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1 Value creation through a social division of labour

The study of the provision of a wide range of collective goods and configurations in general equi-
librium theory has been pursued mainly in a setting of a strict dichotomy between the production
and consumption of all goods, private as well as collective. We consider an economy in which
individual economic agents are consumer-producers, endowed with productive abilities as well as
consumptive preferences, as in Yang (1988). All production and consumption decisions by these
consumer-producers are guided by the same price system for private goods and a personalised
tax-subsidy system for the financing of the collective goods.

Our approach is founded on the formation of an endogenous social division of labour to produce
all private goods in the economy Gilles (2018, 2019a,b). In our model, inputs of these private goods
can be converted into abstract collective goods through a specified production matrix. The delivery
of collective goods is financed through an appropriately devised tax-subsidy system. The private
good inputs that the public authority uses, would typically also include specialised human capital
through the employment of specific classes of professionals.

Our framework has widespread applicability to numerous issues in the theory of value. More
precisely, our model allows a proper valuation to be assigned every aspect of societal organisation
that affects the process of generating wealth, whether or not this aspect is subject to individual
property rights in the society in question. Traditionally, collective goods fit this category and are used
to represent government-provided public goods or economic sources of widespread externalities.
Both of these traditional applications fit well within our general framework.! In Section 2 of this
paper, we discuss the valuation of less traditional wealth generating factors such as non-tradable
inputs to production processes and knowledge.

Our model builds on the framework of valuation equilibrium in an economy with such unstruc-
tured, non-Samuelsonian collective goods developed by Mas-Colell (1980) and Diamantaras and
Gilles (1996) as well as the model of a competitive economy with an endogenous social division of
labour devised by Gilles (2018, 2019a,b). Our model extends beyond these frameworks by consid-
ering economic agents to be endowed with very general consumptive preferences introduced in
Hildenbrand (1969).

In particular, each agent is endowed with preferences over consumption bundles of private goods
as well as collective good configurations that are non-satiated, have thin indifferences sets, and
satisfy minimal essentiality conditions for the collective goods. Furthermore, each agent is endowed
with a standard production set of individually feasible production plans. These individual production
sets are affected by external effects of the collective goods that are provided in the economy. This
allows, for example, the consideration of public education systems and their effects on the emerging
social division of labour.

We emphasise that the continuum is an apt setting in which to develop our model. Indeed, the
social division of labour is only fully implementable with a large enough population of economic
agents. A continuum population allows the economy to generate flexible outputs from such a large

'n particular, we refer to the analysis of education and its effects on productivity and the endogenous social division
of labour (Bowles, Gintis, and Meyer, 1975) as well as environmental issues such as the adoption of green production
technologies through appropriate subsidies (Hanley, McGregor, Swales, and Turner, 2006).



collaborative production system. This is fully exploited in the theory set out in Gilles (2019b) as well
as in our model.

Our approach is sufficiently general to encompass many of the existing models of collective good
provision in general equilibrium theory. This includes private good endowment economies, home
production economies, and private ownership production economies. We provide specifications of
our framework that show the inclusion of these models.

In our setting, a feasible allocation consists of an allocation of private good consumption bundles,
a collective good configuration, and an assignment of private good production plans to individual
consumer-producers such that all private good markets clear and there are sufficient amounts of the
private goods produced to provide the collective good in its chosen configuration.

Our analysis focusses on Pareto optimal allocations and their support through an appropriate
price-valuation system. In particular, we generalise the notion of valuation equilibrium—developed
by Mas-Colell (1980) and Diamantaras and Gilles (1996)—to our setting. A valuation equilibrium
is a feasible allocation that is supported through a conditional private good price system and a
valuation—a tax-subsidy scheme—such that all consumption and production plans are optimal and
that the collective good configuration maximises the budgetary surplus, which in equilibrium is
exactly zero.

We show the First Fundamental Theorem of Welfare Economics: Valuation equilibria are Pareto
optimal under minimal conditions on the agents’ production sets and their consumptive preferences
(Theorem 4.6). Furthermore, we show that every Pareto optimal allocation can be supported weakly
by a private good price system and an appropriately devised tax-subsidy system if production
is collectively bounded and all consumptive preferences satisfy an essentiality condition in the
sense that for every individual, any collective good configuration can be compensated by sufficient
quantities of the private goods (Theorem 4.9).

We strengthen this insight to a full statement of the Second Fundamental Theorem of Welfare
Economics that all Pareto optimal allocations can be supported as valuation equilibria if consump-
tive preferences are continuous and directionally monotone and satisfy stronger versions of the
essentiality condition (Theorem 4.14(a)). Similarly, we show that an irreducibility condition can
replace one of these strict essentiality conditions to support Pareto optima as valuation equilibria
(Theorem 4.14(b)). These insights show that full support of Pareto optima can be achieved if one
assumes sufficiently strong hypotheses on the consumptive preferences, which contrasts sharply
with the mild conditions to establish weaker support of these Pareto optima.

Furthermore, we consider explicitly the consequences of Adam Smith’s notion of Increasing
Returns to Specialisation (IRSpec) as formalised by Gilles (2018, 2019a,b). IRSpec hypothesises
that one’s productive abilities improve if one specialises in the production of a single output. We
show that under IRspec all economic agents select full specialisation production plans only and
there emerges a strict social division of labour in which agents occupy specific professions only
(Theorem 5.2(b)). Also, there emerges complete income equality among these specialisations due to
the assumed perfect mobility among professions under perfect competitive conditions (Theorem
5.2(c)).

We emphasise that our focus is on the support of Pareto optimal allocations as valuation equilibria

and the two welfare theorems. The existence of Pareto optima and valuation equilibria lies outside



the scope of this paper. We remark that the existence question is non-trivial due to the widespread

externalities emanating from the collective goods.

Applications. We argue that our framework can be applied to a very wide array of subjects. We
explore four such applications in this paper. First, we look at a model of the classic public service of
policing, in which consumer-producers specialise in the production of either food or policing. The
government then selects a valuation system for policing service provision and this system guides
the specialisation of the agents and their consumption choices to an efficient allocation.

Second, collective good configurations can be used to model non-tradable inputs to the production
processes. We explore an economy with land that acts as a non-tradable input for the production of
food. The valuation equilibrium concept introduces a method to value and price land, even though
it is not a market commodity.

Third, we investigate the effects of collectively generated knowledge on production processes.
Again, the valuation equilibrium system allows the proper assignment of value to such collective
knowledge and its uses.

Finally, in a fourth application, we show how the model of endogenous selection of tradables in
Gilles and Diamantaras (2003) is a special case of our framework.

Context and related literature. Adam Smith eloquently described wealth creation through the
specialisation of labour in a social division of labour at the foundation of the economy (Smith, 1776,
Book I, Chapters I-III). Here, economic wealth generation is directly related to the ideas of increasing
returns to specialisation and gains from trade as the foundation for a social division of labour, an idea
at least as old as Plato’s “Republic” written circa 380 BCE (Plato, 380 BCE) and further discussed by
Mandeville (1714) and Hume (1740, 1748). The notion of the social division of labour was further
developed by Babbage (1835) and, most profoundly, by Marx (1867) for the industrial age.

However, these fundamental principles have been relatively neglected in the modern study of
general equilibrium in a market economy. Only recently, Yang (1988, 2001, 2003), Yang and Borland
(1991), Yang and Ng (1993), Sun, Yang, and Zhou (2004) and Gilles (2019b) have developed a modern
mathematical approach to wealth creation and allocation through a social division of labour, centred
around the notion of a consumer-producer as the building block of such a social division of labour.
In the models of these works, all production and consumption decisions are made by economic
agents endowed with consumptive as well as productive abilities.

Yang (1988, 2001) broke new ground by introducing a mathematical model of consumer-producers
in the context of a continuum economy with an endogenous social division of labour. Sun, Yang, and
Zhou (2004) established the existence of a general equilibrium founded on increasing returns to scale
in productive abilities in which the competitive price mechanism guides these consumer-producers
to socially optimal specialisations. Their framework allowed for transaction costs as well.

Gilles (2019b) introduced a mathematical formulation of the economic notion of increasing
returns to specialisation in a competitive market economy with private goods. Gilles shows the
existence of competitive equilibria, the fundamental welfare theorems, and how the social division

of labour can also supplant prices and direct the allocation of resources efficiently. The crucial



assumption behind these results is the law of one price, imposed on all the production and trading
processes.

This model can simultaneously give an account of general equilibrium price formation, the
process of wealth creation itself, as well as the endogenous allocation of the generated wealth.
Equilibration under full specialisation happens by endogenous adaptation of the social division of

labor rather than the price mechanism.

Links to the collective goods literature. Concerning “non-Samuelsonian” collective goods,
Mas-Colell (1980) established a model of an economy with one private good (“money”) and a
collective good that is not necessarily measurable on a cardinal scale and for which the agents
necessarily have non-monotonic preferences, since the “amount” of the collective good is undefined,
referred to as a collective good. This model significantly extends the well-established model of “public”
good economies developed by Samuelson (1954), which is founded on the hypothesis that those
public goods are quantifiable and subject to monotonic preferences.”

Mas-Colell (1980)’s main equilibrium concept is that of valuation equilibrium and he introduced
the hypothesis of essentiality of the private good to establish the second welfare theorem. Dia-
mantaras and Gilles (1996) generalised this framework to an economy with multiple private goods
and established that, in order to achieve the welfare theorems, a conditional price system has to be
implemented that imposes a private-good price vector for each collective good configuration. This
framework was subsequently generalised by Graziano (2007), Graziano and Romaniello (2012) and
Basile, Graziano, and Pesce (2016).

Another relevant field of application is the study of causes of economic inequality. The hypoth-
esis that production occurs through a social division of labour allows to compare the effects of
imperfections in the mobility between professional classes, causing opportunity inequality (Roemer,
1998). Furthermore, the control of certain (non-tradable) inputs in the production processes can
lead to unequal allocation of wealth in the social division of labour (Dow and Reed, 2013). Our
framework can be enhanced to use the presence of collective goods as well as modified equilibrium

concepts to capture these aspects of the economy.

2 A universal conception of economic value

Economic wealth creation processes are not only founded on individual productive abilities, but
also on the collective institutional framework in which such wealth creation takes form. These
collective, institutional features take many different forms. Such collective configurations range from
government provision of traditional public goods (Samuelson, 1954) to the collective determination
of costly institutional market institutions affecting the terms of trade as well as the transaction costs
(Gilles and Diamantaras, 2003; Diamantaras, Gilles, and Ruys, 2003).

We set out to develop a common valuation concept that measures the effects of these collective

institutional settings on the economic wealth creation processes that is as general as possible.

2Samuelsonian public goods are a (very) special case of our collective goods. We sometimes use the locution “non-
Samuelsonian collective goods” for brevity, however, instead of the more accurate “not-necessarily Samuelsonian public

goods”.



This implies that many studies in the literature can be considered special cases of the general
framework set out here. Hence, the Lindahl pricing of traditional Samuelsonian public goods as well
as conjectural pricing systems evaluating trade in different trade infrastructures are specifications
of the concepts developed here.

We explicitly recognise that these measures of economic value have a common basis and are
essentially based on two properties. We present this universal conception here and provide a number

of illustrative applications showing their functionality.

A common concept of economic valuation. We recognise that there is a distinction between
standard economic goods—which are subject to individual property rights—and configurations of
collective institutional elements—which we refer to as a collective configuration to distinguish this
from the standard, quantifiable economic goods. We assume throughout that there are a finite
number ¢ € N of standard private goods as well as a set Z of potential collective configurations.
We assume that there are costs c(z) € R related to the implementation of collective configuration
z € Z—represented as a bundle of standard goods.

We assume that production is individualised. Hence, every agent a has individual productive
abilities described by a correspondence $,: Z — 2% that assigns a production set P,(z) c Rf
subject to which collective configuration z is implemented. Therefore, production is subject to
widespread externalities from the implementation of collective configurations. This allows for a
wide range of applications of this framework.

The value of standard economic goods is measured through a conjectural price systemp: Z — R,
which can interpreted as a measurement of the price of a standard good subject to the particular
collective configuration considered. Note that a production plan g € P,(z) is optimal for agent a
under the conjectural price p(z) > 0 if

p(z) - g =supp(z) - Pa(z) = sup{p(z) - g | g € Pa(2) }.

Furthermore, we introduce an individualised valuation system that assigns a lump-sum transfer
V(a, z) € R for any agent a and any collective configuration z € Z. Here, V(a, z) > 0 refers to a tax,
while V(a, z) < 0 refers to a subsidy to the individual a under configuration z.

An allocation of consumption bundles f, a production plan assignment g and a collective

configuration z are supported by a valuation (p, V) if the following conditions hold:
Material balance: f fdu+c(z) = f gdu
Budget balance: f V(-,z)dp = p(z) - c(z), and;

Individual optimality: For every individual a it holds that V(a, z) < p(z) - g(a) = sup p(z) - Pa(z)
and any better arrangement is unaffordable for this agent in the sense that

(f',2") >a (f(a), z) implies that p(z)" - f" + V(a,z") > supp(z’) - Pa(z’).

We claim that these three conditions describe the essence of the main equilibrium concepts in the

literature on the valuation of collective configurations in a wide range of applications.



2.1 The provision of a classic public service: Policing

To show the introduced conception, we apply this framework to an example of a traditional, Samuel-
sonian public service, namely that of community policing. Policing is a typical service provided
through a professional class of government officers. This directly links the provision of this service
to an appropriate configuration of a corresponding social division of labour.

Formally, the community itself is represented by the unit continuum A = [0, 1] endowed with
the standard Euclidean topology and the Lebesgue measure p. The social division of labour now
takes the form of a (measurable) partitioning of A of specialised economic agents.

To simplify, we assume that there are two private goods: X (say, food) and Y, a form of human
capital required in the provision of “policing” to the community A. Each agent a € A can choose
between becoming a “farmer” and producing (1, 0) or a “police officer” and producing (0, 1). Hence,
individual productive abilities are represented by the common production set £ = {(1,0), (0, 1)}.
Therefore, the resulting social division of labour based on assignment g is now given by C, = {a €
Alg(a)= (1,0} and Cy = A\ Cy = {a € A| g(a) = (0,1)}.

In this simple model, the level of policing is delivered by a professional class of police officers
who are employed by a public authority. Hence, the public authority converts an input of human
capital Y corresponding to policing services into a level of policing in the community. The total level
of policing or “communal security” is given by the total fraction of the population that specialises as
a police officer. Therefore, the level of policing is represented as a number 0 < z < 1, corresponding
to the size yi(Cy) of the coalition of agents C, € ¥ who specialise as police officers.

An alternative representation would be to say that the government’s cost of providing policing at
level 0 < z < 1is given by a private commodity vector ¢(z) = (0, z). To summarise, this framework
is now represented by Z = [0, 1], a production correspondence given by P,(z) = P = {(1,0),(0, 1)},
and a collective cost function given by ¢(z) = (0,z) foralla € Aandz € Z.

This economy is completed by the introduction of preferences that are represented by a utility
function u: A X R% X Z — R. For simplicity we let preferences be represented by a simple utility
function with u,(x,y;z) = U(x,y;z) = xz foralla € A, (x,y) e R2 andz € Z.?

The following proposition introduces in this economy a Pareto optimal allocation supported by

a price system and a tax system.

Proposition 2.1 The allocation (f*, g*, z*) given by

(1,0) ifa< g,
f*(a) = (%’0) , g*(a) _ jas ;3 7 = %
0,1) ifa> 1,

is Pareto optimal. Moreover (™, g%, z*) can be supported by the price system given by p(z) = (1,1) for
all z € Z and a tax system given by V(a,z) = z foralla € Aandz € Z =[0,1].

For a proof of Proposition 2.1 we refer to Appendix A.1.

3In this formalisation of the policing example, the collective good is Samuelsonian in nature due to the monotonicity
of the utility functions in z.



2.2 Aland economy

In the political economy of the social division of labour, it has been recognised that there might be a
critical role for non-tradable inputs in the production processes attributed to individual consumer-
producers (Marx, 1867; Yang, 2001; Gilles, 2018). These non-tradable inputs are normally not priced
in a competitive equilibrium (Gilles, 2019a,b), but have significant impact on the production in the
economy. We show in a simple model of a land economy—in which land itself is not tradable—that
allocations of these non-tradable inputs can be considered as collective good configurations. This
allows the pricing of these non-tradables through the valuation support concept set out above.

To illustrate this idea, we investigate a simple economy in which land is assumed to be a major
non-tradable input in the production processes of one particular essential commodity, food. A
non-tradable good is not explicitly modelled as one of the commodities in the economy and, as such,
it cannot have a market price. Our application shows that non-tradable inputs can be modelled
as collective goods that affect production sets assigned to individual consumer-producers in the
economy. In this approach we show that valuation systems in a valuation equilibrium can be
interpreted as price systems of the non-tradable input.

We consider a simple agricultural economy based on the following hypotheses and conceptions:

as before, the set of agents is the unit interval A = [0, 1] endowed with the standard Euclidean

topology and the Lebesgue measure p.
« There are two (tradable) commodities, skilled human capital X and food Y.*
« Human capital X is produced by specialised consumer-producers.’

» Food Y is produced with land that is non-tradable and allocated to the agents in the economy

through a communal authority or government.

« The total land available to the community is set to one unit. Of this total land, a fraction
0 < T < 1is arable and usable in the production of food. The arable land is assumed to be

costless.

« Every agent a € A is assigned a certain plot of land y, < 2T to work for the production of
food.® The total land allocation y is bounded by the available arable land: /01 Yada=T < 1.

These assumptions translate to the following mathematical model:

+ The class of arable land allocations is given by

1
Z:{y:A—)[O,ZF]‘yisintegrableand/ yada<l"}
0

such that ¢(y) = (0, 0) for every y € Z;

4Human capital X is considered a consumable proxy for shelter and other amenities.

>We can interpret human capital here as skilled labour related to carpentry or blacksmithing.

The assigned parcel of arable land is bounded by 2T in this example. This allows for manageable computations and
derivations. The boundedness requirement is that there is a certain maximum size of the allocated arable land to individual
farmers, so individual farmers are not assumed to be allocated arbitrarily large parcels.



« Every agent a € A has productive abilities represented by the production set P,(y) =
{(1,0),(0,y,)} and preferences given by u,(x,y, z) = xy.

The following proposition introduces a supported optimal allocation in this simple land economy.
For a proof of Proposition 2.2 we refer to Appendix A.2.

Proposition 2.2 Let (f*,g*,y") be as follows

ffl@=0(%)  g@=(10 y*(a)=0 fora <

ff@=(33 g@=0y@) y@=2  fora>

D=

D =

Then (f*,g*,y*) can be supported by (p, V') with for everyy € Z:

-T' fora<

=

ply) =(@2T,1) foranyy € Z and V(a,y) =
I fora>

D =

The proposition identifies a supported situation in which half of the population provides skilled
human capital, while the other half farms the communal lands. In this equilibrium, there is a land
tax imposed on all farmers, which is transferred as a compensation to the human capital providers
in the social division of labour. It is clear that this valuation system can interpreted as an implicit
price of land, even though land is not traded but is allocated centrally.

2.3 A knowledge economy

A recognised feature of production through a social division of labour is the role of public education
on economic wealth creation. Buchanan and Yoon (2002) point out that the Smithian logic of the
social division of labour explicitly recognises the role of knowledge and knowledge sharing at the
foundation of productive abilities in the economy. In our second application we treat knowledge of
production technologies as a costly collective good.

We assume that knowledge is freely accessible in the economy, but that it is costly to research
knowledge. Thus, knowledge is acquired through freely accessible public education, but is costly to
provide. Knowledge impacts productivity, but has no direct preferential externalities.

The application to the knowledge economy links to contemporary issues on the role of education
in the economy. Refinements of the simple model considered here would also allow us to study the
implications of education policy for the evolution of the social division of labour. Presently, many
observers worry about technology making many jobs obsolete, therefore deeper insights in this area
would be of great value.”

As before, let the set of agents be represented by A = [0, 1] endowed with the Euclidean topology
and the Lebesgue measure. There are two consumable commodities, food X and a luxury good Y.
The production of the luxury good Y is subject to the level of knowledge in the economy. The level
of knowledge is denoted by z € Z = [0, 1] and is costly to create with ¢(z) = (z, 0).

7For instance, see Avent (2016) and Brynjolfson and McAfee (2014) for two recent perspectives on this topic.



Every a € A has productive abilities described by the production set P,(z) = {(1,0),(0,2)},
implying that an agent can be a farmer—producing food X only—or a skilled worker using knowledge
to produce luxury goods Y. Furthermore, all agents desire food and luxury goods in equal measure,
represented through the common Cobb-Douglas utility function u,(x, y, z) = xy.

Consider an allocation (f*, g*, z*) that is supported by some price-valuation system (p, V) with
P = (px, py)- Due to the nature of the utility function, it is easy to see that both available professions
have to be viable. Thus, both professions should generate an equal income: p,(z*)1 = p,(z*)z".
Therefore, we deduce that p,(z*) = z*, p,(z*) = 1 and max p(z*) - P,(z*) = z* for every a € A.

Using this insight, let for every z € Z: p(z) = (2, 1) hold that max p(z) - P,(z) = z. From these
properties it follows that for every a € A

p(z") - g'(a) = maxp(z") - Po(z") = z*
and (f*(a), z*) maximises u, on
{(f.2) 1 p(2)- f+V(a,z) <maxp(z) - Palz) } = {(x,y,2) | zx +y + V(a,2) < z}.

In particular, for z = z* we derive that the optimal consumption bundles for the formulated budget
sets are given by

bl

2z* 2

Fa) = ( ¥ =V(a,z*) z*-V(a,z%) )

Hence, since f V(a,z")da = p(z*) - ¢(z*) = (z*)?, we conclude that

’

2 2

/f*( Y (z*—fV(a,z*)da z*—/V(a,z*)da)
a)da = ,

1-z% z*(1-2%)
2z* 2

We conclude now that there emerges a social division that can be described by

px =p({a€Alg(a)=(1,0)})
py =pn(facAlgi(a)=(0,2})

where p is the Lebesgue measure on A = [0, 1].

Obviously, py + py = p(A) = 1, implying that f g*(a)da = (px, 2" 1y). Thus, from feasibility it

follows that p, = 1+22* and py = 1_22*. This computation results in the derivation of the following

proposition that identifies a supported socially optimal allocation in this knowledge economy:

Proposition 2.3 Let (f*,g",z") be given by z* = %, f*a)=(%%) and

11
379

(1,0) fora <

(0, %) fora >

[SNI1 )

g'(a) =

Wi

Then (f*,g*, z*) is supported by a price-valuation system (p, V) with p(z) = (z,1) and V(a, z) = z* for



everya € Aandz € [0,1].

For a proof of Proposition 2.3 we refer to Appendix A.3.

In this knowledge economy, we derived a supported allocation through the “reverse engineering”
of an equilibrium: Income equalisation determines equilibrium prices for each z € Z; this, in turn,
determines equilibrium demand for any z € Z; and, finally, the equalisation of demand and supply
at these prices results in a certain equilibrium social division of labour. The optimisation of the

utility values for all agents over z € Z then identifies an equilibrium.

3 A general model

We consider an economy with a diversified production sector based on the hypothesis that all agents
are participating directly in the production as well as the consumption of goods. Production in this
economy is based on an endogenous social division of labour that results from the decisions of all

individual economic agents.

Private goods. Formally, we consider ¢ > 1 tradable private commodities.® Hence, the private
commodity space is represented by the {-dimensional Euclidean space R’. The commodity space
represents all bundles of tradable or “marketable” goods in this economy.

For k = 1,...,¢ we denote by e, = (0,...,0,1,0,...,0) the k-th unit bundle in Rﬁ and by
e =(1,...,1) the bundle consisting of one unit of each commodity.’

We emphasise that these £ commodities particularly include diversified forms of human capital,
in the form of professionally trained specialists (Yang, 2001). These forms of specialised human
capital can be employed to model the delivery of public services in the economy.

Collective goods. We assume that a public authority provides collective goods to the community
of consumer-producers using the tradable resources generated by that community. The authority
pays the market prices for these inputs. Formally, we let z € Z represent a configuration of
collective goods provided by the public authority. Here, Z is some abstract provision space as
considered seminally in Mas-Colell (1980) and Diamantaras and Gilles (1996). Therefore, the collective
good configurations introduced here generalise Samuelson’s quantifiable notion of a public good
(Samuelson, 1954).1°

The input requirement for the provision of a collective good configuration is modelled through
a cost function ¢: Z — R, where ¢(z) > 0 is the vector of inputs required for the provision of
collective good configuration z. In particular, we focus on various forms of specialised human capital
that are delivered through a social division of labour as inputs in the creation of collective good

configurations by the public authority.

81n particular, if £ = 1 we have a framework akin to the one developed in Mas-Colell (1980).
Throughout, we employ the vector inequality notation in which x > x” if x. > x;. for all commodities k = 1,...,{;
x>x"ifx > x"and x # x’; and x > x’ if x; > xl’C for all commodities k = 1, ..., ¢.
10 A5 pointed out by Mas-Colell (1980) and Diamantaras and Gilles (1996), these non-Samuelsonian collective goods can
represent discrete configurations of public projects such as infrastructural design, types of plants and works of art used in
public parks. Furthermore, z € Z can be subject to saturation in consumption such as road and air transport systems.
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3.1 Introducing consumer-producers

The set of economic agents is denoted by A and a typical economic agent is denoted by a € A.
Throughout, we let ¥ C 24 be a o-algebra of measurable coalitions in A and we let the function
u: X — [0, 1] be a complete probability measure on (A, X). We use a very general setup based on the
path-breaking model in Hildenbrand (1969) for a continuum economy with socialised production.

In the next definition, which formalises the notion of a consumer-producer,!' we employ the
notation that a point-to-set correspondence from A to a Euclidean space is represented as 7 : A -» R
which can be denoted alternatively by ¥: A — 2"

Definition 3.1 Every agent a € A is modelled as a consumer-producer, endowed with consumptive

as well as productive abilities, represented as triple (Xq, Pa, Za) where

e X,: Z - R isa’s consumption set correspondence that assigns to every configuration of the
collective good z € Z a consumption set X,(z) C R consisting of private good bundles that are

accessible to agent a;

e P.: Z -» R isa’s production correspondence that assigns to every configuration of the collective
good z € Z a production set P,(z) C R’ consisting of input-output bundles that agent a can

produce;

e and 2,C (R{ x Z) x (RE x Z) is a reflexive binary relation representing a’s consumptive

preferences.

We discuss next in some detail the model of an economic agent as a consumer-producer. The
consumptive factors related to an economic agent a € A are represented by the pair (X,, =), while

her productive abilities are represented by P,,.

Consumption. The consumption set correspondence X assigns to every agent a € A and every
collective good configuration z € Z a set of available or accessible private good bundles X,(z) C
R%. We model this restriction of the consumption set completely independently of the agent’s
consumptive preferences, which are defined (as far as the private goods are involved) on the space of
all nonnegative potential private good bundles R{. That is, the agents can envision any nonnegative
consumption vector of private goods, alongside every collective good z € Z, when comparing
consumption bundles, even though some consumption bundles might involve unavailable private
good vectors.

For any consumer-producer a € A, the binary relation >, has the standard interpretation:
(x,2z) 24 (x,z") means that the consumption configuration (x,z) € R x Z is at least as good as
consumption configuration (x’,z’) € R¢ x Z. We emphasise that we do not impose any conditions
on these preferences such as completeness, transitivity or continuity.

We denote by

{(x,2) eREX Z | (,2) 2a (x,2)} (1)

1For a more detailed development and discussion of the concept of a consumer-producer we refer to Yang (2001) and
Gilles (2019b).
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the weak better set of (x, z) consisting of all consumption configurations that a assesses as at least as
good as (x, z).

Let (x,2) >4 (x",2") if (x, 2) 24 (x",2’) and not (x’,2’) z, (x, z). This is interpreted that (x, z) is
assessed as strictly better than (x’, z’) by consumer-producer a € A. We introduce the (strict) better

set of (x, z) for a as
[, 2) eREXZ | (x,2) >0 (x,2)} € {(x,2)) e REX Z | (¥, 2) 24 (x,2)} . (2)

The following definition formalises the non-satiation property of consumptive preferences in our

context.

Definition 3.2 Let (X4, Pq, Zq) represent some agent a € A as a consumer-producer.

We say that agent a € A is non-satiated at (x, z) regarding z’ if there exists some x’ € X,(z") such
that (x’,z") >4 (x, z).

We say that agent a € A is non-satiated at (x, z) if a is non-satiated at (x, z) regarding z itself.

For a € A, we say that a utility function u,: R X Z — R represents the preference relation x,
whenever (x, z) x4 (x’,2’) if and only if u,(x, z) > us(x’, z’). Clearly, if a preference is represented

by a utility function, it is complete and transitive.

Production. For every consumer-producer a € A and collective good configuration z € Z, we
assume that a typical production bundle y € $,(z) can be written as y = y* — y~ where y* =y vV 0
denotes the outputs of a’s production process and y~ = (—y) V 0 denotes the tradable inputs required
for producing y™.

We explicitly assume that the collective good is not used as a direct input in any production
process, although the collective good is allowed to produce widespread externalities, as reflected
in the dependence of the production sets on z € Z. Throughout, we assume that there can be
non-tradable inputs in this production process—such as a’s inventiveness and knowledge—that are
not explicitly modelled. We allow the possibility that all outputs are generated using non-tradable
inputs only—such as was the case in most of economic history. An application of a non-tradable
input in production is developed and analysed in the concluding section of this paper.

This formulation of production has been developed in Gilles (2019b) and extends the standard
approach in economies with consumer-producers developed in Yang (2001); Sun, Yang, and Zhou
(2004) and Diamantaras and Gilles (2004), in which all production is achieved through the use
of non-tradable inputs only. This approach can be recovered by imposing that y~ = 0, letting
y = y* > 0 be a vector of outputs only, i.e., the production of tradable outputs is based on the usage
of non-tradable, privately owned inputs only.

The next definition brings together the regularity properties that one may expect to be satisfied

by a production set.
Definition 3.3 Consider a production set P C R. We introduce the following terminology:

(i) The production set P is regular if P is a closed set, P is bounded from above, 0 € P and P is
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comprehensive in the sense that

P-Ri={y-y |yePandy eRl } cP. 3)

(ii) The production set P is delimited if there exists a compact set P C R’ such that 0 € P and

P =P -RE. (4)

A regular production set satisfies two basic properties used throughout general equilibrium theory,
namely the ability to cease production altogether and the assumption of free disposal in production.'?
We combine this with the property that an individual economic agent can only generate a bounded
total output, imposing the impossibility to arbitrarily scale the size of her productive operations.
Given the negligible size of an individual agent, this is a plausible hypothesis.

Note that this list of properties does not include convexity. In particular, regular production sets
include those satisfying accepted properties like decreasing returns to scale. On the other hand,
such regular production sets also include ones exhibiting increasing returns to scale—subject to
boundedness of the generated output—and increasing returns to specialisation, allowing the kinds of
production sets developed in the literature on market economies with an endogenous social division
of labour (Yang, 1988; Gilles, 2019b).

Delimitedness of a production set is defined by applying the free-disposal property to a compact
set of core production points # C Rf. Delimited production sets are obviously regular.

3.2 Collective good economies with consumer-producers

We conclude our discussion of the various elements of our model by introducing a comprehensive
descriptor of an economy in which the provision of collective goods is facilitated through a social

division of labour founded on consumer-producers.
Definition 3.4 An economy isalistE = ((A, 2, p), Z,X, 2z, P, c) where
e (A X, p) is a complete atomless probability space of economic agents;

e Z is a set of collective good configurations, a set that need not be endowed with a topology or an
order;

e X: Ax Z —» RC assigns to every agent a € A and collective good configuration z € Z a
non-empty consumption set X,(z) #+ @;

* 24C (RE x Z) x (RE x Z) is a preference relation for every a € A such that for every collective
good configuration z € Z and every integrable assignment of private goods f: A — R% with

12%We remark that the definition of a regular production set implies in particular that the free disposal property can
equivalently be stated as P — Rﬁ =P.
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f(a) € X,(2) it holds that for everyz’ € Z:

{ax) e AXR | ¥ € Xo(2), (¥, 2) 70 (f@,2) } € 2@ B (RY)  and 5)

{ax) e AxRL | X € X,(2), (¥,2) xa (fl@) )} € 3@ B (RY), (6)

imposing two natural measurability conditions on the preferences; °

« P: Ax Z - R’ is a correspondence that assigns to every agent a € A and collective good
configuration z € Z a regular production set Py(z) := P(a,z) C R’ such that for everyz € Z,
P(-,z): A > R’ has a measurable graph in 3 ® B(R);

e and c: Z — R is a cost function assigning to each collective good configuration a vector
of required inputs such that for every collective good configuration z € Z there exists some
integrable function g: A — R’ such that g(a) € Pu(z) for alla € A and c¢(z) < fgdy.

This definition explicitly assumes that the provision of any configuration of collective goods directly
affects the consumptive preferences and the production set of every agent in the economy, as already
noted. In this way, we allow for widespread externalities that emanate from the collective good
provision throughout the economy. This opens the door for using our model to study the impact of
education and regulation on economic performance.

Furthermore, the collective good configurations considered are only those that can be provided
for through the production of the required inputs.

Remark 3.5 Our definition of an economy is quite general and covers some well-established

existing frameworks in the literature as special cases.

Private good endowment economies with collective goods: Our framework includes collec-
tive good economies founded on an initial endowment of private commodities. Formally,
consider an initial endowment of private goods as an integrable function w: A — RY with
f wdu > 0. Now, let P: Ax Z —» R be a measurable production correspondence such
that ﬁa(z) is compact and 5a(z) NR{ = @. Then @(z) represents a pure transformation
production technology that transforms certain input quantities of private goods into certain
private good output quantities.

Now, for every a € A, the production set is defined as P,(z) = ({w(a)} + ﬁa(z)) U {0} - RE.
Clearly, this construction converts the private good endowment economy into that of a delim-
ited production correspondence as part of an economy in the sense of Definition 3.4. Indeed,
we note that 0 € $,(z). Therefore, this construction covers the case of a collective good
economy with an initial endowment of private goods in which economic agents have access
to a production technology to convert these endowments into a range of outputs.

Also, if the production technology descriptors introduced above are given by P, (z) =@ and
w(a) > 0 for all a € A and z € Z, the economy reverts to that of an economy with an initial

endowment only, that is, an economy as considered in the literature on standard exchange

13We remark that, if = is represented by u(a, -, z) for every a € A and z € Z, this condition converts to the standard
joint measurability condition of that function on (A, 2, 1) and the Euclidean space RY.
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economies with collective goods (Mas-Colell, 1980; Diamantaras and Gilles, 1996; Gilles and

Diamantaras, 1998; Graziano, 2007).

Home production economies: Our framework also captures the case that production can be based
on the allocation of one unit of non-marketable labour time over ¢ different (home) production
processes, each generating the output of a marketable commodity such as considered in Sun,
Yang, and Zhou (2004), Cheng and Yang (2004) and Diamantaras and Gilles (2004) .
Formally, for every collective good configuration z € Z and every private commodity k €
{1,..., ¢} welet f7: [0,1] — R, be a production function converting a quantity of invested
labour time in the output of the k-th commodity. We impose that f7 is continuous, that f#(L) >
0 for all positive labour inputs L > 0 and that f7(0) = 0. Now let F* = (f7, ..., f7): [0, 1] -

R%. Now define a production set as follows
P(F?) = P(F*) - RS c RS,

where

P(F?) = {FZ(LI, .. L)

4
ZLk < 1} c RE.
k=1

Note that by definition (F?) is a home-based production set.!* Therefore, if production is
based on the allocation of labour time over production processes for all £ commodities, we
arrive at a situation that is captured by our concept of home-based production sets.

Private ownership production economies: Our formulation of an economy also covers the so-
called private ownership production economies with collective goods (De Simone and Graziano,
2004; Graziano, 2007). For simplicity, we consider a private ownership production economy
with ¢ private goods. As before, an abstract set Z represents all collective good configurations.
A cost function ¢: Z — R represents the cost for any realisation of a collective good
configuration in terms of private good inputs.

There are a finite number of consumers, i.e., A = {1, ..., M}, each of whom is characterised by
consumptive preferences x,C (Rﬁ xZ ) X (Rf_ xZZ ) and an initial endowment of private goods
wq € RY. The total private good endowment in the economy is expressed by © = ¥ e 4 @a.
There is a finite set J = {1,...,K} of producers. Any producer j € ] is represented by a
compact production set Y; C RY. The profits of each producer j are shared among consumers
according to a share function. In particular, the shares of consumer a € A in the profit of j € J
are denoted by 6,; € [0, 1] with },c4 04j = 1.

We now represent this economy as an economy E using our framework. Let A = {1, ..., M} be
the set of consumer-producers. Every individual a € A is endowed with (3,4, X4, P,), where z,
is the preference relation as introduced above, X,(z) = R{ assigns the standard consumption
space to agent a for all z € Z, and P,,: Z - R’ is a’s production correspondence assigning

143We refer to Gilles (2019b) for a formal definition of the notion of home-based production.
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to every collective good configuration z € Z the following production set:

Pa(z) = (Z 0a;Y; + {wa}) U {0} - RL.

jeJ

We remark that $,(z) is regular. Thus, the constructed economy E indeed represents the case

of a private ownership production economy.

We also note that the notion of an economy introduced in Definition 3.4 covers the study of the
emergence of a social division of labour in a production economy without collective goods. Indeed,
if Z = {z} and ¢(z) = 0, then the definition reverts to a continuum economy with an endogenous
social division of labour considered in Gilles (2019b). m|

We also emphasise that our model extends the theory put forward by Hildenbrand (1969). His model
is a special case of ours in the sense that it can be viewed as a private ownership production economy
in which there is a trivial collective good structure Z = {z} with c(z) = 0.

3.3 Allocations and Pareto optimality

We are now in a position to introduce the notion of an allocation and its feasibility in the context of

an economy with collective goods E set out above.
Definition 3.6 An allocation in the economy B = (A, 2, 1), Z,X, z, P, ¢) is a triple (f, g, z) where
* z € Z is some collective good configuration that is provided in the economy;

e g: A — R’ is an integrable function that assigns to every agent a € A a production plan

g(a) € P (Z);

e and f: A — R is an integrable function that assigns to every agent a € A a private good
consumption bundle f(a) € X,(2).

An allocation (f, g, z) is feasible in the economy E if it holds that

fdu+cz)= [ gdpu. (7)
/ /

Feasibility means that all private good consumption bundles as well as the cost of the provided
collective good configuration can be covered by using the productive facilities and abilities that are
present in the economy. We do not explicitly impose free disposal of private goods in the definition
of feasibility; any disposal that may occur would happen via the comprehensiveness assumption on
the production sets.

We conclude the introduction of the fundamental notions in our model with the standard notion

of Pareto efficiency in this context.

Definition 3.7 A feasible allocation (f, g, z) is Pareto optimal in the economyE if there is no feasible
allocation (f',g’,z") such that for almost every a € A it holds that (f(a),z) <, (f'(a),z’) and there
exists a coalition S € 3 with u(S) > 0 such that (f(b),z) <p (f'(b),z’) forallb € S.
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The discussion in the next section focusses on the identification of conditions on an economy E that
allow the support of Pareto optimal allocations through an appropriate system of pricing private

goods and taxing the collective good consumption.

4 Valuation equilibrium

We extend the notion of valuation equilibrium (Mas-Colell, 1980) to our class of economies in which
collective goods are provided through a social division of labour. In our valuation equilibrium
concept, a feasible allocation is supported through a conditional private good price system as well as
a “valuation system”, representing a tax-subsidy scheme. We introduce this notion of equilibrium in
two stages. First, we consider supporting price-valuation systems and, subsequently, we strengthen

the definition to describe a full valuation equilibrium.

Definition 4.1 A feasible allocation (f*, g",z*) in the economy E is supported by a price system
p: Z — R\ {0} and a valuation system V: Ax Z — R if

(i) For every collective good configuration z € Z: V (-, z) is integrable and for almost every agent
a € A it holds that V(a, z) < sup p(z) - Pa(2).

(ii) There is budget neutrality, i.e.,
[vezdu=pe) e

(iii)  The supported collective good configuration z* maximises the collective surplus
/V(-,z) du—p(z)-c(z) <0 foreveryz # z".

(iv)  For almost every agent a € A if f € X,(z) with (f,z) 24 (f*(a),z"), then
p(2) - f+V(a,z) > supp(z) - Pa(z).

The definition of a supporting price and valuation system imposes four support conditions.

A valuation system V imposes a tax on agent a € A if V(a,z) > 0 and it transfers a subsidy
toa € Aif V(a,z) < 0. Condition (i) now requires that all taxes (V(a,z) > 0) are in principle
payable from income acquired from an appropriately selected production plan. This excludes that
the public authority can impose infinitely large taxes on individuals to obstruct certain collective
good configurations. There is no bound on the assignment of a subsidy to an agent.

Condition (ii) is a simple budget neutrality condition and condition (iii) imposes that the selected
collective good configuration is the surplus maximising configuration. Hence, in a supported
allocation, the selected collective good configuration results in a budget balance, while out-of-
equilibrium configurations would result in budgetary deficits.

Condition (iv) is a standard quasi-equilibrium condition that the expenditure of acquiring a

better private good consumption bundle under an alternative collective good configuration either
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exceeds or is equal to the maximal income that an agent can generate by using her productive
abilities under the prevailing private good prices.

Condition (iv) in the definition above can be replaced by a full equilibrium preference maximisa-
tion over any agent’s budget set. This forms the basis for the next definition, that of a full valuation

equilibrium.

Definition 4.2 A feasible allocation (f*, g",z*) is a valuation equilibrium in the economy E if
there exist a price system p: Z — R’ \ {0} and a valuation system V: Ax Z — R such that

(i) for every collective good configuration z € Z: V(-, z) is integrable and for almost every agent
a € A it holds that V(a, z) < supp(z) - Pa(2);

(ii) there is budget neutrality, i.e.,
[vezdu=pe) o

(iii) the supported collective good configuration z* maximises the collective surplus
/ V(,z)du—p(z)-c(z) <0 foreveryz # z";

(iv) and for almost every agent a € A the tuple (f*(a), g*(a), z¥) is a z 4-optimal point in the budget
set given by

o(2) and g € P,
B(a.p.V) = (f.9.2) eREXR x Z f € Xalz) and g € Pu(2) ®

p@2)- f+V(az)<p(z)-g

The valuation equilibrium concept is the natural equivalent of the standard competitive equilibrium
concept in a continuum exchange economy extended to the context of an economy with an endoge-
nous social division of labour and non-Samuelsonian collective goods. The valuation equilibrium
concept we define here reverts to the valuation equilibrium concept devised in Diamantaras and
Gilles (1996) when production is conducted through a social production organisation.

Remark 4.3 The first extension of the valuation equilibrium concept seminally considered in Mas-
Colell (1980) and Diamantaras and Gilles (1996) to production economies is due to De Simone and
Graziano (2004) and Graziano (2007). Our formulation covers these models (Remark 3.5).

Furthermore, our notion of valuation equilibrium further generalises the concept used in the cited
literature in two main respects. First, in De Simone and Graziano (2004) and Graziano (2007) profit
maximization is required under every collective good configuration z € Z, while Definition 4.2 only
imposes an optimisation condition at the realised collective good configuration z*, consistent with
Diamantaras and Gilles (1996). Second, a collective good configuration z € Z directly affects the
productive abilities of all agents in the economy. This is not the case for the standard production

models considered in the literature.’ O

I5De Simone and Graziano (2004) remark explicitly that their results extend to the case with z-depending production

18



4.1 The First Fundamental Theorem of Welfare Economics

Following the literature on extensions of the concept of competitive equilibrium in economies
with collective goods—such as Samuelson (1954), Foley (1967, 1970), Kolm (1972), Mas-Colell (1980)
and Diamantaras and Gilles (1996)—we pursue the statement of the two welfare theorems for
the valuation equilibrium concept for economies with collective goods that are provided through
an endogenous social division of labour. The first welfare theorem states that every valuation
equilibrium results in a Pareto optimal allocation.

We require an additional property on the indifference sets generated by a preference relation to

establish this result. We refer to Hildenbrand (1969) for the seminal discussion of this property.

Assumption 4.4 (Thin indifference sets)
For every agent a € A we assume that the preference relation x, has thin indifference sets in the
sense that, if (x, z) € R{ x Z with x € X,(z) admits a non-empty better set

{(xo,zo) e RY X Z | x° € Xo(z°) and (x°,2°) >, (x, z)} + @,

then for any z’ € Z with (x’,2") >, (x, z) for some x” € X,(z’) it holds that

{x? € Xa(2") | (x°,2") 2a (x,2)} C {x° € Xa(2') | (x°,2") >q (x,2)}
i.e., the weak better set subject to z’ is contained in the closure of the better set subject to z’.

The definitions of supporting price-transfer systems and valuation equilibrium allow cases in which
valuation equilibria are not supported. Under the assumption on thin indifference sets this is

excluded.

Proposition 4.5 Let E be an economy such that for almost every agent a € A her preferences z,
satisfy Assumption 4.4. If (f*, 9", z¥) is a valuation equilibrium in E for (p, V') such that almost every
agent a € A is non-satiated at (f*(a), z*) regarding any collective good configuration z € Z, then

(f*,g%,2") is supported by (p, V).

For a proof of Proposition 4.5 we refer to Appendix B.

Our statement of the first welfare theorem requires that preferences have thin indifference sets
as well as that almost all consumer-producers in the economy are non-satiated at the valuation

equilibrium under consideration.

Theorem 4.6 (First Welfare Theorem)
Let E be an economy such that for almost every agent a € A her preferences z, satisfy Assumption 4.4.
Let (f*,g", z") be a valuation equilibrium such that almost every a € A is non-satiated at (f*(a), z*)

regarding any z € Z. Then (f*, g%, z%) is Pareto optimal.

For a proof of this first welfare theorem we refer to Appendix C.

sets. We refer to De Simone and Graziano (2004, Remark 4.7, page 863).
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4.2 Supporting Pareto optima by price-valuation systems

We next impose certain assumptions to arrive at a statement of the support of a Pareto optimal
configuration by a price system and a valuation system. This is analogous to quasi-equilibrium
support results typically established in general equilibrium theory before arriving at the full second
welfare theorem. First, we introduce assumptions with regard to the preferences of the consumer-

producers and the essentiality of private goods in the economy.

Assumption 4.7 (Essentiality Condition)

Let E be an economy defined as in Definition 3.4. We assume that for all collective good configurations
21,22 € Z with z; # 2z, and every integrable private good allocation f: A — R with f(a) € X4(z1)
for all a € A, there exists some integrable private good allocation f’: A — R’ such that f’(a) €
Xa(z2) and (f’(a), z2) >4 (f(a), z1) for almost all agents a € A.

Our essentiality condition imposes that the preferential losses due to a modification in the collective
good configuration can be compensated by the assignment of sufficient levels of private goods. In
that regard, the private goods are “essential”, and can compensate any change in the collective good
configuration in the economy. This condition is weaker than the essentiality condition formulated
in Diamantaras and Gilles (1996), since we exclude the case that z; = z, in our formulation.

We remark also that the essentiality condition formulated in Assumption 4.7 implies that all
agents are non-satiated in any proposed allocation for any alternative collective good configuration.
Additionally, the essentiality condition requires that this non-satiation can be expressed through
an integrable private good allocation, which implies that the condition is strictly stronger than
non-satiation.

For the statement of the support theorem as well as the second welfare theorem, we have to
introduce an assumption on the boundedness of the production correspondence P.

Assumption 4.8 Let E be an economy defined as in Definition 3.4. We impose on the production
correspondence ¥ in the economy E the condition that for every collective good configuration
z € Z there exists an integrable function §,: A — R’ such that for every agent a € A: P,(z) is
bounded from above by g.(a).

Assumption 4.8 implies that the production set has an upper bound and that this upper bound is
integrable.

Our first main result asserts that under the formulated assumptions every Pareto optimal
allocation can be supported by an appropriately chosen private good price system and valuation
system. We refer to this assertion as the Support Theorem in an economy with collective goods
provided through an endogenous social division of labour.

Theorem 4.9 (Support Theorem)

Let E be an economy that satisfies Assumptions 4.4, 4.7 and 4.8. Then every Pareto optimal allocation
(f,9,z) inE at which every agent a € A is non-satiated at (f(a), z) can be supported by a price system
p:Z - Rf_ \ {0} and a valuation systemV: AX Z — R.
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For a proof of this theorem we refer to Appendix D of this paper.

The hypotheses under which Pareto optimal allocations can be supported by price-valuation systems
are rather weak compared to results stated in the related literature. The main hypothesis on
the preferences is that there is non-satiation in the Pareto optimum under consideration. Other
hypotheses are mainly technical in nature and do not truly restrict the situations that allow such
supporting frameworks to arise. Note that Essentiality assumption 4.7 compares private good
allocations for z; # z; only, which explicitly necessitates the non-satiation assumption for the case
that z; = z,.

Next we consider a counterexample to this support theorem with a finite number of agents
showing that the non-convexities in the production sets require a continuum of economic agents to

resolve.

Example 4.10 A counter example to the support theorem

In finite economies, the result that Pareto optima can be supported through price and valuation
systems can no longer be expected to hold due to the non-convexities of the production sets in the
economy. In this section we construct a counter-example of a three-agent economy in which there
is a Pareto optimal allocation that is not supported by a price vector and a valuation system.
Consider an economy with three agents A = {1, 2, 3}, a single collective good configuration Z = {z}
and two private commodities X and Y. We assume that the collective project is costless, ¢(z) = (0, 0).
All agents are characterised by (Xg, Pu, 2q), Where x, is represented by the utility function u,: R2 —
R with X,(z) = R2, Pu(z) = P = {(4,0),(0,4)} — R? and u,(x,y) = xy

These utility functions, consumption sets and production sets satisfy Assumptions 4.7 and 4.8.
Furthermore, the preferences represented by u, are strictly convex in the private goods. We show
next that, however, there exists a Pareto optimal allocation in this economy that cannot be supported
by a price vector and a valuation system.

Consider the allocation (f, g, z) with f, = (8/3,4/3) foralla,g; = g, = (4,0) € P and g3 = (0,4) € P.

This allocation is feasible, as can be checked easily.

Cram: (f, g, z) is Pareto optimal.

If any agent were to switch production to the other good, there would be no possibility to strictly
increase the utility of at least one agent without reducing the utility of another and maintaining
feasibility. If any two agents have unequal consumption bundles, then there would exist a feasible
allocation that is a Pareto improvement, found by taking advantage of the differing marginal rates
of substitution of the agents with unequal consumption bundles. Hence, the indicated consumption-

production plan is indeed Pareto optimal.

Cram: (f, g, z) cannot be supported.
Assume to the contrary that there exists p(z) = (p, q) # (0,0) and v(z) = V = (V1, V3, V3) such that

(i) V, < max{4p,4q} foralla e A= {1,2,3};
(i) Vi+Ve+Vs=p(2) c(z) =0;and

(iii) For every agenta € A, if u,(f’,z) > uy(fa, z), then p(z) - f' + V, > max{4p, 4q}.
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We first claim that p = g.
Indeed, if p > g, then max{4p, 4q} = 4p and from (iii) it follows that for every agent a € A:

wloe
TS

p-s+q-:s+Va=4p

Hence,

Z [p-E+q-2+V,] :8p+4q+ZVa = 8p+4q > 12p
acA acA
or 4q > 4p, which is a contradiction.

A similar contradiction can be constructed for the case ¢ > p. Hence, we conclude that p = q.

Furthermore, notice from (ii) that for some agent b € A: V,, < 0. Consider the bundle f, = (%, %)
Then

up(f.2) =35 3=%5 =535 =w(fp.2)
Hence, from (iii) we conclude now that

p-E+q-2+Vy>4p.

This implies that p - (4 — % - %) = %p < V3 < 0. Therefore, p < 0, which is a contradiction. ¢

We point out that if the economy constructed in this example is converted into a continuum economy,
the proposed allocation is no longer Pareto optimal. Indeed, exactly half the agents then would
produce the first good, exactly half would produce the other, and every agent would consume the
bundle (2, 2), which yields higher utility than that obtained by (8/3, 4/3).

4.3 The Second Fundamental Theorem of Welfare Economics

In this section we investigate strengthening the Support Theorem 4.9 to a full statement of the
Second Welfare Theorem that Pareto optimal allocations can be supported as valuation equilibria.
We show that there are two different statements under slightly different conditions.

We need to strengthen the conditions on the consumptive preferences of the consumer-producers
in the economy considered in Assumption 4.4 and Essentiality Condition 4.7. The next assumption
brings these conditions together.

Assumption 4.11 Consider a Pareto optimal allocation (f, g, z) in an economy E as defined in
Definition 3.4. Then we assume the following properties.

(i) Upper continuity of preferences at (f, z):
For every a € A and every z’ € Z the preference x, is upper continuous at (f(a), z) in the

sense that

{x" € Xa(z") | (x',2") >a (f(a).2)}

is an open set relative to X,(z").
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(i) Directional monotonicity at (f, z):
There exists some K* > 0 and an integrable function d: A — R, such that for almost
every a € A: (f(a) + Kdg, z) >4 (f(a),z) forall 0 < K < K*.

Assumption 4.11 introduces two new conditions on the preferences and restates two previously
discussed properties. Assumption 4.11(i) imposes a standard weak continuity condition on the
preferences at a given Pareto optimal allocation.

The directional monotonicity hypothesis 4.11(ii) is a modification of the general differentiability
condition introduced in Rubinstein (2012, page 58). The bundle d, > 0 represents an improvement
bundle, in which direction the preferences are monotonically increasing. Rubinstein shows that, if
preferences are regular,'® this directional monotonicity property implies that these preferences can
be represented by a differentiable utility function. Clearly, the standard monotonicity conditions
discussed in the literature imply this more general directional monotonicity condition.

We note that Assumption 4.11(ii) is weaker than the condition (A.2) of Graziano (2007, page
1043), which imposes that d, = d > 0 for all a € A. Furthermore, Assumption 4.11(ii) is not a
consequence of Assumption 4.4 and the non-satiation of the preferences. Indeed, it is not guaranteed
that d, > 0 by these properties.

Finally, we remark that Assumption 4.11(ii) implies that there are certain restrictions on the
consumption set correspondence X. Indeed, the consumption sets X,(z) cannot be curved, thin
spaces.

Assumption 4.11 together with the previously stated hypotheses form the requirements for the
support of Pareto optimal allocations as a valuation equilibrium. We emphasise that preferences
satisfying the properties imposed in Assumption 4.11, even in combination with the assumptions

proposed in the previous sections of the paper, can still be incomplete and non-transitive.

Conditions for second welfare theorems. We next investigate the conditions under which the
Support Theorem 4.9 can be strengthened to a full version of the Second Welfare Theorem. In the
next assumption we introduce conditions imposing that all private commodities are desirable in

positive quantities.

Assumption 4.12 Consider a Pareto optimal allocation (f, g, z) in an economy E as defined in
Definition 3.4. We assume that for every agent a € A and every collective good configuration z’ € Z

it holds that
(x',2') #a (f(a),z) for every x” € X,(z') N ORE. 9)

We remark here that if X,(z) ¢ R, for all agents a € A and all collective good configurations z € Z,
Assumption 4.12 is satisfied at any allocation.

We also note that there is no conflict between the hypothesis stated in Assumption 4.12 and
the essentiality condition imposed in Assumption 4.7. The condition imposed in Assumption 4.12

requires that any boundary bundle—with at least one commodity not being consumed—cannot be

16Regular preferences satisfy the standard neo-classical properties of reflexivity, completeness, transitivity, continuity
and (weak) monotonicity.
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better than any other available strictly positive consumption bundle. This implies that all goods are
desirable for any consumer-producer.
An alternative hypothesis resulting in a statement of the Second Welfare Theorem is formulated

using structural concepts from the literature on general equilibrium theory.

Assumption 4.13 Let E be an economy as defined in Definition 3.4. We impose the following

additional conditions on the economy E:

(i) For every collective good configuration z € Z there exists some production plan g: A — R’
such that g(a) € P,(z) for all a € A and ¢(z) < fg dy, and;

(ii) Irreducibility:
For every Pareto optimal allocation (f, g, z) it holds that for every alternative collective
good configuration z’ € Z and for all coalitions T}, T, €e S with Ty UT, = A, T1 N T, = @,
u(Ty) > 0, and p(Ty) > 0, there exists a pair of integrable functions f’: A — R{ and
g’: A — R’ such that

(@) g’(a) € Py(z’) and f'(a) € X,(z’) for almost every a € A;
(b) (f'(a),z’) >4 (f(a),z) for every a € T, and
© [y fdu+ez)< [ g'du~ [ f dp.

Assumption 4.13(i) requires that the productive capacity in the social division of labour is sufficient
to cover the inputs for the creation of an arbitrary collective good configuration as well as a strictly
positive allocation of private goods. This assumption is commonly used throughout the literature on
general equilibrium in collective good economies, e.g., Diamantaras and Gilles (1996) and Basile,
Graziano, and Pesce (2016).

The irreducibility condition in Assumption 4.13(ii) strengthens Essentiality Condition 4.7 by
requiring that for every feasible allocation and every collective good configuration, there exists some
allocation of private goods that can improve upon it for any coalition of economic agents, using
the productive resources of its complement. This condition was introduced by McKenzie (1959) for
exchange economies with a finite number of traders. It was extended to continuum economies by
Hildenbrand (1974) and was applied to collective good economies by Graziano (2007).

The next version of the Second Welfare Theorem brings together two different statements under
which conditions certain Pareto optimal allocations can be supported as valuation equilibria.

Theorem 4.14 (Second Welfare Theorem)
Let E be an economy as defined in Definition 3.4 that satisfies Assumptions 4.4, 4.7, 4.8 and 4.11. Then
the following statements hold:

(a) If the economy E additionally satisfies Assumption 4.12, then every Pareto optimal allocation in

E can be supported as a valuation equilibrium.

(b) If the economy E additionally satisfies Assumption 4.13, then every Pareto optimal allocation in

E can be supported as a valuation equilibrium.

For a proof of this second welfare theorem we refer to Appendix E of this paper.
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5 Increasing returns to specialisation

We investigate in this section the traditional claim that the social division of labour cannot be
separated from the idea that human productive ability is subject to learning effects. Gilles (2019b)
formalised the hypothesis that human productive abilities are subject to Increasing Returns to
Specialisation (IRSpec): Specialising in a single productive activity increases productivity in the
sense that at least as many units of output can be generated using fewer resources.

Gilles (2019b) shows that the IRSpec property guarantees that there emerges a non-trivial social
division of labour in which nearly almost all agents specialise in the production of a single commodity.
We investigate a similar claim for an economy with collective goods. We show that most of the
insights developed in Gilles (2019b) carry over to the framework that we consider here.

The following definition formalises the notion of Increasing Returns to Specialisation in the
context of collective good provision through a social division of labour. As in Gilles (2019b), agents
can specialise fully in the production of any single good, which increases the productivity of that
agent due to learning effects. The definition of this concept requires two steps. First, the production
set of every agent has to be formulated through such full specialisation production plans and,
second, these full specialisation production plans are the extreme points in that production set. The
following definition formalises the notion of such specialisation and the property that the returns

from specialisation are increasing.

Definition 5.1 LetE be an economy.

(i) For a collective good configuration z € Z, an agent a € A and a commodity k € {1,...,£}: A
production plan y*(a, z) € Pu(2) is a full specialisation production plan for commodity
k if there exist a strictly positive output level Q¥ (z) > 0 and an input vector ¢*(z) € RE such
that qi(z) =0 and

y"(a.2) = Q“(@) e — 4" (2). (10)
where e € RY is the k-th unit vector in the commodity space R.

(ii) For an economic agent a € A, the production set correspondence P, exhibits Weakly Increas-
ing Returns to Specialisation (WIRSpec) if for every collective good configuration z € Z
the production set P,(z) is delimited and for every private good k € {1,...,{} there exists a
full specialisation production plan y*(a, z) € Pu(z) such that

Qu(z) € Pu(z) € ConvQqu(z) — Ri (11)
where
Qa(z)={yk(a,z)’k=1,...,€}. (12)

is the (finite) set of relevant full specialisation plans and Conv Q,(z) is the convex hull of
Qu(2).
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(iii) For an economic agent a € A, the production set correspondence P, exhibits Strongly In-
creasing Returns to Specialisation (SIRSpec) if P, exhibits Weakly Increasing Returns
to Specialisation (WIRSpec) with respect to Q, and, additionally, for every collective good
configurationz € Z:

P.(z) N Conv Q,(z) = Qu(z). (13)

(iv) The economy E satisfies the uniform specialisation property if for every a € A the pro-
duction correspondence P, exhibits SIRSpec for Q, = Q, where for every collective good
configuration z € Z and every commodity k € {1, ...,{}, there exists a unique full speciali-
sation production plan i*(z) = QF(z)ex — ¢*(2) € R such that

Q(z)={gk(z)|k=1,...,f}. (14)

The property of Increasing Returns to Specialisation (IRSpec) represents that specialising in a single
output leads to learning effects and increased productivity. Technically, this is represented by
two related mathematical properties. The weak version of IRSpec imposes that there exist ¢ full
specialisation production plans—one for each of the £ commodities—that form the outermost corner
points of the production set.!’

The second property introduces a strong version of IRSpec, which additionally imposes that the
outermost plans in the production set are exactly the ¢ constructed full specialisation production
plans. The SIRSpec property was also introduced by Gilles (2019b) and has been shown to form
the foundation of the emergence of a proper social division of labour in the prevailing equilibrium.
Below we extend this insight to our framework through the valuation equilibrium concept.

The uniform specialisation property strengthens Increasing Returns to Specialisation in that the
SIRSpec property assumed to be applicable to all agents in the economy for a given common set of
full specialisation production plans. The collectively available full specialisation production plans are
such that all agents have access to Increasing Returns to Specialisation, based on specialised abilities
that can be acquired through the collective education system. Therefore, this property refers to an
economy in which there is some institutional framework of knowledge sharing in which all agents
have access to the same production technologies and are able to achieve the same productivity level
if fully specialised in the production of a single commodity.

It is clear that, to achieve uniform specialisation, any collective education and training system to
enact such knowledge sharing can be considered as part of the collective good configuration z € Z.
Various investment levels in such a collective education system can be represented by the levels of
private good investments c¢(z) that are required. Different configurations of the education system
can result in different trained productive abilities represented by the full specialisation production
plans §*(z) for k € {1,...,¢}.

The main consequence of the uniform specialisation property is that all equilibrium prices in a

valuation equilibrium are completely determined by the full specialisation production plans that are

7The property as formulated in Definition 5.1(ii) above is similar to what is referred to as the property of Weak
Increasing Returns to Specialisation (WIRSpec) in Gilles (2019b).
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the corner points of every agent’s production set for any collective good configuration.

Theorem 5.2 Let E be an economy that satisfies Assumption 4.4 and let (f*, g*,z") be a valuation

equilibrium with (p, V). Furthermore, assume that every a € A is non-satiated at every (f*(a), z*).

(a) Suppose that for every a € A the production correspondence P, exhibits WIRSpec for Q,. Then
foreverya € A:

p(z") - g"(a) = max p(z") - Qa(2"). (15)

(b) Suppose that for every a € A the production correspondence P, exhibits SIRSpec for Q,. Then, if
p(z*) > 0, it holds that for every a € A:

g'(a) € Qa(z), (16)
inducing a non-trivial social division of labour given by {A1(g"), ..., A¢(g*)} where
Ar(g)={acAlgi(a) >0} eX fork € {1,...,¢}.

The collection {A1(g"), ..., Ae(g")} forms a partitioning of A.

(c) Suppose that the economy E satisfies the uniform specialisation property for Q(z), z € Z. If
p(z*) > 0 and f g" dy > 0, then p(z*) is characterised by the equation system

p(z) - §5(z") = p(z") - §™(z") forallk,m e {1,...,¢}. (17)

For a proof of Theorem 5.2 we refer to Appendix F.

Theorem 5.2 investigates the properties of the equilibrium for the three different properties that
introduce Increasing Returns to Specialisation into the setting of an economy with collective goods.
Under the basic hypothesis of WIRSpec, we establish that the incomes generated in equilibrium
are the same as achieved by those full specialisation production plans that attain maximal incomes.
Hence, equilibrium production generates income levels that are achieved under full specialisation.
Strengthening the relevant property to SIRSpec essentially establishes that in every valuation
equilibrium there emerges a true and non-trivial social division of labour.

If the idea of Increasing Returns to Specialisation is extended to mean that there is some set
of ¢ common “professions”—each represented by a fixed full specialisation production plan—then
there is complete equality in any valuation equilibrium in which all private goods are produced in
non-negligible quantities. In particular, all objectively given professions generate exactly the same
income level in that equilibrium. Such income equalisation implies that the equilibrium allocation is
envy-free and fair in the sense of Schmeidler and Vind (1972) and Varian (1974).
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6 Application and some conclusions: The tradability of goods

The notion of a collective good can, by virtue of its generality, encompasses aspects of the organisation
of an economy that do not easily lend themselves to quantification or to the development of shadow
prices for un-marketed activities. Gilles and Diamantaras (2003) and Diamantaras, Gilles, and Ruys
(2003) studied a general equilibrium model of endogenously emerging trading institutions and
infrastructure, using a valuation equilibrium concept to enable the shadow pricing of these trading
institutions, including the very tradability of a commodity.

Recent work on matching models of market making, such as Ergin, Sénmez, and Unver (2017)
and Dur and Unver (2018), points out another area where collective goods and valuation equilibrium
can potentially offer insight into a society’s choice of market or exchange organisation. We contend
that such insights would be available by use of our framework across the entire span of the market
design research area, recently surveyed in Vulkan, Roth, and Neeman (2013).

The application of our framework allows for a rather straightforward formulation and simpli-
fication of the model set out in Gilles and Diamantaras (2003). Consider a class of commodities
L = {1,...,¢} that can be potentially admitted to the market for trade. Which commodities are
exactly deemed “tradable” and for which trade infrastructure is provided, is determined collectively.

Hence, the collection of potential market configurations is given by
Z={L'cL|#L > 2}. (18)

Here we assume that meaningful trade is engaged in if there are at least two commodities that
are traded in the provided infrastructure. We assume that providing trade infrastructure is costly
and that the commodities used in its provision are tradables only. Hence, the trade infrastructure
provision costs ¢(L’) € RL"\ {0}. These provision costs are explicitly borne collectively, as considered
by Gilles and Diamantaras (2003).

Every agent in the standard continuum A = [0, 1]—where as usual A is endowed with the
Euclidean topology and the Lebesgue measure A—is endowed with an initial endowment of all L
commodities w, € RL \ {0} as well as a preference x,C RL x RL. Furthermore, every agent a € A
is endowed with productive abilities to convert inputs into outputs described by the production
transformation set P2 C Rl satisfying the property that P? is delimited, comprehensive and
PoNRLE = {0}. The productive abilities of agent a € A are now fully represented by the standard
production set P,(L) = P2 + {w,}.

For any set of tradable commodities L’ C L we now introduce for every agent a € A the restricted
endowment bundle w(a, L’) € R% defined for every k € L by

wi(a) forké¢L’
wi(a, L) = (19)
0 fork e L’
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and the consumption and production sets given by

X (L') = {x e RL

x = (xp/, wa(L") ) where wy(L’) is the projection of w, on RE } (20)
PouL)={ye Pl |y =0fork e L\L } + {w,} (21)

These definitions guarantee that every agent consumes the endowed quantities of every non-
tradable good k ¢ L', while she produces and freely consumes any (feasible) quantity of any tradable
commodity k € L'.

Furthermore, we assume that every set of tradables L’ C L is supported by a costly trade
infrastructure. Hence, we introduce ¢(L’) € RL as the commodity bundle that is invested in the
delivery and creation of the infrastructure to trade the commodities in L’. We assume that c¢(L’)
is feasible in the sense that there exists some function g: A — R with g(a) € P,(L’) such that
o(l’) < [gda.

In comparison with Gilles and Diamantaras (2003), this application abstracts away from the
social production opportunities, but introduces a much more general preferential structure in the
form of the preference relations >, a € A, which are assumed to be arbitrarily general except for
the thin indifference set property. Our framework allows a more direct modelling of the home
production described in the Gilles-Diamantaras model and links this properly to an emerging social
division of labour founded on the tradability of the produced goods.

The valuation equilibrium concept developed in Gilles and Diamantaras (2003) for their model
corresponds straightforwardly to our general valuation equilibrium concept applied to the model
stated here. In fact, this shows two properties of our general framework: (1) The general framework
developed here has widespread applicability to a broad range of economic questions, in particular
due to the very general nature of the preferences, and; (2) The general valuation equilibrium concept
corresponds to the equilibrium concepts used in many of these applications.

This implies that our general equilibrium concept indeed condenses the standard conception
of valuation of collective goods and broadens particularly the perspective of the theory of value
to include many collective configurations. In fact, it can be argued that the theory developed here
extends value theory to any attribute or configuration that affects the wealth generation process
and that is subject to economic scarcity, even though property rights might not be extended to these

attributes or configurations.
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Appendix: Proofs

A Proofs of Section 2

A.1 Proof of Proposition 2.1

Consider the allocation (f*, g*, z*) given by

(@) = (3.0),
; 1
7@ = (1,0) ifa< i,
(0,1) ifa> 1,

s _ 1
Z_Z'

We claim that (f*, g*, z*) is Pareto optimal.
Indeed, first note that (™, g, z¥) is feasible, since /f*dy +c(z") = (%,O) + (0 1) = (%, %) = /g* dp.

2
Second, assume that there exists some feasible allocation (f, g, z) in this economy such that for
almost all economic agents a € A:

ua (f(a)2) = fila) -z > ua (f*(a),2") = 1 -1 = 1,
and for some coalition S € ¥ with p(S) > 0 it holds that for all a € S:
ua (f(@)2) = fil@) - 2> ua (f*(a),2") =1 - 1 = 1,

where we use the notation f(a) = (fx(a), fy(a)).
We remark that this implies that z > 0 as well as that

1
dp > —. 22
[ redn> 4 22
We now introduce the coalitions given by

T={acAlg(a) <(0,0)},
T, ={a € A| g(a) < (1,0) and g.(a) > 0},
T, ={a€ Al g(a) <(0,1) and gy(a) > 0}.

Note that p(T) + p(Ty) < 1, since A = T U Ty U T,,. Furthermore, from feasibility,

[raur0.2= [ gdu< (urum).
Hence,
/fx dy + /fy dp+z < p(Ty) + p(T,) < 1, (23)

and /fy dp < p(Ty) —z < p(Ty) < 1. Also, from (22) and (23) we conclude that é + ffy dup+z<1.
Using the notation k = f fydp € [0,1) we now have derived that

4z + 4(k — 1)z +1 < 0.
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This equation has no solution in z € Z = [0, 1] for the indicated values of k. Thus, we have shown
that (f*,g", z") is indeed Pareto optimal.

Next, we claim that (f*, g%, z*) can be supported by the price system given by p(z) = (1,1) for all
z € Z and a tax system given by V(a,z) = z foralla € Aand z € Z = [0, 1].

First, note that for all policing levels z € Z: p(z) - (1,0) = p(z) - (0, 1) = 1, so the generated income
from production sup p(z) - Pa(z) = max p(z) - Pa(z) = 1 for all a € A. Therefore, V(a,z) =z < 1.
Furthermore, for any z € Z we have budget balance with

[rveadn=z=01-0.2=p6
Next, we note that (f*(a), g*(a), z*) is indeed an element of a’s budget set, since

p(") - fr(@) +V(a,z") = (1,1) - (0,5) + 3 = 1 = p(z") - g"(a) = sup p(z”) - Pal(2").

To show that (f*(a), g*(a), z") is a u,-maximiser in a’s budget set, assume to the contrary that there

exists some (f”,g”,z"") such that (A) f/'z"" > i and (B) p(z”’) - f”" + V(a,z"”) < p(z”) - g”’. That

is, from (B), f{’ + f,” + z” < 1. Since f,” > 0 it holds that f;” + z”” < 1. Now combining with (A),
it follows that (1 — z’")z” > %, which is equivalent to (2z” — 1)? < 0. This is impossible, implying
individual optimality.

A.2 Proof of Proposition 2.2

Consider the allocation (f*, g*, y*) defined as follows

F@=3%) ¢@=00  y@=0  fora<
f@=%)  ¢F@=0y@ y@=20 fora>

N= D=

Note first that (f*, g%, y*) is balanced: ff*(a) da+c(y*) = fg*(a) da = (% I).

Furthermore, for any a € [0, 1]: max p(y) - P(y) = max{2l',y(a)} = 2T.

Therefore, for all a < % and y € Z we have that max p(y) - P,(y) = 2T > V(a,y) = -T as well as for
a > it holds that max p(y) - Pa(y) = 2T > V(a,y) =T.

We further remark that in equilibrium there is indeed budget neutrality, since
[v@yyda=-ireir=0=p1)-c(r").

Also, fory # y*: fV(a, y)da=0=p(y)-cly).
To complete the proof, assume that for some a € A there exists (f,g,y) with f = (x,y) and
g9 € {(1,0),(0,ya)} such that u(x,y) = xy > u(f*(a)) and p(y) - (x,y) + V(a,y) < p(y) - g <

max p(y) - Pa(y) = 2T
First suppose that y = y*. Then it follows:

« fora < %:xy> %andZI‘x+y—I‘<2F. Hence, x > %aswellas%+y<3l’. Hence,

4y? — 12Ty + 9T'? = (2y — 3I')? < 0, which is an impossibility.

. fora > %:xy> %andx+y+l“< 2I'. Hence, x > %and +y < T. Hence, 4y? — 4Ty +T? =

1'*2
1y
(2y — T)? < 0, which is an impossibility as well.

Next, suppose that y # y*. Then it follows that:
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» Fora < %:xy> %andzrx+y—l"<21". Hence, x > %aswellas%+y<31". Hence,

4y? — 12Ty + 9I'? = (2y — 3I')? < 0, which is an impossibility.

« Fora > %:xy > gandZFx+y+F < 2I. Hence, x > %and%+y < T. That is,
4y? — 4Ty + T'? = (2y — T)? < 0, which is again an impossibility.
This completes the proof of the assertion stated in the proposition.
A.3 Proof of Proposition 2.3
Consider the allocation (f*, g*, z*) given by z* = %, f*(a) = (%, %) and
. (1,0) fora < %
g'(a)=
(0, %) fora > %
First, we note that p, = % = 1+27'* and p, = % = 1_22*. Furthermore, for all a € A: I(a,z*) =
max p(z*) - Pu(z") = % = z" and f*(a) = (%, %) = (Z _‘Z/Z(f’z ), z'_Vz(a’Z )). Clearly, (f*,g%,z") is a

feasible allocation in this knowledge economy.
We now investigate that (p, V) indeed supports this allocation:

(i) Foreveryae Aandz € [0,1]: V(a,2) = 2 < z = max p(z) - Pu(z) and /V(a, z)da=2z%=
(2,1) - (2,0) = p(2) - c(2).
(ii) Finally, assume that there exists some a € A and some (f, ¢, z) with f = (x, ), us(x,y,z) >

ua(f*(a),z*) = 5 and p(z) - f + V(a,z) < p(z) - g < maxp(z) - Palz) = z.
That is, xy > 2—17 aswell as zx + y + 7% < z. Hence, we arrive at

‘ 2 27y° 27 0
Fy+y+z <z or 27y°+z(z—-1)27y+z <0.

This quadratic equation in y has no solution because z € [0, 1]. Indeed, the equation’s
determinant is non-positive:

A =(27)2*(1-2)* —4- 27z = 27z [272(z — 1)* — 4] =
=272 [272° — 542% + 272 — 4] = 729z (z - 1)’ (z - §) <0

This is a contradiction.'®

This shows that, indeed, the derived configuration is an equilibrium.

B Proof of Proposition 4.5

Let (f*,g",z*) be a valuation equilibrium for the price system p: Z — R’ \ {0} and valuation
system V: AxZ — R.

Take any agent a € A such that there exist z € Z and f € X,(z) with (f,z) 2, (f*(a), z*). We need
to show that

p(2)- f+V(a,z) = sup p(z) - Pu(2).

18We remark here that A = 0 if and only if z = 0 or z = z* = 3, confirming the feasibility of the equilibrium
configuration.
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Since a € A is non-satiated at (f*(a), z") regarding any z, there exists some x € X,(z) such that
(x,2) >4 (f*(a),z*). That is,

{(x,2) € RE x Z| x € X,4(z) and (x,2) >4 (f*(a),2")} # @.

Hence, by Assumption 4.4,

fe{x eXa(2) | (x,2) 2a (f7(a),27)} C {x € Xa(2) | (x,2) >a (f*(a),2")}.

Thus, there exists a sequence (xy,)nen such that (x,, z) >, (f*(a), z*) with x,, — f. Since (f*,g", z")
is a valuation equilibrium, (x,, g, z) ¢ B(a, p, V) for any production plan g € P,(z). Therefore, for
every g € Pq(z): p(z) - x5, + V(a,z) > p(z) - g implying that p(z) - x, + V(a,z) > sup p(z) - Pa(z).
Hence, taking n — oo implies now that p(z) - f + V(a,z) > sup p(z) - P,(z), which proves the
assertion.

C Proof of Theorem 4.6

Let (f*,g",z*) be a valuation equilibrium with equilibrium price system p: Z — R \ {0} and
valuation system V : AX Z — R.

Assume that (f*, g*, z") is not Pareto optimal. Then there exists an alternative feasible allocation
(f,g,z) such that f(a) € X,(z) and (f(a),z) =z, (f*(a),z*) for almost all a € A and (f(b),z) >
(f*(b),z*) forallb € S € A, with p(S) > 0. Then, by definition of valuation equilibrium, it holds that

p(z)- f(b) +V(b,z) > p(z) - g(b)  forallbeS.

Since, by assumption, all a € A are non-satiated at (f*(a), z*) regarding z in the sense that there
exists some x € X,(z) with (x, z) >, (f*(a), z%), it follows by Assumption 4.4 that

f(a) € {x € Xa(2) | (x,2) 2a (f(a).2")} C {x € Xu(2) | (x.2) >4 (f*(a).2)}.

Hence, there exists some sequence (xp,)nen in {x € X,(z) | (x,2) >4 (f*(a),z")} such that x, — f(a).
In particular, by the definition of valuation equilibrium, p(z) - x,, + V(a, z) > p(z) - g(a) for every
neN.

Therefore, taking the limit now implies that p(z) - f(a) + V(a,z) > p(z) - g(a) for almost every
acA\S.

This, in turn, implies that p(z) - ffdy + / V(,2)dp > p(z) - fgdy, which, by condition (iii) of
Definition 4.1, yields p(z) - f fdu+p(z)-c(z) > p(z) - f g du, which contradicts the feasibility of
(f.9,2).

D Proof of Theorem 4.9

Let (f, g, z) be a Pareto optimal allocation at which all agents are non-satiated. Define for every
agent a € A and some arbitrary collective good configuration z’ € Z the following sets

F(a,z") = {x € Xa(z') | (x,2) >a (f(a),2)} (24)

F) = / F( 2y dp + {e(2)) ~ / P2 dp (25)
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Since every a € A is non-satiated at (f(a), z), it follows that F(a,z) # @ and, consequently, from
Assumption 4.4 it follows that f(a) € {x € X,(2) | (x,2) 24 (f(a),2)} C F(a, z). This implies that
there is some x € F(a, z) with x < f(a) + e, wheree = (1,1,...,1) > 0. Hence,

G(a,z) = F(a,z) N {x e R | 0 < x < f(a) + e} # @.

Clearly, G(-, z) has a measurable graph due to the assumed measurability of >, in the definition
of E and is integrably bounded by f + e. Thus, by Aumann’s measurable selection theorem and
integrably boundedness of that selection, G(-, z) has an integrable selection, implying in turn that
F(-,z) has an integrable selection. Therefore, f F(,z)du + @.

For z’ # z, Essentiality Condition 4.7 guarantees that F(a, z’) # @ and has an integrable selection.
This implies that /F(-,z') du + @.

From the definition of E, it is imposed that the correspondence #(-, z’) has a measurable graph.
Moreover, from Assumption 4.8 it follows that P(-, z’) is integrably bounded from above, implying
that (-, z’) actually has an integrable selection. Hence, / P(-,2')du + @.

Therefore, combined with the above, we conclude that F(z”) # @ for every z’ € Z.
Lemma D.1 Foreveryz’ € Z: F(z')N R = .

Proof. Assume by way of contradiction the existence of x € F(z’)NR’ for some z’ € Z. This means
that x can be rewritten as

x=/f’d,u+c(z’)—/g’d,u<0,

with f’(a) € F(a,z’) and g’(a) € P,(z’) for almost all a € A. Free disposal in production allows us
to select ¢’ such that x = 0. Thus, (f”,¢’, z’) is a feasible allocation that forms a Pareto improvement
of (f, g, z). This is a contradiction. ]

Lemma D.2 For every z’ € Z there exists some p(z’) > 0 such that p(z’) - x > 0 for all x € F(Z’).

Proof. Let z’ € Z be some collective good configuration. By Lyapunov’s Theorem, F(z’) is convex
(Hildenbrand, 1974, Theorem 3, page 62). Therefore, from Lemma D.1, Minkowski’s separation
theorem (Hildenbrand, 1974, (11), page 38) applies and there exists some p(z’) # 0 such that

sup p(z') -y < inf p(z’) - x. (26)
yeR¢ x€F(z")

We now show that p(z’) > 0. Suppose there is some h € {1,...,¢} with py(z’) < 0. Then for any

Q > 0 select y(Q) € RE by yx(Q) = 0 if k # h and yn(Q) = ~Q. Then p(z’) - y(Q) = —pa(z') Q > 0
and can be made arbitrarily large by selecting large enough Q > 0. Hence, sup, cp¢ p(z’) - y = 0.
On the other hand, F(z’) # @ implies that inf p(z’) - F(z’) < oo is finite. These two conclusions
contradict the Minkowski inequality (26).

Thus, we conclude that p(z’) > 0.

Furthermore, p(z’) > 0 implies that sup, g p(z’) - y = 0, leading to the conclusion that p(z’) - x > 0
for all x € F(z').

Define for all a € Aand every z’ € Z,

t(a,z’) := inf {p(z’) - x | x € F(a,z")}.
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Since F(a,z’) # @ is bounded from below by zero, t(a,z") > 0 for almost all a € A.

The function ¢(-,z"): A — R, is measurable, since by the definition of E, F(-, z’) has a measurable
graph and Hildenbrand (1974, Proposition 3, page 60) applies.

Furthermore, f F(-,z")du # @ as shown above, implies that there is some integrable selection f” of
F(-,z"). By definition, 0 < #(-,z") < p(z’) - f’(a). Hence, t(-, z’) is integrably bounded, and therefore
integrable.

Define for every a € A and every z’ € Z,
I(a,2") := sup p(z’) - Pa(z') > 0.

Now, the function I(-,z"): A — R, is measurable, since by the definition of E, P(:,z’) has a
measurable graph and Hildenbrand (1974, Proposition 3, page 60) applies. Moreover, I(-,z’) is
integrable, since from Assumption 4.8, (-, z’) is integrably bounded from above.

Also, Proposition 6 in Hildenbrand (1974, page 63) guarantees that

inf p(z) - F(z') = /inf {p(z") - x |x € [F(a,2") + {c(z')} = Pa(2) |} dps

Therefore, since p(z’) - x > 0 for every x € F(z’), it follows that inf p(z’) - F(z") > 0, implying that

inf p(z') - F(z) = /t(-,z’) du+p(z')-c(z') - /I(-,z’) du > 0. (27)

We can now define a valuation system V: AX Z — Rby V(a,z’) := I(a,z") — t(a, z’) for every agent
a € A and every collective good configuration z’ € Z. Evidently, the valuation system V (-, z’) is
integrable on (A, 3, i) for every 2’ € Z.

Next we prove that (f, g, z) is a supported through the valuation system V and the price system p
constructed above.

(i) From the above, for every agent a € A and every collective good configuration z’ € Z,
t(a,z’) = inf p(z’) - F(a,z’) = 0. Therefore, we may conclude that V(a,z’) = I(a,z’) —
t(a,z’) < I(a,z’) = sup p(z’) - Pa(2’).

(ii) We now prove the budget neutrality for the constructed price-valuation system.
From feasibility of (f, g, z) it follows that

/ V(2 du = / [I.2) — 1 2)] du > plz) - / (9~ Fdy = p() - c(2).

On the other hand, from (27) it follows that

/V(-,z) du = /I(-,z) du— / t(,z)du < p(z) - c(2).

Hence the assertion is shown.

(iii) The collective good configuration z maximises the surplus. Indeed, from (27) it follows that
for every 2’ # z: /V(-,z’) dy = /I(-,z’) dy — / t(-,z")dp < p(z’) - c(z’), confirming the
assertion.

(iv) Finally, we show that for every agent a € Aand (f’,z") with f’ € X,(2'), (f",2’) z4 (f(a),2)
implies that p(z) - f' + V(a,z") > supp(z’) - Pa(2’).
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In particular, F(a, z’) # @ and, therefore, by Assumption 4.4 it follows that f’ € {x € X,(z") |
(x,2") 24 (f(a),z)} C F(a, z’). Hence, there exists some sequence (x},),cn in F(a, z") with
x;, — f. This implies that p(z’) - x;, > inf p(z’) - F(a,z’) = t(a, z’) and, hence,

p(')-x, +V(a,z') 2 t(a,z') + (a,2") — t(a,2") = I(a,z") = sup p(z’) - Pa(z') (28)

Now, taking the limit n — oo, it follows from (28) that p(z")- f"+V(a, z’) = sup p(z’)-P.(z’).
This shows the desired assertion.

From (i)-(iv) we conclude now that (f, g, z) is indeed supported by the price system p and the
valuation system V, showing Theorem 4.9.

E Proof of Theorem 4.14

Suppose that E is an economy as defined in Definition 3.4 that satisfies Assumptions 4.4, 4.7, 4.8 and
4.11. Now, let (f, g, z) be a Pareto optimal allocation in E.

By these hypotheses and the fact that the directional monotonicity Assumption 4.11(ii) implies
non-satiation, the assertion of Theorem 4.9 holds and guarantees that (f, g, z) can be supported by a
positive price system p and a valuation system V. We recall from the proof of Theorem 4.9 that for
everya € Aand 2z’ € Z,

Ia,z") = supp(z’) - Pu(z') >0

t(a,z’) = infp(z’)- F(a,z") >0

V(a,z") = I(a,z")-t(a,z2),
where F(a, z’) is as defined in (24).

The only property remaining to show is that for every a € A, the triple (f(a), g(a), z) optimises a’s
consumptive preferences z, on the budget set B(a, p, V).

First we notice that for every agent a € A, the triple (f(a), g(a), z) € B(a, p, V). To this end we need
the following Lemma.

Lemma E.1 Under the assumptions stated, for almost every a € A it holds that I(a, z) = p(z) - g(a) =
sup p(z) - Pa(z) and t(a, z) = p(z) - f(a).

Proof. Assume to the contrary that there exists some coalition S with p(S) > 0 such that I(a, z) >
p(z) - g(a) for all a € S. Then for all a € S there exists g € P,(z) such that p(z) - g > p(z) - g(a).
Hence, we may define a correspondence ®: S — 2R with fora € S:

®(a) = {g € Pa(2) | p(2) - 9(2) < p(2) - g < supp(2) - Pu(2)} # 2.

Clearly the correspondence ® has a measurable graph and is integrably bounded by Assumption 4.8.
Therefore, there exists some integrable selection §: S — R’ in ®.
Now, for every a € S it holds that

K = min {m /S[P(Z) - g(a) — p(z) - g(a)l dp, K*} > 0,

where d: A — RY, assigns to every a € A the direction d, > 0 in which %, is increasing
(Assumption 4.11(ii)) and K* > 0 is the uniform bound on this increase.
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Now, define the private goods allocation f”’ by
f'(a) = f(a)+ %K d, for almostalla € A,

and the production plan

gla) ifaeA\S
g9'(a) =
gla) ifaes.

From the directional monotonicity of x>, in (f(a), z) and the fact that %K < K* we note that
f’(a) € F(a, z) and, therefore, x” = /f’ dp + c(z) - fg’ du € F(z), implying p(z) - x” > 0.
On the other hand, by feasibility of (f, g, z),

pa)-x = pa)- / Fdu+p(z) - o(z) - p(z) - / g dy =
- p(Z)-/fdu+%KP(Z)-/ddwp(Z)-c(Z)—p(Z)-/g’du<
< p(Z)-/fdﬂ+Kp(Z)-/ddﬂ+p(2)-c(Z)—p(Z)-/g’dﬂ<
. d A oadu— . d
p(2) /f 4 p(2) /59 - pl2) /Sg .
p(2) - e(2) — pl2) /S gdu—plz) - / gdi =

A\S

N

p0)- [ fdusp@)- o) -pa)- [ gdu=o.
This is a contradiction showing the first assertion of the lemma.

To show the second assertion, we note first that for all a € A: t(a, z) < p(z) - f(a) by the directional
monotonicity of z, and the definition of #(a, z) = inf p(z) - F(a, 2).

Next, assume to the contrary that there exists some coalition S € ¥ with u(S) > 0 and t(a, z) <
p(z) - f(a) for all a € S. From the feasibility of (f, g, z) it then follows that

/ H ) dp+pl2) - o(z) < / 2(2) - Fdu+p(a) - e(2) = / p(2) gy < / I6.2) du.

Hence, fV(-,z) dy = /I(-, z)dp — f t(,z)dp > p(z) - c(z).
This contradicts the budget neutrality condition stated as Definition 4.1(ii) shown in the proof of
Theorem 4.9. u

Finally, since by Lemma E.1 it holds that I(a, z) = p(z) - g(a) and t(a, z) = p(z) - f(a), it follows that
p(z) - f(a) +V(a,z) = sup p(z) - Pa(z) = p(z) - g(a), indeed showing that (f(a), g(a),z) € B(a,p, V).

Furthermore, we show that the main assertion holds for bundles that have positive value under the
prevailing prices:

Lemma E.2 Suppose that for agent a € A there is some (f’,2’) such that f’ € X,(2), (f',2") >,
(f(a),z) andp(z’) - f' > 0. Thenp(z’) - ' +V(a,z’) > I(a,z") = p(z’) - g’ for every g’ € P,(z’).

Proof. Note that, since (f, g, z) is supported by (p, V), from the property that I(a, z") = sup p(z’) -
P.(2’) it follows that p(z’) - f* +V(a,2’) = I(a,z’) = p(z’) - ¢’ for all ¢’ € P,(z").
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Now suppose to the contrary of the lemma’s assertion that p(z’) - f* + V(a,z’) = p(z’) - ¢’ for
some g’ € P,(z’). By upper continuity of x,, it follows that F(a,z’) is open relative to X,(z’).
Thus, there exists some A € (0,1) such that A f’ € X,(z’) and (A f",2z') >, (f(a),z). Hence,
Ap(z') - f"+V(a,z") 2 I(a,z’). Therefore,

Ia,z") < Ap(Z')- f'+V(a,z') < p(')- f +V(a,z') =
=p(z') -9 <I(a,z).

This is a contradiction, showing the assertion. ]

E.1 Proof of Theorem 4.14(a)

Suppose that for some agent a € A there is some collective good configuration z’ € Z and
consumption bundle f’ € X,(z’) such that (f’,z") >, (f(a), 2).

By Assumption 4.12 it follows that f” ¢ RY. Thus, f’ > 0, implying that p(z’) - f* > 0.

Lemma E.2 immediately implies now that p(z’) - f' + V(a,z’) > p(z’) - ¢’ for every g’ € P,(z’). This
shows the assertion.

E.2 Proof of Theorem 4.14(b)

The following intermediary result shows that the premise of Lemma E.2 is always satisfied if the
economy satisfies the hypotheses of Assumption 4.13.

Lemma E.3 Under Assumption 4.13, for almost every agent a € A and every collective good configu-
ration z’ € Z it holds that t(a, z’) > 0.

Proof. Let z’ € Z. Define

T={acA|taz)=0}={acA|V(az)=1(a2z)} (29)
Ty =A\T, (30)

Note that from Assumption 4.13(i) it follows that f V(-,2)du < p(z) - ¢(2') < fI(-, z") du. Hence,
u(Ty) > 0.

We now show that u(T;) = 0.

Suppose to the contrary that p(T;) > 0. Then by Assumption 4.13(ii), there exist integrable functions
f’ and ¢’ such that f’(a) € X,(z") and (f'(a),z’) >, (f(a),z) for all a € T; and g’(a) € P,(z’) for all
a € A such that

/Tlf’du+0(2’)</ng’du—/Tzf’du (31)

Since for every a € Ty, (f'(a),z’) >, (f(a),z) and (f,g, z) is supported by (p,V), it holds that
p(z")- f'(a)+V(a,z’) = I(a,z’). From t(a, z") > 0, by definition, V(a,z’) = I(a,z’) —t(a,z’) < I(a,z’)
and, therefore, from the above p(z’) - f’(a) > 0. Hence, from Lemma E.2 it follows that for all
acTi:p(z')- f'(a) +V(a,z') > I(a,z).
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Furthermore, from (31) and the definition of T, we derive that

/T11<-,z>dy</np<z>-f du+/TlV(-,Z)du=
= [ o) -5 du [vezrdu- /T V)i s

</Tp(z')-f’d,u +p(z')-c(z')—/TV(-,z')dy<

< /T p() o dy - /T p() - f dy - /T Va2 dp <
< ',Id— N f duy — ',/d=
</T21< Ndp= [ )£ dy /rf( 2)dy

= - TP(Z’)-f’du<0-

By definition for all a € A: I(a,z’) > 0 and, thus, le I(-,z’)dyu > 0. This contradicts the above.

Therefore, we conclude that u(T,) = 0 and that V(a,z’) < I(a,z’) or t(a,z’) > 0 for almost every
a € A, showing the assertion. ]

Now let (', z’) >, (f(a), 2). Since (f, g, z) is supported by (p, V), it follows that p(z’)- ' +V(a,z’) >
I(a, z’). Since from Lemma E.3 t(a,z’) > 0, by definition V(a,z’) = I(a,2z’) — t(a,z’) < I(a,2z’) and,
therefore, from the above p(z’) - f’ > 0.

Now Lemma E.2 immediately implies the assertion of Theorem 4.14(b).

F Proof of Theorem 5.2

We first establish a fundamental property of the attainment of maximal incomes if production sets
are delimited.

Lemma F.1 For every agent a € A, every collective good configuration z € Z and every price vector

p € RO\ {0}, if Pu(2) is delimited, then sup p - Pa(z) = maxp - Pa(z).

Proof. Since P,(z) is delimited as assumed, there exists a compact set P .(2) such that P,(z) =
P (z)—RE. Thus, sup p-Pa(z) > max p-P,(z). Conversely, for any g € P,(z), there exists § € P 4(z)
and x € R’ such that g = §— x. Hence, p- g < p- § < maxp - P,(z) for all g € P,(z). Therefore,
sup p - Pu(z) < maxp - P,(z), and hence sup p - Po(z) = maxp - P(2). ]

Next, we show that the price mechanism—as implemented here through the notion of supporting
allocations using prices and valuations—introduces a dichotomy of production and consumption
decisions at the level of the individual economic agent. This lemma extends the dichotomy stated in
Gilles (2019b) for economies without collective goods. This dichotomy is crucial for our proof of
Theorem 5.2.

Lemma F.2 (Dichotomy of consumption and production decisions)

Let the agent a € A be represented by (X4, Pa, za) such that the production set P,(z) is delimited for
everyz € Z.

Let z € Z be a given collective good configuration. Consider the following two-step optimisation
problem for agent a:
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Income maximisation: The production plan g* € P,(z) solves
max {p(z)-g|gePaz)}. (32)

Define I(a, z) = p(z) - g* = max p(z) - Pq(2).

Demand problem: Given g* € P,(z), the pair (f*, z*) maximises the preference relation xz, for agent
a € A on the modified budget set

B(a,p,V) = {(x,z) e RY x Z!p(z) -x+V(a,z) < I(a,z) = p(z) - ¢ } . (33)

Then the following statements hold:

(@) Let(f*,g%,z") solve the consumer-producer problem for a. If a is non-satiated at (f*, z*) and z,
satisfies Assumption 4.4, then (f*, g*, z*) solves the two-step optimisation problem introduced
above.

(b) Let(f~,g",z") solve the two-step optimisation problem introduced above. Then (f*, g*, z*) solves
the consumer-producer problem for a.

Proof. To prove the assertion (a) of the lemma, we first assume that the triple (f*, g*, z*) optimises
the preference relation x>, on the budget set B(a, p, V) as defined in (8). The proof now proceeds in
two steps:

We first show that g* solves the income maximisation problem for z*.
Indeed, assume that there exists some g’ € P,(z*) with p(z*) - ¢’ > p(z*) - g*.
Since by hypothesis agent a is non-satiated at (f*, z¥), it follows from Assumption 4.4 that

fred{x e Xa(z) | (x,27) 2a (f(a),27)} C {x € Xa(z*) | (x,2*) >a (f*(a),2%)}.

Therefore, there exists some sequence (x,),en With x, € X,(z%), (x,,2%) >4, (f*,z") and x,, —
f*. Then, from p(z*) - f* + V(a,z*) < p(z*) - g* < p(z*) - ¢’, there exists some m € N with
p(z*) - xm + V(a,z*) < p(z*) - g’. Hence, (x1,, 9, 2*) € B(a, p, V), which contradicts the maximality
of (f*,g",z") for z,.

Second, we show that the pair (f*, z") is z4,-maximal in B(a,p, V).

Suppose that there exists some (f,z) € B(a, p, V) with (f,z) >4 (f*, z*). Then, by the assertion
that (f*,g", z") is z,-maximal in the budget set B(a,p, V), for any g € P,(z) it has to hold that
(f,9,2z) ¢ B(a,p,V). In particular, this has to hold for g € P,(z) with p(z) - § = max p(z) - Pu(z)
(Lemma F.1). Thus, p(z) - f +V(a,z) > p(z) - § = max p(z) - P,(z) = I(z), which is a contradiction to
(f,z) € B(a,p,V).

To show assertion (b) of the lemma, suppose that the triple (f*, g%, z*) solves two-stage optimisation
problem given by the income and the demand problems as stated above. Now assume by contradiction
that there exists another triple (f,g,z) € B(a,p,V) such that (f,z) >, (f*,z*). Then, since the
pair (f*,z*) solves the demand problem and by assumption (f,z) ¢ B(a,p,V), it follows that
p(z) - f +V(a,z) > max p(z) - Py(z) > p(z) - g, which is a contradiction. |

F.1 Proof of Theorem 5.2(a)

Consider an economy E as asserted in the theorem. Let (f*, g%, z*) be a valuation equilibrium with
price-valuation system (p, V).
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Then, in particular, for every a € A, the triple (f*(a), g*(a), z*) optimises >, on B(a, p, V) as defined
in (8). From Lemmas F.1 and F.2 it follows that

p(z") - g'(a) = maxp(z") - Pa(z") = sup p(z") - Pa(z").

Furthermore, by WIRSpec, there exists some set of £ full specialisation production plans Q,(z*) such
that Q4(z*) € Pa(z*) € Conv Qu(z*) — RE. Therefore,

max p(z") - Qu(z") < max p(z*) - Pu(z") <
sup p(z*) - (Conv Q,(z") - Rﬁ) =

N

= sup p(z") - Conv Q,(z") = max p(z") - Q,(z").
Hence,

p(z") - g (a) = sup p(z°) - Pa(z") = max p(z") - Qa(z") (34)

showing the assertion.

F.2 Proof of Theorem 5.2(b)

Additionally suppose SIRSpec. Hence, for every a € A: Q,(z*) = Conv Q,(z*) N P,(z").

Now, from (34), it follows that p(z*) - g*(a) = max p(z*) - Q,(z").

Suppose that g*(a) € P,(z*) \ Qu(z"), then g*(a) ¢ Conv Q,(z*) implying that there exist some
y € ConvQ,(z*) and some k € {1,. .., £} with g**(a) < y*. Therefore, since p(z*) > 0,

p(z") - g"(a) < p(z") - y < maxp(z*) - Conv Q,(z") = max p(z*) - Qu(z"),

which is a contradiction.

From the fact that g*(a) € Q,(z*), we may introduce for every k € {1,...,{}: Ax(g*) ={a € A |
g;(a) > 0} € 3. It is obvious that the collection {A;(g"), ..., A¢(g")} forms partitioning of the agent
set A such that Zi:l H(AK(g") = p(A) = 1.

F.3 Proof of Theorem 5.2(c)

Now with reference to Lemma F.2, it follows that in equilibrium every agent a € A maximises her
income under price system p(z*). Hence, for every a € A: p(z*) - g*(a) = max p(z*) - Py(z").
Furthermore, by the uniform specialisation property of E, there exists a common set of full speciali-
sation production plans Q(z*) = {yk(z*) k=1,...,¢ } for which the SIRSpec property holds for
every a € A. Hence, for all k € {1, ..., ¢} it follows that for every a € Ax(g"):

p(z") - g"(@) = p(z") - §*(z") = max p(z") - Q")

Since fg* dy > 0 it follows that u(Ax(g*)) > 0 for every k € {1,...,¢}. Hence, p(z*) - §*(z*) =
p(z*) - §™(z") = max p(z*) - Q(z*) for all commodities k # m.
This completes the proof of the assertion.
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