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processes. The setting under consideration is one where information acquisition and decision making are
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parties provide a check against abusive decisions although at the cost of information manipulation. Low
discretion introduces rigidity but allows the delegation of information acquisition to an unbiased agent who
ensures truthful reports. Which of these two “optimal combinations” is preferable is then shown to depend on the
probability of finding information when an agent searches. Our analysis sheds light on the stylized fact that Civil
Law systems are generally associated with inquisitorial procedures whereas Common Law systems are combined
with adversarial procedures.
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4 Lqwurgxfwlrq

D ghflvlrqdo surfhvv w|slfdoo| lqyroyhv wzr vwdjhv= lqirupdwlrq dftxlvlwlrq
dqg ghflvlrq0pdnlqj1 Lq wkh iruphu/ lqirupdwlrq rq wkh edvlv ri zklfk wkh
dydlodeoh dowhuqdwlyhv duh hydoxdwhg lv jdwkhuhg1 Lq wkh odwwhu/ rqh dowhuqd0
wlyh lv slfnhg1 H!flhqf| uhvxowv iurp wkh h{whqw wr zklfk wkh surv dqg frqv
ri hdfk dowhuqdwlyh duh pdgh fohdu dqg e| krz wkh ghflvlrq wdnhq uh hfwv
wkh lqirupdwlrq surgxfhg1 Lq wkh suhvhqfh ri dv|pphwulf lqirupdwlrq dqg
plvdoljqphqw lq lqfhqwlyhv ehwzhhq wkh sulqflsdo dqg wkh ghflvlrq0pdnhu
h!flhqf| pd| eh gl!fxow wr dfklhyh1 Rq wkh rqh kdqg/ zkhq djhqwv* frp0
shqvdwlrqv fdq rqo| eh pdgh frqwlqjhqw rq wkh ghflvlrq wdnhq dqg qrw rq
wkh lqirupdwlrq fuhdwhg/ wuxwkixo glvforvxuh pd| eh gl!fxow wr rewdlq1 Rq
wkh rwkhu/ zkhqhyhu wkh ghflvlrq0pdnhu*v suhihuhqfhv duh qrw revhuydeoh vxe0
rswlpdo ghflvlrqv duh olnho| wr rffxu1

Dowkrxjk wkhvh lvvxhv kdyh douhdg| ehhq dqdo|}hg lq d ydulhw| ri frqwh{wv/
pxfk ri wkh olwhudwxuh kdv irfxvhg rq rqh ru wkh rwkhu udwkhu wkdq h{dplqlqj
wkhp lq wdqghp1 Wkh remhfwlyh ri wklv sdshu lv wr lqyhvwljdwh krz wkhvh
wzr srwhqwldo vrxufhv ri lqh!flhqf| lqwhudfw zlwk hdfk rwkhu dqg krz wklv
lqwhudfwlrq d�hfwv lqwhuqdo rujdql}dwlrq ghvljq1

Wkh olwhudwxuh rq lqirupdwlrq dftxlvlwlrq dqg glvforvxuh +vhh Plojurp
dqg Urehuwv 4<;9/ Ghzdwulsrqw dqg Wluroh 4<<</ Sdoxper 5333/ Vklq 4<<;,
kdv fkdudfwhul}hg wkh rswlpdo rujdql}dwlrqdo vwuxfwxuh dw wkh lqirupdwlrq
dftxlvlwlrq vwdjh zkhq wkh ghflvlrq0pdnhu*v suhihuhqfhv duh shuihfwo| doljqhg
zlwk wkrvh ri wkh sulqflsdo1 Wklv olwhudwxuh suhglfwv wkdw wkh ghohjdwlrq ri
lqirupdwlrq dftxlvlwlrq wr wkh sduwlhv gluhfwo| d�hfwhg e| wkh ghflvlrq lv
lq jhqhudo pruh h!flhqw wkdq ghohjdwlrq wr dq lpsduwldo djhqw1 Lq wkhvh
dqdo|vhv wkh ghflvlrqdo vwdjh lv qrw h{solflwo| prghohg/ krzhyhu1 Vlqfh wkh
ghflvlrq wdnhq lv dozd|v rswlpdo frqglwlrqdo rq wkh lqirupdwlrq fuhdwhg dqg
glvforvhg/ wkh rswlpdo frqwudfw vlpso| frqvlvwv lq ghohjdwlqj doo wkh dxwkrulw|
wr wkh ehqhyrohqw ghflvlrq0pdnhu1 Lq frqwudvw/ wkh olwhudwxuh rq ghflvlrq0
pdnlqj kdv hpskdvl}hg wkdw li suhihuhqfhv duh qrw revhuydeoh wkh ghflvlrq0
pdnhu fdqqrw eh wuxvwhg wr lpsohphqw wkh jrdov ri wkh sulqflsdo1 Vxe0
rswlpdo ghflvlrqv pd| dulvh iru d qxpehu ri uhdvrqv= g|qdplf lqfrqvlvwhqf|
+h1j1 Nlgodqg dqg Suhvfrww/ 4<:: dqg Jloehuw dqg Qhzehu|/ 4<;;,/ lqwhuhvw
jurxsv* suhvvxuh +h1j1 Od�rqw dqg Wluroh/ 4<<4,/ plvdoljqphqw ri suhihuhqfhv
ehwzhhq wkh sulqflsdo dqg wkh ghflvlrq0pdnhu/ ru/ pruh vlpso|/ wkh idfw wkdw
wkh ghflvlrq0pdnhu odfnv wkh delolw| wr frpsxwh wkh rswlpdo srolf|1 Prvw ri
wklv olwhudwxuh frqfhqwudwhv rq krz frqwudfwv vkrxog eh ghvljqhg wr suhyhqw
rssruwxqlvwlf ehkdylru rq wkh sduw ri wkh ghflvlrq0pdnhu1 Wkh surfhvv e|
zklfk lqirupdwlrq lv fuhdwhg dqg glvforvhg lv jhqhudoo| wuhdwhg dv h{rjhqrxv1
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Wklv sdshu lv dq dwwhpsw wr eulgjh wkhvh wzr vwudqgv ri wkh olwhudwxuh e|
orrnlqj dw wkh uhodwlrqvkls ehwzhhq uxoh0pdnlqj/ l1h1 krz wkh ghflvlrqdo uxohv
duh ghvljqhg/ dqg wkh ghohjdwlrq ri lqirupdwlrq dftxlvlwlrq/ l1h1 zkr vkrxog
surylgh wkh qhfhvvdu| lqirupdwlrq1 Wkh pdlq frqwulexwlrq lv wr vkrz wkdw
lqirupdwlrq dftxlvlwlrq dqg ghflvlrq pdnlqj duh lqwulqvlfdoo| uhodwhg dqg
khqfh wkh fkrlfh ri wkh rswlpdo rujdql}dwlrqdo vwuxfwxuh dw wkh lqirupdwlrq
dftxlvlwlrq ohyho ghshqgv rq krz wkh ghflvlrq uxohv duh ghvljqhg1 Wkh nh|
wr wklv uhodwlrqvkls lv wkh ghjuhh ri glvfuhwlrq frqfhghg wr wkh ghflvlrq0
pdnhu1 Zkhq wkh odwwhu lv judqwhg kljk glvfuhwlrq/ lqirupdwlrq dftxlvlwlrq
lv rswlpdoo| ghohjdwhg wr wkh sduwlhv lqyroyhg lq wkh ghflvlrq1 Frqyhuvho|/
zkhq wkh ghflvlrq0pdnhu hqmr|v olwwoh glvfuhwlrq/ lw lv pruh ghvludeoh wr uho|
rq d wklug qhxwudo djhqw1

Zh ghyhors d prgho lq zklfk d sulqflsdo ghohjdwhv wr d ghflvlrq0pdnhu
wkh wdvn ri wdnlqj d ghflvlrq dqg wr rqh ru pruh gl�huhqw djhqwv wkh wdvn
ri surylglqj wkh qhfhvvdu| lqirupdwlrq1 Ghohjdwlrq pd| rffxu ehfdxvh wkh
sulqflsdo odfnv wkh nqrzohgjh dqg h{shuwlvh wr hydoxdwh wkh dydlodeoh do0
whuqdwlyhv ru vlpso| ehfdxvh wkh sulqflsdo lv d glvshuvhg jurxs xqdeoh wr
frruglqdwh rq d vshfl�f ghflvlrq1 Wkh sulqflsdo*v suhihuhqfhv ryhu ghflvlrqv
ghshqg rq wkh uhdol}dwlrq ri wkh vwdwh ri wkh zruog1 Fuxfldo lq rxu prgho lv
wkh dvvxpswlrq wkdw vwdwhv duh vr qxphurxv wkdw wkh wdvn ri yhuli|lqj h{0srvw
zklfk uhdol}dwlrq kdv rffxuuhg ehfrphv surklelwlyho| frvwo|1 Lq wklv frqwh{w/
frqwudfwv wkdw vshfli| d ghflvlrq iru hdfk srvvleoh vwdwh dqg d sxqlvkphqw
lq fdvh ri ghyldwlrq fdqqrw eh hqirufhg1 Wkxv/ wkh ghflvlrq0pdnhu dftxluhv
wkh srvvlelolw| wr wdnh duelwudu| ghflvlrqv wkdw duh gl!fxow wr frqwuro1

Zh frpsduh wzr lqvwuxphqwv wkdw wkh sulqflsdo fdq xvh wr lq xhqfh
wkh ghflvlrq0pdnhu*v ehkdylru1 Rqh lv wr sxw olplwv rq wkh ghflvlrq0pdnhu*v
glvfuhwlrq e| vhwwlqj d uhvwulfwlyh ghflvlrq uxoh +�frqwuro iurp deryh�,/ wkh
rwkhu lv wr ghohjdwh wkh vxshuylvru| uroh wr wkh sduwlhv d�hfwhg e| wkh ghfl0
vlrq +�frqwuro iurp ehorz�,1 D uhvwulfwlyh uxoh lv d ghflvlrq uxoh wkdw grhv
qrw glvfulplqdwh ehwzhhq gl�huhqw vwdwhv zkhuhdv wkh �uvw ehvw uxoh grhv1
Fohduo|/ frqglwlrqlqj rq vxevhwv ri wkh vwdwh vsdfh udwkhu wkdq rq vlqjoh
vwdwhv orzhuv wkh frvw ri h{0srvw yhul�fdwlrq dqg doorzv wkh sulqflsdo wr yhu0
li| zkhwkhu wkh fruuhfw ghflvlrq kdv ehhq lpsohphqwhg1 Wkh gudzedfn ri
wklv vroxwlrq lv wkh orvv ri  h{lelolw| wkdw lv lqkhuhqw wr wkh xvh ri d uljlg
uxoh1 Wkh sulqflsdo fdq dyrlg wklv orvv li kh dvvljqv wkh prqlwrulqj wdvn
wr wkh sduwlhv gluhfwo| d�hfwhg e| wkh ghflvlrq1 Lq ylhz ri wkh frq lfw ri
lqwhuhvw/ wkhuh zloo dozd|v eh rqh sduw| wr eorz wkh zklvwoh lq wkh fdvh ri dq
dexvlyh ghflvlrq14 Wkh frvw ri uho|lqj rq sduwlhv* prqlwrulqj frphv iurp wkh

4Wkh lghd wkdw wkh fuhdwlrq ri d frq lfw ri lqwhuhvwv sod|v dq lpsruwdqw uroh lq wkh sur0
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srvvlelolw| ri lqirupdwlrq pdqlsxodwlrq1 Wr pdnh vxuh wkdw wkh sduwlhv fdq
h�hfwlyho| prqlwru wkh ghflvlrq0pdnhu/ wkh sulqflsdo pxvw jlyh wkhp dffhvv
wr wkh qhfhvvdu| lqirupdwlrq1 Wklv lpsolhv ghohjdwlqj wr wkhp wkh uhvsrq0
vlelolw| ri surgxflqj wkh lqirupdwlrq1 Vxfk ghohjdwlrq lv qrw zlwkrxw frvw=
wkh vhoi0lqwhuhvwhg sduwlhv zloo klgh hylghqfh wkdw lv qrw idyrudeoh wr wkhlu
fdxvh1

Lq wkh oljkw ri wklv glvfxvvlrq/ wkh uhodwlrqvkls ehwzhhq uxoh0pdnlqj dqg
ghohjdwlrq ri lqirupdwlrq dftxlvlwlrq vkrxog eh dssduhqw1 Li wkh sulqflsdo
fkrrvhv dq h{rjhqrxv v|vwhp ri frqwuro wkurxjk vxshulru uhylhzv/ lqirupd0
wlrq dftxlvlwlrq lv rswlpdoo| ghohjdwhg wr d qrq0sduwlvdq djhqw1 Wkh odwwhu
kdv qr lqfhqwlyhv wr pdqlsxodwh wkh lqirupdwlrq dqg wkxv dozd|v uhsruwv
wuxwkixoo| wr wkh ghflvlrq0pdnhu1 Lqvwhdg/ li wkh sulqflsdo fkrrvhv dq hq0
grjhqrxv v|vwhp ri dsshdov wuljjhuhg e| wkh sduwlhv lqyroyhg lq wkh ghflvlrq/
lqirupdwlrq dftxlvlwlrq pxvw eh ghohjdwhg wr wkhp/ dowkrxjk dw wkh frvw ri
pdqlsxodwlrq1

Lq vhfwlrq 9 zh frpsduh wkh wzr h!flhqw frpelqdwlrqv +uhvwulfwlyh uxoh
dqg qhxwudo lqirupdwlrq froohfwru ru glvfuhwlrqdo uxoh dqg eldvhg lqirupdwlrq
froohfwruv, dqg vkrz wkdw hlwkhu fdq eh rswlpdo ghshqglqj rq wkh suredelolw|
ri glvfryhulqj lqirupdwlrq zkhq dq djhqw lqyhvwljdwhv1 Zkhq wklv suredelolw|
lv vx!flhqwo| kljk/ wkh sulqflsdo dvvljqv wr wkh sduwlhv wkh wdvn ri dftxlulqj
lqirupdwlrq/ iru lq wklv fdvh wkh frvw ri pdqlsxodwlrq lv qhjoljleoh1 Frqvh0
txhqwo|/ kh vhwv d pruh glvfuhwlrqdo uxoh1 Frqyhuvho|/ zkhq wkh suredelolw|
ri glvfryhulqj lqirupdwlrq lv vpdoo/ wkh orvv gxh wr pdqlsxodwlrq lv odujh1
Dv d uhvxow/ wkh sulqflsdo lv ehwwhu0r� lq ghohjdwlqj wkh wdvn ri dftxlulqj
lqirupdwlrq wr d qhxwudo djhqw dqg/ frqvhtxhqwo|/ lq uhvruwlqj wr d pruh
uhvwulfwlyh ghflvlrq uxoh1

Wkhvh uhvxowv duh ghulyhg xqghu wkh dvvxpswlrq wkdw h�ruw lv revhuydeoh
dqg wkhuhiruh wkh frvw ri dftxlulqj lqirupdwlrq lv wkh vdph xqghu erwk vwuxf0
wxuhv1 Vhfwlrq : h{whqgv wkh edvlf prgho wr doorz iru qrq0revhuydeoh h�ruw1
Zh �qg wkdw wkh suredelolw| ri glvfryhulqj lqirupdwlrq dovr sod|v d pdmru
uroh lq h{sodlqlqj wkh gl�huhqfhv lq wkh uhqwv sdlg wr wkh djhqwv xqghu gl�hu0
hqw vwuxfwxuhv1 Wr frpsxwh wkhvh uhqwv/ zh irfxv rq wzr h{wuhph fdvhv= wkh
fdvh lq zklfk wkh suredelolw| ri glvfryhulqj lqirupdwlrq dssurdfkhv rqh dqg
wkh fdvh lq zklfk lw htxdov rqh0kdoi1 Lq wkh �uvw fdvh/ lqirupdwlrq0jdwkhulqj
lv dozd|v pruh h{shqvlyh zlwk wzr djhqwv/ iru kdylqj wzr djhqwv lqyroyhv
d zdvwhixo gxsolfdwlrq ri h�ruw1 Lq wkh vhfrqg fdvh/ frvwv duh kljkhu zlwk
d vlqjoh djhqw1 Frpsdulqj wkhvh uhvxowv zlwk wkrvh rewdlqhg suhylrxvo|/ zh

ylvlrq ri lqfhqwlyhv zdv �uvw hpskdvl}hg e| PfFxeelqv dqg Vfkzduwv +4<;;, dqg ixuwkhu
ghyhorshg e| Od�rqw dqg Wluroh +4<<3,1
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frqfoxgh wkdw/ xqghu erwk vwuxfwxuhv/ wkhuh lv d wudgh0r� ehwzhhq shuiru0
pdqfh lq whupv ri h!flhqf| ri wkh ghflvlrq dqg shuirupdqfh lq whupv ri
frvwv= kljk h!flhqf| fruuhvsrqgv wr kljk frvwv/ zkhuhdv orz h!flhqf| lv
dvvrfldwhg zlwk orz frvwv1 Dowkrxjk zh gr qrw fkdudfwhul}h wkh rswlpdo
vroxwlrq wr wklv wudgh0r�/ zh vkrz wkdw wkh suhvhqfh ri lqirupdwlrqdo uhqwv
lq jhqhudo grhv qrw d�hfw wkh h{lvwhqfh ri dq rswlpdo uhodwlrqvkls ehwzhhq
uxoh0pdnlqj dqg wkh ghohjdwlrq ri lqirupdwlrq dftxlvlwlrq1

Rxu dssurdfk vkhgv oljkwv rq d qxpehu ri lvvxhv uhodwhg wr lqvwlwxwlrq
ghvljq dqg fdq eh dssolhg wr doo vlwxdwlrqv wkdw lqyroyh wkh ghvljq ri h!flhqw
surfhgxuhv iru ghflvlrqdo sxusrvhv1 H{dpsohv lqfoxgh frpsdudwlyh dqdo|vlv
ri ohjdo dqg mxglfldo v|vwhpv/ dqwl0wuxvw uhjxodwlrq ru dlg sodqv wr srru dqg
ghyhorslqj frxqwulhv1 Iru h{srvlwlrqdo vlpsolflw|/ wkh sdshu frqfhqwudwhv
rqo| rq wkh frpsdudwlyh dqdo|vlv ri ohjdo dqg mxglfldo v|vwhpv1 Krzhyhu/ d
eulhi glvfxvvlrq ri wkhvh dowhuqdwlyh dssolfdwlrqv lv r�huhg lq wkh frqfoxvlrq1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh nh| ihdwxuhv ri
wkh pdlq ohjdo dqg mxglfldo v|vwhpv duh eulh | ghvfulehg lq wkh qh{w vhfwlrq1
Vhfwlrq 6 suhvhqwv wkh prgho1 Vhfwlrq 7 irupdol}hv wkh pdlq gl�huhqfhv eh0
wzhhq Flylo dqg Frpprq Odz zkloh vhfwlrq 8 dqdo|}hv wkh surfhvv e| zklfk
lqirupdwlrq lv surgxfhg dqg glvforvhg1 Wkh uhodwlrqvkls ehwzhhq ghflvlrq
uxohv dqg wkh ghohjdwlrq ri hylghqfh dftxlvlwlrq lv glvfxvvhg lq vhfwlrq 91
Lq vhfwlrq : zh yhuli| wkh urexvwqhvv ri wkh uhvxowv wr wkh lqwurgxfwlrq ri
xqrevhuydeoh h�ruw1 Zh frqfoxgh lq vhfwlrq ; dqg < zlwk dq ryhuylhz ri wkh
uhodwhg olwhudwxuh dqg d eulhi glvfxvvlrq ri wkh uhvxowv1

5 Frpsdudwlyh ohjdo v|vwhpv

Wkh ohjdo v|vwhp frqwdlqv wkh erg| ri uxohv wkdw doorfdwhv dxwkrulw| zlwklq
wkh mxglfldu| dqg gh�qhv wkh ghjuhh ri glvfuhwlrq judqwhg wr wkh mxgjhv dv
zhoo dv wkh surfhgxuhv wkh| duh uhtxluhg wr iroorz1 Wkh mxglfldo v|vwhp
uhjxodwhv wkh surfhvv ri dftxlvlwlrq dqg glvforvxuh ri hylghqfh dw wuldo1

Wkh wzr prvw zlgho| dgrswhg ohjdo v|vwhpv duh wkrvh ri Flylo Odz dqg
wkh Frpprq Odz1 Wkh iruphu/ zklfk lv d ghulydwlrq ri Dqflhqw Urpdq Odz/
lv w|slfdoo| revhuyhg lq Hxurshdq frqwlqhqwdo frxqwulhv/ zkhuhdv wkh odwwhu
lv pruh gl�xvh lq wkh Dqjor0Vd{rq zruog1 Xqghuo|lqj wkh Flylo Odz v|vwhp
lv wkh juhdw lpsruwdqfh jlyhq wr wkh �fhuwdlqw| ri ghflvlrq0pdnlqj�/ zklfk
lv jxdudqwhhg e| d v|vwhpdwlf rujdql}dwlrq ri wkh odz lqwr d frgh zkrvh sur0
ylvlrqv wkh frxuwv vkrxog dgplqlvwhu zlwkrxw srzhu ri dphqgphqw1 R!fldo
glvfuhwlrq lv vhhq dv qhjdwlyh dqg kdupixo1 Wkh frgh lv ylhzhg dv frpsohwh
dqg wr vxsso| d vroxwlrq iru dq| ohjdo sureohp wkdw pd| dulvh1 Krzhyhu/ wkh
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gl!fxow| ri zulwlqj dq rpql0frpsuhkhqvlyh olvw ri surylvlrqv kdv ohg wr d
iudph ri jhqhudo sulqflsohv dqg wr wkh frqfoxvlrq wkdw zkhqhyhu wkh frqvlg0
hudwlrq ri lqglylgxdol}hg flufxpvwdqfhv suhyhqwv wkh frqyhuvlrq ri wkh edvhv
ri wkh sduwlfxodu ghflvlrq lqwr d jhqhudo irupxod/ wkhvh frqvlghudwlrqv vkrxog
eh iruhjrqh1 Lq frqwudvw/ wkh Frpprq Odz v|vwhp dlpv wr uhdfk wkh ghfl0
vlrq prvw dssursuldwh wr wkh vshfl�f flufxpvwdqfhv ri hdfk fdvh1 Dowkrxjk
fhuwdlqw| ri ghflvlrq pdnlqj lv uhfrjql}hg dv dq lpsruwdqw ydoxh/ �qglqj
wkh ehvw vroxwlrq iru hdfk sduwlfxodu fdvh lv frqvlghuhg wr eh wkh prvw lp0
sruwdqw wdvn1 Dv wkh suhihuhqfh iru d fdvh0e|0fdvh uxoh lv lqfrqvlvwhqw zlwk
wkh h{lvwhqfh ri suhghwhuplqhg dqg elqglqj sulqflsohv/ ghflvlrqv duh wdnhq
e| frpsdulvrqv ri wkh fdvh lq lvvxh zlwk sulru fdvhv +wkh sulqflsoh ri vwduh
ghflvlv,1

Wkh wzr prvw zlgho| dgrswhg mxglfldo surfhgxuhv duh wkh dgyhuvduldo dqg
wkh lqtxlvlwruldo w|shv1 Lq wkh odwwhu/ wkh wuldo lv frqfhlyhg dv dq r!fldo lq0
txhvw frqgxfwhg e| dq lqyhvwljdwlqj mxgjh zkr lv vxssrvhg wr eh lpsduwldo
dqg pxvw orrn iru hylghqfh erwk djdlqvw dqg lq idyru ri wkh dffxvhg1 E|
frqwudvw/ lq wkh dgyhuvduldo surfhgxuh wkh surfhhglqj lv grplqdwhg e| wkh
wzr sduwlhv 0 survhfxwru dqg ghihqvh dwwruqh|0 dqg hylghqfh lv dggxfhg elodw0
hudoo| wkurxjk gluhfw dqg furvv0h{dplqdwlrq1 Wkh wuldo xqirogv dv d glvsxwh
ehwzhhq wzr frpshwlqj sduwlhv/ zkrvh rqo| jrdo lv wr zlq wkh fdvh1

Lw lv ri lqwhuhvw wkdw wkh vdph frpelqdwlrq ri ohjdo dqg mxglfldo v|vwhp
lv revhuyhg lq qhduo| doo wkh frxqwulhv1 Lq sduwlfxodu/ Flylo Odz v|vwhpv duh
jhqhudoo| dvvrfldwhg zlwk lqtxlvlwruldo surfhgxuhv zkhuhdv Frpprq Odz
v|vwhpv duh riwhq frpelqhg zlwk dgyhuvduldo surfhgxuhv1 Wklv sdshu lv dq
dwwhpsw wr surylgh d wkhruhwlfdo mxvwl�fdwlrq iru wklv vw|ol}hg idfw1

6 Wkh prgho

Zh frqvlghu d wkuhh0wlhu klhudufk|= irxqghu2mxgjh2hylghqfh froohfwru+v,1 Dw
wkh frqvwlwxwlrqdo vwdjh wkh irxqghu fkrrvhv ehwzhhq wzr ohjdo v|vwhpv= Flylo
Odz dqg Frpprq Odz dqg wzr mxglfldo surfhgxuhv= lqtxlvlwruldo dqg dg0
yhuvduldo1 Wkh ohjdo v|vwhp gh�qhv wkh frqwudfw r�huhg wr wkh mxgjh1 D
frqwudfw vshfl�hv d ghflvlrqdo uxoh dqg d wudqvihu1 Wkh mxglfldo v|vwhp hv0
wdeolvkhv zkr lv uhvsrqvleoh iru froohfwlqj dqg suhvhqwlqj hylghqfh dw wuldo
dqg wkh uhzdugv iru wkh djhqw+v,1

� Vwdwh vsdfh= Ohw V ghqrwh wkh vhw ri srvvleoh vwdwhv1 D vwdwh v 5 V

gh�qhv doo wkh flufxpvwdqfhv ri d fdvh1 D vwdwh fdq eh ghvfulehg e| d vhw
ri uxohv +d fdxvdolw| uhodwlrqvkls ehwzhhq wkh hyhqw xqghu mxgjphqw dqg wkh
dfwlrq wdnhq e| wkh dffxvhg/ d sursruwlrqdolw| uxoh ehwzhhq wkh zhdsrqv xvhg
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e| wkh dffxvhg dqg wkh ylfwlp, dqg2ru e| vshfl�hg hyhqwv1 Zh dvvxph wkdw
V @ V��V2 zkhuh V� @ iv

�
> v

C
> v

U
j dqg doo hohphqwv ri V� duh htxdoo| olnho|1

Vlploduo|/ V2 @ i�j zkhuh � lv d udqgrp yduldeoh xqlirupo| glvwulexwhg rq
wkh xqlw lqwhuydo1 Wklv fkdudfwhul}dwlrq ri wkh vwdwh vsdfh lpsolhv wkdw zh
kdyh d frqwlqxxp ri srvvleoh vwdwhv hdfk gh�qhg e| d jlyhq frpelqdwlrq ri
wkh hylghqfh dydlodeoh rq V� dqg V2 1

Wkh sulqflsdo*v suhihuhqfhv ryhu wkh srvvleoh ghflvlrqv ghshqg rq wkh
uhdol}dwlrq ri wkh vwdwh ri wkh zruog1 Dvvxplqj wkdw ghflvlrqv duh lghqwl�hg
zlwk vhqwhqfhv/ wkh sulqflsdo*v suhihuuhg rxwfrphv duh gh�qhg dv iroorzv=

gW+v
C
> �, @ J>;� +4,

gW+v
U
> �, @ L>;� +5,

gW+v
�
> �, @ g+�, +6,

zkhuh J vwdqgv iru �jxlow|�/ L vwdqgv iru �lqqrfhqw� dqg g+�, lqfoxghv doo
srvvleoh vhqwhqfhv ehwzhhq jxlow| dqg lqqrfhqw1 Zh dvvxph wkdw wkh kljkhu
wkh ydoxh ri �> wkh pruh hylghqfh wkhuh lv djdlqvw wkh dffxvhg1 Khqfh/ � @ 4
phdqv wkdw wkh hylghqfh rq V2 lv doo djdlqvw wkh dffxvhg zkhuhdv � @ 3
phdqv wkdw lw lv doo lq idyru1 Ilqdoo|/ zh dvvxph wkdw gW+v

�
> 3, @ L . % dqg

gW+v
�
> 4, @ J� %/ iru dq duelwudulo| vpdoo % A 31 H{suhvvlrqv 4 wr 6 fdq eh

wkrxjkw ri dv wkh �exughq ri wkh surri� vhw e| wkh sulqflsdo dffruglqj wr klv
suhihuhqfhv1 H{suhvvlrq 4 vd|v wkdw wkh dffxvhg lv jxlow| zkhq wkh flufxp0
vwdqfhv zklfk kdyh rffxuuhg duh wkrvh ghvfulehg lq v

C
= Vlploduo|/ h{suhvvlrq

5 vd|v wkdw kh lv vxuho| lqqrfhqw zkhq wkh flufxpvwdqfhv duh wkrvh gh�qhg
e| v

U
1 Vwdwh v

�
lv wr eh lqwhusuhwhg dv d uhvlgxdo vwdwh zklfk rffxuv zkhq

hylghqfh lv lqvx!flhqw wr lghqwli| hlwkhu jxlow ru lqqrfhqfh1 Khqfh/ ohduqlqj
v
�
lv htxlydohqw wr ohduqlqj qrwklqj rq V� = Lq wklv fdvh wkh ghflvlrq0pdnhu

kdv wr uho| rq � 5 V2 zklfk uhihuv wr rwkhu flufxpvwdqfhv qrw vshfl�hg lq vC
ru v

U
1

� Sulqflsdo*v suhihuhqfhv1 Wkh sulqflsdo plqlpl}hv wkh orvv ri wdnlqj
d zurqj ghflvlrq1 Wklv lv gh�qhg dv wkh Hxfolghdq glvwdqfh ehwzhhq wkh
ghflvlrq wdnhq g dqg wkh fruuhfw ghflvlrq gW

o+v� > �, @ +g� gW,2 +7,

� Mxgjh*v suhihuhqfhv= Wkh mxgjh*v suhihuhqfhv ryhu ghflvlrqv duh lqgh0
shqghqw ri wkh vwdwh ri wkh zruog1 Wkhuhiruh/ hlwkhu kh lv ixoo| ehqhyrohqw
dqg zloolqj wr lpsohphqw zkdwhyhu ghflvlrq uxoh lv lpsrvhg rq klp ru kh
lv eldvhg wrzdugv d fdxvh dqg vr zdqwv wr wdnh klv suhihuuhg ghflvlrq lqgh0
shqghqwo| ri wkh dydlodeoh lqirupdwlrq1 Wkh whup �eldvhg� lv khuh xvhg lq d
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yhu| eurdg vhqvh1 Eldv pd| eh gxh wr fruuxswlrq/ wr srolwlfdo ru lghrorjlfdo
srvlwlrqv/ wr vrfldo suhvvxuh ru wr phuh lqfrpshwhqf|1 Ohw � 5 ^3> 4` ghqrwh
wkh suredelolw| ri hqfrxqwhulqj d eldvhg mxgjh1 Zlwkrxw orvv ri jhqhudolw|
zh dvvxph wkdw d eldvhg mxgjh dozd|v suhihuv g @ J wr dq| rwkhu rxwfrph1
Wkh mxgjh lv ulvn qhxwudo dqg uhfhlyhv lqfrph w iurp wkh Vwdwh1 Zh dvvxph
wkdw w lv uhfhlyhg li dqg rqo| li lw lv qrw suryhg wkdw wkh mxgjh kdv ylrodwhg
wkh ghflvlrq uxoh vhw lq wkh Frqvwlwxwlrq1 Li wkh mxgjh lv fdxjkw ylrodwlqj
kh lv sxqlvkhg dqg wkh rswlpdo ghflvlrq lv lpsohphqwhg1 Olplwhg oldelolw|
olplwv wklv sxqlvkphqw wr }hur lqfrph +w @ 3,1 Iru wkh vdnh ri vlpsolflw| zh
dvvxph wkdw wkh lqfrph uhfhlyhg lq wkh devhqfh ri hylghqfh ri plvehkdylru
lv �{hg dw w e| wkh Frqvwlwxwlrq1

7 Ghflvlrq Uxohv= Flylo Odz yv Frpprq Odz

Lq wklv vhfwlrq zh dqdo|}h wkh ehqfkpdun lq zklfk wkh mxgjh lv ixoo| lqiruphg
derxw zklfk vwdwh kdv rffxuuhg1 Wkh sulqflsdo*v sureohp wkhq rqo| dprxqwv
wr jlylqj wkh mxgjh dssursuldwh lqfhqwlyhv wr lqgxfh klp wr wdnh wkh fruuhfw
ghflvlrq1 Rqh zd| wr hqvxuh wklv lv e| pdnlqj hdfk ghflvlrq vxemhfw wr uhylhz
dqg uhfrqvlghudwlrq e| d vxshulru +dqg srvvleo| xqeldvhg, frxuw ehiruh lw lv
hqirufhg1 Vxshulru uhylhzv duh ydoxdeoh exw pd| eh wrr frvwo| wr lpsohphqw
zkhq vwdwhv duh gl!fxow wr ghvfuleh1 Wkh vl}h ri wklv frvw lv ghwhuplqhg e|
wkh w|sh ri ghflvlrq uxoh dgrswhg1 Zlwk d frqvwdqw uxoh/ l1h1 d uxoh dvvr0
fldwlqj wkh vdph ghflvlrq wr doo srvvleoh vwdwhv/ vxshulru uhylhzv frvw }hur/
zkhuhdv zlwk d ixoo| vwdwh0frqwlqjhqw uxoh wkh frvw ri uhylhzlqj wkh mxgjh*v
ghflvlrqv ehfrphv surklelwlyho| kljk1 Lq jhqhudo/ wkh frvw lqfuhdvhv dv �qhu
sduwlwlrqv ri wkh vwdwh vsdfh duh frqvlghuhg1 D gl�huhqw zd| ri orrnlqj dw
wklv lv e| lqyrnlqj vrph irup ri frqwudfwxdo lqfrpsohwhqhvv1 Wkh olwhudwxuh
jhqhudoo| uhfrjql}hv wkuhh fdxvhv ri lqfrpsohwhqhvv= xqiruhvhhq frqwlqjhq0
flhv/ frvwv ri zulwlqj wkh frqwudfw/ dqg hqirufhphqw frvwv1 Dvvxph wkdw wkh
frvwv ri zulwlqj wkh frqwudfw dqg wkh frvwv ri yhuli|lqj wkh fruuhfwqhvv ri
wkh mxgjh*v ghflvlrqv frlqflgh1 Wkhq rxu prgho fdq eh ylhzhg dv ghvfulelqj
d vlwxdwlrq lq zklfk frqwlqjhqflhv duh shuihfwo| iruhvhhdeoh exw vr qxphu0
rxv wkdw lw lv wrr frvwo| wr ghvfuleh wkhp lq wkh frqwudfw1 Lq wklv frqwh{w/
wkh rswlpdo ghflvlrq uxoh wudghv0r� wkh dgydqwdjhv ri pruh �frpsohwhqhvv�
djdlqvw wkh kljkhu zulwlqj frvwv1

Dowkrxjk wklv lv d zhoo gh�qhg sureohp/ wkh vroxwlrq lv qrw wulyldo1 Dv
hpskdvl}hg e| Wluroh +4<<</ ss1::5,/ wkh pdlq gl!fxow| vwhpv iurp wkh idfw
wkdw �zkloh wkhuh lv qr dujxlqj wkdw zulwlqj grzq ghwdlohg frqwudfwv lv yhu|
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frvwo|/ zh kdyh qr jrrg sdudgljp lq zklfk wr dssuhkhqg vxfk frvwv�15 Pruh
vshfl�fdoo|/ d vroxwlrq wr wklv sureohp uhvwv rq vshfli|lqj d frvw ixqfwlrq
wkdw pdsv wkh vhw ri doo srvvleoh sduwlwlrq ri wkh vwdwh vsdfh lqwr wkh frvw ri
zulwlqj wkh frqwudfw1 Vxfk wdvn lv eh|rqg wkh vfrsh ri wkh sdshu1 Wkhuhiruh/
zh vlpsoli| wklqjv e| dvvxplqj wkdw wkh frvw ixqfwlrq fdq wdnh rqo| wzr
ydoxhv=

Dvvxpswlrq 4= Li wkh ghflvlrq uxoh lv rqo| frqwlqjhqw rq V� wkh frvw ri zulwlqj
wkh frqwudfw lv }hur1 Li wkh ghflvlrq uxoh lv frqwlqjhqw rq V� dqg V2 wkh frvw
ri zulwlqj wkh frqwudfw lv lq�qlwh1

Dowkrxjk zh uhfrjql}h wkdw wklv lv dq ryhu0vlpsol�fdwlrq/ zh eholhyh wkdw
lw fdswxuhv wkh lghd wkdw frqwudfwv duh frvwo| wr zulwh dqg wkhuhiruh vrph
nlqg ri lqfrpsohwhqhvv dulvhv1 Xqghu dvvxpswlrq 4/ vxshulru frqwuro ryhu
wkh mxgjh lv srvvleoh rqo| li wkh sulqflsdo vhwv d ghflvlrq uxoh zklfk lv rqo|
frqwlqjhqw rq V� 1 Wklv lpsolhv wkdw iru hyhu| � 5 ^3> 4`=

eg+v
C
> �, @ J +8,

eg+v
U
> �, @ L +9,

eg+v
�
> �, @ O +:,

zkhuh/ jlyhq +7,/ O ghqrwhv gW+v
�
>H+�,, dqg H+�, @ �

2 1 Wklv ghflvlrq uxoh
hqdeohv wkh sulqflsdo wr yhuli| wkh rswlpdolw| ri wkh mxgjh*v ghflvlrq dw qr
frvw1 Wkh gudzedfn lv wkdw wkh sulqflsdo glvuhjdugv vrph dydlodeoh lqiru0
pdwlrq wkdw/ li wdnhq lqwr dffrxqw/ zrxog doorz klp wr dfklhyh d ehwwhu
ghflvlrq1 Zh fdoo wklv lqh!flhqf| �orvv ri uxohv� dqg ghqrwh lw e| o

-
1 Xqghu

ixoo lqirupdwlrq/ o
-
lv=

o
-
@

4

6
H
w
+O� g+�,,2 @

4

6

] �

f
+O� g+�,,2g� +;,

Lw lv zruwk hpskdvl}lqj wkdw wklv ghflvlrq uxoh lv frqvlvwhqw zlwk wkh
vslulw ri wkh Flylo Odz v|vwhp/ zkhuh odzv wdnh wkh irup ri yhu| jhqhudo
sursrvlwlrqv v|vwhpdwlfdoo| rujdql}hg lqwr d Frgh1 Wkh nlqg ri ehkdylru
zklfk lv h{shfwhg iurp d flylo odz mxgjh lv zhoo ghvfulehg e| Gdpdvnd +4<:8/
ss17<:,=

5Edwwljdool dqg Pdjjl +4<<<, kdyh pdgh dq lpsruwdqw dwwhpsw wr h{solflwlo| prgho
zulwlqj frvw1 Xqghu uhodwlyho| vwurqj dvvxpswlrqv wkh dxwkruv vkrz wkdw wkh rswlpdo
frqwudfw lv vxfk wkdw wkh prvw lpsruwdqw ghflvlrqv duh uhjxodwhg e| frqwlqjhqw fodxvhv/
ohvv lpsruwdqw ghflvlrqv duh uhjxodwhg e| �uljlg uxohv� ri wkh w|sh dqdo|}hg lq rxu sdshu
dqg wkh ohdvw lpsruwdqw ghflvlrqv duh ohiw wr wkh djhqw*v glvfuhwlrq1 Wkh dssurdfk xvhg e|
Edwwljdool dqg Pdjjl lv/ krzhyhu/ yhu| gl�huhqw iurp wkh rqh xvhg khuh1
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�zkdw d ^flylo odz` mxgjh lv orrnlqj iru lq wkh vroxwlrq ri wkh fdvh
lv d jhqhudo ohjdo sursrvlwlrq wkdw zloo fryhu wkh fdvh ehiruh klp1
Wkh vshfl�f idfwv ri wkh ghflghg fdvh zloo vhogrp lqwhuhvwv klp>
lqghhg wkh| frqvwlwxwh d uhjuhwwdeoh glvwudfwlrq iurp klv surshu
exvlqhvv ri �qglqj d suhflvho| duwlfxodwhg vwdqgdug�1

Wkh uhvruw wr jhqhudo surylvlrqv lv suhflvho| zkdw hqdeohv vxshulru frqwuro
ryhu wkh mxgjh1 Pruhryhu/ wkh lghd wkdw flylo odz mxgjhv vkrxog eh frqwuroohg
�iurp deryh� lv dovr uh hfwhg lq wkh qrupv wkdw hohydwh �wkh uljkw ri dsshdo�
wr wkh frqvwlwxwlrqdo ohyho dqg pdnh wkh dsshoodwh surfhvv yhu| lqh{shqvlyh
dqg qrw ulvn| iru wkh sduwlhv16

Wkh Frpprq Odz v|vwhp lv yhu| gl�huhqw1 Khuh juhdw zhljkw lv sxw
rq sduwlfxodul}hg mxvwlfh dqg rq wkh sulqflsoh wkdw voljkwo| gl�huhqw fdvhv
vkrxog eh ghflghg gl�huhqwo|1 Vlqfh lw zrxog eh lpsrvvleoh wr hqfrpsdvv doo
wkh vshfl�flwlhv ri hdfk fdvh lq d vlqjoh zulwwhq grfxphqw/ wkh Frqvwlwxwlrq
judqwv mxgjhv kljkhu glvfuhwlrq/ rqo| lpsrvlqj rq wkhp wkh ydjxh pdqgdwh
wr pd{lpl}h vrfldo zhoiduh1 Lq wkh devhqfh ri d zulwwhq uxoh/ wkh sulqflsdo*v
suhihuhqfhv duh lpsohphqwhg wkurxjk wkh phfkdqlvp ri suhfhghqwv +vwduh
ghflvlv,1 Dffruglqj wr wklv phfkdqlvp/ zkhq frqiurqwhg zlwk d qhz fdvh/
wkh mxgjh wdnhv d ghflvlrq1 Li wkh vdph ghflvlrq lv dovr wdnhq e| vxevhtxhqw
mxgjhv lw frqvwlwxwhv d qhz suhfhghqw1 Dowhuqdwlyho|/ wkh ghflvlrq fdq eh
uhyhuvhg1 Uhyhuvlrqv duh jhqhudoo| pdgh e| vxshulru mxgjhv dqg duh elqglqj
iru orzhu mxgjhv1 Vhyhudo dxwkruv +Srvqhu/ 4<:5/ Uxelq/ 4<::, kdyh dujxhg
wkdw wklv phfkdqlvp hqvxuhv wkdw wkh odz hyroyhv judgxdoo| dqg h!flhqwo|
ryhu wlph1 Wkh xqghuo|lqj lghd lv wkdw lqh!flhqw ohjdo uxohv duh frqwhvwhg
dqg olwljdwhg pruh iuhtxhqwo| wkdq h!flhqw ghflvlrqv1 Dv d frqvhtxhqfh/
wkh iruphu duh pruh riwhq vxemhfw wr lpsuryhphqwv wkurxjk vxevhtxhqw uh0
yhuvlrqv1 Wklv surfhvv ri lwhudwlrq lqfuhdvhv wkh vwrfn ri h!flhqw uxohv ryhu
wlph1

Lq wkh sdshu zh gr qrw hqgrjhql}h wklv g|qdplfv1 Lqvwhdg/ zh dvvxph
wkdw zh duh dw d jlyhq srlqw lq wlph zkhuh d frpsohwh vhw ri rswlpdo suhfh0
ghqwv kdv douhdg| ehhq vhw1 Lq whupv ri rxu prgho/ d Frpprq Odz v|vwhp
fdq wkxv eh vhhq dv rqh lq zklfk wkh ghflvlrq uxoh lv frqwlqjhqw rq V� dqg
V2 1 Wkh odwwhu kdv wkh dgydqwdjh ri ohwwlqj wkh mxgjh pdnh xvh ri doo wkh
lqirupdwlrq dydlodeoh1 Wkh olplw lv fohduo| wkdw/ xqghu dvvxpswlrq 4/ wkh
sulqflsdo h{shulhqfhv d orvv ri frqwuro= lq vwdwh v

�
d eldvhg mxgjh zloo dozd|v

6Wkh holplqdwlrq ri ulvn lv frqqhfwhg zlwk wkh jhqhudo sulqflsoh ri uhirupdwlr lq shlxv/

l1h1/ suhyhqwlqj wkh dsshodwh frxuw iurp xvlqj wkh ghihqgdqw*v dsshdo dv dq rssruwxqlw| wr
prgli| wkh mxgjphqw ri wkh frxuw ehorz wr wkh ghwulphqw ri wkh ghihqgdqw1
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suhwhqg wkdw � @ 4 dqg wdnh g @ g+4,1 Iru vx!flhqwo| vpdoo % A 3 wkh orvv
ri frqwuro fdq eh dssur{lpdwhg dv

o
�
@ �

4
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w
+J� g+�,,2 @ �

4

6

] �

f
+J� g+�,,2g� +<,

D frpsdulvrq ri wkh wzr v|vwhpv |lhogv wkh iroorzlqj frqfoxvlrq

Sursrvlwlrq 4 Xqghu ixoo lqirupdwlrq/ wkh Flylo Odz v|vwhp grplqdwhv
wkh Frpprq Odz v|vwhp li wkh suredelolw| ri hqfrxqwhulqj d eldvhg mxgjh lv
vx!flhqwo| kljk1

Surri1 Vhh wkh Dsshqgl{

Sursrvlwlrq 4 kdv d vwudljkwiruzdug lqwhusuhwdwlrq1 Zkhq wkh olnholkrrg
ri idflqj d eldvhg mxgjh h{fhhgv d jlyhq wkuhvkrog wkh jdlqv iurp glvfuhwlrq
duh rxwzhljkhg e| wkh frvw ri lqh!flhqw ghflvlrqv1 Wkxv/ wkh sulqflsdo ehq0
h�wv iurp uhvwulfwlqj wkh mxgjh*v glvfuhwlrq1 Ohw �W eh wkh fxw0r� ydoxh vxfk
wkdw o

�
� o

-
T 3 li � T �W1 Vlqfh wkh lqwhuhvwlqj fdvh lv wkh rqh lq zklfk

o
�
� o

-
A 3/ wkurxjkrxw wkh uhvw ri wkh sdshu zh pdlqwdlq wkh dvvxpswlrq

wkdw � A �W1
Zkhq � A �W/ d udwlrqdo sulqflsdo zloo qhyhu fkrrvh d Frpprq Odz

v|vwhp xqohvv kh fdq uho| rq d wklug sduw| wr shuirup wkh uroh ri zdwfkgrj1
Lq wkh frqwh{w zh duh dqdo|}lqj wkh qdwxudo fdqglgdwhv duh wkh survhfxwru
dqg wkh ghihqvh dwwruqh|= vlqfh wkh| kdyh rssrvlqj lqwhuhvwv zlwk uhvshfw wr
zklfk yhuglfw lv surqrxqfhg/ wkh sduwlhv kdyh wkh uljkw lqfhqwlyh wr surylgh
dq h!flhqw prqlwrulqj1 \hw/ wr eh deoh wr suryh wkdw dq lqfruuhfw yhuglfw kdv
ehhq surqrxqfhg wkh| pxvw eh lqiruphg rq wkh hylghqfh dydlodeoh rq wkh
fdvh1 Wkh rqo| zd| wklv fdq eh hqvxuhg lv e| jlylqj wkhp wkh uhvsrqvlelolw|
ri wkh surri0wdnlqj1 Wklv lv qrw zlwkrxw frvw= zkhq glvforvlqj wkh hylghqfh
wr wkh mxgjh wkh eldvhg sduwlhv kdyh wkh lqfhqwlyh wr klgh wkh wuxwk dqg wr
uhsruw rqo| wkrvh idfwv wkdw duh idyrudeoh wr wkhlu fdvh1 Dv d uhvxow/ ghohjd0
wlrq wr wkh sduwlhv lv ehqh�fldo wr wkh sulqflsdo rqo| li wkh orvv lq lfwhg e|
wkh pdqlsxodwlrq lv orzhu wkdq wkh orvv ri frqwuro1 Wr �qg frqglwlrqv xqghu
zklfk wklv lv wuxh/ zh qrz dqdo|}h wkh surfhvv e| zklfk hylghqfh lv df0
txluhg dqg glvforvhg1 Ehiruh wklv/ krzhyhu/ zh frqfoxgh zlwk rqh dgglwlrqdo
frqvlghudwlrq1

Rqh srvvleoh fulwlflvp ri wklv dqdo|vlv lv wkdw �frqwuro iurp deryh� dqg
�frqwuro iurp ehorz� duh mxvw wzr zd|v ri dyrlglqj dexvlyh ghflvlrqv dqg
wkdw pruh �uh�qhg� vfkhphv zrxog doorz wr lpsuryh xsrq wkhvh vlpsoh wrrov1
Zkloh wklv pd| eh wuxh/ wkhuh duh wkuhh pdlq uhdvrqv zk| zh kdyh ghflghg
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qrw wr frqvlghu wkhp1 Iluvw/ wkh jrdo ri wkh sdshu lv wr frpsduh wkh surv
dqg frqv ri wkhvh wzr irupv ri frqwuro udwkhu wkdq wr fkdudfwhul}h wkh rswl0
pdo frqwudfw wr eh r�huhg wr wkh mxgjh1 Vhfrqg/ olplwdwlrqv rq wkh djhqwv*
glvfuhwlrq dqg prqlwrulqj duh zkdw zh qrupdoo| revhuyh lq uhdolw|1 Wklv
suredeo| vxjjhvwv wkdw pruh vrsklvwlfdwhg phfkdqlvpv/ zkloh wkh| fdq eh
frqvwuxfwhg/ pd| qrw eh hdv| wr lpsohphqw1 Wklug/ wkh dqdo|vlv uhtxluhg
wr frqvwuxfw wkhvh phfkdqlvpv zrxog lq jhqhudo eh udwkhu ghpdqglqj exw/
dujxdeo|/ zrxog qrw dgg pxfk wr wkh srlqwv zh pdnh1

8 Hylghqfh dftxlvlwlrq= lqtxlvlwruldo yv dgyhuvdu0

ldo surfhgxuh

Lq wklv vhfwlrq zh frpsduh wzr lqvwlwxwlrqv1 Lq wkh �uvw/ hylghqfh dftxlvl0
wlrq lv ghohjdwhg wr d vlqjoh lpsduwldo djhqw1 Lq wkh vhfrqg/ wkh vdph wdvn lv
shuiruphg e| wzr djhqwv/ hdfk wkh dgyrfdwh ri d vshfl�f fdxvh1 Zh dvvxph
wkdw djhqwv duh ulvn qhxwudo dqg duh uhzdughg rq wkh edvlv ri wkh ghflvlrq
wdnhq udwkhu wkdq rq wkh dprxqw ri lqirupdwlrq fuhdwhg ru glvforvhg1 Wkhvh
lqfhqwlyh vfkhphv/ zklfk duh vrphwlphv uhihuuhg wr dv �lqgluhfw uhzdugv�/
duh iuhtxhqwo| revhuyhg lq uhdo olih1 Lq jhqhudo/ wkh| derxqg lq doo vlwxdwlrqv
lq zklfk lw lv gl!fxow ru wrr frvwo| iru wkh sulqflsdo wr hydoxdwh wkh lqirupd0
wlrq surgxfhg e| wkh djhqwv1 Wkh fodvvlfdo h{dpsoh lv surylghg e| srolwlfdo
ghflvlrqv1 Wkh dyhudjh yrwhu odfnv wkh h{shuwlvh wr hydoxdwh wkh dujxphqwv
xvhg wr vxvwdlq d jlyhq srolf| phdvxuh exw fdq hdvlo| revhuyh zkhwkhu wkh
xqhpsor|phqw udwh kdv idoohq dv d frqvhtxhqfh ri wkdw phdvxuh17 Lqgl0
uhfw uhzdugv duh qdwxudo dovr lq wkh frqwh{w xqghu frqvlghudwlrq1 Khuh/ wkh
vlqjoh djhqw fdvh fruuhvsrqgv wr wkh lqtxlvlwruldo v|vwhp zkhuh wkh surri0
wdnlqj lv ghohjdwhg wr dq lpsduwldo lqyhvwljdwru LM +� lqyhvwljdwlqj mxgjh,
zkr vhdufkhv iru hylghqfh lq idyru dqg djdlqvw wkh dffxvhg1 Lqyhvwljdwlqj
mxgjhv duh jhqhudoo| sxeolf r!fldov dqg phpehuv ri wkh mxglfldu|1 Wkh| uh0
fhlyh d �{hg prqhwdu| zdjh dqg duh pdlqo| prwlydwhg e| wkh survshfw ri
ixwxuh surprwlrqv1 Surprwlrqv duh ghflghg e| vxshulru erglhv dffruglqj wr
wkhlu hydoxdwlrq ri wkh mxgjhv* shuirupdqfh1 Dowkrxjk pdq| idfwruv frq0
wulexwh wr wkh phdvxuh ri wklv shuirupdqfh/ wkh delolw| wr vroyh wkh fdvhv lv
fohduo| wkh prvw lpsruwdqw rqh1 Wkh wzr djhqwv fdvh lqvwhdg fruuhvsrqgv
wr wkh dgyhuvduldo v|vwhp zkhuh wkh survhfxwru dqg wkh ghihqvh dwwruqh| duh
uhvsrqvleoh iru froohfwlqj wkh hylghqfh1 Lq wkh dgyhuvduldo surfhgxuh/ wkh
wuldo xqirogv dv d frqwhvw ehwzhhq wzr rssrvlqj sduwlhv/ hdfk gulyhq e| wkh

7Iru d pruh frpsohwh glvfxvvlrq ri ghflvlrq0edvhg uhzdugv vhh Ghzdwulsrqw dqg Wluroh
+4<<<,1
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ghvluh wr zlq wkh fdvh dqg wr lqfuhdvh wkh pdunhw hydoxdwlrq ri wkhlu delolw|1
Wkh survhfxwru +ghqrwhg e| S , zlvkhv wr suryh wkh dffxvhg jxlow| zkhuhdv
wkh ghihqvh dwwruqh| +ghqrwhg e| G, zlvkhv wr suryh klv folhqw*v lqqrfhqfh1
Wkh gl�huhqfhv lq wkh djhqwv* lqfhqwlyhv kljkoljkwhg lq wkh deryh glvfxvvlrq
kdyh lpsruwdqw frqvhtxhqfhv1 Li wkh sulqflsdo*v jrdov duh wr surprwh mxgjh*v
prqlwrulqj dqg wr hqvxuh ixoo glvforvxuh ri lqirupdwlrq/ lw wxuqv rxw wkdw
wkhvh wzr jrdov duh qhfhvvdulo| lq frq lfw1

Lq wkh uhpdlqghu ri wklv vhfwlrq zh suryh wklv dqg frpsxwh wkh orvv
ri pdqlsxodwlrq xqghu wkh dgyhuvduldo v|vwhp1 Wr wklv hqg/ zh lqwurgxfh
ixuwkhu dvvxpswlrqv rq wkh qdwxuh ri wkh vljqdov revhuyhg e| wkh djhqwv/ rq
wkh frqfhdophqw whfkqrorj|/ dqg rq wkh lqirupdwlrq vwuxfwxuh1

� Vljqdov= Ohw av
U
/ av

C
> av

�
dqg a� ghqrwh wkh vljqdov revhuyhg zkhq wkh wuxh

vwdwh lv v
U
/ v

C
/ v

�
� uhvshfwlyho|1 Vljqdov duh fkdudfwhul}hg dv iroorzv=

l, av
U
� +j

U
> l
U
, dqg av

C
� +j

C
> l
C
,

zkhuh j vwdqgv iru hylghqfh djdlqvw dqg l vwdqgv iru hylghqfh lq idyru ri wkh
dffxvhg>

ll, a� � k+�
C
� �

U
, dqg Y�E��

YEwC3wU�
A 3

zkhuh �
C
dqg �

U
vwdqg iru hylghqfh djdlqvw dqg lq idyru ri wkh dffxvhg/

uhvshfwlyho|1 Ixuwkhu/ �
C
5 ^�2 > 4` dqg �

U
5 ^3> �2 ` duh udqgrp yduldeohv xql0

irupo| glvwulexwhg dqg k lv wkh fxpxodwlyh glvwulexwlrq ri +�
C
� �

U
,18

Wklv fkdudfwhul}dwlrq ri wkh vljqdov fdswxuhv wkh idfw wkdw wkh hylghqfh
dydlodeoh lq hdfk vwdwh lv d frpelqdwlrq ri gl�huhqw slhfhv zklfk pd| eh ri
d frq lfwlqj qdwxuh1 Lq rwkhu zrugv/ wkh idfw wkdw wkh dffxvhg lv lqqrfhqw
+jxlow|, grhv qrw suhfoxgh wkh h{lvwhqfh ri xqidyrudeoh +uhvshfwlyho| idyru0
deoh, hylghqfh1 Zh dvvxph wkdw li d vljqdo lv ixoo| glvforvhg/ wkh mxgjh lv
deoh wr fruuhfwo| lghqwli| wkh fruuhvsrqghqw vwdwh ri wkh zruog1 E| frqwudvw/
li d vljqdo lv sduwldoo| glvforvhg wkh mxgjh pd| pdnh huuruv1 Dv dq looxvwud0
wlyh h{dpsoh/ frqvlghu d vlwxdwlrq zkhuh �lqqrfhqfh� lv wkh wuxh vwdwh dqg
wkh djhqw revhuyhv av

U
� +j

U
> l
U
, zkhuh j

U
lv �wkh dffxvhg zdv ylghrwdshg

zkloh ohdylqj wkh vfhqh ri wkh fulph� dqg l
U
lv �d sdvvhue| vdz vrphrqh hovh

frpplw wkh fulph�1 Lq wklv h{dpsoh wkh dffxvhg lv xqgrxewhgo| lqqrfhqw
qhyhuwkhohvv wkhuh h{lvw wzr slhfhv ri hylghqfh vxfk wkdw lqqrfhqfh fdq eh
hvwdeolvkhg rqo| li wkh| duh erwk glvforvhg1

� Frqfhdophqw= Dv mxvw phqwlrqhg/ zkhq dq djhqw revhuyhv d vljqdo kh

8Wkhvh dvvxpswlrqv duh frpsdwleoh zlwk rxu suhylrxv dvvxpswlrq wkdw w kdv d xqlirup
glvwulexwlrq1 Wr vhh zk|/ ohw + 
 wC3 wU zkhuh + lv d udqgrp yduldeoh zlwk vxssruw dfc�o

dqg glvwulexwlrq ixqfwlrq � '
�U

}

3
E�n+�_+ �s f$+$ 4

5U
}

4

5

E�3+�_+ �s 4

5
	+$�

1 Lw iroorzv wkdw w ' �E+� 
 �EwC3wU�

lv dovr d xqlirup udqgrp yduldeoh rq wkh lqwhuydo dfc�o1
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fdq ghflgh zkhwkhu ru qrw wr uhsruw lw ixoo| wr wkh mxgjh1 Pruh vshfl�fdoo|/
li dq djhqw revhuyhv av

g
� +j

g
> l
g
,> N @ J> L kh fdq uhsruw erwk slhfhv ri

hylghqfh ru kh fdq glvforvh hlwkhu j
g

ru l
g
1 Vlploduo|/ li a� � k+�

C
� �

U
,

lv revhuyhg dq djhqw fdq vkrz lw wr wkh frxuw ru kh fdq glvforvh hlwkhu �
C

ru �
U
1 Uhsruwv duh yhul�deoh1 Wkhuhiruh/ djhqwv fdq zlwkkrog xqidyrudeoh

hylghqfh exw fdqqrw irujh idovh hylghqfh1
� Lqirupdwlrq vwuxfwxuh= Wr dftxluh hylghqfh derxw V� dqg V2 dq djhqw

pxvw xqghuwdnh d vhdufk1 Li kh grhv qrw vhdufk kh ohduqv qrwklqj zlwk
suredelolw| rqh1 Li kh vhdufkhv rq V� / zlwk suredelolw| t wkh djhqw ohduqv wkh
wuxh v� 5 V� / dqg zlwk suredelolw| 4� t kh ohduqv qrwklqj !1

Dvvxpswlrq 5 Li kh vhdufkhv rq V2 dq djhqw dozd|v ohduqv wkh wuxh �
C
dqg

�
U
1

Rqh pd| dujxh wkdw wkh dvvxpswlrq ri shuihfw ohduqlqj rq V2 lqgxfhv d eldv
lq wkh frpsdulvrq ehwzhhq wkh wzr v|vwhpv1 Wklv lv ehfdxvh lq wkh Flylo
Odz v|vwhp ohduqlqj � lv luuhohydqw zkhuhdv lq wkh Frpprq Odz v|vwhp
gl�huhqw � duh dvvrfldwhg zlwk gl�huhqw ghflvlrqv19 Zkloh uhfrjql}lqj wklv/
zh zloo odwhu vkrz wkdw d pruh v|pphwulf lqirupdwlrq vwuxfwxuh zrxog pdnh
wkh dqdo|vlv pruh fxpehuvrph exw zrxog qrw fkdqjh wkh pdlq uhvxowv1

Zh duh qrz uhdg| wr suryh rxu �uvw srlqw wkdw zlwk lqgluhfw uhzdugv
ixoo glvforvxuh lv qrw frpsdwleoh zlwk mxgjh*v prqlwrulqj1 Wr irupdol}h wklv
dujxphqw zh dvvxph wkdw wkh uhzdugv uhfhlyhg e| wkh djhqwv rqo| ghshqg rq
wkh mxgjh*v ghflvlrq exw qrw rq wkh hylghqfh rq zklfk wklv ghflvlrq lv edvhg1
Wr vlpsoli| wkh dqdo|vlv zh pdnh wkh dvvxpswlrq wkdw djhqwv rqo| uhvsrqg wr
prqhwdu| lqfhqwlyhv dqg uhihu wkh uhdghu wr Ghzdwulsrqw dqg Wluroh +4<<<,
iru irupdo surri ri wkh urexvwqhvv ri wkh uhvxowv wr wkh lqwurgxfwlrq ri fduhhu
frqfhuq1 Wr vhw djhqf| frvwv dvlgh/ zh dovr pdnh wkh dvvxpswlrq +wr eh
uhod{hg odwhu, wkdw h�ruw lv revhuydeoh dqg wkhuhiruh wkdw wkh sulqflsdo fdq
lqgxfh lqirupdwlrq dftxlvlwlrq dw qr frvw1

Sursrvlwlrq 5 Li wkh zdjh vfkhph lv vxfk wkdw wuxwkixo glvforvxuh lv wkh
rswlpdo vwudwhj|/ wkhq qr prqlwrulqj zloo eh h{huflvhg1 Frqyhuvho|/ dq| zdjh
vfkhph wkdw hqvxuhv frqwuro ryhu wkh mxgjh hqwdlov pdqlsxodwlrq1

Surri1 Ohw y% ghqrwh wkh uhzdug zkhq wkh ghflvlrq lv { @ iJ> L> g+�,j1
Wr rewdlq d wuxwkixo uhohdvh ri lqirupdwlrq wkh zdjh vfkhph pxvw vdwlvi|=
y
C
@ y

U
dqg y

_Ew�
lv frqvwdqw iru dq| � 5 ^3> 4`1 Wkh �uvw frqglwlrq vwhpv

9Lq wkh Flylo Odz v|vwhp wkh ghflvlrq uxoh iruelgv wkh mxgjh wr pdnh xvh ri wklv lqiru0
pdwlrq1 Wkxv/ ohduqlqj w lv luuhohydqw1 Lq wkh Frpprq Odz v|vwhp lqvwhdg gl�huhqw w duh
dvvrfldwhg zlwk gl�huhqw ghflvlrqv1
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iurp wkh idfw wkdw li y
C
A y

U
/ wkhq wkh djhqw zrxog uhsruw j

U
/ zkhqhyhu

av
U
� +j

U
> l
U
, lv revhuyhg1 Vlploduo|/ li y

_Ew�
lv qrw frqvwdqw lq � wkh djhqw

glvforvhv rqo| wkh lqirupdwlrq wkdw doorzv klp wr rewdlq wkh kljkhu zdjh
zkhqhyhu kh fdq gr vr1 Lw lv qrw gl!fxow wr vhh wkdw wklv zdjh vfkhph
jlyhv qr lqfhqwlyh wr wkh djhqw wr prqlwru wkh ghflvlrq0pdnhu1 Prqlwrulqj
uhtxluhv wkh zdjh vfkhph wr eh vxfk wkdw dq| ghyldwlrq iurp wkh h!flhqw
ghflvlrq lv kdupixo iru dw ohdvw rqh djhqw1 Wr hqvxuh wklv/ wzr frqglwlrqv duh
wr eh phw1 Iluvw/ lqirupdwlrq froohfwlrq pxvw eh dvvljqhg wr wzr gl�huhqw
djhqwv1 Vhfrqg/ wkh lqfhqwlyh vfkhph pxvw eh prqrwrqlfdoo| lqfuhdvlqj lq �
zlwk y

C
� y

_Ew�
� y

U
iru djhqw rqh dqg prqrwrqlfdoo| ghfuhdvlqj lq � zlwk

y
U
� y

_Ew�
� y

C
iru djhqw wzr1 Wklv zdjh vfkhph jlyhv wkh djhqwv lqfhqwlyh wr

plvuhsruw wkhlu hylghqfh1 Vshfl�fdoo|/ zkhq ev
g
lv revhuyhg/ djhqw rqh rqo|

vkrzv j
g
zkhuhdv djhqw wzr rqo| vkrzv l

g
1 Vlploduo| zkhq wkh lqirupdwlrq

lv e� � k+�
C
� �

U
,/ wkh iruphu rqo| vkrzv �

C
zkhuhdv wkh odwwhu rqo| vkrzv

�
U
1
Wkxv/ xqghu sursrvlwlrq 5/ wkh fkrlfh ehwzhhq wkh lqtxlvlwruldo dqg wkh

dgyhuvduldo v|vwhp fdq eh vhhq dv rqh ehwzhhq d surfhgxuh wkdw hqvxuhv ixoo
glvforvxuh exw qr prqlwrulqj dqg d surfhgxuh wkdw lqgxfhv mxgjh*v frqwuro
exw dw wkh h{shqvh ri pdqlsxodwlrq1

814 Wkh orvv gxh wr pdqlsxodwlrq

Lq wklv vxe0vhfwlrq zh frpsxwh wkh orvv vx�huhg e| wkh sulqflsdo zkhq wkh
surri0wdnlqj lv ghohjdwhg wr wkh survhfxwru dqg wkh ghihqgdqw1 Wkh �uvw
wklqj rqh vkrxog qrwlfh lv wkdw pdqlsxodwlrq lv qrw kdupixo zkhq erwk sdu0
wlhv duh lqiruphg= vlqfh dq| slhfh ri hylghqfh idyruv rqh sduw| ru wkh rwkhu/
iru dq| slhfh ri hylghqfh wkhuh zloo eh d sduw| zkr kdv wkh lqfhqwlyh wr
glvforvh lw wr wkh mxgjh1 Lq whupv ri wklv prgho wklv phdqv wkdw pdqlsxod0
wlrq rq e� lv lqh�hfwlyh zkhuhdv pdqlsxodwlrq rq V� fdq eh kdupixo wr wkh
sulqflsdo dv orqj dv t ? 41 Wr looxvwudwh krz frqfhdophqw ri hylghqfh fdq
lqgxfh wkh mxgjh wr surqrxqfh d zurqj yhuglfw vxssrvh wkdw erwk sduwlhv
xqghuwdnh rqh vhdufk rq V� 1 Wkh lqirupdwlrq vwuxfwxuh lv wkh iroorzlqj= li
wkh wuxh vwdwh lv v

�
/ wkh djhqwv revhuyh av

�
zlwk suredelolw| rqh1 Li wkh wuxh

vwdwh lv v
C
/ zlwk suredelolw| 4 � +4 � t,2 dw ohdvw rqh djhqw ohduqv av

C
dqg

zlwk suredelolw| +4�t,2 erwk ohduq qrwklqj1 Vlploduo|/ li wkh wuxh vwdwh lv v
U

zlwk suredelolw| 4�+4�t,2 dw ohdvw rqh djhqw ohduqv av
U
dqg zlwk suredelolw|

+4�t,2 erwk ohduq qrwklqj1 Wdeoh 4 vkrzv wkdw wkhuh duh wzr flufxpvwdqfhv
lq zklfk pdqlsxodwlrq lv kdupixo= wkh �uvw lv zkhq wkh wuxh vwdwh lv v

U
dqg

wkh survhfxwru revhuyh av
U
zkhuhdv wkh ghihqgdqw rqo| revhuyhv av

�
1 Lq wklv

fdvh/ wkh survhfxwru uhsruwv j
U
dqg wkh ghihqgdqw lv qrw deoh wr surylgh
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wkh frxqwhudujxphqw l
U
zklfk suryhv klv lqqrfhqfh1 Wkh vhfrqg lv zkhq

wkh wuxh vwdwh lv v
C
dqg wkh ghihqgdqw revhuyh av

C
zkhuhdv wkh survhfxwru

rqo| revhuyhv av
�
1 Dffruglqjo|/ wkh ghihqgdqw uhsruwv l

C
dqg wkh survhfxwru

fdqqrw vkrz wkh frxqwhudujxphqw j
C
wkdw suryhv wkh dffxvhg jxlow|1

Vwdwh Lqirupdwlrq Uhsruw Suredelolw| Ghflvlrq
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U
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U
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U
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, +! !, �

�+4� t,2 g+�, ru O
Wdeoh 4

Lw fdq eh hdvlo| yhul�hg wkdw zkhq frqiurqwhg zlwk wkhvh uhsruwv/ dq
xqeldvhg mxgjh lv lqgl�huhqw ehwzhhq iroorzlqj ru qrw wkh djhqwv* dgylfh1
Zh dvvxph wkdw dq lqgl�huhqw mxgjh iroorzv wkh uhsruw dqg wkxv wdnh g @ J

lq wkh �uvw fdvh dqg g @ L lq wkh vhfrqg1 Wkh orvv dvvrfldwhg zlwk wkh
pdqlsxodwlrq zkhq erwk sduwlhv vhdufk lv wkxv htxdo wr

o
�

@
5

6
t+4� t,+J� L,2 +43,

9 Frpsdulvrq

Wkh sxusrvh ri wklv vhfwlrq lv wzrirog1 Iluvw/ zh phdvxuh wkh h!flhqf|
surshuwlhv ri wkh dgyhuvduldo dqg lqtxlvlwruldo surfhgxuh xqghu Frpprq dqg
Flylo Odz1 Wkhq/ zh frpsduh wkh wzr �rswlpdo frpelqdwlrqv� dqg ghulyh
frqglwlrqv xqghu zklfk rqh ru wkh rwkhu lv suhihuuhg1

Wkh �uvw uhvxow lv lpphgldwh= xqghu Flylo Odz wkh lqtxlvlwruldo surfh0
gxuh lv dozd|v rswlpdo1 Lqwxlwlyho|/ wkh uljlg ghflvlrq uxoh lpsolhg e| wkh
Flylo Odz suhyhqwv wkh mxgjh iurp dexvlqj klv dxwkrulw|1 Wkhuhiruh/ wkh lq0
txlvlwruldo surfhgxuh lv suhihuuhg dv lw dyrlgv pdqlsxodwlrq1 Xqghu Frpprq
Odz/ wkh h!flhqw surfhgxuh fdq eh lghqwl�hg frpsdulqj wkh orvv ri frqwuro
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zkhq wkh surri0wdnlqj lv dvvljqhg wr wkh lqyhvwljdwlqj mxgjh dqg wkh orvv ri
pdqlsxodwlrq zkhq wkh vdph wdvn lv shuiruphg e| wkh survhfxwru dqg wkh
ghihqvh dwwruqh|1 Lq rughu wr kdyh d phdqlqjixo frpsdulvrq/ zh dvvxph wkdw
wkh vdph dprxqw ri hylghqfh lv froohfwhg xqghu erwk surfhgxuhv1 Wklv lp0
solhv dvvxplqj wkdw survhfxwru dqg ghihqvh dwwruqh| h{huw rqh vhdufk hdfk
rq V� zkloh wkh lqyhvwljdwlqj mxgjh vhdufkhv wzlfh1 Wkh uhohydqw h{suhvvlrq
iru wkh orvv ri pdqlsxodwlrq lv wkh rqh lq +43,1 Frqyhuvho|/ iru wkh orvv ri
frqwuro zh kdyh=

o
�
@ �

4

6
+4 . +4� t,2,

] �

f

+J� g+�,,2g� +44,

Qrwh wkdw wklv h{suhvvlrq lv odujhu wkdq +<,1 Wkh uhdvrq lv wkdw zkhq wkh
wuxh vwdwh lv v

U
> zlwk suredelolw| �

�+4 � t,2 wkh lqyhvwljdwlqj mxgjh idlov wr
glvfryhu lw dqg wkxv uhsruwv !1 Frqvhtxhqwo|/ wkh suredelolw| ri lqfxuulqj d
orvv ri frqwuro lqfuhdvhv e| �

�+4� t,21 Frpsdulqj +43, dqg +44, |lhogv=

Sursrvlwlrq 6 Xqghu Flylo Odz wkh lqtxlvlwruldo surfhgxuh lv dozd|v rswl0
pdo1 Xqghu Frpprq Odz wkh dgyhuvduldo surfhgxuh lv rswlpdo li wkh sured0
elolw| ri glvfryhulqj lqirupdwlrq lv vx!flhqwo| kljk zkhuhdv wkh lqtxlvlwruldo
surfhgxuh lv rswlpdo li wkh suredelolw| ri glvfryhulqj lqirupdwlrq dssurdfkhv
�
2 1

Surri1 Vhh wkh Dsshqgl{

Wkh lqwxlwlrq ehklqg sursrvlwlrq 6 lv djdlq yhu| vlpsoh1 Zkhq t ds0
surdfkhv 4 wkh frvw ri pdqlsxodwlrq ehfrphv qhjoljleoh dqg wkhuhiruh ghoh0
jdwlrq wr wkh sduwlhv lv rswlpdo1 E| frqwudvw/ zkhq t lv forvh wr �

2 wkh orvv
lq lfwhg e| wkh pdqlsxodwlrq lv odujh dqg wkhuhiruh wkh sulqflsdo suhihuv d
pruh qhxwudo hylghqfh froohfwru1 Lw vkrxog eh qrwlfhg wkdw uhod{lqj wkh dv0
vxpswlrq ri shuihfw ohduqlqj rq V2 grhv qrw fkdqjh rxu lqvljkwv1 Lpshuihfw
ohduqlqj zrxog rqo| uhvxow lq d odujhu orvv ri pdqlsxodwlrq zkhq t @ �

2 1

Wkh uhvxowv ri sursrvlwlrq 6 �ihhgv edfn� lqwr wkh fkrlfh ri wkh rswlpdo
ohjdo v|vwhp ohdglqj wr wkh iroorzlqj frqfoxvlrq=

Sursrvlwlrq 7 Zkhq wkh suredelolw| ri glvfryhulqj lqirupdwlrq lv vx!0
flhqwo| forvh wr rqh/ ghohjdwlqj hylghqfh dftxlvlwlrq wr wkh sduwlhv lv rswlpdo1
Frqvhtxhqwo|/ wkh Frpprq Odz v|vwhp grplqdwhv wkh Flylo Odz v|vwhp1
Zkhq wkh suredelolw| ri glvfryhulqj lqirupdwlrq lv vx!flhqwo| forvh wr rqh0
kdoi wkh lqtxlvlwruldo surfhgxuh lv pruh h!flhqw1 Iru � � �W wkh Flylo Odz
v|vwhp grplqdwhv wkh Frpprq Odz v|vwhp1
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Surri1 Zkhq t $ 4/ o� @ 3= Wkhuhiruh e| fkrrvlqj wkh dgyhuvduldo surfh0
gxuh wkh sulqflsdo rewdlqv erwk frqwuro +o� @ 3, dqg wkh wuxwkixo uhyhodwlrq
ri lqirupdwlrq1 Frqvhtxhqwo|/ Frpprq Odz lv suhihuuhg1 Zkhq t $ �

2 /
wkh lqtxlvlwruldo surfhgxuh grplqdwhv xqghu erwk ohjdo v|vwhpv1 Krzhyhu/
li � � �W wkh orvv ri frqwuro lv odujhu wkdq wkh orvv ri uxohv dqg wkxv Flylo
Odz lv pruh ghvludeoh1

Sursrvlwlrq 6 vhhpv wr frqwudglfw wkh lqwxlwlrq wkdw wkhuh h{lvwv dq rswl0
pdo uhodwlrqvkls ehwzhhq uxoh0pdnlqj dqg ghohjdwlrq ri hylghqfh dftxlvlwlrq1
Vshfl�fdoo|/ lw vd|v wkdw iru vrph ydoxhv ri t wkh lqtxlvlwruldo surfhgxuh dovr
grplqdwhv xqghu Frpprq Odz1 Sursrvlwlrq 7 uxohv rxw wklv �ghjhqhudwh
frpelqdwlrq�1 Lw vd|v wkdw iru wkrvh ydoxhv ri t lq zklfk wkh lqtxlvlwruldo
surfhgxuh lv suhihuuhg xqghu erwk ohjdo v|vwhpv/ Frpprq Odz lv dozd|v
grplqdwhg1

: Wkh frvw ri lqgxflqj hylghqfh dftxlvlwlrq

Vr idu zh kdyh pdlqwdlqhg wkh dvvxpswlrq wkdw h�ruw lv revhuydeoh dqg
wkhuhiruh lqirupdwlrq dftxlvlwlrq lv qrw frvwo| iru wkh sulqflsdo1 Lq sudfwlfh/
wkh sulqflsdo lv xqdeoh wr prqlwru wkh h�ruw h{huwhg e| wkh djhqwv zkr h{sorlw
wklv lqirupdwlrqdo dgydqwdjh wr h{wudfw d uhqw1 Vlqfh wkh vl}h ri wklv uhqw
pd| gl�hu dfurvv vwuxfwxuhv/ wr eh frpsohwh derxw wkh rswlpdolw| ri hdfk
surfhgxuh zh pxvw lqwurgxfh vxfk frvwv lqwr wkh dqdo|vlv1 Iru vlpsolflw| zh
vkdoo frqfhqwudwh rq wkh wzr fdvhv iru zklfk zh kdyh rewdlqhg pruh fohdu
suhglfwlrqv= wkh fdvhv zkhuh t @ 4 dqg t @ �

2 1
Vxssrvh wkdw hdfk vhdufk frvwv # wr wkh djhqwv1 Zh �qg wkdw/ iru dq|

jlyhq dprxqw ri lqirupdwlrq surgxfhg/ klulqj wzr djhqwv lqvwhdg ri rqh lv
pruh h{shqvlyh zkhq t @ 4 dqg ohvv h{shqvlyh zkhq t @ �

2 1 Frqwudvwhg zlwk
rxu suhylrxv frqfoxvlrqv/ wklv uhvxow kljkoljkwv wkh h{lvwhqfh ri d wudgh0r�
ehwzhhq shuirupdqfh lq whupv ri txdolw| ri wkh ghflvlrq dqg shuirupdqfh lq
whup ri frvwv1 Iru hdfk ydoxh ri t dqg hdfk surfhgxuh h!flhqf| lq ghflvlrq
pdnlqj lv dvvrfldwhg zlwk kljk frvwv ri froohfwlqj lqirupdwlrq zkhuhdv orz
frvwv lpso| ohvv h!flhqw ghflvlrq pdnlqj1 Lqyhvwljdwlqj wklv wudgh0r� lv
qrw zlwklq wkh vfrsh ri wkh sdshu1: Lqvwhdg/ zh vkdoo frqwhqw rxuvhoyhv zlwk
vkrzlqj wkdw lq jhqhudo lqwurgxflqj frvwv grhv qrw d�hfw wkh pdlq dujxphqw
khuh rq wkh h{lvwhqfh ri dq rswlpdo uhodwlrqvkls ehwzhhq uxoh0pdnlqj dqg
ghohjdwlrq ri hylghqfh dftxlvlwlrq1

:Krzhyhu/ vhh Sdoxper +4<<:,1
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:14 Fdvh 4= ^ ' �

Uhfdoo wkdw zkhq t @ 4/ sursrvlwlrq 7 vd|v wkdw wkh dgyhuvduldo surfhgxuh
grplqdwhv wkh lqtxlvlwruldo surfhgxuh dqg frqvhtxhqwo| Frpprq Odz lv
rswlpdo1 Wr fkhfn zkhwkhu wklv uhvxow fduulhv wkurxjk zkhq frvwv duh lq0
wurgxfhg/ qrwlfh wkdw zkhq t @ 4 lw vx!fhv wkdw wkh lqyhvwljdwlqj mxgjh
vhdufkhv rqfh wr kdyh d ixoo| lqiruphg dgmxglfdwru1 Lq wkh dgyhuvduldo v|v0
whp/ lqvwhdg/ dw ehvw wkh sulqflsdo fdq rewdlq wkh vdph uhvxow/ l1h1 o

�
@ 3/ e|

lqgxflqj erwk sduwlhv wr vhdufk rq V� 1 Lqvridu dv wkh sulqflsdo pxvw frpshq0
vdwh erwk djhqwv iru wkh h�ruw surylghg/ vxfk gxsolfdwlrq ri h�ruw lv fohduo|
xqsur�wdeoh1 Wr vhh wkh lpsolfdwlrqv ri wklv rq sursrvlwlrq 7/ frqvlghu wkh
Frpprq Odz v|vwhp dqg ohw y&

%
ghqrwh wkh uhzdug iru djhqw n @ iLM>S>Gj

zkhq wkh ghflvlrq lv { @ iJ> L> g+�,j1 Dv vkrzq lq sursrvlwlrq 5/ wr hq0
vxuh wuxwkixo glvforvxuh wkh zdjh vfkhph iru wkh lqyhvwljdwlqj mxgjh pxvw
eh vxfk wkdw y

Ua

C
@ y

Ua

U
� yUa dqg y

Ua

_Ew�
� yUa iru dq| � 5 ^3> 4`= Wdnlqj

wkhvh frqvwudlqwv lqwr dffrxqw/ lqfhqwlyh frpsdwlelolw| iru ixoo lqyhvwljdwlrq
uhtxluhv=

5

6
yUa .

4

6
yUa � 5# �

5

6
yUa �# +45,

5

6
yUa .

4

6
yUa � 5# � yUa �# +46,

H{suhvvlrq +45, vd|v wkdw wkh lqyhvwljdwlqj mxgjh suhihuv wr lqyhvwljdwh V�

dqg V2 udwkhu wkdq V� rqo|1 H{suhvvlrq +46, vd|v wkdw lqyhvwljdwlqj V� dqg
V2 lv dovr suhihuuhg wr lqyhvwljdwlqj V2 rqo|1 Vlpsoh dojheud vkrzv wkdw wr
hqvxuh ixoo lqyhvwljdwlrq wkh sulqflsdo pxvw sd|= yUa @ b

2# dqg yUa @ 6#=

Wkh lqyhvwljdwlqj mxgjh hqmr|v d uhqw �
��unU�'

@ 5#1
Lq wkh dgyhuvduldo surfhgxuh/ prqlwrulqj lv hqvxuhg e| r�hulqj wkh sduwlhv

d zdjh vfkhph lq zklfk pruh idyrudeoh ghflvlrqv duh dvvrfldwhg zlwk kljkhu
zdjhv1 Dv vkrzq lq wkh Dsshqgl{/ wkh htxloleulxp lq zklfk erwk sduwlhv
vhdufk rq V� dqg V2 fdq eh lpsohphqwhg dv d grplqdqw vwudwhj| rqo| e|
sd|lqj hdfk djhqw d uhqw �

2#1 Wkh uhdvrq zk| wklv uhqw lv orzhu wkdq wkh rqh
sdlg wr wkh lqyhvwljdwlqj mxgjh lv wkh iroorzlqj1 Wr lqgxfh wkh lqyhvwljdwlqj
mxgjh ru wkh sduwlhv wr vhdufk dovr rq V2 wkh sulqflsdo pxvw sd| d +h{shfwhg,
zdjh 6# zkhq wkh ghflvlrq lv g+�,1 Wklv zdjh jlyhv wkh djhqwv dq lqfhqwlyh wr
vhdufk rqo| rq V2 dqg dssursuldwh d srvlwlyh uhqw 6#�#1 Frqvhtxhqwo|/ wr
irufh wkh lqyhvwljdwlqj mxgjh wr vhdufk dovr rq V� wkh sulqflsdo pxvw lqfuhdvh
wkh zdjh dvvrfldwhg zlwk ghflvlrqv g @ J ru L1 Vlploduo|/ wr pdnh hdfk sduw|
�ghyldwh� iurp wkh htxloleulxp lq zklfk erwk vhdufk rqo| rq V2 / d kljkhu
zdjh pxvw eh sdlg wr wkh sduw| zkr zlqv wkh fdvh1 Dowkrxjk wklv zdjh lv
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wkh vdph iru wkh lqyhvwljdwlqj mxgjh dqg iru wkh sduwlhv/ wkh h{shfwhg zdjh
lv kljkhu lq wkh lqtxlvlwruldo v|vwhp1

Ghvslwh wkh orzhu uhqw/ wkh wrwdo frvw xqghu wkh dgyhuvduldo surfhgxuh
WF

��un�(T
@ 8#/ lv odujhu wkdq wkh wrwdo frvw xqghu wkh lqtxlvlwruldo sur0

fhgxuh WF
��unU�'

@ 7#/ gxh wr wkh lqh!flhqf| ri kdylqj wzr lqirupdwlrq
froohfwruv udwkhu wkdq rqh1 Wklv |lhogv=

Sursrvlwlrq 8 Vxssrvh t htxdov rqh1 Xqghu Flylo Odz/ wkh lqtxlvlwruldo
surfhgxuh lv vwloo rswlpdo1 Xqghu Frpprq Odz/ wkh dgyhuvduldo surfhgxuh lv
rswlpdo l� o

�
A #=

Sursrvlwlrq 8 vxjjhvwv wkdw zkhq frvwv duh lqwurgxfhg lqwr wkh dqdo|vlv
dqg t @ 4 wkh dgyhuvduldo surfhgxuh orvhv vrph ri lwv dsshdolqj 1 Wkh
dgydqwdjh ri kdylqj frqwuro zlwkrxw pdqlsxodwlrq pxvw eh qrz frqiurqwhg
zlwk wkh kljkhu frvw ri klulqj wzr djhqwv udwkhu wkdq rqh1 Li wklv frvw lv
vx!flhqwo| vpdoo +# ? plqio

�
> o

-
j, sursrvlwlrq 7 frqwlqxhv wr krog dqg

wkh frpelqdwlrq ri Frpprq Odz dqg dgyhuvduldo surfhgxuh lv vwloo rswlpdo1
Rq wkh frqwudu|/ li wklv frvw lv kljk +# A o

�
, wkh lqtxlvlwruldo surfhgxuh

ehfrphv suhihuuhg xqghu erwk v|vwhpv1 \hw/ sursrvlwlrq 7 hqvxuhv wkdw wkh
frpelqdwlrq ri Flylo Odz dqg lqtxlvlwruldo surfhgxuh lv rswlpdo/ wkhuhe|
frq�uplqj wkh jhqhudo uhvxow ri wkh sdshu rq wkh h{lvwhqfh ri dq rswlpdo
uhodwlrqvkls ehwzhhq ghflvlrq uxoh dqg lqirupdwlrq dftxlvlwlrq1

:15 Fdvh 5= ^ '
�
2

Frqvlghu qrz wkh fdvh zkhuh t lv htxdo wr rqh0kdoi1 Sursrvlwlrqv 6 dqg 7 vd|
wkdw lq wklv fdvh wkh frpelqdwlrq ri Flylo Odz dqg lqtxlvlwruldo surfhgxuh
lv rswlpdo1 Wr yhuli| wkh ydolglw| ri wklv uhvxow zkhq frvwv duh lqwurgxfhg/
qrwlfh wkdw zlwk t $ �

2 wkh frvw ri froohfwlqj lqirupdwlrq zlwk rqh djhqw lv
htxdo ru odujhu wkdq zlwk wzr djhqwv1; Wr vhh wklv frqvlghu wkh Flylo Odz
v|vwhp1 Wr hqvxuh wkdw wkh vdph dprxqw ri lqirupdwlrq lv froohfwhg rq V�
xqghu erwk surfhgxuhv/ wkh lqyhvwljdwlqj mxgjh pxvw xqghuwdnh wzr vhdufkhv1
Lqfhqwlyh frpsdwlelolw| uhtxluhv=

4

5
yUa � 5# �

4

6
yUa �# +47,

4

5
yUa � 5# � 3 +48,

;Wklv lv wkh fdvh khuh ehfdxvh wkh whfkqrorj| vkrzv ghfuhdvlqj uhwxuq wr vfdoh1
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H{suhvvlrqv +47, dqg +48, vd| wkdw wzr vhdufkhv rq V� lv ehwwhu wkdq rqh
ru qrqh1 Wkh zdjh wkdw lpsohphqwv wzr vhdufkhv lv yUa @ 9# dqg wkh
lqyhvwljdwlqj mxgjh hqmr|v d uhqw �

�UunU�'
@ #1 Lq wkh dgyhuvduldo v|vwhp/

e| sd|lqj d zdjh y�
C
@ y(

U
@ �

H# wr wkh sduw| wkdw zlqv wkh fdvh dqg }hur wr
wkh rwkhu/ wkh sulqflsdo fdq rewdlq wkh vdph dprxqw ri lqirupdwlrq zlwkrxw
ohdylqj dq| uhqw wr wkh sduwlhv1 Wkxv/ xqghu Flylo Odz/ wkh lqtxlvlwruldo
surfhgxuh lv rswlpdo rqo| li=

o
�
A �

�UunU�'
+49,

Wkh gl�huhqfh lq frvwv ixuwkhu lqfuhdvhv iru wkh Frpprq Odz v|vwhp/ iru
d vhfrqg h�hfw wdnhv sodfh1 Qrw rqo| lv wkh frvw ri lqgxflqj lqirupdwlrq
dftxlvlwlrq rq V� odujhu exw dovr wkh uhqw wkdw pxvw eh sdlg wr frqylqfh
wkh djhqwv wr vhdufk rq V� dqg V2 lv dovr odujhu iru wkh lqyhvwljdwlqj mxgjh1
Frqvhtxhqwo|/ xqghu Frpprq Odz/ wkh lqtxlvlwruldo v|vwhp grplqdwhv rqo|
li=

o
�
A o

�
. WF

��unU�'
� WF

��un�(T
� �WF +4:,

Wkh lqwxlwlrq iru wklv uhvxow lv wkh vdph dv iru wkh fdvh t @ 4 dqg d irupdo

ghulydwlrq lv uhohjdwhg wr wkh Dsshqgl{1 Wkh frpelqdwlrq ri h{suhvvlrqv +49,

dqg +4:, ohdgv wr wkh iroorzlqj frqfoxvlrq1 Li o
�
A pd{

q
�
�UunU�'

> o� .��
r

sursrvlwlrq 7 frqwlqxhv wr krog1 Wkh lqtxlvlwruldo surfhgxuh lv dozd|v rswl0
pdo dqg/ dv lq wkh fdvh t @ 4/ wkh frpelqdwlrq Frpprq Odz soxv lqtxlvl0
wruldo surfhgxuh lv dozd|v grplqdwhg e| wkh frpelqdwlrq Flylo Odz soxv
lqtxlvlwruldo surfhgxuh1 Li �

�UunU�'
? o

�
? o

�
. �WF wkh lqtxlvlwruldo

surfhgxuh lv suhihuuhg xqghu wkh Flylo Odz v|vwhp zkhuhdv wkh dgyhuvduldo
surfhgxuh lv suhihuuhg xqghu wkh Frpprq Odz1 Zklfk ri wkhvh wzr frp0
elqdwlrqv lv rswlpdo ghshqgv rq wkh lpsdfw ri frvwv1 Lq wkh rwkhu fdvhv wkh
uhvxowv duh pruh dpeljxrxv dqg/ ghshqglqj rq wkh ydoxhv ri wkh sdudphwhuv/
lw lv srvvleoh wr kdyh �ghjhqhudwh� frpelqdwlrqv1

; Uhodwhg Olwhudwxuh

Wkh sdshu frplqj forvhvw wr wklv lv Ghzdwulsrqw dqg Wluroh +4<<<,1 Khuh
d sulqflsdo2ghflvlrq0pdnhu kdv wr fkrrvh ehwzhhq wzr dowhuqdwlyh surmhfwv
exw kdv olwwoh lqirupdwlrq derxw zklfk lv wkh ehvw rqh1 Lqirupdwlrq fdq eh
surgxfhg e| hlwkhu rqh ru wzr djhqwv1 Lq wkh �uvw fdvh wkh djhqw kdv wr �qg
lqirupdwlrq derxw erwk surmhfwv/ lq wkh odwwhu hdfk djhqw lv vxssrvhg wr pdnh
wkh fdvh iru rqo| rqh surmhfw1 Ghzdwulsrqw dqg Wluroh dujxh wkdw dgyrfdf|
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kdv wzr pdlq dgydqwdjhv= �uvw/ lqirupdwlrq froohfwlrq lv ohvv frvwo|/ vhfrqg/
wkh glvwruwlrqv lq ghflvlrq pdnlqj duh lq jhqhudo vpdoohu xqghu dgyrfdf|1
Wzr lpsruwdqw gl�huhqfhv h{lvw ehwzhhq wklv dqg rxu prgho1 Dv douhdg|
phqwlrqhg/ lq Ghzdwulsrqw dqg Wluroh prvw ri wkh dqdo|vlv dvvxphv wkdw wkh
ghflvlrq0pdnhu kdv suhihuhqfhv zklfk duh shuihfwo| doljqhg zlwk wkrvh ri wkh
sulqflsdo1 Wkh fdvh ri plvdoljqhg suhihuhqfhv lv rqo| glvfxvvhg lqirupdoo|1
Frqvlvwhqw zlwk rxu dqdo|vlv/ Ghzdwulsrqw dqg Wluroh dujxh wkdw zkloh wkh
wzr sduwlhv fdq eh uholhg wr surylgh d fkhfn djdlqvw d vhoi0lqwhuhvwhg ghflvlrq0
pdnhu/ wklv lv qrw wuxh zlwk d vlqjoh djhqw1 Ixuwkhu/ Ghzdwulsrqw dqg Wluroh
doorz iru wkh fdvh lq zklfk erwk surmhfwv kdyh wkh vdph ydoxh dqg wkxv �wkh
vwdwxv txr� lv wkh rswlpdo ghflvlrq1 Iru wklv uhdvrq pdqlsxodwlrq rffxuv dovr
xqghu qrqsduwlvdqvkls1 Lq rxu prgho wklv fdq qhyhu eh wkh fdvh1 Vlqfh wkhuh
lv rqo| rqh surmhfw dqg wkh �vwdwhv� uhihu wr wkh txdolw| ri wklv surmhfw/ rqh
uhdol}dwlrq dxwrpdwlfdoo| h{foxghv doo wkh rwkhuv1< Dqrwkhu sdshu uhodwhg wr
xv lv Vklq +4<<:,1 Vklq dujxhv wkdw wkh vxshulrulw| ri wkh dgyhuvduldo v|vwhp
olhv lq wkh idfw wkdw wkh ghflvlrq0pdnhu fdq uho| rq wzr vrxufhv ri lqirupdwlrq
lqvwhdg ri rqh1 Wklv hqdeohv klp wr ehwwhu lqihu wkh idfwv ri wkh fdvh/ dovr
zkhq wkh survhfxwru dqg wkh ghihqgdqw duh qrw ehwwhu lqiruphg rq dyhudjh
wkdq wkh lqyhvwljdwlqj mxgjh1 Dowkrxjk wkh ghflvlrqdo sureohp lq Vklq lv
prghohg vlploduo| wr rxuv/ wzr gl�huhqfhv uhpdlq1 Iluvw/ wkh ghflvlrq0pdnhu
lv djdlq lghqwl�hg zlwk wkh sulqflsdo/ vhfrqg wkh surri0wdnlqj surfhvv lv wdnhq
dv h{rjhqrxv1 Dovr uhodwhg wr rxu sdshu lv wkh zrun e| Dupvwurqj +4<<7,
rq glvfuhwlrq dqg ghohjdwlrq1 Dupvwurqj glvfxvvhv wkh surv dqg frqv ri
olplwlqj glvfuhwlrq zkhq d sulqflsdo ghohjdwhv ghflvlrqv wr d ehwwhu lqiruphg
djhqw1 Dupvwurqj*v pdlq uhvxow lv wkdw wkh ohvv olnho| wkh djhqw*v suhihuhqfhv
duh wr frlqflgh zlwk wkh sulqflsdo*v/ wkh ohvv glvfuhwlrq wkh djhqwv vkrxog
eh jlyhq1 Wklv sdshu fdq eh vhhq dv frpsohphqwdu| wr rxuv lq wkh vhqvh
wkdw khuh wkh ghjuhh ri glvfuhwlrq judqwhg wr wkh djhqw lv hqgrjhqrxv dqg
wkh rswlpdo frqwudfw r�huhg wr wkh ghflvlrq0pdnhu lv ghulyhg dv d vroxwlrq
ri wkh sulqflsdo*v rswlpl}dwlrq sureohp1 Krzhyhu/ lq wklv sdshu lqirupdwlrq
dftxlvlwlrq lv qrw prghohg dqg lw lv h{rjhqrxvo| dvvxphg wkdw wkh ghflvlrq0
pdnhu lv ehwwhu lqiruphg wkdq wkh sulqflsdo1

< Frqfoxvlrq

Zh kdyh dqdo|}hg d ghflvlrqdo surfhvv dqg dujxhg wkdw lqirupdwlrq dftxlvl0
wlrq vkrxog eh ghohjdwhg wr wkh sduwlhv lqyroyhg lq wkh ghflvlrq ru wr d wklug
lpsduwldo djhqw ghshqglqj rq wkh uxohv vhw dw wkh ghflvlrqdo vwdjh1 Wklv

<D surmhfw fdq eh jrrg ru edg exw fdq qhyhu eh jrrg dqg edg dw wkh vdph wlph1
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uhvxow kdv ehhq xvhg wr h{sodlq zk| zh revhuyh sduwlfxodu frpelqdwlrqv ri
ohjdo dqg mxglfldo v|vwhpv1

Dv zh phqwlrqhg lq wkh lqwurgxfwlrq/ rxu iudphzrun dssolhv wr rwkhu
frqwh{wv dv zhoo1 Rqh h{dpsoh lv dqwl0wuxvw srolf|1 Zkhq wzr �upv gh0
flgh wr phujh wkh| pxvw dvn iru wkh dxwkrul}dwlrq ri wkh uhohydqw dqwl0wuxvw
dxwkrulw|1 Wkh odwwhu dqdo|vhv wkh fdvh dqg ghflghv zkhwkhu ru qrw wr dx0
wkrul}h wkh phujh1 Wkh zdyh ri phujhuv wkdw kdv wdnhq sodfh lq uhfhqw |hduv
kdv gudzq dwwhqwlrq rq krz wkh surfhgxuh iru wkh dxwkrul}dwlrq vkrxog eh
ghvljqhg1 Lq sduwlfxodu/ wkh ghedwh kdv irfxvhg rq wzr srlqwv1 Rqh uh0
odwhv wr wkh fulwhuld wr xvh zkhq hydoxdwlqj wkh frqvhtxhqfh ri wkh phujhu
rq frqvxphu zhoiduh dqg pdunhw frpshwlwlrq1 Wkh pdlq lvvxh lv zkhwkhu
wkh dxwkrulw| vkrxog uho| rq jhqhudo dqg �{hg uxohv ru vkrxog surfhhg rq d
�fdvh e| fdvh� edvlv1 Reylrxvo|/ wkh �uvw uxoh kdv wkh dgydqwdjh ri ehlqj
vlpsohu dqg pruh remhfwlyh zkhuhdv wkh vhfrqg kdv wkh srvlwlyh ihdwxuh ri
hqvxulqj pruh  h{lelolw|1 Wkh vhfrqg lvvxh wdfnohg lq wkh ghedwh frqfhuqv
wkh dftxlvlwlrq ri lqirupdwlrq1 Vkrxog wklv wdvn eh doorfdwhg wr wkh sduwlhv
lqwhuhvwhg lq wkh ghflvlrq +frqvxphuv oreelhv rq wkh rqh vlgh dqg phujlqj
�upv rq wkh rwkhu, ru wr d pruh qhxwudo sduw|B Rxu dqdo|vlv vxjjhvwv wkdw
wkhvh sureohpv vkrxog eh dgguhvvhg vlpxowdqhrxvo| dqg wkdw lq fkrrvlqj d
ghflvlrq uxoh wkh dxwkrulw| vkrxog eh jxlghg e| krz hdv| lw lv wr froohfw wkh
uhohydqw lqirupdwlrq1

Rxu dssurdfk fdq dovr vd| vrphwklqj rq wkh lvvxh ri dlg wr srru dqg
ghyhorslqj frxqwulhv1 Wkh idloxuh ri pdq| �qdqfhg surmhfwv kdv udlvhg wkh
txhvwlrq ri krz wkh| vkrxog eh vhohfwhg dqg zkr vkrxog surylgh wkh lqirupd0
wlrq rq wkh uhodwlyh phulwv ri gl�huhqw surmhfwv1 Dffruglqj wr rxu uhvxowv wkh
dqvzhu olhv lq wkh uhodwlrqvkls ehwzhhq ghflvlrq uxohv dqg lqfhqwlyhv ri wkh
djhqwv1 Dvvxph wkdw wkh fulwhuld iru wkh vhohfwlrq ri wkh surmhfwv duh gh�qhg
e| wkh Zruog Edqn dffruglqj wr vrph jhqhudo sulqflsohv1 Lq wklv fdvh/ wkh
jryhuqphqw ri wkh ehqh�fldu| vwdwh fdq eh hdvlo| prqlwruhg wr lpsohphqw
wkh uljkw surmhfw dqg wkxv lqirupdwlrq surylvlrq lv ehwwhu dvvljqhg wr d wklug
qhxwudo sduw|1 E| frqwudvw/ zkhq wkh fkrlfh ri wkh surmhfwv lv dvvljqhg gl0
uhfwo| wr wkh jryhuqphqw ri wkh ehqh�fldu| vwdwh/ prqlwrulqj ehfrphv pruh
gl!fxow1 Lq wklv fdvh/ wr suhyhqw rssruwxqlvwlf ehkdylruv ri wkh jryhuqphqw/
lqirupdwlrq surylvlrqv vkrxog eh ghohjdwhg wr wkh sduwlhv d�hfwhg e| wkh
ghflvlrq1
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43 Dsshqgl{

Surri ri sursrvlwlrq 4

Lw vx!fhv wr vkrz wkdw o
�
� o

-
A 3 iru vrph duelwudu| ydoxh ri �1 Qrwlfh

wkdw/ iru � @ 4/ o
�
dqg o

-
fdq eh uh0zulwwhq dv=

o
�
@

4

6

] �
2

f
+J� g+�,,2g�.

4

6

] �

�
2

+J� g+�,,2g� +D4,

dqg

o
-
@

4

6

] �
2

f
+O� g+�,,2g� .

4

6

] �

�
2

+O� g+�,,2g� +D5,

Wkh vhfrqg whup rq wkh uljkw kdqg vlgh ri erwk h{suhvvlrqv frlqflghv1 Wr
vhh wklv/ qrwlfh wkdw lq +D4,/ +J � g+�,,2 htxdov +J � O,2 zkhq � @ �

2 dqg
}hur zkhq � @ 4 zkloh lq +D5, +O� g+�,,2 htxdov +O�J,2 zkhq � @ 4 dqg
}hur zkhq � @ �

2 1 E| wkh vdph wrnhq lw lv hdv| wr vhh wkdw wkh �uvw whup
rq wkh uljkw kdqg vlgh ri +D4, lv dozd|v juhdwhu wkdq lwv htxlydohqw lq +D5,1
Khqfh/ o

�
� o

-
A 31

Surri ri sursrvlwlrq 6

Zkhq t $ 4 wkh dgyhuvduldo v|vwhp lv dozd|v rswlpdo dv +43, ehfrphv
}hur1 Zkhq t @ �

2 / o� @ �
S+J � L,2 zkhuhdv o

�
@ � D

�2

U �
f +J � g+�,,2g�1

Vxssrvh � @ 4/ wkhq wkh lqtxlvlwruldo surfhgxuh lv rswlpdo li o
�
� o

�
@

+J�L,2� D
2

U �
f +J�g+�,,2g� A 31 Wkh frqyh{lw| ri wkh orvv ixqfwlrq hqvxuhv

wkdw wklv lqhtxdolw| lv dozd|v vdwlv�hg1 Vlqfh o
�
lv ghfuhdvlqj lq � wkh uhvxow

krogv wuxh iru dq| �1

Rswlpdo lqfhqwlyh vfkhph xqghu Frpprq Odz

Wkh dgyhuvduldo surfhgxuh

t @ 4= Dv vkrzq lq vhfwlrq 8 xqghu Frpprq Odz wkh zdjh vfkhphv iru wkh
sduwlhv sd| pruh iru pruh idyrudeoh ghflvlrqv1 Vlqfh wkh vhw ri srvvleoh ghfl0
vlrqv lv d frqwlqxxp/ wkh zdjh vfkhphv duh frqwlqxxp ixqfwlrqv1 Pruhryhu/
wkhvh lqfhqwlyhv vfkhphv lqgxfh sduwlhv* prqlwrulqj ryhu wkh mxgjh1 Zh vwduw
rxu surri e| vkrzlqj wkdw wkh vdph fdq eh surylghg e| d vlpsohu frqwudfw lq
zklfk rqo| �yh zdjh ohyhov duh vshfl�hg1 Iru vlpsolflw| zh suryh wkh ohppd
rqo| iru wkh fdvh ri wkh survhfxwru1 Krzhyhu/ wkh vdph dujxphqw zrunv iru
wkh ghihqgdqw1
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Ohppd 9 Zh fdq uhvwulfw wr d zdjh vfkhph= +z> y> yf > y> z, zkhuh z � y
�

C
/

y � y
�

_E.E	w
�
��
/ yf � y

�

_E.E	w��
/ y � y

�

_E.E	w
��
��
/ dqg z � y

�

U
/ zkhuh a�

�

� k+�
C
,

dqg a�
��

� k+�
U
,1

Surri1 Vxssrvh wkdw qhlwkhu ri wkh wzr sduwlhv kdv irxqg hylghqfh rq V� 1
Wkuhh fdvhv pd| rffxu1 Erwk sduwlhv vhdufk rq V2 / rqo| wkh survhfxwru
vhdufkhv rq V2 ru rqo| wkh ghihqgdqw vhdufkhv rq V2 1 Lq wkh �uvw fdvh/
pdqlsxodwlrq lv lqh�hfwlyh dqg wkh mxgjh ohduqv a� � k+�

C
��

U
,1 Wkh h{shfwhg

zdjh iru wkh survhfxwru lv H	w+y_E	w�,1 Krzhyhu/ xqghu wkh dvvxpswlrq ri
ulvn qhxwudolw| wkh survhfxwru lv lqgl�huhqw ehwzhhq jhwwlqj wklv h{shfwhg
zdjh dqg jhwwlqj yf 1 Vlploduo|/ zkhq rqo| wkh survhfxwru lqyhvwljdwhv V2 /

wkh uhsruw lv a�
�

zklfk hqvxuhv klp dq h{shfwhg zdjh H	w
�+y

_E	w
�
�
,1 Djdlq/ wkh

survhfxwru lv lqgl�huhqw ehwzhhq uhfhlylqj wklv zdjh dqg uhfhlylqj y1 Ilqdoo|/

zkhq rqo| wkh ghihqgdqw vhdufkhv rq V2 wkh uhsruw lv a�
��

zklfk hqvxuhv wkh
survhfxwru dq h{shfwhg zdjh H	w

��+y
_E	w

��
�
, zklfk jlyhv klp wkh vdph xwlolw| ri

y

Xqghu ohppd 9/ wkh sulqflsdo*v lpsohphqwdwlrq sureohp ehfrphv=

4

6
+yf � y,�# � 3 +D6,

4

6
y �# � 3 +D7,

4

6
+yf � y,�# � 3 +D8,
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6
+z �z,�# � 3 +D9,

4

6
+z �z,�# � 3 +D:,

5

6
z �

4

6
yf � # � 3 +D;,

H{suhvvlrqv +D6, wr +D8, hqvxuh wkdw hdfk djhqw suhihuv wr vhdufk rq V� dqg
V2 wr vhdufklqj rqo| rq V� / lqghshqghqw ri wkhlu rssrqhqw pryh1 H{suhvvlrqv
+D9, wr +D;, hqvxuh wkdw wklv lv dovr suhihuuhg wr vhdufklqj rqo| rq V2 1 D
txlfn lqvshfwlrq ri wkh lqfhqwlyh vfkhph vkrzv wkdw rqo| irxu frqvwudlqwv
duh uhohydqw1 Uhfdoolqj wkdw olplwhg oldelolw| lpsrvhv z @ 3/ zlwk vlpsoh
dojheud lw lv hdv| wr vkrz wkdw wkh frvw plqlpl}lqj vfkhph lqgxflqj ixoo
lqyhvwljdwlrq lv= z @ b

2#> y @ yf @ 6#> y @ z @ 31 Hdfk djhqw hqmr|v
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d uhqw= �
��un�(T

@ �
2#= Rqh pd| dujxh wkdw wkh uhgxfhg irup lqfhqwlyh

vfkhph zh kdyh xvhg lv qrw rswlpdo dqg wkdw d pruh vrsklvwlfdwhg vfkhph
zrxog hqwdlo d orzhu ru hyhq }hur uhqw1 Zkloh wklv lv srvvleoh/ d orzhu uhqw
zrxog d�hfw rxu uhvxow txdqwlwdwlyho| exw qrw txdolwdwlyho|1 Lqghhg/ wkh
lqh!flhqf| ri wkh dgyhuvduldo v|vwhp vwhpv iurp wkh gxsolfdwlrq ri h�ruw
wkdw lv uhtxluhg wr dqqlklodwh wkh h�hfw ri pdqlsxodwlrq1

t @ �
2 = Xvlqj wkh vdph uhdvrqlqj dv ehiruh/ lw fdq eh vkrzhg wkdw zkhq

t $ �
2 wkh htxloleulxp vwudwhj| lq zklfk erwk sduwlhv vhdufk rq V� dqg V2

fdq eh lpsohphqwhg dv grplqdqw vwudwhj| e| vhwwlqj d zdjh vfkhph +z> y>
yf > y> z, zklfk vdwlv�hv=

4

5
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4

5
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4
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9
yf � # � 3 +D45,
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7
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4

9
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4

6
z �
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6
yf � # � 3 +D47,

Vroylqj frqvwudlqwv +D<, wr +D47, |lhogv= +z @ �S
� #> y @ yf @ 5#> y @ z @

3,1 Wkh djhqwv hqmr| d uhqw= �
��un�(T

@ �
�# dqg wkh wrwdo frvw iru wkh

sulqflsdo lv htxdo wr= WF
��un�(T

@ ��
� #

Wkh lqtxlvlwruldo surfhgxuh

Wr surgxfh wkh vdph dprxqw ri lqirupdwlrq xqghu wkh lqtxlvlwruldo v|vwhp
wkh lqyhvwljdwlqj mxgjh qhhgv wr h{huw wzr vhdufkhv rq V� dqg rqh vhdufk rq
V21 Lqfhqwlyh frpsdwlelolw| uhtxluhv=
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9
y
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�
4
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y
Ua

�# � 3 +D48,

4

5
y
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� # � 3 +D49,

4
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y
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Iurp frqvwudlqw +D49, zh rewdlq y
Ua

@ 5#= Wkh elqglqj frqvwudlqw ehwzhhq

+D48, dqg +D4:, lv wkh odwwhu/ iurp zklfk zh jhw= y
Ua

@ ;#1 Wklv zdjh

vfkhph ohdyhv wkh lqyhvwljdwlqj mxgjh d uhqw= �
U�'n��u

@ 5#1 Wkh wrwdo
frvw lv wkhq htxdo wr= WF

��unU�'
@ 8#/ zklfk lv juhdwhu wkdq WF

��un�(T
1

Qrwlfh wkdw wklv lv wuxh ghvslwh wkh idfw wkdw xqghu dvvxpswlrq 5/ wkh lqyhv0
wljdwlqj mxgjh h{huwv rqo| rqh vhdufk rq V2 1 Khqfh/ uhod{lqj wklv dvvxpswlrq
zrxog rqo| vwuhqjwkhq rxu uhvxow1
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