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Abstract 
We consider two-stage multi-leader-follower games, called multi-leader-follower games with vertical information, 
where leaders in the first stage and followers in the second stage choose simultaneously an action but those 
chosen by any leader are observed by only one “exclusive” follower. This partial unobservability leads to 
extensive form games that have no proper subgames but may have an infinity of Nash equilibria. So it is not 
possible to refine using the concept of subgame perfect Nash equilibrium and, moreover, the concept of weak 
perfect Bayesian equilibrium could be not useful since it does not prescribe limitations on the beliefs out of the 
equilibrium path. This has motivated the introduction of a selection concept for Nash equilibria based on a specific 
class of beliefs, called passive beliefs, that each follower has about the actions chosen by the leaders rivals of his 
own leader. In this paper, we illustrate the effectiveness of this concept and we investigate the existence of such a 
selection for significant classes of problems satisfying generalized concavity properties and conditions of minimal 
character on possibly discontinuous data. 
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1 Introduction
In this paper we consider two-stage multi-leader-follower games, called multi-
leader-follower games with vertical information, where leaders in the first stage
and followers in the second stage choose simultaneously an action but an ex-
clusivity between any leader and a single follower is embodied assuming that
the actions chosen by a leader are observed only by his follower. Real-world
situations can be modeled as such games, for example in the setting of multilat-
eral vertical contracting where competing manufacturers (the leaders) delegate
retail decisions to exclusive retailers (the followers) offering a private contract,
that is a wholesale price for unit of good sold and a franchise fee ([23]).
The partial unobservability of the leaders’ actions makes an ineffective refine-
ment the concept of subgame perfect Nash equilibrium ([27]) because of the
absence of proper subgames. Moreover, the concept of weak perfect Bayesian
equilibrium ([19]) could be not useful for the selection between Nash equilib-
ria since it does not prescribe limitations on the beliefs out of the equilibrium
path. Unfortunately, in multi-leader-follower games with vertical information,
the concept of simple perfect Bayesian equilibrium ([9]) does not allow to select
among weak perfect Bayesian equilibria (see Sect. 3). So, one way to overcome
multiplicity of equilibria is to restrict the attention only to specific beliefs that
any follower has about the strategy chosen by the leaders rivals of his own leader.
Taking into account the specificity of the structure and in line with the economic
literature, we focus on the case of passive beliefs: in fact passive beliefs are quite
a common assumption mainly in multilateral vertical contracting but they are
also used in mechanism design, games of electoral competition and consumer
search literature, as pointed out in [6].
The aim of this paper is to present multi-leader-follower games with vertical
information in a general setting, to introduce the concept of equilibrium under
passive beliefs for these games and to investigate, when the optimal reaction of
any follower is single-valued, the existence of such an equilibrium under condi-
tions of generalized concavity and minimal character for possibly discontinuous
payoff functions, differently from [23] where results are given in a concave and
differential setting. For the sake of simplicity the action sets are assumed to
be subsets of finite Euclidean spaces; however, the results could be extended to
action sets in infinite-dimensional spaces.
Note that the solution concept used in (the more investigated) multi-leader-
follower games with observed actions, where any follower observes the actions
chosen by any leader in the first stage ([28], [11], [24], [33], . . . , and more recently
[12], [15], [13], [32]), is no longer applicable to games with vertical information.
In fact, as we will see in Section 3, the existence of an equilibrium under passive
beliefs is related to the existence of a solution to a “joint” set of Parametric
Optimization Problems, differently to the previous papers in which they solve
a hierarchical Nash equilibrium problem.
The outline of the paper is the following.
Section 2 is devoted to the formalization of the model and to the illustration by
a simple example of the problem of multiplicity of Nash equilibria.
In Section 3 a refinement concept based on passive beliefs is defined and its ef-
fectiveness is obtained using the above-mentioned example. An existence result
for possibly discontinuous payoff functions is given when the optimal reaction
of any follower satisfies a linear property and explicit sufficient conditions on
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the data are determined in order to obtain such a property.
In Section 4, a reinforcement of the condition of exclusivity is investigated and
the condition of linearity can be eliminated when the actions of both leaders
and followers are assumed to be real numbers. Finally, an economic example
illustrates the applicability of our analysis when the previous existence results
cannot be applied.

2 Multi-leader-follower games with vertical in-
formation

First, let us formalize the concept of general two-stage multi-leader-follower
game with a finite number of players and vertical information. In the first
stage k players, called leaders Li, i ∈ I = {1, . . . , k}, choose simultaneously
an action xi in Xi, a nonempty subset of Rni . In the second stage k play-
ers, called followers Fi, i ∈ I, choose simultaneously an action yi in Yi, a
nonempty subset of Rmi . Let X :=

∏k
i=1Xi and X−i :=

∏k
r=1
r 6=i

Xr. An ele-

ment of X is denoted by x = (x1, . . . , xk) and an element of X−i is denoted
by x−i = (x1, . . . , xi−1, xi+1, . . . , xk). Analogous notations are used for the
followers’ variables.

Definition 2.1. A multi-leader-follower game is said to be with vertical infor-
mation if, for any i ∈ I, any action xi chosen by leader Li is observed by only
one follower Fi, called exclusive follower of leader Li. A multi-leader-follower
game with vertical information will be referred to as multi–leader/follower game.

So, in the case of vertical information, each follower has as many information
sets as the number of actions of his corresponding leader. Then, a strategy of
follower Fi is a function βi from Xi to Yi, that is βi ∈ Si = (Yi)

Xi . Let
S :=

∏k
i=1 Si be the set of all (pure) strategy profiles of the followers.

For the sake of generality, we assume that, for i ∈ I, the leader Li’s payoff
function can depend explicitly on his follower Fi’s optimal value function vi
defined as the optimal payoff of the follower Fi for any fixed action profile
of all the other players. This can be viewed as an altruistic\spiteful behaviour,
depending on the way the optimal value function of a follower affects his leader’s
payoff function. This assumption is compatible with the fact that, if a follower
is an exclusive retailer of the good produced by a leader, then the latter can take
into account the profit of his retailer (possibly in a percentage term) when he
has to decide about the strategy to play. Note that, in an engineering context,
problems that can be modeled in this way are the so-called parameter design
problem and the resource allocation problem for decentralized systems ([29], [30]).

The objective of each player is to maximize his own payoff function, taking
into account that it depends also on the choices of the other players. Let i ∈ I.
The payoff function of follower Fi is assumed to be a real-valued function fi
defined on X×Y. The optimal value function vi of follower Fi, also called value
function or marginal function (see, e.g., [16]), is defined on X×Y−i by:

vi(x,y−i) := sup
yi∈Yi

fi(x, yi,y−i)

and, for the sake of simplicity, it is assumed to be finite for any (x,y−i) ∈
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X×Y−i.
The payoff of leader Li associated to an action profile (x,y) is assumed to be

ľi(x,y) := li(x,y, vi(x,y−i)), (1)

where li is a given function from X×Y × R to R.
Let (x1, . . . , xk, β1, . . . , βk) ∈ X× S be a strategy profile denoted by (x,β).

The action profile (β1(x1), . . . , βk(xk)) of the followers is denoted by β(x) and
the action profile (β1(x1), . . . , βi−1(xi−1), βi+1(xi+1), . . . , βk(xk)) is denoted by
β−i(x−i).

Now, let Γ be the normal form of the multi–leader/follower game:

Γ := {{Li}i∈I , {Fi}i∈I ; (Xi)i∈I , (Si)i∈I ; (l̄i)i∈I , (f̄i)i∈I}, (2)

where l̄i and f̄i are the functions defined on X× S, respectively, by l̄i(x,β) :=
ľi(x,β(x)) and f̄i(x,β) := fi(x,β(x)). Applying the well-known concept of
Nash equilibrium ([22]) to game Γ, a strategy profile (x∗,β∗) ∈ X×S is a Nash
equilibrium of the game Γ if and only if, for any i ∈ I, l̄i(x∗,β∗) ≥ l̄i(xi,x∗−i,β

∗),
for any xi ∈ Xi, and f̄i(x∗,β∗) ≥ f̄i(x∗, βi,β∗−i) for any βi ∈ Si.

An existence result for such Nash equilibria has been given in [3] for possibly
discontinuous games. However, game Γ may have an infinity of Nash equilibria
as emphasized in the following example.

Example 2.1 As in [23] on multilateral vertical contracting, assume that
two competing manufacturers (the leaders), producers of substitute goods, choose
vertical separation as their organizational structure, that is they delegate the
sale of the good they produce through exclusive retailers offering them a private
contract. So each retailer observes only the contract offered by his correspond-
ing manufacturer and after that he decides the retail price in a competitive
setting. Here, for the sake of simplicity, we assume that the contract offered by
a leader specifies a wholesale price that his follower has to pay for each unit of
good sold. We assume that i ∈ {1, 2}, the set of the wholesale prices Xi and the
set of the retail prices Yi are both equal to R+ and the players face a demand
function linear in both retail prices:

Di(y) = 1− 2yi + y−i. (3)

The payoff functions of leader Li and follower Fi are defined, respectively, by
li(xi,y) = Di(y)xi and fi(xi,y) = Di(y)(yi − xi), for any (xi,y) ∈ Xi ×Y.
One can verify that the strategy profiles given by

š =

(
2

5
,

2

5
, β̌1, β̌2

)
and such that, for i ∈ I, β̌i(xi) =

{
3
5 if xi = 2

5 ,

ν otherwise,

are Nash equilibria of game Γ for all ν > 4/5. �

So, in order to select among Nash equilibria, in the next section we introduce
a selection criterion for multi–leader/follower games based on passive beliefs.
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Figure 1: Representation of multi–leader/follower game in extensive form hav-
ing a finite set of actions in all the information sets

3 Equilibria under passive beliefs: definition and
existence

Since the unique subgame of the game presented in Section 2 is the whole game
(see e.g. Fig. 1), then the set of subgame perfect Nash equilibria coincides with
the set of Nash equilibria and one cannot refine using this equilibrium concept.
However, another method useful for selecting among Nash equilibria of an ex-
tensive form game with a finite number of actions for any player is based on the
concept of weak perfect Bayesian equilibrium ([19]). So, let us first extend such
a concept to a multi–leader/follower game with an infinite number of actions
for any player.
Remember that there exists a one to one correspondence between the informa-
tion sets of follower Fi and the actions of his corresponding leader Li. Moreover,
the fact that follower Fi is in a decision node of an own information set may
depend on the actions chosen by leaders L−i (see e.g. Fig. 1).
So, let Pi be the set of all probability measures on X−i, for any i ∈ I.

Definition 3.1. A system of beliefs of follower Fi is a function µi that associates
to any xi ∈ Xi a probability measure µi(xi)(·) ∈ Pi, denoted by µi(·|xi), that
represents the beliefs that Fi has about the action profile chosen by leaders L−i
after he has observed an action xi ∈ Xi of leader Li.
A system of beliefs is a profile µ = (µ1, . . . , µk), where µi is a system of beliefs
of follower Fi, for any i ∈ I.

Let β be a strategy profile of the followers, µi be a system of beliefs of
follower Fi and xi ∈ Xi. The corresponding expected payoff of follower Fi, if
defined, is:

f̂i(β|xi, µi) :=

∫
X−i

fi(xi,x−i, βi(xi),β−i(x−i)) dµi(x−i|xi), (4)

and we can give the following definition, suitable for multi–leader/follower games.
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Definition 3.2. If σ̄ = (x̄1, . . . , x̄k, β̄1, . . . , β̄k) ∈ X × S is a (pure) strategy
profile and µ̄ = (µ̄1, . . . , µ̄k) is a system of beliefs, then (σ̄, µ̄) is a like-weak
perfect Bayesian equilibrium of the multi–leader/follower game if, for any i ∈ I:

(i) follower Fi plays optimally in each situation he may face, assuming that
his beliefs about the strategies chosen by leaders L−i are in accordance with
µ̄i, that is f̂i(β̄|xi, µ̄i) = maxβi∈Si f̂i((βi, β̄−i)|xi, µ̄i), for any xi ∈ Xi;

(ii) the action x̄i of leader Li at equilibrium is such that:

ľi(x̄, β̄(x̄)) = max
xi∈Xi

ľi(xi, x̄−i, β̄i(xi), β̄−i(x̄−i)),

where we recall that ľi(x,y) is defined in (1);
(iii) the system of beliefs µ̄i of follower Fi satisfies the consistency hypothesis:

µ̄i(·|x̄i) = δx̄−i(·), where δx̄−i is the Dirac measure on X−i (also known
as unit mass at x̄−i, see e.g. [26]).

We emphasize that the definition is independent from the order of the players
chosen to arrange the simultaneous moves. For a definition of the concept of
weak-perfect Bayesian equilibrium for a more general extensive game one can
refer to [9].

Conditions (i)-(ii) in Definition 3.2 require that the equilibrium strategies of
followers and leaders are sequentially rational given the system of beliefs in the
sense of Definition 9.C.2 in [19] for finite extensive games. Besides, condition
(iii) in Definition 3.2 extends to multi–leader/follower games the consistency
hypothesis (ii) of Definition 9.C.3 in [19] and it ensures that the beliefs are
compatible with the equilibrium strategy profile along the equilibrium path,1
that is the followers have correct beliefs in equilibrium. Moreover, condition
(iii) implies f̂i(β|x̄i, µ̄i) = fi(x̄,β(x̄)) for any β ∈ S.
Clearly, the sequential rationality and the consistency hypothesis in Defini-
tion 3.2 are sufficient to guarantee that a like-weak perfect Bayesian equilibrium
of the multi–leader/follower game is a Nash equilibrium.2

However, the consistency hypothesis does not impose any restriction out of
the equilibrium path. So, the concept of like-weak perfect Bayesian equilibrium
of the multi–leader/follower game may be not sufficient to select a finite number
of Nash equilibria, as one can see in the following example.

Example 3.1 In the same situation of Example 2.1, let α ∈ [0, 1], σ̄α =
(x̄α, x̄α, β̄α, β̄α) with x̄α = (3 + α)/(9 + α) and β̄α(xi) = (3 + α)/(9 + α) +
2xi/(3 + α), for any xi ∈ R+, and let µ̄α = (µ̄1,α, µ̄2,α) be defined by µ̄i,α(·|xi) =
αδx̄α(·) + (1−α)δxi(·); that is, if Fi observes xi, then he believes that L−i plays
x̄α with probability α and xi with probability 1−α, for any xi ∈ Xi. Then, for
any α ∈ [0, 1], (σ̄α, µ̄α) is a like-weak perfect Bayesian equilibrium of the multi–
leader/follower game and there exists an infinite number of like-weak perfect
Bayesian equilibria of the multi–leader/follower game. �

1It is worth mentioning that, differently from what may happen in a general extensive
game ([9]), in our specific case the system of beliefs is inferred correctly from Bayes’ rule
along the path of the equilibrium in pure strategy. This is a consequence of the fact that,
if σ = (x1, . . . , xk, β1, . . . , βk) is a pure strategy profile, the unique information set of, for
example, follower Fi that is on the path of σ is the one that is associated to the action xi;
then the probability of being in that information set given that σ has been played is equal to
1.

2For a proof, one can follow the same reasoning of Proposition 9.C.1 in [19].
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Note that we cannot use the idea of simple perfect Bayesian equilibium in-
troduced in [9] in order to select among the like-weak perfect Bayesian equilibria
of a multi–leader/follower game since in our context all the information sets of
the followers are not regular while all the information sets of the leaders are
regular but are on the path of any equilibrium strategy profile.
Therefore, we restrict now our attention on the equilibria that are supported by
a particular system of beliefs called passive beliefs.
In fact, a like-weak perfect Bayesian equilibrium of the multi–leader/follower
game is an equilibrium under passive beliefs if a follower of a leader has the
following beliefs about the actions chosen by the other leaders: when he ob-
serves an action of his corresponding leader different from the one he expects in
equilibrium, then he believes that the rival leaders are still not deviating from
their equilibrium strategies; that is, a follower of a leader does not revise his
beliefs about the action chosen by the other leaders even if his corresponding
leader is deviating. Recall that the concept of passive beliefs is used implicitly
or explicitly by many authors in an economic setting (see the Introduction for
references). Formally:

Definition 3.3. The strategy profile σ∗ = (x∗1, . . . , x
∗
k, β
∗
1 , . . . , β

∗
k) ∈ X × S is

an equilibrium under passive beliefs of a multi–leader/follower game if (σ∗,µ∗)
is a like-weak perfect Bayesian equilibrium of the multi–leader/follower game,
where µ∗ = (µ∗1, . . . , µ

∗
k) is such that µ∗i (·|xi) = δx∗−i(·), for any xi ∈ Xi.

Then, since µ∗i (·|xi) has to be a unit mass at x∗−i, for any xi ∈ Xi and any
i ∈ I, in case of passive beliefs the expected payoff of follower Fi defined in (4) is
equal to f̂i(β|xi, µ∗i ) = fi(xi,x

∗
−i, βi(xi),β−i(x

∗
−i)), for any β ∈ S. Therefore,

a strategy profile σ∗ = (x∗1, . . . , x
∗
k, β
∗
1 , . . . , β

∗
k) is an equilibrium under passive

beliefs if for any i ∈ I:

fi(xi,x
∗
−i, β

∗
i (xi),β

∗
−i(x

∗
−i)) = max

yi∈Yi
fi(xi,x

∗
−i, yi,β

∗
−i(x

∗
−i)) for any xi ∈ Xi;

ľi(x
∗,β∗(x∗)) = max

xi∈Xi
ľi(xi,x

∗
−i, β

∗
i (xi),β

∗
−i(x

∗
−i)),

where ľi(x,y) is defined in (1).
Let Bi(x,y−i) be the reaction set of follower Fi to (x,y−i) ∈ X×Y−i:

Bi(x,y−i) := Arg max
yi∈Yi

fi(x,y). (5)

From now on, for any i ∈ I, we assume the following:

(Ui)

{
for any (x,y−i) ∈ X ×Y−i, Bi(x,y−i) is the singleton {bi(x,y−i)},
that we call optimal reaction of follower Fi.

Let us emphasize that such an assumption is usually required in economic models
in the context of multi-stage games. It is obtained if, for example, one assumes
(together with classical conditions for existence) that the function yi ∈ Yi →
fi(x, yi,y−i) ∈ R (in short fi(x, · ,y−i)) is strictly quasiconcave on Yi (see, e.g.,
[1]), for any (x,y−i) ∈ X×Y−i.

The payoff of leader Li associated to an action profile (x,y−i) becomes:

l̃i(x,y−i) := li(x, bi(x,y−i),y−i, vi(x,y−i)) (6)
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and leader Li’s problem can be described by:

Si(x−i,y−i)

{
find xi ∈ Xi such that
l̃i(xi,x−i,y−i) = maxx′i∈Xi l̃i(x

′
i,x−i,y−i).

Remark 3.1 A strategy profile (x∗,β∗) = (x∗1, . . . , x
∗
k, β
∗
1 , . . . , β

∗
k) is an

equilibrium under passive beliefs of the multi–leader/follower game Γ if and
only if, for any i ∈ I, x∗i solves Si(x∗−i,y∗−i) and β∗i (xi) = bi(xi,x

∗
−i,y

∗
−i) for

any xi ∈ Xi, where y∗−i = β∗−i(x
∗
−i).

Basically, a leader Li and the corresponding follower Fi act under passive
beliefs as a team that solves a parametric Bilevel Optimization problem where
the parameter will be the action profile of all L−i and F−i at equilibrium. In
other words, the strategic interaction is between the k teams. Then, taken as
given the action profile (x−i,y−i) in X−i ×Y−i, team Li\Fi chooses a couple
that maximizes payoff functions of both Li and Fi taking into account the
hierarchical structure between Li and Fi.

Example 3.2 One can verify that the unique equilibrium under passive
beliefs of the game in Example 2.1 is the strategy profile (2/5, 2/5, β∗1 , β

∗
2), where

β∗i (xi) = 2/5 + xi/2, for any xi and i ∈ {1, 2}. �

In the remainder of this paper we assume, for any i ∈ I, that Xi and Yi are
nonempty convex and compact sets and the payoff functions satisfy the follow-
ing:

(Ci)



(i) fi is a real-valued upper semicontinuous function on X×Y;
(ii) for any (x,y) ∈ X×Y and any sequence (xn,y−i,n)n converging

to (x,y−i) in X×Y−i, there exists a sequence (ŷi,n)n in Yi such
that lim infn→∞ fi(xn, ŷi,n,y−i,n) ≥ fi(x,y);

(iii) li is a real-valued upper semicontinuous function on X×Y × R;
(iv) li(xi, · ) is lower semicontinuous on X−i×Y×R, for any xi ∈ Xi.

Remark 3.2 If fi and li are continuous functions then Assumption (Ci) is
satisfied. The vice versa is not true, as illustrated in the following example.

Example 3.3 Let i ∈ {1, 2} and Xi = Yi = [0, 1].
— Let fi be a real-valued function defined on [0, 1]4 by:

fi(x,y) =

{
xi if xi ∈]0, 1], yi = 0,

0 otherwise.

Then, fi is not continuous at (x, 0, y−i), for any (x, y−i) ∈ [0, 1]3 such that
xi 6= 0, but it satisfies assumptions (i)–(ii) in (Ci).
— Let li be a real-valued function defined on [0, 1]4 × R by:

li(x,y, t) =

{
(yi + y−i − xi + t)2 if xi ∈]0, 1],

(yi + y−i + t)2 + 1 if xi = 0,

7



Then, li is not continuous at (0, x−i,y, t), for any (x−i,y, t) ∈ [0, 1]3 ×R but it
satisfies assumptions (iii)–(iv) in (Ci). �

The next theorem gives sufficient conditions for the existence of an equilib-
rium under passive beliefs.

Theorem 3.1. Assume, for any i ∈ I, (Ui), (Ci) and for any (x,y) ∈ X×Y,
the following:

(AFi 1)

{
(i) bi( · ,x−i,y−i) is linear on Xi;
(ii) vi( · ,x−i,y−i) is concave (resp. convex) on Xi;

(ALi 1)

{
(i) li( · ,x−i, · ,y−i, · ) is quasiconcave on Xi × Yi × R;
(ii) li(x,y, · ) is increasing (resp. decreasing) on R.

Then, there exists an equilibrium under passive beliefs of game Γ.

Proof Let i ∈ I, Zi := Xi× Yi, Z−i := X−i×Y−i and Z := X×Y. Define the
set-valued maps Mi on Z−i by

Mi(z−i) := Arg max
xi∈Xi

l̃i(xi, z−i), (7)

Ni on Z−i by Ni(z−i) := {(xi, yi) ∈ Xi × Yi : xi ∈ Mi(z−i), yi = bi(xi, z−i)}
and N from Z to Z by N(z) :=

∏k
i=1Ni(z−i).

Then, the set-valued map N satisfies the hypothesis of Kakutani Fixed Point
Theorem [14]. Indeed, let i ∈ I:

• The optimal reaction function bi and the optimal value function vi of follower
Fi are continuous functions on X×Y−i in the light of assumptions (i)–(ii) in
(Ci) and Proposition 3.1 in [17] (see also [16]).

• Mi(z−i) and Ni(z−i) are nonempty sets, for any z−i ∈ Z−i in the light of
Assumption (Ci) and Corollary 5.1 in [20].

• The set-valued mapMi is closed. Indeed, if li satisfies Assumption (iv) in (Ci)
then it satisfies Assumption (L2) of Proposition 3.2 in [17] (taking f1,n = −li,
for every n ∈ N).

• Ni is a closed set-valued map since bi is continuous and Mi is closed.

• N is a convex-valued map. The assertion will be proved when vi( · , z−i) is
concave on Xi and li(x,y, · ) is increasing3 on R, for any z−i ∈ Z−i; in a
similar way it could be proved when vi( · , z−i) is convex on Xi and li(x,y, · )
is decreasing on R.
Indeed, let z−i ∈ Z−i and (x′i, y

′
i), (x

′′
i , y
′′
i ) ∈ Ni(z−i). By definition, we have

that x′i, x′′i ∈ Mi(z−i) and y′i = bi(x
′
i, z−i), y′′i = bi(x

′′
i , z−i). Let λ ∈]0, 1[

and x̂i = λx′i + (1 − λ)x′′i . From the linearity of bi( · , z−i) on Xi it follows
that ŷi = λy′i + (1 − λ)y′′i = bi(x̂i, z−i). Furthermore, using the concavity of
vi( · , z−i), the increasingness of li(x,y, · ) and the linearity of bi( · , z−i):

l̃i(x̂i, z−i) = li(x̂i,x−i, bi(x̂i, z−i),y−i, vi(x̂i, z−i))

≥ li(x̂i,x−i, ŷi,y−i, λvi(x′i, z−i) + (1− λ)vi(x
′′
i , z−i)).

3That is, if ti, ti ∈ R and ti ≤ ti then li(x,y, ti) ≤ li(x,y, ti).
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Then, in the light of Assumption (i) of (ALi 1), we obtain:

l̃i(λx
′
i + (1− λ)x′′i , z−i) ≥ min{l̃i(x′i, z−i), l̃i(x′′i , z−i)};

that is l̃i( · , z−i) is quasiconcave conXi. Finally, from the linearity of bi( · , z−i),
we get that Ni(z−i) is a convex set.

Hence, there exists a fixed point (x∗,y∗) of N on Z. Then x∗i ∈ Mi(x
∗
−i,y

∗
−i),

that is x∗i solves problem Si(x∗−i,y∗−i). Furthermore, defined a strategy β∗i for
follower Fi such that β∗i (xi) = bi(xi,x

∗
−i,y

∗
−i) for any xi ∈ Xi, for any i ∈ I, it

follows that (x∗,β∗) is an equilibrium under passive beliefs of Γ. �
Remark 3.3 Assumptions (iii)–(iv) in (Ci) cannot be substituted for fi

pseudocontinuous (see [21]) since pseudocontinuity does not guarantee continu-
ity of the optimal value function vi.

We conclude this section giving sufficient conditions, explicit on the data,
for Assumption (AFi 1).

Lemma 3.1. Let i ∈ I and (x−i,y−i) ∈ X−i ×Y−i. Assume that Xi and Yi
are strictly convex sets [1] (resp. convex). Then, we have:

• The function vi( · ,x−i,y−i) is concave on Xi if
(AFi 2) fi( · ,x−i, · ,y−i) is concave on int(Xi)× int(Yi) (resp. Xi × Yi).

• The function vi( · ,x−i,y−i) is convex on Xi if
(AFi 3) fi( · ,x−i,y) is convex on int(Xi) (resp. Xi), for any yi ∈ Yi.

Proof The first assertion can be easily proved by applying Theorem 29.1 in [25].
For the second assertion, apply Proposition 3.5 in [7]. �

Proposition 3.1. Let i ∈ I and (x−i,y−i) ∈ X−i × Y−i. If Xi and Yi
are strictly convex (resp. convex) and (Ui), (AFi 2) and (AFi 3) hold, then
bi( · ,x−i,y−i) is linear on Xi and (AFi 1) is satisfied.

Proof We prove the assertion when fi( · ,x−i, · ,y−i) is concave on int(Xi) ×
int(Yi), fi( · ,x−i, yi,y−i) is linear on int(Xi) and Xi, Yi are strictly convex.
The other case is similar.
Let y−i ∈ Y−i, x′i, x′′i ∈ Xi, λ ∈]0, 1[, y′i = bi(x

′
i,x−i,y−i), y′′i = bi(x

′′
i ,x−i,y−i).

Then λx′i + (1− λ)x′′i ∈ int(Xi) and λy′i + (1− λ)y′i ∈ int(Yi), for any λ ∈]0, 1[
and in the light of (AFi 2) we have:

fi(λx
′
i + (1− λ)x′′i ,x−i, λy

′
i + (1− λ)y′′i ,y−i)

≥ λfi(x′i,x−i, y′i,y−i) + (1− λ)fi(x
′′
i ,x−i, y

′′
i ,y−i)

≥ λfi(x′i,x−i,y) + (1− λ)fi(x
′′
i ,x−i,y) for any yi ∈ Yi,

where the last inequality is a direct consequence of the definition of bi, being
fi(x

′
i,x−i, y

′
i,y−i) = fi(x

′
i,x−i, bi(x

′
i,x−i,y−i),yi) ≥ fi(x

′
i,x−i,y) for any yi ∈

Yi and fi(x′′i ,x−i, y′′i ,y−i) = fi(x
′′
i ,x−i, bi(x

′′
i ,x−i,y−i),yi) ≥ fi(x′′i ,x−i,y) for

any yi ∈ Yi. That is, in the light of the convexity of fi( · ,x−i,y) on Xi:

fi(λx
′
i + (1− λ)x′′i ,x−i, λy

′
i + (1− λ)y′′i ,y−i)

≥ fi(λx′i + (1− λ)x′′i ,x−i, yi,y−i) for any yi ∈ Yi;
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and then λbi(x′i,x−i,y−i)+(1−λ)bi(x
′′
i ,x−i,y−i) = bi(λx

′
i+(1−λ)x′′i ,x−i,y−i),

that is bi(·,x−i,y−i) is linear on Xi. �
Remark 3.4 According to Proposition 3.1, an elementary example of func-

tions fi which satisfies Assumption (AFi 1) in Theorem 3.1 is: fi(x,y) =
αi(x−i,y−i)xi+γi(x−i,y−i)gi(yi), where γi is nonnegative and gi is concave on
Yi.

Remark 3.5 One can have bi(·,x−i,y−i) linear on Xi and vi(·,x−i,y−i)
concave but not linear on Xi as shown by the function fi defined on [0, 1]4

by fi(x,y) = yi − y2
i − x2

ix−iy−i. Then bi(x, y−i) = 1/2 and vi(x, y−i) =
1/2− x2

ix−iy−i.

An example where both leaders’ and followers’ payoff functions are discon-
tinuous but satisfy all the conditions required in Theorem 3.1 for the existence
of an equilibrium under passive beliefs is the following.

Example 3.4 Assume i ∈ {1, 2} and Xi = Yi = [0, 1].

• Let fi be a real-valued function defined, for any (x,y) ∈ [0, 1]4, by:

fi(x,y) =

{
(1− x−iy−i

2 )(xi − y2
i ) + 2 if yi 6= 0

3 + xix−iy−i otherwise.

Then, fi is not continuous at (x, 0, y−i), for any (x, y−i) ∈ [0, 1]3, but it
satisfies assumptions (i)–(ii) in (Ci) and (AFi 2)–(AFi 3).

• Let li be a real-valued function defined for any (x,y, t) ∈ [0, 1]4 × R by:

li(x,y, t) =


x−iy

2
−i(1− x2

i ) if xi 6= 0,

1 + x−iy−i + yi + t if xi = 0, t ≥ 0,

1 + x−iy−i + yi if xi = 0, t < 0,

Then, li is not continuous at (0, x−i,y, t), for any (x−i,y, t) ∈ [0, 1]3 × R
but it satisfies assumptions (iii)–(iv) in (Ci) and (ALi 1). �

In the next section we investigate a situation where the assumption of lin-
earity of the optimal reaction function bi(·,x−i,y−i) can be relaxed.

4 Reinforcement of the vertical information struc-
ture

Now we assume to be in a situation which could be interpreted as a reinforcement
of exclusivity between a leader and a corresponding follower: for any i ∈ I the
payoff function fi does not depend on variable x−i and the payoff function li
does not depend on variable x. Moreover, the actions sets of followers and
leaders are assumed to be subsets of R. That is, we assume the following:

(Ki)

{
the payoff function fi is defined on Xi × Y ⊂ Rk+1 and the payoff
function li is defined on Y ⊂ Rk.

In this case, weaker assumptions guarantee that an equilibrium exists.
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Theorem 4.1. Assume, for any i ∈ I, (Ui), (Ki), (Ci) and, for any y−i ∈ Y−i,
the following:
(AFi 4) bi( · ,y−i) is monotone (increasing or decreasing) on Xi;
(ALi 2) li( · ,y−i) is quasiconcave on Yi.
Then, there exists an equilibrium under passive beliefs of game Γ.

Proof Note that assumptions (iii)–(iv) in (Ci) now imply that li is a continuous
function on Y.
For i ∈ I, let Ei be the set-valued map from Y−i to Yi defined by Ei(y−i) :=
{bi(xi,y−i) | xi ∈ Mi(y−i)}, where Mi is given in (7). Define the set-valued
map E from Y to Y by:

E(y) :=

k∏
i=1

Ei(y−i) = {b(x,y) : x ∈M(y)},

where b : X×Y → Y is defined by b(x,y) := (b1(xi,y−1), . . . , bk(xk,y−k)) and
M is the set-valued map from Y to X such that M(y) :=

∏k
i=1Mi(y−i).

As in the proof of Theorem 3.1, the function bi is continuous on X ×Y−i and
the set-valued map Mi is nonempty-valued and closed and, being Xi compact,
it is also compact-valued, for any i ∈ I. So, b is continuous on X ×Y and M
is a closed set-valued map with nonempty compact values.
Now, let i ∈ I. Taken y−i ∈ Y−i and x̄i, ¯̄xi ∈ Xi, assume without loss of gen-
erality that x̄i < ¯̄xi. Let λ ∈]0, 1[ and let ȳi = bi(x̄i,y−i) and ¯̄yi = bi(¯̄xi,y−i).
Then, in the light of (AFi 4), bi(λx̄i+(1−λ)¯̄xi,y−i) belongs to the segment be-
tween ȳi and ¯̄yi, that is there exists δ ∈ [0, 1] such that bi(λx̄i+(1−λ)¯̄xi,y−i) =
δȳi+(1−δ)¯̄yi. From the quasiconcavity of the function li( · ,y−i) it follows that:

l̃i(λx̄i + (1− λ)¯̄xi,y−i) = li(bi(λx̄i + (1− λ)¯̄xi,y−i),y−i)

= li(δȳi + (1− δ)¯̄yi,y−i) ≥ min{li(ȳi,y−i), li(¯̄yi,y−i)}
= min{l̃i(x̄i,y−i), l̃i(¯̄xi,y−i)},

that is the function l̃i( · ,y−i) is quasiconcave on Xi. So, the set-valued mapsMi

andM are convex-valued. Hence, in the light of Theorem 2 in [2], the set–valued
map E has a fixed point on Y. Then, there exists an equilibrium under passive
beliefs of Γ. Indeed, let y∗ = (y∗1 , . . . , y

∗
k) be a fixed point of E on Y. According

to the definition of E, there exists x∗i ∈Mi(y
∗
−i) such that y∗i = bi(xi,y

∗
−i), for

any i ∈ I. Then, the strategy profile (x∗1, . . . , x
∗
k, β
∗
1 , . . . , β

∗
k), where β∗i (xi) =

bi(xi,y
∗
−i), for any xi ∈ Xi and for any i ∈ I, is an equilibrium under passive

beliefs. �
Now, we look for sufficient conditions, explicit on the data, for (AFi 4).

Starting from [31], the issue of the monotonicity of the optimal reaction functions
has been investigated in the literature in many works. In the following, we
use a result due to [4] that provides a characterization for the monotonicity of
bi( · ,y−i) on Xi when the payoff functions of the followers are in the class of
upper semicontinuous strictly pseudoconcave real-valued functions. This result
fits our purposes since the concept of strictly pseudoconcavity is considered in
a generalized version which uses the Dini derivatives ([5]) and, therefore, is
compatible with discontinuous payoff functions.

Definition 4.1. A real-valued function g defined on an interval I ⊆ R is said
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to be strictly pseudoconcave (in terms of Dini derivatives) (in short strictly D–
pseudoconcave) if:

• x, y ∈ I, x < y, g(x) ≤ g(y) implies D+g(x) := lim suph→0+
g(x+h)−g(x)

h >
0;

• x, y ∈ I, x < y, g(x) ≥ g(y) implies D−g(y) := lim infh→0−
g(y+h)−g(y)

h <
0.

We will denote lim infh→0−
fi(xi,yi+h,y−i)−fi(xi,yi,y−i)

h withD−fi(xi, · ,y−i)(yi),
and lim suph→0+

fi(xi,yi+h,y−i)−fi(xi,yi,y−i)
h with D+fi(xi, · ,y−i)(yi).

Furthermore, we make use of the following definition: it appears in this form
in [4] though it is standard for real-valued functions (see, e.g., [10] in which the
authors call it quasimonotonicity).

Definition 4.2. An extended real-valued function g defined on I ⊆ R is quasi-
increasing if x, y ∈ I, x < y and g(x) > 0 implies g(y) ≥ 0. An extended
real-valued function g defined on I ⊆ R is quasidecreasing if −g is quasiincreas-
ing.

Obviously an increasing function is also quasiincreasing but the vice versa
may not be true.

Proposition 4.1. Let i ∈ I, y−i ∈ Y−i and assume:

(AFi 5)


(i) fi(xi, · ,y−i) is strictly D–pseudoconcave and upper semicon-

tinuous on Yi, for any xi ∈ Xi;
(ii) the function: xi ∈ Xi → D−fi(xi, · ,y−i)(yi) is quasiincreas-

ing (resp. quasidecreasing) on Xi, for any yi ∈ int(Yi).
Then, bi( · ,y−i) is increasing (resp. decreasing) on Xi.

Proof Note that under Assumption (i) in (AFi 5) the set-valued map Bi defined
in (5) is single-valued since fi(xi, · ,y−i) is strictly quasiconcave on Yi (see, e.g.,
Theorem 3.5 in [8]), so Assumption (Ui) is guaranteed.
If D−fi(xi, · ,y−i)(yi) is quasiincreasing on Xi the result follows directly from
Theorem 2 in [4]. If D−fi(xi, · ,y−i)(yi) is quasidecreasing on Xi it is sufficient
to reverse the product order of Xi and apply Theorem 2 in [4]. �

When the payoff function of a follower is differentiable in his own action, the
strict pseudoconcavity in terms of Dini derivatives coincides with the known
concept of strict pseudoconcavity introduced in [18] and Proposition 4.1 can be
expressed as follows.

Corollary 4.1. Let i ∈ I and y−i ∈ Y−i. Assume fi(xi, · ,y−i) differentiable
on int(Yi), for any xi ∈ Xi, and

(AFi 5)′


(i) fi(xi, · ,y−i) is strictly pseudoconcave on Yi, for any xi ∈ Xi;
(ii) the function ∂fi

∂yi
( · , yi,y−i) is quasiincreasing (resp. quaside-

creasing) on Xi, for any yi ∈ int(Yi).
Then, bi( · ,y−i) is increasing (resp. decreasing) on Xi.

Remark 4.1 According to Corollary 4.1, an elementary example of func-
tions fi which satisfies Assumption (AFi 4) in Theorem 4.1 is: fi(xi,y) =
αi(xi,y−i)gi(y), where αi is a positive function on Xi × Y−i and gi( · ,y−i)
is differentiable on int(Yi) and strictly pseudoconcave on Yi, for any y−i ∈ Y−i.
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We conclude this section with an example of a game for which we can infer
the existence of an equilibrium under passive beliefs by applying Theorem 4.1
and Proposition 4.1.

Example 4.1 Consider, as in [23], a modified version of Example 2.1: now
the leaders offer a two-part tariff contract that specifies a wholesale price and a
franchise fee to their exclusive followers that decide in a competitive setting the
retail price after observing the contract. The leaders are assumed to be able to
extract the whole surplus from their followers through the franchise fee (i.e. the
participation constraints of the retailers are binding). The multi–leader/follower
problem now to solve is such that: Xi = Yi = [0, 3], li(y) = Di(y)yi and
fi(xi,y) = Di(y)(yi−xi), where the demand function is assumed to be a kinked
demand defined by:

Di(y) =

{
2− 2yi + y−i, if yi ∈ [0, 1

3 ]
3
2 −

yi
2 + y−i, if yi ∈] 1

3 , 3].

The profit function fi is continuous on its domain. SinceD−fi(xi, · , y−i)(1/3) =
2xi + y−i + 2/3 and D+fi(xi, · , y−i)(1/3) = xi

2 + y−i + 7/6, fi(xi, · , y−i) is not
differentiable at yi = 1/3 for all xi 6= 1/3. Furthermore, it can be proven that
fi(xi, · , y−i) is strictly D–pseudoconcave (but not strictly concave for xi < 1/3)
and the function xi ∈ [0, 1] → D−fi(xi, · , y−i)(yi) is quasiincreasing on Xi.
Analogously, li( · , y−i) is strictly D–pseudoconcave, so li( · , y−i) is quasiconcave
on Yi by Theorem 3.5 in [8]. Therefore, the assumptions in Theorem 4.1 and
Proposition 4.1 are satisfied.
Note that we cannot apply results in [23] since the demand function is neither
differentiable nor strictly concave. �

Acknowledgements The authors would like to thank Prof. Marco Pagnozzi
for the helpful discussions.

References
[1] M. Avriel et al. Generalized concavity. Philadelphia: SIAM, 2010.

[2] A. Cellina. “Approximation of set valued functions and fixed point theo-
rems”. In: Ann. Mat. Pur. Appl. 82 (1969), pp. 17–24.

[3] M.C. Ceparano. “Nash equilibrium selection in multi-leader multi-follower
games with vertical separation”. PhD thesis. Università degli Studi di
Napoli Federico II, 2015.

[4] M.C. Ceparano and F. Quartieri. “Nash equilibrium uniqueness in nice
games with isotone best replies”. 2015. url: https://mpra.ub.uni-
muenchen.de/69010/.

[5] WE Diewert. “Alternative characterizations of six kinds of quasiconcavity
in the nondifferentiable case with applications to nonsmooth program-
ming”. In: Generalized concavity in optimization and economics. Ed. by
S Schaible and WT Ziemba. New York: Academic Press, 1981, pp. 51–93.

13

https://mpra.ub.uni-muenchen.de/69010/
https://mpra.ub.uni-muenchen.de/69010/


[6] J.X. Eguia et al. “Equilibrium selection in sequential games with imperfect
information”. 2014. url: http://papers.ssrn.com/sol3/papers.cfm?
abstract_id=2414500.

[7] A.V. Fiacco and J. Kyparisis. “Convexity and concavity properties of the
optimal value function in parametric nonlinear programming”. In: J. Op-
timiz. Theory App. 48 (1986), pp. 95–126.

[8] G. Giorgi and S. Komlósi. “Dini derivatives in optimization — part II”.
In: Decis. Econ. Finance 15 (1992), pp. 3–24.

[9] Julio González-Díaz and Miguel A Meléndez-Jiménez. “On the notion of
perfect bayesian equilibrium”. In: TOP 22 (2014), pp. 128–143.

[10] N. Hadjisavvas and S. Schaible. “Generalized monotone single valued maps”.
In: Encyclopedia of Optimization. Ed. by C.A. Floudas and P.M. Pardalos.
Springer Science & Business Media, 2009, pp. 1197–1202.

[11] B.F. Hobbs, C.B. Metzler, and J.-S. Pang. “Strategic gaming analysis for
electric power systems: An MPEC approach”. In: IEEE T. Power Syst. 15
(2000), pp. 638–645.

[12] M. Hu and M. Fukushima. “Existence, uniqueness, and computation of
robust Nash equilibria in a class of multi-leader-follower games”. In: SIAM
J. Optimiz. 23 (2013), pp. 894–916.

[13] M. Hu and M. Fukushima. “Multi-leader-follower games: models, methods
and applications”. In: J. Oper. Res. Soc. Jpn. 58 (2015), pp. 1–23.

[14] S. Kakutani. “A generalization of Brouwer’s fixed point theorem”. In: Duke
Math. J. 8 (1941), pp. 457–459.

[15] A.A. Kulkarni and U.V. Shanbhag. “A shared-constraint approach to
multi-leader multi-follower games”. In: Set–Valued Var. Anal. 22 (2014),
pp. 691–720.

[16] M.B. Lignola and J. Morgan. “Semi-continuities of marginal functions in
a sequential setting”. In: Optimization 24 (1992), pp. 241–252.

[17] P. Loridan and J. Morgan. “A theoretical approximation scheme for Stack-
elberg problems”. In: J. Optimiz. Theory App. 61 (1989), pp. 95–110.

[18] O.L. Mangasarian. “Pseudo-convex functions”. In: SIAM J. Control Serie
A 3 (1965), pp. 281–290.

[19] A. Mas-Colell, M. Whinston, and J. Green. Microeconomic theory. New
York, Oxford: Oxford University Press, 1995.

[20] J. Morgan. “Constrained well-posed two-level optimization problems”. In:
Nonsmooth Optimization and Related Topics (Erice, 1988). Vol. 43. Ettore
Majorana Internat. Sci. Ser. Phys. Sci. New York: Plenum, 1989, pp. 307–
325.

[21] Jacqueline Morgan and Vincenzo Scalzo. “Pseudocontinuous functions and
existence of Nash equilibria”. In: J Math Econ 43 (2007), pp. 174–183.

[22] J.F. Nash. “Equilibrium points in n-person games”. In: P. Natl. Acad. Sci.
USA 36 (1950), pp. 48–49.

[23] M. Pagnozzi and S. Piccolo. “Vertical separation with private contracts”.
In: Econ. J. 122 (2012), pp. 173–207.

14

http://papers.ssrn.com/sol3/papers.cfm?abstract_id=2414500
http://papers.ssrn.com/sol3/papers.cfm?abstract_id=2414500


[24] J.S. Pang and M. Fukushima. “Quasi-variational inequalities, generalized
Nash equilibria, and multi-leader-follower games”. In: Comput. Manag.
Sci. 2 (2005), pp. 21–56.

[25] R.T. Rockafellar. Convex analysis. Princeton: Princeton University Press,
1970.

[26] R.L. Schilling. Measures, integrals and martingales. Cambridge: Cam-
bridge University Press, 2005.

[27] R. Selten. “Spieltheoretische behandlung eines oligopolmodells mit nach-
frageträgheit: Teil i: Bestimmung des dynamischen preisgleichgewichts”.
In: J. Inst. Theor. Econ. (1965), pp. 301–324.

[28] H.D. Sherali. “A multiple leader Stackelberg model and analysis”. In: Oper.
Res. 32 (1984), pp. 390–404.

[29] K. Shimizu and Y. Ishizuka. “Optimality conditions and algorithms for pa-
rameter design problems with two–level structure”. In: IEEE T. Automat.
Contr. 30 (1985), pp. 986–993.

[30] K. Shimizu, Y. Ishizuka, and J.F. Bard. Nondifferentiable and two-level
mathematical programming. Boston: Kluwer Academic Publishers, 1997.

[31] DM Topkis. “Minimizing a submodular function on a lattice”. In: Oper res
26 (1978), pp. 305–321.

[32] Zhe Yang and Yan Ju. “Existence and generic stability of cooperative
equilibria for multi-leader-multi-follower games”. In: J. Global Optim. 65
(2016), pp. 563–573.

[33] J. Yu and HL Wang. “An existence theorem for equilibrium points for
multi-leader–follower games”. In:Nonlinear Anal.-Theor. 69 (2008), pp. 1775–
1777.

15


	Introduction
	Multi-leader-follower games with vertical information
	Equilibria under passive beliefs: definition and existence
	Reinforcement of the vertical information structure

