkh frqvwudlqwv=

f|w . vw � zwOw>

frw.4 � +4 . uw.4, vw>

Ow � plqiaOw> 4j>

zkhuh vw lv vdylqjv lq w> Ow lv wkh dfwxdo oderu vxsso|/ dqg aOw lv d txdqwlw| frqvwudlqw

rq hpsor|phqw zklfk lv elqglqj zkhqhyhu aOw lv ohvv wkdq 41 Wkh gl�huhqfh 4� aOw

fdq eh lqwhusuhwhg dv wkh udwh ri +lqyroxqwdu|, xqhpsor|phqw lq w1

Wkh rswlpdo frqvxpswlrq sodq lv lpsolflwo| ghwhuplqhg e|=

x4>w @ +4 . uw.4,x5>w>

zkhuh x4>w dqg x5>w duh wkh sduwldo ghulydwlyhv ri x dw
�
f|w > f

r
w.4

�
1 Iru orjdulwkplf

xwlolw| wklv lqyroyhv wkh iroorzlqj vdylqjv ixqfwlrq=

vw @
�

4 . �
zwOw= +4,

Pruhryhu/ jlyhq wkdw dq lqglylgxdo grhv qrw fduh derxw ohlvxuh/ vkh dozd|v ghvluhv

wr vxsso| dv pxfk oderu dv srvvleoh vr wkdw=

Ow @ plqiaOw> 4j=

5151 Wkh Surgxfwlrq Vhfwru

Lghqwlfdo �upv kluh wkh djjuhjdwh fdslwdo vwrfn/Nw> dqg ghpdqg oderu vxssolhg

e| wkh |rxqj1 Erwk idfwruv duh xvhg wr surgxfh d krprjhqhrxv jrrg dffruglqj

wr d qhrfodvvlfdo surgxfwlrq ixqfwlrq I +Nlw> DwOlw,/ zkhuh Nlw dqg Olw duh fdslwdo

dqg oderu lqsxwv kluhg e| �up l/ zkhuhdv Dw lv dq lqgh{ ri wkh hfrqrp|0zlgh vwrfn

ri nqrzohgjh lq w= Wkh ixqfwlrq I h{klelwv frqvwdqw uhwxuqv wr vfdoh dqg vdwlv�hv

vwdqgdug frqfdylw| dqg gl�huhqwldelolw| frqglwlrqv1

Idfwru pdunhwv duh frpshwlwlyh lq wkh vhqvh wkdw �upv wdnh idfwru sulfhv dv

jlyhq1 Lq htxloleulxp doo �upv surgxfh zlwk wkh vdph fdslwdo lqwhqvlw| vr wkdw

Nlw@DwOlw @ Nw@DwOw � nw1 Wkh uhvshfwlyh �uvw rughu frqglwlrqv iru sur�w pd{l0
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pl}dwlrq duh=

uw @ i 3 +nw, >

zw @ Dw ^i +nw, � nwi
3 +nw,` >

zkhuh i+nw, � I +nw> 4, zlwk i 3 A 3 dqg i 33 ? 31

Zh hqgrjhql}h surgxfwlylw| jurzwk iroorzlqj Duurz +4<95,/ Vkhvklqvnl +4<9:,/

dqg Urphu +4<;9, dv d _ohduqlqj0e|0lqyhvwlqj% h�hfw/ l1h1/

Dw @ Nw= +5,

Khqfh/ dq lqfuhdvh lq wkh djjuhjdwh vwrfn ri fdslwdo dxjphqwv wkh vwrfn ri nqrzo0

hgjh dydlodeoh lq wkh hfrqrp| rqh0wr0rqh1 Dq lpphgldwh lpsolfdwlrq ri +5, lv wkdw

wkh hfrqrp| surgxfhv zlwk d fdslwdo lqwhqvlw| nw @ 4@Ow vr wkdw idfwru sulfhv

ehfrph=

uw @ i 3 +4@Ow, > +6,

zw @ $+Ow,Nw> zlwk $+Ow, @ ^i+4@Ow,� i 3+4@Ow,@Ow` = +7,

Htxdwlrq +7, lpsolhv wkdw iru d jlyhq ohyho ri hpsor|phqw wkh zdjh udwh lv sur0

sruwlrqdo wr wkh djjuhjdwh vwrfn ri fdslwdo1 Wkh idfwru ri sursruwlrqdolw| $+Ow,

uhsuhvhqwv wkh h{whuqdo uhwxuq rq fdslwdo shu xqlw ri hpsor|hg oderu fdxvhg e| wkh

vslooryhu iurp fxpxodwhg lqyhvwphqw rq oderu surgxfwlylw|1 Lqghhg/ li surgxfwlylw|

jurzwk vwhpv iurp +5,/ djjuhjdwh surgxfwlrq lv ghwhuplqhg e| \w @ I +Nw>NwOw,1

Lq dgglwlrq/ li idfwru sulfhv duh ghwhuplqhg e| +6, dqg +7,/ rqh �qgv wkdw wkh vrfldo

uhwxuq rq fdslwdo lv g\w@gNw @ uw . $+Ow,Ow1 Vlqfh wkh surgxfwlylw| hqkdqflqj

h�hfw ri djjuhjdwh lqyhvwphqw lv qrw sulfhg/ wkh vrfldo uhwxuq rq fdslwdo h{fhhgv lwv

sulydwh frxqwhusduw zkhuh $+Ow,Ow lv wkh h{whuqdo uhwxuq wkdw dffuxhv wr hpsor|hg

oderu1

Iru ixuwkhu uhihuhqfh/ revhuyh wkdw=

guw@gOw @ �i 33 +4@Ow, @O
5
w A 3> +8,

gzw@gOw @ Nw g$ +Ow, @gOw @ Nw i
33 +4@Ow, @O

6
w ? 3> +9,

l1h1/ d kljkhu hpsor|phqw shu �up udlvhv wkh pdujlqdo surgxfwlylw| ri wkh h{lvwlqj

fdslwdo dqg orzhuv wkh pdujlqdo surgxfwlylw| ri oderu1
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61 Wkh Frpshwlwlyh Htxloleulxp

Ehiruh lqwurgxflqj d wudgh xqlrq zh pdnh d vkruw ghwrxu dqg txlfno| uhfdoo wkh

+shuihfw iruhvljkw, htxloleulxp xqghu ixoo hpsor|phqw zklfk vhuyhv dv d ehqfkpdun

iru wkh vxevhtxhqw dqdo|vlv1

Jlyhq dq lqlwldo ohyho ri fdslwdo N3 rzqhg e| wkh rog jhqhudwlrq/ d frpshwlwlyh

htxloleulxp ghwhuplqhv d vhtxhqfh ivw> f
|
w > f

r
w > zw> uw>Nw.4> Ow> Dwj

4

w@3 vxfk wkdw=

+H4, hdfk jhqhudwlrq w vdyhv dffruglqj wr +4,/

+H5, iru doo w djjuhjdwh vdylqjv htxdov djjuhjdwh lqyhvwphqw= vw @ Nw.4>

+H6, iru doo w wkhuh lv ixoo hpsor|phqw= Ow @ 4>

+H7, iru doo w wkh idfwru sulfh frqglwlrqv +6, dqg +7, krog1

Wkh xqltxh frpshwlwlyh htxloleulxp lv d edodqfhg jurzwk htxloleulxp zlwk d

frqvwdqw lqwhuhvw udwh dqg d frqvwdqw jurzwk udwh ri zdjhv/ fdslwdo/ dqg shu fdslwd

rxwsxw1 Lqghhg/ iurp +H6, dqg +H7, rqh �qgv wkdw iru doo w wkh iroorzlqj krogv=

uw @ u� @ i 3 +4, >

zw @ z�w @ Nw $+4,> +:,

zkhuh wkh odwwhu lpsolhv wkdw zdjhv dqg fdslwdo jurz dw wkh vdph sdfh1 Iurp +H4,/

+H5,/ dqg +H6, rqh �qgv wkdw fdslwdo dffxpxodwlrq lq doo shulrgv reh|v wr=

�

4 . �
zw @ Nw.4=

Vxevwlwxwlqj iru zw hpsor|lqj +:, jlyhv=

�

4 . �
$+4, @

Nw.4

Nw

=

Khqfh/ wkh odlvvh}0idluh jurzwk udwh/ j�/ ri fdslwdo/ shu fdslwd rxwsxw/ dqg zdjhv

fdq eh zulwwhq dv=

j� @
�

4 . �
$+4,� 4=

Dv j� lv lqghshqghqw ri wlph/ wkh v|vwhp mxpsv lpphgldwho| wr wkh edodqfhg

jurzwk htxloleulxp1
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71 Lqwurgxflqj d Wudgh Xqlrq

7141 Wkh Xqlrq*v Remhfwlyh

Wkh wudgh xqlrq lv iruphg e| wkh zrunlqj srsxodwlrq1 Wkh ROJ vwuxfwxuh

vhw rxw deryh lpsolhv wkdw rqo| wkh |rxqj ri hdfk shulrg duh xqlrq phpehuv1

Iroorzlqj Shqfdyho +4<;7, zh prgho xqlrq suhihuhqfhv ryhu sdluv ri zdjhv dqg

ohyhov ri hpsor|phqw lq w= Pruh suhflvho|/ wkh xqlrq hydoxdwhv d wxsoh +zw> Ow,

dffruglqj wr wkh ixqfwlrq=

Yw @ Y +zw> Ow, @ +zw �z�w ,
�
O4��
w = +;,

Wkh �uvw dujxphqw lq +;, lv d zdjh pdun0xs gh�qhg dv wkh gl�huhqfh ehwzhhq wkh

dfwxdo dqg wkh frpshwlwlyh zdjh1 Wkh vhfrqg dujxphqw lv wkh udwh ri hpsor|phqw

lq w1 Wkh sdudphwhu � 5 +3> 4, ghwhuplqhv krz pxfk zhljkw wkh xqlrq dwwdfkhv wr

zdjhv dqg hpsor|phqw/ uhvshfwlyho|1

Wkh xqlrq udwlrqdoo| dqwlflsdwhv djjuhjdwh oderu ghpdqg zklfk uhvxowv iurp

wkh �upv* sur�w pd{lpl}lqj ehkdylru1 Frqvlghulqj htxdwlrqv +7, dqg +:, dqg wkh

idfw wkdw wkh djjuhjdwh vwrfn ri fdslwdo Nw lv suhghwhuplqhg dw w/ +;, fdq eh zulwwhq

dv=

Yw @ N�
w ^$+Ow,� $+4,`� O4��

w =

Dv Nw lv d jlyhq frqvwdqw dw wlph w/ wkh xqlrq*v pd{lpl}dwlrq sureohp uhgxfhv wr=

pd{
3�Ow�4

�Y +Ow, @ ^$+Ow, � $+4,`� O4��
w =

Wkh vroxwlrq lv fkdudfwhul}hg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 41 Ghqrwh �+Ow, @ �g oq$+Ow,@g oqOw wkh hodvwlflw| ri $+Ow,1 Wkhq/

iru doo � vdwlvi|lqj

3 ? � ? �� � olp
Ow$3

4

4 . �+Ow,
> +<,

wkh xqlrq*v pd{lpl}dwlrq sureohp kdv dq lqwhulru vroxwlrq aOw 5 +3> 4, jlyhq
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lq lpsolflw irup e| =

$+aOw,

$+4,
@

4� �

4� � � ��+aOw,
= +43,

Surri = Vhh wkh Dsshqgl{1

Sursrvlwlrq 4 vwdwhv d frqglwlrq iru dq lqwhulru vroxwlrq wr wkh xqlrq*v pd{0

lpl}dwlrq sureohp1 Vlqfh wkh xqlrq dwwdfkhv vrph zhljkw wr zdjhv +� A 3,/ wkh

fkrvhq ohyho ri hpsor|phqw idoov vkruw ri ixoo hpsor|phqw1 Rq wkh rwkhu kdqg/

frqglwlrq +<, jlyhv dq xsshu erxqg rq wkh zhljkw rq zdjhv vr wkdw wkh xqlrq

qhyhu fkrrvhv wr uhgxfh hpsor|phqw wr }hur1

Htxdwlrq +43, vkrzv wkdw wkh fkrvhq ohyho ri hpsor|phqw aOw uhodwhv wkh zdjh

pdun0xs wr wkh dydlodeoh whfkqrorj| yld wkh hodvwlflw| � dqg wkh suhihuhqfh sd0

udphwhu �= Lq ylhz ri +7,/ � lv wkh hodvwlflw| ri zdjhv zlwk uhvshfw wr wkh ohyho ri

hpsor|phqw1 Wr jhw pruh lqwxlwlrq iru wkh hfrqrplfv lpsolhg e| +43,/ lw lv xvhixo

wr olqn � wr wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdslwdo dqg h�flhqw oderu dqg

wr wkh rxwsxw hodvwlflw| ri h�flhqw oderu1

Ohppd 41 Ohw �+Ow, ghqrwh wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdslwdo Nw

dqg oderu lq h�flhqf| xqlwv DwOw> dqg %+Ow, wkh rxwsxw hodvwlflw| ri oderu lq

h�flhqf| xqlwv1 Wkhq/ �+Ow, fdq eh zulwwhq dv=

�+Ow, @
4� %+Ow,

�+Ow,
= +44,

Surri = Frqvlghulqj htxdwlrqv +7, dqg +9,/ �+Ow, ehfrphv=

�+Ow, @
i 33

Ow +Ow i � i 3,
>

zkhuh wkh dujxphqw ri i lv 4@Ow1 Vwudljkwiruzdug pdqlsxodwlrq ri wkh uljkw kdqg

vlgh ohdgv wr +44,/ zkhuh=

%+Ow, @ 4�
i 3

Ow i
dqg �+Ow, @ �

i 3

i

+Ow i � i 3,

i 33
= T =H =G=
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Lq oljkw ri Ohppd 4 frqglwlrq +43, ehfrphv=

$+aOw,

$+4,
@

+4� �, �+aOw,

+4� �, �+aOw,� � ^4� %+aOw,`
=

Wklv irup uhyhdov wkdw wkh uhvxowlqj zdjh pdun0xs lv lqyhuvho| uhodwhg wr erwk

wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdslwdo dqg h�flhqw oderu dqg wkh rxwsxw

hodvwlflw| ri h�flhqw oderu1 Wkh hfrqrplf lqwxlwlrq ehklqg wklv uhvxow lv dv iroorzv1

Li fdslwdo dqg oderu lq h�flhqf| xqlwv ehfrph ehwwhu vxevwlwxwhv/ vhwwlqj zdjhv

deryh wkh frpshwlwlyh ohyho ehfrphv pruh frvwo| lq whupv ri iruhjrqh hpsor|phqw1

Dv d frqvhtxhqfh/ wkh xqlrq fkrrvhv d kljkhu ohyho ri hpsor|phqw dqg wkh zdjh

pdun~xs idoov1 Ixuwkhupruh/ li wkh rxwsxw hodvwlflw| ri h�flhqw oderu lv kljk/

d uhgxfwlrq lq hpsor|phqw kdv d vxevwdqwldo lpsdfw rq djjuhjdwh rxwsxw dqg/

khqfhiruwk/ rq wkh vkduh ri rxwsxw wkdw dffuxhv wr oderu1 Wklv lpsolhv wkdw wkh

frvwv dvvrfldwhg zlwk d uhgxfwlrq lq hpsor|phqw duh kljk zklfk lqgxfhv wkh xqlrq

wr fkrrvh d vpdoo pdun0xs1

Frqglwlrq +43, lpsolflwo| uhodwhv hpsor|phqw wr wkh xqlrq*v suhihuhqfh sd0

udphwhu �1

Ohppd 51 gaOw@g� ? 3 iru doo � 5 +3> ��, dqg olp�$3
aOw @ 4=

Surri = Dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp wr wkh �uvw0rughu frqglwlrq

ri wkh xqlrq*v pd{lpl}dwlrq sureohp dqg frqvlghulqj wkh uhvshfwlyh vhfrqg0rughu

frqglwlrq jlyhv wkh uhvxow1 T1H1G1

Dv h{shfwhg wkh fkrvhq ohyho ri xqhpsor|phqw lqfuhdvhv dv wkh xqlrq dwwdfkhv

pruh zhljkw wr wkh zdjh pdun0xs1 \hw/ dv +<, vkrzv/ � pxvw eh erxqghg iurp

deryh1 Lq oljkw ri Ohppd 4/ wkh xsshu erxqg �� ehfrphv=

�� � olp
Ow$3

�+Ow,

�+Ow, . 4� %+Ow,
=

Wkh iroorzlqj FHV h{dpsoh ghprqvwudwhv krz �� ghshqgv rq wkh hodvwlflw| ri

vxevwlwxwlrq1 Wkh erxqg �� lv htxdo wr 4 li wkh hodvwlflw| ri vxevwlwxwlrq lv vpdoohu

wkdq 4 dqg vwulfwo| vpdoohu wkdq 4 rwkhuzlvh1 Pruhryhu/ wkh uhodwlrqvkls ehwzhhq

�� dqg wkh hodvwlflw| ri vxevwlwxwlrq lv glvfrqwlqxrxv dqg qrq0prqrwrqlf1
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H{dpsoh1 Lq wkh FHV fdvh wkh surgxfwlrq ixqfwlrq wdnhv wkh irup=

\w @
k
�N

��4

�

w . +4� �,+DwOw,
��4

�

l �

��4

>

zkhuh � lv frqvwdqw e| gh�qlwlrq1 Vwudljkwiruzdug dojheud |lhogv=

%+Ow, @ 4�
�O

4��

�

w

�O
4��

�

w . 4� �
>

lpso|lqj=

olp
Ow$3

%+Ow, @

+
4 li � ? 4/
4� � li � @ 4/
3 li � A 41

Lw iroorzv wkdw=

�� @

;?
=
4 li � ? 4/
4@+4 . �, li � @ 4/
�@+4 . �, li � A 41

7151 Htxloleulxp zlwk Xqlrql}hg Oderu

D shuihfw iruhvljkw htxloleulxp zlwk xqlrql}hg oderu ghwhuplqhv d vhtxhqfh

ivw> f
|
w > f

r
w > zw> uw>Nw.4> Ow> Dwj

4

w@3 jlyhq N3 zklfk vdwlv�hv +H4,/ +H5,/ dqg +H7,

vwdwhg lq Vhfwlrq 6 dqg wkh iroorzlqj oderu pdunhw htxloleulxp frqglwlrq=

+H6*, Ow @ aOw iru doo w/

zklfk vwdwhv wkdw wkh ohyho ri hpsor|phqw lq wkh hfrqrp| lv ghwhuplqhg dv

wkh txdqwlw| ri oderu wkdw pd{lpl}hv wkh xqlrq*v remhfwlyh1 Fohduo|/ iru hdfk

�up wkh fruuhvsrqglqj zdjh lv elqglqj vr wkdw wkh htxloleulxp zdjh ehfrphv

zw @ azw @ $+aOw,Nw1

Iurp wkh xqlrq*v sureohp lw fdq eh lqihuuhg wkdw wkh rswlpdo fkrlfh ri hp0

sor|phqw lv wlph0lqyduldqw/ l1h1/ aOw @ aO1 Wkxv/ iurp d vlplodu uhdvrqlqj dv dssolhg

lq Vhfwlrq 6 lw iroorzv wkdw wkh htxloleulxp h{klelwv d frqvwdqw lqwhuhvw au @ i 3+aO,
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dqg d frqvwdqw jurzwk udwh1 Wkh odwwhu lv jlyhq e|=

aj @
�

4 . �
$+ aO, aO� 4= +45,

Iurp Ohppd 5 zh fdq lqihu wkdw aO lv d frqwlqxrxv ixqfwlrq ri � lq d qhljkerukrrg

ri � @ 31 Wkxv/ dv aj lv d frqwlqxrxv ixqfwlrq ri aO/ lw iroorzv wkdw iru � vx�flhqwo|

vpdoo/ wkh htxloleulxp jurzwk udwh aj fdq eh zulwwhq dv d frqwlqxrxv ixqfwlrq

aj @ aj+�, uhodwlqj xqlrq suhihuhqfhv wr wkh jurzwk udwh ri shu fdslwd lqfrph1 Wkh

iroorzlqj sursrvlwlrq vwdwhv d frqglwlrq rq wkh whfkqrorj| dqg rq xqlrq suhihuhqfhv

xqghu zklfk wkh jurzwk udwh ri wkh htxloleulxp zlwk xqlrql}hg oderu h{fhhgv wkh

jurzwk udwh ri wkh frpshwlwlyh htxloleulxp1

Sursrvlwlrq 61 Ohw �+4,.%+4, ? 4= Wkhq/ wkhuh lv vrph �� 5 +3> ��, vr wkdw aj A j�

iru doo � 5 +3> ��,1

Surri = Iurp +45, rqh hdvlo| revhuyhv wkdw wkh jurzwk udwh iru dq duelwudu| ohyho

ri hpsor|phqw O wdnhv wkh irup j @ �@+4.�,$+O,O�41 Gl�huhqwldwlrq ri j zlwk

uhvshfw wr O jlyhv gj@gO @ �@+4.�,$+O, ^4��+O,`1 Khqfh/ gj@gOmO@4 A 3 li dqg

rqo| li �+4, ? 41 Iurp Ohppd 4 wkh odwwhu lv htxlydohqw wr �+4, . %+4, ? 4= Wkhq

wkh sursrvlwlrq iroorzv iurp Ohppd 5 dqg wkh frqwlqxlw| ri aj lq wkh qhljkerukrrg

ri � @ 31 T1H1G1

Wkh lqwxlwlyh dujxphqw ehklqg wklv uhvxow lv dv iroorzv1 Wkh wrwdo h�hfw ri

d uhgxfwlrq lq hpsor|phqw gxh wr xqlrql}dwlrq fdq eh ghfrpsrvhg lq dq h�hfw

rq wkh ixqfwlrqdo glvwulexwlrq ri lqfrph dqg dq rxwsxw h�hfw1 Wkh iruphu rffxuv

dv iru d jlyhq rxwsxw d uhgxfwlrq lq hpsor|phqw lqfuhdvhv wkh zdjh udwh dqg

uhgxfhv wkh lqwhuhvw udwh1 Wkh glvwulexwlrq h�hfw lv phdvxuhg e| wkh hodvwlflw| ri

vxevwlwxwlrq ehwzhhq fdslwdo dqg h�flhqw oderu �1 Dv lv zhoo nqrzq/ wkh oderu

vkduh ri djjuhjdwh lqfrph zloo lqfuhdvh li wkh hodvwlflw| ri vxevwlwxwlrq lv vpdoohu

wkdq rqh1 Krzhyhu/ dq lqfuhdvh lq wkh oderu vkduh lv qrw vx�flhqw wr lqfuhdvh

wrwdo oderu lqfrph +wkh zdjh eloo, dqg/ lq oljkw ri +45,/ wkh jurzwk udwh1 Wklv

lv ehfdxvh d uhgxfwlrq lq hpsor|phqw uhgxfhv djjuhjdwh rxwsxw/ l1h1/ fdxvhv d

qhjdwlyh rxwsxw h�hfw1 Wkh rxwsxw h�hfw rq wkh zdjh eloo dqg wkh jurzwk udwh

lv phdvxuhg e| wkh rxwsxw hodvwlflw| ri h�flhqw oderu %1 Vlqfh % lv wkh vkduh ri

djjuhjdwh rxwsxw wkdw dffuxhv wr oderu/ lw phdvxuhv wr zkdw h{whqg oderu lqfrph

lv uhgxfhg zkhq djjuhjdwh surgxfwlrq idoov1 Lq vxp/ iru wkh jurzwk udwh wr h{fhhg

wkh frpshwlwlyh ohyho +aj A j�, wkh whfkqrorj| pxvw eh vxfk wkdw wkh h�hfw ri d
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uhgxfwlrq lq hpsor|phqw rq wkh ixqfwlrqdo glvwulexwlrq ri lqfrph lq idyru ri oderu

pruh wkdq rxwzhljkv wkh h�hfw rq djjuhjdwh rxwsxw wkdw dffuxhv wr oderu1 Li wklv

lv wkh fdvh/ wkh djjuhjdwh zdjh eloo ulvhv dqg wuljjhuv d srvlwlyh h�hfw rq djjuhjdwh

vdylqjv dqg jurzwk1

81 Xqlrql}dwlrq dqg Zhoiduh

Wklv vhfwlrq vwxglhv wkh zhoiduh h�hfwv wkdw pdwhuldol}h zkhq wkh hfrqrp|

pryhv dzd| iurp ixoo hpsor|phqw wr dq htxloleulxp zlwk d frqvwdqw ohyho ri xq0

hpsor|phqw lq doo shulrgv1 Zh zdqw wr nqrz krz wkh zhoiduh ri fxuuhqw dqg ixwxuh

jhqhudwlrqv fkdqjhv zkhq vxfk d vzlwfk wdnhv sodfh1 Wr dqvzhu wklv txhvwlrq/ zh

�uvw frqvlghu d pdujlqdo uhgxfwlrq lq hpsor|phqw zklfk rffxuv lq shulrg w @ 3

dqg lv pdlqwdlqhg wkurxjkrxw doo ixwxuh shulrgv dqg dqdo|}h lwv lpsdfw rq wkh

olihwlph xwlolw| ri doo jhqhudwlrqv1 Vxevhtxhqwo|/ zh uhodwh wkh zhoiduh uhvxowv wr

wkh �qglqjv ri wkh suhylrxv vhfwlrq dqg surylgh d olqn ehwzhhq xqlrq remhfwlyhv/

hfrqrplf jurzwk/ dqg lqglylgxdo zhoiduh1

Vxssrvh wkh hfrqrp| lv rq dq htxloleulxp sdwk zlwk Ow @ O/ uw @ u/ dqg

d frqvwdqw jurzwk udwh j ri fdslwdo/ shu fdslwd rxwsxw/ dqg zdjhv/ dqg frqvlghu

d frqvwdqw dqg shupdqhqw pdujlqdo uhgxfwlrq lq hpsor|phqw +gO ? 3, dw wlph

w @ 31 Wkhq/ wkh zhoiduh ri wkh fxuuhqw rog/ wkh fxuuhqw |rxqj/ dqg doo |hw xqeruq

jhqhudwlrqv duh d�hfwhg dv iroorzv1

Wkh Fxuuhqw Rog1 Wkh zhoiduh ri wkh rog dw wlph w @ 3 lv jlyhq e|=

x�4 @ x^z�4 O�4 � v�4> +4 . u, v�4`>

zkhuh z�4/ O�4 dqg v�4 duh suhghwhuplqhg dw wlph w @ 31 Gl�huhqwldwlqj zlwk

uhvshfw wr wkh ohyho ri hpsor|phqw jlyhv=

gx�4
gO

@ x5>�4
gu

gO
v�4>

vr wkdw lq ylhz ri +8, rqh �qgv=

gx�4
gO

@ �x5>�4
i 33

O5
v�4 A 3= +46,

Wkxv/ d uhgxfwlrq lq hpsor|phqw uhgxfhv wkh zhoiduh ri wkh fxuuhqw rog1 Wklv

lv gxh wr d fdslwdo lqfrph h�hfw1 Lw rffxuv dv wkh pdujlqdo surgxfwlylw| ri wkh
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h{lvwlqj fdslwdo vwrfn vkulqnv zkhq hpsor|phqw idoov1 Wklv uhgxfhv wkh uhwxuq rq

rog djh vdylqjv dqg/ khqfhiruwk/ frqvxpswlrq ri wkh fxuuhqw rog1

Wkh Fxuuhqw \rxqj1 Zhoiduh ri wkh |rxqj dw wlph w @ 3 lv jlyhq e|=

x3 @ x^z3 O� v3> +4 . u, v3`=

D pdujlqdo ghfuhdvh lq hpsor|phqw dw wlph w @ 3 dqg w @ 4 ohdgv wr +frqvlghulqj

wkh Hqyhorsh wkhruhp dqg wkh idfw wkdw N3 lv suhghwhuplqhg dw wlph 3,=

gx3
gO

@ x4>3
g+z3O,

gO
. x5>3 v3

gu

gO
=

Uhsodflqj z3 e| $+O,N3 dqg frqvlghulqj wkdw x4>3 @ +4 . u,x5>3 dqg v3 @ N4 @

+4 . j,N3/ wklv fdq eh zulwwhq dv=

gx3
gO

@ x4>3

�
g$

gO
O. $+O, .

4 . j+O,

4 . u+O,

gu

gO

�
N3= +47,

Wkxv/ zkdw pdwwhuv iru wkh zhoiduh ri wkh fxuuhqw |rxqj lv wkh lpsdfw ri d ghfuhdvh

lq O rq wkh fxuuhqw zdjh eloo +zdjh lqfrph h�hfw, dqg rq wkh glvfrxqwhg fdslwdo

lqfrph zklfk dffuxhv lq w @ 4 wr wkh fdslwdo vwrfn 4 . j wlphv dv odujh dv lq w @ 3

+fdslwdo lqfrph h�hfw,1 Djdlq/ wkh odwwhu h�hfw lv qhjdwlyh1 Wr hydoxdwh wkh ryhudoo

h�hfw/ vxevwlwxwh +7,/ +8,/ dqg +9, lqwr +47, wr jhw diwhu vrph pdqlsxodwlrqv=

gx3
gO

@ x4>3
i 33 i

i 3 O

�
4� �+O, � %+O, �

4 . j+O,

4 . u+O,
^4� %+O,`

�
N3= +48,

Lw zloo eh vhhq ehorz wkdw wklv h{suhvvlrq shuplwv d yhu| vwudljkwiruzdug lqwhusuh0

wdwlrq ri wkh h�hfwv ri d uhgxfwlrq lq hpsor|phqw rq wkh zhoiduh ri wkh fxuuhqw

|rxqj1

Ixwxuh Jhqhudwlrqv1 Wkh xwlolw| ri vrph jhqhudwlrq o 5 Q lv jlyhq e|=

xo @ x^zo O� vo> +4 . u, vo`=

Frqvlghulqj wkdw zo @ $+O,No/ No @ +4 . j,oN3/ dqg 4 . j @ +�@+4 . �,,$+O,O/

xo ehfrphv=

xo @ x

%
^$+O,O`o.4

�
�

4 . �

�o

N3 � vo> +4 . u, vo

&
=

Gl�huhqwldwlqj zlwk uhvshfw wr O dqg frqvlghulqj wkdw vo @ +4 . j,No dqg x4>o @
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+4 . u,x5>o/ rqh rewdlqv diwhu vrph pdqlsxodwlrqv=

gxo
gO

@ x4>o

�
+o . 4,

�
g$

gO
O. $

�
.

4 . j+O,

4 . u+O,

gu

gO

�
No=

Wklv h{suhvvlrq jhqhudol}hv +47, wr wkh fdvh ri o A 31 Djdlq/ wkhuh lv d fdslwdo

lqfrph h�hfw zklfk kdv wkh vdph lqwhusuhwdwlrq dv wkh rqh lq +47,1 Krzhyhu/

qrz wkhuh lv d fxpxodwhg zdjh lqfrph h�hfw1 Wklv lv ehfdxvh wkh uhgxfwlrq lq

hpsor|phqw gO grhv qrw rqo| lpslqjh rq wkh zdjh eloo lq w @ o exw dovr rq wkh

zdjh eloo lq doo suhfhglqj shulrgv w � 31 D vlplodu surfhgxuh dv deryh ohdgv wr=

gxo
gO

@ x4>o
i 33 i

i 3O

�
+o. 4, ^4� %+O,� �+O,`�

4 . j+O,

4 . u+O,
^4� %+O,`

�
No=

Iurp wklv htxdwlrq dqg htxdwlrqv +46, dqg +48, wkh iroorzlqj lqihuhqfhv fdq

eh gudzq=

Sursrvlwlrq 71

l, D uhgxfwlrq lq hpsor|phqw fdqqrw eh Sduhwr0lpsurylqj1

ll, D uhgxfwlrq lq hpsor|phqw lqfuhdvhv wkh zhoiduh ri jhqhudwlrq 3 li dqg rqo|

li=
�+O, . %+O, .

4 . j+O,

4 . u+O,
^4� %+O,` ? 4=

lll, Wkhuh lv vrph o 5 Q vr wkdw d uhgxfwlrq lq hpsor|phqw lqfuhdvhv wkh zhoiduh

ri jhqhudwlrq o dqg doo vxevhtxhqw jhqhudwlrqv li=

�+O, . %+O, ? 4=

Sduw l, iroorzv lpphgldwho| iurp wkh revhuydwlrq wkdw d pdujlqdo uhgxfwlrq lq

hpsor|phqw lq shulrg 3 kxuwv wkh rog zkrvh ohyho ri frqvxpswlrq vroho| uholhv rq

fdslwdo lqfrph1 Doo odwhu jhqhudwlrqv vx�hu vlplodu orvvhv lq fdslwdo lqfrph zkhq

rog1 \hw/ wkh| pd| ehqh�w iurp d zdjh lqfrph h�hfw zkhq |rxqj1 Frqvlghulqj

wkh dqdo|vlv lq Vhfwlrq 7 zdjh dqg fdslwdo lqfrph h�hfwv fdq eh h{suhvvhg lq whupv

ri glvwulexwlrq dqg rxwsxw h�hfwv1 Lq idfw/ sduw ll, ri Sursrvlwlrq 7 vwdwhv wkdw wkh

jhqhudwlrq ri wkh fxuuhqw |rxqj zloo ehqh�w iurp d uhgxfwlrq lq hpsor|phqw li

wkh vkliw iurp fdslwdo lqfrph ri jhqhudwlrq �4 wr oderu lqfrph ri jhqhudwlrq 3/

l1h1 wkh glvwulexwlrq h�hfw/ rxwzhljkv wkh rxwsxw h�hfwv dulvlqj dw wlph 3 dqg wlph

41 Wkh glvwulexwlrq h�hfw lv vwurqj li � lv orz +vhh Vhfwlrq 7,1 Wkh rxwsxw h�hfwv
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rffxu lq whupv ri uhgxfhg oderu lqfrph zkhq |rxqj dqg uhgxfhg fdslwdo lqfrph

zkhq rog1 Dw wlph 3 wkh vkduh ri d uhgxfwlrq lq djjuhjdwh rxwsxw eruq e| wkh

zdjh hduqlqj jhqhudwlrq 3 lv htxdo wr % +wkh oderu vkduh,1 Dw wlph 4 jhqhudwlrq

3 lv lqwhuhvw hduqhu dqg wkh uhvshfwlyh vkduh lv htxdo wr 4 � % +wkh fdslwdo vkduh,1

Qdwxudoo|/ rqh kdv wr frqvlghu wkdw wkh rxwsxw h�hfw dw w @ 4 lv 4 . j wlphv odujhu

wkdq dw w @ 3 dqg wkdw lw pxvw eh glvfrxqwhg zlwk wkh udwh u1 Sduw lll, vwdwhv wkdw

d uhgxfwlrq lq hpsor|phqw dw wlph w @ 3 lqfuhdvhv wkh zhoiduh ri vrph jhqhudwlrq

o dqg doo vxevhtxhqw jhqhudwlrqv li lw jhqhudwhv d ulvh lq shu fdslwd lqfrph jurzwk

+vhh Sursrvlwlrq 6,1 Wklv lv ehfdxvh wkh zdjh lqfrph h�hfw fxpxodwhv ryhu wlph

dqg hyhqwxdoo| grplqdwhv wkh fdslwdo lqfrph h�hfw vr wkdw jhqhudwlrq o dqg doo

vxevhtxhqw jhqhudwlrqv ehqh�w iurp wkh shupdqhqw uhgxfwlrq lq hpsor|phqw dw

wlph 31

Wkh olqn ehwzhhq zhoiduh/ xqlrq remhfwlyhv/ dqg jurzwk lv qrz hdvlo| hvwde0

olvkhg1

Fruroodu| 41 Ohw

�+4, . %+4, .
4 . j+4,

4 . u+4,
^4� %+4,` ? 4= +49,

Wkhq/ wkhuh lv vrph ��� 5 +3> ��, vr wkdw aj A j� iru doo � 5
�
3> ���

�
dqg wkh zhoiduh

ri doo jhqhudwlrqv zklfk dgkhuh wr wkh xqlrq lv lpsuryhg1

Surri = E| sduw ll, ri Sursrvlwlrq 7/ frqglwlrq +49, lpsolhv wkdw gO ? 3

lqfuhdvhv wkh zhoiduh ri hdfk jhqhudwlrq w � 3 zklfk dgkhuhv wr wkh xqlrq1 Vlqfh/

frqglwlrq +49, lpsolhv �+4,.%+4, ? 4/ wkh fodlp iroorzv zlwk Sursrvlwlrq 61 T1H1G1

Fruroodu| 4 jlyhv wkh orfdo frqglwlrq xqghu zklfk d pdujlqdo ulvh lq zdjhv

deryh wkh frpshwlwlyh ohyho dqg wkh dvvrfldwhg ghfuhdvh lq hpsor|phqw dxjphqwv

wkh zhoiduh ri doo jhqhudwlrqv exw jhqhudwlrq �41 Lw hpskdvl}hv wkdw wkhuh duh xqlrq

suhihuhqfhv ri wkh w|sh +;, vr wkdw d xqlrq dfwxdoo| fkrrvhv d ohyho ri hpsor|phqw

zklfk lqfuhdvhv erwk shu fdslwd lqfrph jurzwk dqg zhoiduh ri doo jhqhudwlrqv exw

wkh fxuuhqw rog1

91 Glvfxvvlrq

Xqlrq Suhihuhqfhv1 Wkh suhfhglqj dqdo|vlv fdq eh xvhg wr dvvhvv wkh lp0

solfdwlrqv iru jurzwk ri dowhuqdwlyh xqlrq*v remhfwlyh ixqfwlrqv glvfxvvhg lq wkh
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olwhudwxuh1 Frqvlghu �uvw wkh wrwdo zdjh eloo pd{lpl}dwlrq dssurdfk dgyrfdwhg e|

Gxqors +4<77,1 Jlyhq wkh vlpsoh jurzwk prgho zlwk h{whuqdolwlhv iurp fdslwdo

irupdwlrq/ wkh zdjh eloo pd{lpl}dwlrq dssurdfk lpsolhv wkdw wkh xqlrq fkrrvhv d

ohyho ri hpsor|phqw wkdw ohdgv wr pd{lpxp jurzwk1 Frqvlghu qh{w wkh fdvh ri d

uhqwv0iurp0xqlrql}dwlrq remhfwlyh hpskdvl}hg e| Urvhq +4<9<,/ gh Phqlo +4<:4,/

dqg Fdoyr +4<:;,/ dprqj rwkhuv1 Wkh xqlrq remhfwlyh ixqfwlrq wkdw zh kdyh hp0

sor|hg lq wklv sdshu frqyhujhv wr wklv fdvh li wkh zhljkw wkh xqlrq sxwv rq zdjhv/

�/ dssurdfkhv 4251 Wkh xqlrq wkhq fkrrvhv d ohyho ri hpsor|phqw zklfk gh�qlwho|

h{fhhgv wkh jurzwk pd{lpl}lqj rqh1 Lw pd| eh wkh fdvh wkdw wkh jurzwk udwh ri

wkh xqlrql}hg hfrqrp| idoov vkruw ri wkh frpshwlwlyh ohyho/ hyhq wkrxjk wkh orfdo

frqglwlrq iru xqlrql}dwlrq wr vwlpxodwh hfrqrplf jurzwk vwdwhg lq Sursrvlwlrq 6

krogv wuxh1 Ilqdoo|/ frqvlghu d xwlolw| rulhqwhg dssurdfk/ vxjjhvwhg/ h1j1/ e| Idu0

ehu +4<:;, dqg Rvzdog +4<;5,/ lq zklfk wkh xqlrq*v remhfwlyh frlqflghv zlwk wkh

lqglylgxdo remhfwlyhv ri lwv phpehuv1 Iurp htxdwlrq +48, lw fdq eh lqihuuhg wkdw lq

wkh suhvhqw ROJ iudphzrun vxfk d xqlrq fkrrvhv d ohyho ri hpsor|phqw aO zklfk

vdwlv�hv=

�+aO, . %+aO, .
4 . j+aO,

4 . u+aO,
^4� %+ aO,` � 4> zlwk @ li aO ? 4>

l1h1/ zklfk pd{lpl}hv olihwlph xwlolw| ri wkh xqlrq*v phpehuv dw hdfk srlqw lq wlph1

Lq idfw/ li aO ? 4/ wkh xqlrq fkrrvhv d ohyho ri hpsor|phqw zklfk ohdgv wr kljkhu

jurzwk wkdq rewdlqhg lq d frpshwlwlyh hfrqrp| exw qrw wr pd{lpxp jurzwk1

Wklv lv ehfdxvh d xqlrq zklfk pd{lpl}hv olihwlph xwlolw| ri lwv phpehuv dovr wdnhv

lqwr dffrxqw wkh qhjdwlyh h�hfw ri xqhpsor|phqw rq fdslwdo lqfrph eruq e| lwv

phpehuv zkhq rog1

Ohqjwk ri Olihwlphv1 Wkh frqglwlrqv iru d oderu xqlrq irvwhulqj shu fdslwd

lqfrph jurzwk ghulyhg lq wklv sdshu duh forvho| olqnhg wr wkh dvvxpswlrq ri d wzr0

shulrg ryhuodsslqj jhqhudwlrqv vwuxfwxuh1 Lq wklv hfrqrp| rqo| |rxqj lqglylgxdov

vdyh vr wkdw djjuhjdwh vdylqjv h{foxvlyho| vwhp iurp oderu lqfrph1 Li lqglylgxdo

olihwlphv h{whqg wr pruh wkdq wzr shulrgv/ wkh frqglwlrqv iru d prqrsro| xqlrq

wr vsxu hfrqrplf fdq eh h{shfwhg wr eh pruh uhvwulfwlyh1 Wklv lv ehfdxvh lq vxfk

d iudphzrun vdylqjv jhqhudoo| gr qrw rqo| vwhp iurp oderu exw dovr iurp fdslwdo

lqfrph1 Lq wklv fdvh wkh qhjdwlyh fdslwdo lqfrph h�hfw ri xqlrql}dwlrq glvfxvvhg

lq Vhfwlrq 8 zloo kdyh d gdpshqlqj h�hfw rq djjuhjdwh vdylqjv dqg/ khqfhiruwk/ rq

jurzwk1 Lq wkh h{wuhph fdvh ri lq�qlwh olihwlphv rxu uhvxowv zrxog eh uhyhuvhg1 Dv

kdv ehhq vkrzq e| Ehuwrod +4<<6, lq vxfk d iudphzrun vdylqjv vwhp vroho| iurp
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fdslwdo lqfrph lpso|lqj wkdw uhglvwulexwlqj iurp fdslwdolvwv wr zrunhuv qhfhvvdulo|

uhgxfhv hfrqrplf jurzwk1

Vdylqjv Ixqfwlrq1 E| frq�qlqj dwwhqwlrq wr orjdulwkplf xwlolw| zh h{foxghg

wkdw vdylqjv ghshqgv rq wkh lqwhuhvw udwh1 Li zh frqvlghuhg d vdylqjv ixqfwlrq zlwk

wkh lqwhuhvw dv rqh ri lwv dujxphqwv/ wkh frqglwlrqv iru xqlrql}dwlrq wr vwlpxodwh

hfrqrplf jurzwk zrxog hlwkhu eh pruh ru ohvv uhvwulfwlyh/ ghshqglqj rq zkhwkhu

vdylqjv zrxog eh srvlwlyho| ru qhjdwlyho| uhodwhg wr wkh lqwhuhvw udwh1 Li vdylqjv duh

lqfuhdvlqj lq wkh lqwhuhvw udwh/ wkh qhjdwlyh h�hfw ri xqlrql}dwlrq rq wkh lqwhuhvw

udwh orzhuv djjuhjdwh vdylqjv dqg h{huwv d ghsuhvvlqj h�hfw rq shu fdslwd lqfrph

jurzwk1 Li/ rq wkh rwkhu kdqg/ vdylqjv duh qhjdwlyho| uhodwhg wr wkh lqwhuhvw udwh/

wkh vdph uhdvrqlqj srlqwv wr d ixuwkhu srvlwlyh h�hfw ri xqlrql}dwlrq rq jurzwk1
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Dsshqgl{

Surri ri Sursrvlwlrq 4

Lw lv hdvlo| yhul�hg wkdw �Y +Ow, A 3 iru vrph Ow 5 +3> 4,1 Wkxv/ dv �Y +4, @ 3 lw

iroorzv wkdw aOw ? 41 Qh{w/ frqvlghu Y +Ow $ 3,1 Li �Y +Ow $ 3, @ 3/ wkh suhfhglqj

dujxphqw uhyhdov wkdw aOw A 3= Wkxv/ dvvxph wkdw �Y +Ow $ 3, A 31 Wklv lpsolhv

wkdw $+Ow $ 3, @41 Zh ghprqvwudwh wkdw wklv ohdgv wr olpOw$3 g�Y @gOw A 3 iru

� ? ��1 Gl�huhqwldwlrq ri �Y zlwk uhvshfw wr Ow |lhogv=

g �Y

gOw

@ ^$+Ow,� $+4,`��4O��
w

�
�
g$+Ow,

gOw

Ow . +4� �,^$+Ow,� $+4,`

�
>

zklfk fdq eh zulwwhq lq wkh irup

g �Y

gOw

@
�Y +Ow,

^$+Ow,� $+4,`Ow

�>

zkhuh

� � �
g$+Ow,

gOw

Ow . +4� �,^$+Ow,� $+4,`=

Vlqfh $ +Ow, A 3 iru doo Ow> lw iroorzv wkdw � A 3 li=

� �+Ow, . +4� �,

�
4�

$+4,

$+Ow,

�
A 3=

Iurp wkh odwwhu dqg $+Ow $ 3, @4 lw iroorzv wkdw � A 3 li � ? �� dv jlyhq lq +<,1

Wr ghprqvwudwh wkdw �Y +Ow,@^+$+Ow, � $+4,,Ow` A 3 iru Ow $ 3> lw lv vx�flhqw wr

vkrz wkdw olpOw$3 ^+$ +Ow, � $ +4,,Ow` @ 3 vlqfh e| dvvxpswlrq �Y +Ow $ 3, A 31

Wklv/ lq wxuq/ krogv wuxh vlqfh=

olp
Ow$3

^$+Ow,� $+4,`Ow @ olp
Ow$3

$+Ow,Ow � 3

@ olp
Ow$3

�
i

�
4

Ow

�
�

4

Ow

i 3
�

4

Ow

��
Ow

@ olp
nw$4

i+nw,� nwi
3+nw,

nw

@ olp
nw$4

i+nw,

nw
� olp

nw$4
i 3+nw, @ 3=

Wkxv/ olpOw$3 g�Y @gOw A 31 T1H1G1
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Uhihuhqfhv

Djhoo/ M1 dqg Orpphuxg N1H1 +4<<6,= _Hjdolwduldqlvp dqg Jurzwk%> Vfdqglqdyldq

Mrxuqdo ri Hfrqrplfv/ <8/ 88<08:<1

Duurz/ N1M1 +4<95,= _Wkh Hfrqrplf Lpsolfdwlrqv ri Ohduqlqj e| Grlqj%> Uhylhz

ri Hfrqrplf Vwxglhv/ 5</ 48804:61

Ehuwrod/ J1 +4<<6,= _Idfwru Vkduhv dqg Vdylqjv lq Hqgrjhqrxv Jurzwk%> Dphulfdq

Hfrqrplf Uhylhz/ ;6/ 44;7044<;1

Ehuwrod/ J1 +4<<9,= _Idfwru Vkduhv lq ROJ Prghov ri Jurzwk%> Hxurshdq Hfr0

qrplf Uhylhz/ 73/ 4874048931

Errwk/ D1O1 +4<<8,= Wkh Hfrqrplfv ri wkh Wudgh Xqlrq> Fdpeulgjh +Hqj1,= Fdp0

eulgjh Xqlyhuvlw| Suhvv1

Fdkxf/ S1 dqg Plfkho/ S1 +4<<9,= _PlqlpxpZdjhv/ Xqhpsor|phqw dqg Jurzwk%>

Hxurshdq Hfrqrplf Uhylhz/ 73/ 4796047;51

Fdoyr/ J1D1 +4<:;,= _Xuedq Xqhpsor|phqw dqg Zdjh Ghwhuplqdwlrq lq OGF*v=

Wudgh Xqlrqv lq wkh Kduulv Wrudgr Prgho%> Lqwhuqdwlrqdo Hfrqrplf Uhylhz/

4</ 980;41

gh Phqlo/ J1 +4<:4,= Edujdlqlqj= Prqrsro| Srzhu yhuvxv Xqlrq Srzhu> Fdp0

eulgjh +Pdvv1,= PLW Suhvv1

Gldprqg/ S1 +4<98,= _Qdwlrqdo Ghew lq d Qhrfodvvlfdo Jurzwk Prgho%> Dphulfdq

Hfrqrplf Uhylhz/ 88/ 4459044831

Gxqors/ M1W1 +4<77,= Zdjh Ghwhuplqdwlrq xqg Wudgh Xqlrqv> Orqgrq= Pdfploodq1

Iduehu/ K1V1 +4<:;,= _Lqglylgxdo Suhihuhqfhv dqg Xqlrq Zdjh Ghwhuplqdwlrq= Wkh

Fdvh ri wkh Xqlwhg Plqh Zrunhuv%> Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;9/ <560

<751

Khoozlj/ P1I1 dqg Luphq/ D1 +4<<<,= _Zdjh Jurzwk/ Surgxfwlylw| Jurzwk/ dqg

wkh Hyroxwlrq ri Hpsor|phqw%> VIE 837 Zrunlqj Sdshu Qr1 <<0;91

Mrqhv/ O1H1 dqg Pdqxhool/ U1H1 +4<<5,= _Ilqlwh Olihwlphv dqg Jurzwk%> Mrxuqdo ri

Hfrqrplf Wkhru|/ 8;/ 4:404<:1

Rvzdog/ D1 +4<;5,= _Wkh Plfurhfrqrplf Wkhru| ri wkh Wudgh Xqlrq%> Hfrqrplf

Mrxuqdo/ <5/ 8:908<91
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Shqfdyho/ M1 +4<;7,= _Wkh wudghr� ehwzhhq Zdjhv dqg Hpsor|phqw lq Wudgh

Xqlrq Remhfwlyhv%> Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <</ 54805641

Urphu/ S1P1 +4<;9,= _Lqfuhdvlqj Uhwxuqv dqg Orqj0Uxq Jurzwk%> Mrxuqdo ri

Srolwlfdo Hfrqrp|/ <7/ 43350436:1

Urvhq/ V1 +4<9<,= _Wudgh Xqlrq Srzhu/ Wkuhdw H�hfwv dqg wkh H{whqw ri Rujdql0

}dwlrq%> Uhylhz ri Hfrqrplf Vwxglhv/ 69/ 4;804<91

Vdlqw0Sdxo/ J1 +4<<5,= _Ilvfdo Srolf| lq dq Hqgrjhqrxv Jurzwk Prgho%> Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 439/ 45760458<1

Vdpxhovrq/ S1D1 +4<8;,= _Dq H{dfw Frqvxpswlrq0Ordq Prgho ri Lqwhuhvw zlwk dqg

zlwkrxw wkh Vrfldo Frqwulydqfh ri Prqh|%> Mrxuqdo ri Srolwlfdo Hfrqrp|/ 99/

79:07;51

Vkhvklqvnl/ H1 +4<9:,= _Rswlpdo Dffxpxodwlrq zlwk Ohduqlqj e| Grlqj%> lq= Vkhoo/

N1 +hg1,= Hvvd|v rq wkh Wkhru| ri Rswlpdo Hfrqrplf Jurzwk/ Fdpeulgjh

+Pdvv1,= PLW Suhvv1

Xkolj/ K1 dqg \dqdjdzd/ Q1 +4<<9,= _Lqfuhdvlqj wkh Fdslwdo Lqfrph Wd{ pd|

ohdg wr Idvwhu Jurzwk%> Hxurshdq Hfrqrplf Uhylhz/ 73/ 4854048731

Zlhgphu/ W1 +4<<9,= _Jurzwk dqg Vrfldo Vhfxulw|%> Mrxuqdo ri Lqvwlwxwlrqdo dqg

Wkhruhwlfdo Hfrqrplfv/ 485/ 864086<1

Zljjhu/ E1X1 +4<<<,= _Sxeolf Shqvlrqv dqg Jurzwk%> Ilqdq}dufkly/ 89/ 57405961


