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Abstract

The Shafer and Sonnenshein convexity of preferences is a key property in game theory. Previous research has
shown that, in case of decisions under uncertainty, the compliance with this property (jointly) depends on the
concavity/convexity of the imprecise probabi- listic model with respect to the decision variable and on the attitudes
towards imprecision of the decision maker. The present paper deepens the analysis by looking at set-valued
imprecise probabilistic models that encompass sets of probability distributions and sets of almost desirable
gambles. Moreover, it is shown that the required Shafer and Sonnenshein convexity property is obtained also in
case the imprecise probability correspondences satisfy quasi-concavity/convexity with respect to the decision
variable so that the set of admissible probabilistic models is significantly broadened. It is well known that sets of
probability distributions and sets of almost desirable gambles are general models of representation of uncertainty
that are connected to each other; moreover, they are both related to another model known as lower expectation.
Therefore, the second part of this work explores the links between the (quasi-)concavity/convexity properties
accross the three different models so as to understand to what extent the Shafer and Sonnenshein convexity
results hold.
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1 Introduction

The property of convexity of preferences has always been a key assumption in decision and
game theory; not only it has a clear behavioral interpretation, but, above all, it plays a crucial
role in the existence of equilibria in general economic equilibrium models and in noncooperative
games. The seminal paper by Shafer and Sonnenshein ([25]) shows that existence of economic
equilibria and Nash equilibria can be obtained in case each agent’s preference satisfies a minimal
convexity assumption (with respect to his own action/strategy), sometimes called Shafer and
Sonnenshein convexity, which, roughly speaking, requires that each alternative x cannot be the
convex combination of other two alternatives that are strictly preferred to x. The present paper
looks at decisions and strategic form games under imprecise probabilities and focuses on the
conditions on the representation of uncertainty and on the attitudes towards uncertainty that
are required so as to guarantee that the Shafer and Sonnenshein convexity assumption holds; in
particular, the results in this paper identify (imprecise) probabilistic models and preferences for
imprecision that have a clear and simple interpretation. The present paper considers and extends
the model presented in [8] in which each agent is endowed with an ambiguous belief correspondence
that maps the set of mixed strategy profiles to the set of all subsets of probability distributions
over the outcomes of the game: given a strategy profile chosen by the set of players, the belief
correspondence of player ¢ provides the set of probability distributions that player ¢ perceives to
be feasible and consistent with the strategy profile. This approach follows a strand of literature in
decision theory in which alternatives are compared by looking at the the set of lotteries over
consequences that they induce, (see [1], [21], [23], [26], [27], [6] and references therein), and
turns to be particularly useful to study ambiguity in games as it encompasses classical models
in which agents have multiple priors on a state space (see [16], [4], [3] for incomplete information
under ambiguity, just to quote a few), as well as the so called models of strategic ambiguity (see,
for instance, [11], [19], [17], [12], [20], [18], [22] and [5] and references therein). In [8], games
are studied without requiring completeness and transitivity of preferences', so as to understand
what is truly needed for the existence of equilibria, regardless of the assumptions that must be
imposed in the representation theorems for preferences. It is shown that the required Shafer and
Sonnenshein convexity property is obtained in case agents have a minimally pessimistic attitude
towards imprecision (therein called imprecision aversion) when it is combined with the property of
convezity of their ambiguous belief correspondences (with respect their own strategies); similarly,
it is also obtained when agents have a (specular) minimally optimistic attitude (imprecision loving)
when it is combined with the concavity property of their belief correspondences. The imprecision
aversion (resp. loving) assumption says that an agent would not prefer a set of probabilities
to another one if the former was a subset of the latter (resp. if the latter was a subset of the
former)?. It turns out that these properties are minimal as every possible attitude (of a decision
maker), towards the inclusion relation between sets of probability distributions, implies either

'Indeed, the game model under ambiguous belief correspondences has been firstly introduced and studied in case
of complete and transitive preferences in [9] and [10].

2These behavioral traits can be reconducted to the idea of aversion (resp. inclination) towards imprecision
presented in [13] and [14]. In those papers, such behevioral traits are used to axiomatize maxmin-like preferences,
in decision models with complete and transitive preferences on uncertain acts under partial information about
possible probability distributions.



imprecision aversion or imprecision loving®. Convexity (respectively concavity) of the ambiguous
belief correspondences is a generalization to set-valued maps of the classical definition of linearity
for classical (single-valued) valued maps as it requires that the ambiguous belief associated to
the convex combination of two alternatives is contained in (respectively contains) the convex
combination of the ambiguous belief associated to the two alternatives.

The present paper extends [8] in two features. Firstly, it takes into account a more general
framework in which the information available to each player is represented by an imprecise probability
correspondence that maps mixed strategy profiles to (set-valued) imprecise probabilities over the
outcomes of the game. This approach encompasses the ambiguous belief correspondence model
as well as the almost desirable gambles correspondence model. An almost desirable gambles
correspondence maps each alternative to an induced set of almost desirable gambles, where a
gamble Y is said to be almost desirable for the decision maker if he accepts all gambles Y 4 ¢ with
e > 0 (see for instance [28], [29]). In this more general context, the implication that characterize
imprecision aversion (resp. imprecision loving) will be called superset aversion (resp. subset
aversion). In fact, while it clear that a set of probabilities is more imprecise than its subsets,
the information becomes less imprecise as the set of almost desirable gambles enlarges to an half
space. The second, (and more relevant), new feature that is investigated in this paper concerns
the assumptions that are imposed on the imprecise probability correspondences. It is shown in this
paper that they are now allowed to satisfy one of the assumption of quasi-concavity/converity (see
[24] for a survey) in place of concavity /convexity. This result has different advantages: on the one
hand, it enlarges the family of probabilistic models that can be taken into account; on the other
hand, it allows to skip the assumption of semi-strict convexity on the attitudes towards imprecison
that, instead, is required in case of concave/convex imprecise probability correspondences.

It is well known from the theory of imprecise probabilities that sets of probability distributions
and sets of almost desirable gambles are related concepts as a set of probability distributions
implictly defines, in a natural way, a set of almost desirable gambles and viceversa. Then, it
is relevant to understand to what extent an ambiguous belief (resp. almost desirable gambles)
correspondence derived from an almost desirable gambles (resp. ambiguous belief) correspondence
inherits the (quasi-)concavity/convexity properties of the latter one. This issue is addressed in this
paper; the results show that the (quasi-)concavity (resp. (quasi-)convexity) of the former is related
to the (quasi-)convexity (resp. (quasi-)concavity) of the latter. However, counterexamples show
that there are exceptions that depend also on the fact that (quasi-)convexity and (quasi-)concavity
for set-valued maps are not symmetric concepts.

Finally, there is another representation of uncertainty that plays a relevant role in the theory
of imprecise probabilities, known as lower expectation; this concept specifies the supremum buying
price for each possible gamble. It is well known that a set of probability distributions or a set
of almost desirable gambles implicitly defines a lower expectation and viceversa. As the set of
probability distributions or the set of almost desirable gambles depends, in this paper, on the
alternative chosen by the decision maker; it is clear that, fixed a gamble Y, the lower expectation
of Y is a real-valued function of the alternative. Now, the question is whether the (quasi-
)Jconcavity /convexity of the lower expectations of each gamble, as real-valued maps, is related to
the (quasi-)concavity /convexity of ambiguous belief or almost desirable gambles correspondences.

3A complete analysis of all the possible attitudes towards the inclusion relation and their relations is given in
(8]



This issue is here addressed and the results show that (quasi-)concavity (resp. (quasi-)convexity)
of lower expectations is related to (quasi-)convexity (resp. (quasi-)concavity) of the ambiguous
belief correspondence and to (quasi-)concavity (resp. (quasi-)convexity) of the almost desirable
gambles correspondence. However, even in this case, counterexamples show that there are different
exceptions.

Summarizing, the paper is organized as follows: Section 2 presents the game model and the
issue of existence of equilibria that provides the main motivation for the problem addressed in this
paper. Then, a precise formulation of the problem of convexity of preferences is provided. Section
3 presents (quasi-)concave/convex set-valued maps and their properties. The attitudes towards
uncertainty are investigated in Section 4. Section 5 builds upon the definitions and the properties
of the previous sections and gives sufficient conditions for the required property of convexity of
preferences. Section 6 studies the relation between (quasi-)concavity (resp. (quasi-) convexity) of
ambiguous belief correspondences and almost desirable gambles correspondences. In Sections 7
and 8, lower expectations are investigated; in particular, the link between (quasi-)concavity (resp.
(quasi-)convexity) of lower expectations and ambiguous belief correspondences is studied in Section
7, while Section 8 addresses to the same analysis between lower expectations and almost desirable
gambles correspondences.

2 Motivation and Problem Formulation

2.1 Games and equilibria
Strategies and outcomes

Consider a game where [ = {1,...,n} is the set of players. The strategy set of each player is a
nonempty, compact and convex set X; C R¥. Each strategy of player i is denoted with z; € X;
while X = H;;l X denotes the set of strategy profiles®.

The finite set of outcomes of the game is denoted with® Q = {w;,...,w,}. The set of all the
probability distributions over 2, is

P = {Q: (o(wr), .- 0(wm)) ER™ |§) Y o(w) =1, ii) o(w) > 0 Vw € Q} ,

weN

where p(wy) is the probability of state wy. Therefore, belief over the outcomes of the game are
represented by subsets of P. belief are unambiguous if they are singletons, they are ambiguous
otherwise.

The the set of gambles over Q is £L = {Y|Y : @ — R}; with an abuse of notation, each
Y € L is identified by the vector Y = (Y (w1),...,Y (wn)) € R™ where Y (wy,) is the payoff of the
gamble Y when state w;, € Q occurs. Finally, E,[Y] denotes the expectation of Y under p, i.e.

Eo[Y] =2 eq 0(W)Y (w).

4The case of mixed strategies over a finite set of pure strategies is obviously included in this framework. In fact,
in this case, if U; is the finite strategy set of player ¢, with |¥;| = k;, then X is the set of mixed strategies of player
i, where each z; € X; is a vector x; = (x;(;))yp;ew, S.t. 1) Zwie\h x;(¢;) =1 and 4i) x;(¢;) = 0, Vip; € ;.

5In previous papers is a subset of R™ so that the i-th component w; of w represents the payoff of player i when
outcome w € () is realized. In this paper, €2 does not have necessarily any topological or algebraic structure.




Strategic games revised

From a different perspective, a classical strategic form game can be regarded as follows:

Each player ¢ is endowed with a function p; : X — P that provides, to player i, the
information about the possible outcomes of the game. Therefore, p;(x) is the probability
distribution over €2 that is consistent with z in view of player 7. In most (but not all) models,
it is assumed that p; = -+ = p,.

Each player i is endowed with a preference 77, , over P. In most (but not all) models, it is

~ol

assumed that 77, , is represented by a von Neumann-Morgenstern expected utility function.

Zip in P induces a preference 27; in X in the obvious way:

x 7 a = pi(x) Zip pia)

Therefore, the game is I' = {I; (X})ier; (Z50)ier }-

Introducing Imprecision

The key feature of the models investigated in this paper is that the function p; : X — P is replaced
by imprecise probability correspondences. In particular, the focus is on two well known imprecise
probability representations: ) set of probability distributions, i) set of almost desirable gambles:

)

The function p; : X — P is replaced by B; : X ~» P, called ambiguous belief correspondence
of player i: For every x € X, B;(x) # () is the set of probability distributions over {2 that are
feasible and consistent, in view of player 7, with the strategy profile x. In the remainder of
this paper it will not be assumed in general that B;(z) is a closed and convex subset of P,

even if it is a classical condition used in many applications®.

In games without ambiguity (or imprecision), B; is single-valued and gives back the function
p;-  Moreover, previous literature shows that multiple models with different sources of
ambiguity have a formulation in terms of belief correspondences, for instance:

a) (Symmetric) Incomplete information games under multiple priors

b) Games under strategic ambiguity, that is games in which players have ambiguous
expectations about opponents’ behavior

The function p; : X — P is replaced by D; : X ~» L, called almost desirable gambles
correspondence of player i, with D;(x) # () for every x € X, where Y € D;(z) means that
agent ¢ accepts all gambles Y + ¢ with € > 0. In the remainder of this paper it will not be
required in general that D;(z) is a closed convex cone in R™ containing all the the positive

gambles, even if this is a relevant condition from a theoretical point of view”.

6This condition characterizes coherence of (imprecise) probabilities that does not play, in general, a key role in
this paper.
"This condition characterizes coherence as well.



Summarizing, the information (about the possible outcomes) available to the decision maker ¢
is summarized by an exogenous set-valued map C; : X ~» T C R™, called imprecise probability
correspondence, which gives to the decision maker ¢ and for every strategy profile x € X, the
information® C;(x) C T. In particular we obtain:

Ambiguous belief correspondences when 7 = P and C; = B;

Almost desirable gambles correspondences when 7 = £ and C; = D;

Preferences and games

Preferences of agent i over strategy profiles are constructed as follows:

Agent i is endowed with a reflezive preference 77; 7 over the set K(7) of all subsets of 7

Given A, B € K(T) then A 7, 7 B means that A is at least as good as B for player i

No completeness or transitivity assumptions are imposed on 27, 7

- »;p and ~;p denote respectively the strict preference and the indifference relation
induced by ;.

The strict upper level set correspondence U; 7 : K(7) ~» K(T) for zZ; p is defined by:

Uir(A)={B eK(T)|B »i7 A} VAeK(T)
The preference relation —; of player ¢ over X, is naturally defined as follows
x i:z 7 = Cz(l’) ?\:1',7‘ Cl(l‘/)

- x 7; y means that the strategy profile x is at least as good as the strategy profile y, for
player 1.

- >; and ~; are induced by —; in the classical way.

- U; : X ~ X, defined by

Ui(xi o) ={ah € X | (2, 2) =i (xix_y)} Y(z,25) € X
is the strict upper level set correspondence for =,

Therefore, the game is T' = {I; (X;)ier; (Zi)ier}. This is a generalized game? as defined
by Shafer and Sonnenshein in [25]. Generalized games have a natural equilibrium notion
that, in the framework of the present paper, we call equilibrium under imprecise probability
correspondences.

DEFINITION 2.1: A strategy profile T € X is an equilibrium under imprecise probability correspon-
dences C; of the game T if U;(T) = ) for every i € I.

8In this view, the strategy set X has a double use: first it represents the set of objects of choice of the decision
maker but, at the same time, it stands for the set of variables that parameterize the belief of the decision maker.

9This game can be regarded also as a set-valued game under generalized preferences (see also [15] for set-valued
optimization and games in a more classical framework).



REMARK 2.2: The previous concept is the natural generalization of the concept of Nash equilibrium.
In an equilibrium under imprecise probability correspondences x:

i) The information about the consequences of each strategy z is provided to player i by the
imprecise probability C;(x}, x_;).

i1) The strategy z; is mazimal to player ¢ with respect to his preference 7Z; and the information
available to player 1.

Existence of equilibria follows directly from [25]:

THEOREM 2.3: Assume that for everyi € I,
(1) U; has an open graph'®,
(2) xi & coUi(zi, x—;)) for every (v;,x;) € X,

Then, the game I' has a least an equilibrium.

PROBLEM 2.4: The purpose of this paper is to find explicit conditions on C; and 77, 7+ which
guarantee that the assumption (2) of the previous Theorem hold.

2.2 Problem Formulation

To simplify notation we consider the case of a single agent:
- C: X ~ T is the imprecise probability correspondence of the decision maker.

- 77 is the preference over K(7) of the decision maker and 7 is the preference over X induced
by Zr.

The strict upper level correspondences are respectively:
a) Uy : K(T) ~» K(T) defined by
Ur(A) ={BeK(T)|B =7 A} YAcK(T)

b) U : X ~» X defined by
U(z)={2' € X |2 = x}

- Problem Statement: Find explicit conditions on C and 7Z7 which guarantee that:

x¢col(x)) VrelX

- Approach: Different results are proposed. In each of them, the condition imposed on C is one
of the (quasi-)concavity/convexity notions for set-valued maps and the conditions imposed
on 77 include superset or subset aversion, depending on the assumption imposed on C.

10T hat is, the graph of f; is an open subset of X x Xj.



3 Convexity/concavity and quasi-convexity/concavity of
functions and correspondences

This section recalls the basic definitions of (quasi)-convex/concave set-valued maps that play a key
role for the purpose of this paper.

3.1 (Quasi-)convex/concave functions

Firstly, it is useful to recall well known definitions for single-valued maps. Given a convex subset
X of a finite dimensional space and let f : X — R then

DEFINITION 3.1: f is said to be convex if, for every 2/, 2/ € X and t €]0, 1], it follows that

flta' + (1 =t)a") < tf(a') + (1 — 1) f(2").
f is said to be concave if —f is convex.
Moreover

DEFINITION 3.2: f is said to be quasi-convex if, for every 2/, 2’ € X and ¢ €]0, 1], it follows that
one of the following equivalent conditions!! is satisfied:

(4) fta" + (1= 1)a") < max{f(z'), f(z")}
(i) flta'+ (1 =0)2") < f(2') or flta"+ (1 —1)a") < f(2")
(141) S,={x] f(x) <a} isaconvexset Va € R.

f is said to be quasi-concave if —f is quasi-convex.

3.2 Convex and quasi-convex set valued maps

In this subsection, the definitions of convex/concave and quasi-convex/concave set-valued maps
are given. These latter concepts appear sporadically and extemporaneously in the literature even
if they play a relevant role in optimization theory. In this paper, it is shown that they play a key
role in the problem of existence of equilibria in strategic games.

The recent paper [24] provides a systematization of the definitions of quasi-convex/concave
set-valued maps and of the relations that exist among them. The main concepts and results, that
are useful for our purposes, are presented below; most of the results could be derived from the
more general ones that are presented in [24]. For the sake of completeness, self-contained proofs
of all results and counterexamples are presented in the Appendix.

Quasi-convexity
DEFINITION 3.3: The set valued map C : X ~~ T is said to be:
M1) convex if

Clte' + (1 —t)x") CtC(x')+ (1 —t)C(2") V' 2" e X, Vtelo1] (1)

HUThe conditions are obviously equivalent, but they are written explicitly in order to better understand the
differences with the set-valued case.




M2) quasi-convez if
Cltr' + (1 —t)2") CC(2)uC(x") V' a"e X, Vitelol] (2)
MS3) strongly quasi-conver if
Citx' + (1 —t)2") CC(z") or C(tz'+ (1—1t)z")CC(x") Va' 2" e X, Vitelo,1]. (3)
M) weakly quasi-convex if
Cltr' + (1 —t)x") Ceo(C(x)UC(2")) V' 2" e X, Vte|ol] (4)

Finally, C : X ~ T is said to have convex images if C(x) is a convex subset of T for every z € X.
It is useful to give the following characterizations. The proofs are given in the Appendix.

PROPOSITION 3.4: The set-valued map C : X ~ T is quasi-convez if and only if for every A C T,
with A # 0, the set

Ly={xz[C(z) C A} (5)
18 a convex subset of X .
PROPOSITION 3.5: The set-valued map C : X ~» T is weakly quasi-convez if and only if for every
convex subset A C T, with A # 0, the set

Ly=A{z|C(x) C A} (6)

1s a conver subset of X.

REMARK 3.6: Note that quasi-convexity falls into definition w3 in [24], strong quasi-convexity
in definition w4, while, in light of the previous proposition 3.5, weak quasi-concavity falls into
definition u7 .

The next result is derived directly from proposition 3.6 in [24]. A self contained proof is given
in the Appendix.

PROPOSITION 3.7: Given the set valued map C : X ~» T, then
i) If C is strongly quasi-convex then C is quasi-convex.
it) If C is quasi-convex then C is weakly quasi-convex.
iii) If C is convex then C is weakly quasi-convexr.

The converse statements of the implications ), i), ii7) do not hold as shown by counterexamples
given in the Appendix.



Concave and quasi-concave set valued maps

DEFINITION 3.8: The set valued map C : X ~» T is said to be:

N1) concave if

tC(a") + (1 — )C(x") C Cta' + (1 — t)a") Va',a" € X, V¥t €]0,1]. (7)

N2) quasi-concave if

CYNnCE") CCtr'+ (1 —t)2") V2" e X, Vitelo,1]. (8)

N3) strongly quasi-concave if

ClyCCta' + (1 —t)x") or Ca")CC(ta'+(1—1t)2") V' a"eX, Vtelo, 1. (9)

The next results are derived directly from Proposition 3.4 in [24]. Self contained proofs are
given in the Appendix.

PROPOSITION 3.9: Let C : X ~» T be a set-valued map with convex images, then C is quasi-concave
if and only if for every convex A C T, with A # 0, the set

La=A{z[ACC(x)} (10)

18 a convex subset of X .

PROPOSITION 3.10: Given the set valued map C : X ~~ T, then
i) If C is strongly quasi-concave then C is quasi-concave.
i1) If C 1s concave then C is quasi-concave.

In the Appendix, counterexamples are given showing that the converse statements of the
implications ), ) do not hold.

REMARK 3.11: Note that quasi-concavity falls into definition [ in [24], strong quasi-concavity in
definition /4. Proposition 3.9 shows that a definition of weakly quasi-concavity would be equivalent
to quasi-concavity. Indeed, even [24] shows that quasi-concavity and quasi convexity are not
symmetric concepts as there exists nine distinct definitions of quasi-convexity and only seven
distinct definitions of quasi concavity.

3.2.1 A particular model

In [8], two well known game models are presented and studied in the framework of ambiguous
belief correspondences: a game model under strategic ambiguity and a game model of incomplete
information in case of multiple priors. Here it is presented a decision model that encompasses both
of them; the analysis of the (quasi-)convexity/concavity properties of the associated ambiguous
belief correspondences is given in order to highlight the applicability of the results presented in
this paper.

10



Consider the case in which 2 = Q; x €),. Let P denote the set of probability distributions over
2, P, the set of probability distributions over €2; and P, the set of probability distributions over
5. Note that any pair (91, 02) € P; X Py induces a unique probability distribution ¢ € P in the

obvious way:
o(wr,ws) = 01(w1)02(w2)  V(wi,ws) € Q.

Let h : X — P; be a linear function and K C P,. Denote with h(xz) = h,, then consider the

correspondence B : X ~~» P defined by
B(z) = {0 € P|olw,ws) = hy(wr)oa(ws) V(wi,ws) € 2, where g, € K}

Then
LEMMA 3.12: Let B : X ~~ P be the correspondence defined by (11), then:

i) B is convez;

ii) B is quasi-concave.
Proof. i) Let o € B(tx' + (1 — t)2”), then there exist g2 € K such that

o(wi,w2) = higy(1—tyer (W1)02(w2)  V(wi1,w2) € Q.
Since h is linear, it follows that
= hiar(1—tyer (W1) 02(w2) = thay (wW1)o2(w2) + (1 — D)her (w1)o2(w2)  V(wi,w) € Q
Given the two probability distributions ¢" and ¢” defined for every (w;,ws) € Q by
(w1, wz) = ho(wi)oa(ws) and o' (wi,w2) = e (wi) o2 (ws),
then it follows that ¢’ € B(z') and ¢” € B(z"). So
o=td +(1—t)" €tB(x')+ (1 —t)B(z")

and we get the assertion.

ii) Let o € B(x') N B(z"), then there exists ¢}, € K and gy € K such that

o(wr,wa) = hay(w1)05(w2) = har(wi)dh(wz)  V(wr,wa) € Q.

S0
har(wi) = Y har(@n)oh(ws) = ) har(wi)dh(ws) = hon(wr) Ve € Q.

w2 €N w2EQ2

This immediately implies that o, = 0 = 02. So
Q(Wla w2) = [thx’ (w1) + (1 - t)hx” (wl)] Q2(W2) = htm’+(17t)x” (wl)Qz(wz) V(wh WQ) €
So o € B(tx' + (1 — t)z”) and the assertion follows.

LEMMA 3.13: Let B: X ~~ P be the correspondence defined by (11):

11

(11)



i) If the function h is not constant, then B is not quasi-convex;
ii) If the function h is not constant and the cardinality |K| > 1, then B is not concave.

Proof. i) Suppose that B is quasi-convex. Let 2/, 2" € X such that h, # h,» and t €]0, 1[. Since
h is linear, it follows that

htaz’+(1—t)x” 7£ ha:’ and htx’—i—(l—t)x” 7é hac”'
Let o € B(tz' + (1 — t)2”), then there exists g € K such that
Q(W17W2> = hta:’—l—(l—t):t” (w1)Q2(w2) v(wla(")Z) e Q.

On the other hand, the quasi-convexity of B implies B(tx'+(1—t)z") C B(2')UB(z") so o(w1,ws) €
B(z") U B(x"). Without loss of generality, assume that go(wy,ws) € B(z'); then there exists g) € K
such that

o(wr,wz) = hy(wr)oh(we)  V(wr,ws) € Q.

It follows that
Q(lewz) = ht:z:’Jr(lft)x” (wl)Qz(WQ) = hy (Wl)le(W2) V(wl,%) e Q.
So,

hm'+(1—t)x”(w1) = Z ht:c'+(1—t)x"(w1)92(w2) = Z hx’(WI)QIQ(WQ) = hx'(wl) Vwy € 4,

w2 €0 wo €y

but this is impossible because hyy i (1—1)o# 7# her. Therefore we get a contradiction and B is not
quasi-convex.

ii) Suppose that B is concave. Let 2’2" € X such that hy, # h,s and ¢t €]0,1[. Since h is
linear, it follows that

htw’+(17t)x” # hy  and htx’Jr(lft)m” # hgn.
Since | K| > 1, let ¢}, 05 € K be such that o) # o. Let o € tB(2') + (1 — t)B(z"), be such that
o(wi, wa) = ther(wr)gy(w2) + (1 = ) har (wi) gy (w2)  V(wr,wa) € Q.
Since B is concave then it follows that o € B(tz' + (1 — t)z"); so, there exists g, € K such that
o(wy,ws) = htx’Jr(lft)”(wl)QQ(wQ) = thay(w1)02(w2) + (1 — ) hyn(w1)02(w2)  V(wi,ws) € Q.
So
thy (w1) oy (w2) + (1 =) her (w1) 05 (wa) = the (wi)o2(wa) + (1 — ) her(wi)oa(wz)  V(wr,ws) € Q (12)

Now, suppose that @y is such that o, (@s) # 02(@s), from the previous equation (12) it follows that
hyr(wr) > 0 for every wy and

t hy(wi)  0a(W2) — 05(Wa)

= Yw, € £
1—the(w)  ob(@) —02(@2) =
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Since, h,s and h,» are probability distributions with h, # h,», then there exist w] and wi* such
that
hay (W) > hyr(wW))  and  hy (w)™) < hyr(wW]F).
Hence
02(wWs) — &5(W2) _ hx/(WT) ho (W) _ 02(W2) — 05(2)
Ob(@2) — 02(@2)  har(w])  hn(@i)  0h(@2) — 02(@)’
but this is a contradiction. So gs(wz) = 05(ws) for every wy € . Similarly, we get a contradiction
if @y is such that o} (wa) # 02(W2); S0 Va(wa) = 0h(w2) for every wy € s.
Since o), # o5 we get a contradiction and B is not concave. O

4 Attitudes towards uncertainty

In [8], it has been shown that the attitudes of the agents towards the inclusion relation between
sets of probability distributions over outcomes plays a key role in the convexity of preferences. In
particular a minimally pessimistic (resp. optimistic) attitude towards ambiguity is identified: an
agent would not prefer a set of probability distributions to another one if the former is a subset
of the latter (resp. if the latter is a subset of the former). These attitudes are called, respectively,
imprecision aversion and imprecision loving. In this paper, the same approach is taken into account
in the more general context of set-valued imprecise probabilities. In this more general framework,
the implication that characterize imprecision aversion (resp. imprecision loving) will be called
superset aversion (resp. subset aversion). The reason for this change of notation is that, while it
clear that superset of probabilities are more imprecise, when uncertainty is represented by sets of
desirable gambles, the information becomes less imprecise as the set of desirable gambles enlarges
to the half space.

DEFINITION 4.1: The preference relation 7~ is said to be

a) superset averse if
ACB = B¥#p A

b) subset averse if
ACB = AypB

REMARK 4.2: It is clear that there are many properties, in terms of the set inclusion relation, that
characterize preferences within subsets of a given set. A detailed analysis is presented in [8], in the
case of sets of probability distributions. However, it can be easily observed that the definitions and
relations among definitions in [8] can be immediately generalized to arbitrary sets. Moreover, every
definition given in [8] implies either imprecision aversion or imprecision loving (superset aversion or
subset aversion). Hence superset aversion and subset aversion can be considered minimal properties
in this sense.
Two further attitudes towards uncertainty, that will be relevant, are given below.

DEFINITION 4.3: The preference relation >~ is said to be

u) sup-consistent if
A-7CandB =7 C — AUB =1 (),

13



l) inf-consistent if

A=7C, B=7CandANB=0 = ANB~1C.

Moreover, the following convexity assumption for preferences will be relevant:

DEFINITION 4.4: The preference relation 7~ is said to be

cl) semi-strictly convex if

Ur(A) ={B C T |B »1 A} isaconvex subset of K(T), VAC T.

c2) conver if

Sr(A)={B C T|B 7 A}isaconvex subset of K(T), VAC T.

Special cases

Here we present classical models of preferences in case of imprecise probabilities, (see, for instance,
[28],[23] or [27] just to quote a few), such as maximin preferences or maximax preferences (that
are rational preferences) and interval dominance (which is instead not complete). While in [§]
it is shown that all these preferences are imprecision averse/loving (superset/subset averse) and
convex, here the sup/inf-consistency is analyzed. For the sake of completeness, it is shown below
that these preferences are semi-strictly convex!?.

We consider the case in which 7 = P and preferences are binary relations in the set K(P) of
all compact subset of P.

Let f:P — R be a continuous function which gives, to the decision maker, the utility f(g) of
every lottery o € P13, Then

DEFINITION 4.5: For every A € K(P), let F(A) = minyea f(0) and G(A) = maxyea f(0). Then,
Min) The preference 7%, defined for every (A, B) € K(P) x K(P), by
AZp B = F(A)> F(B),
is a maximin preference
Maz) The preference =%, defined for every (A, B) € K(P) x K(P), by
Ar¥ B < G(A) > G(B),
is a maximax preference.
ID) The preference 74P, defined for every (A, B) € K(P) x K(P), by
AZIP B = F(4) > G(B),

is an interval dominance preference.

12The proofs show that semi-strict convexity is a simple consequence of convexity in this particular case.
13The function f can be the classical expected utility, but it can also be something different as in the variational
preference model.
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Note maximax and maximin preferences are complete and transitive while interval dominance
is not a complete preference, while it is transitive. Now the properties of these preferences are
investigated.

PROPOSITION 4.6: Given f: P — R, let ZZ be the corresponding maximin preference. Then,
i) 7B is imprecision averse.
ii) If f is a concave function then B is a semi-strictly convex preference.
iii) 7B is sup-consistent and inf-consistent

Proof. i) i) See Proposition 4.9 in [8].

i) Let f be a concave function. For every t € [0,1], F(tA+ (1 —t)B) = f(toa + (1 —t)op) for
some o4 € A and pp € B. By definition, it follows that f(o4) > F(A) and f(op) > F(B). Since
f a concave function, it follows that f(toa + (1 —t)op) = tf(0a) + (1 —t)f(0p). Summarizing:

F(tA+ (1 —1t)B) = f(toa+ (1 —t)os) = tf(ea) + (1 —1)f(0B) = tF(A) + (1 - t)F(B).

Now, if A > C'and B > C then F(A) > F(C) and F(B) > F(C). Therefore, F(tA+(1—-t)B) >
F(C)and tA+ (1 —t)B =% C. So 77 is semi-strictly convex.
iii) Let A, B, C' be subsets of K(P) such that

F(A) = f(ea) > F(C), F(B) = f(¢op) > F(C) where 94 € A, 0p € B

It follows that
F(AU B) = min{f(0a), f(op)} > F(C).

so that 77 is sup-consistent. Moreover, if A and B are also such that AN B # () then it follows
since

F(AnB) = 92}4%le< 0) = max{rrg‘lf( ), Inelélf( )} =max{F(A),F(B)}.
Therefore, F(AN B) > F(C) and Z}p is inf-consistent. O
PROPOSITION 4.7: Given f: P — R, let =M be the corresponding mazimaz preference. Then,
i) =¥ is imprecision loving.
i) If f is a quasi-concave function then =¥ is a semi-strictly convex preference.
i) 7N is sup-consistent

Proof. i) See Proposition 4.11 in [8].

ii) Let pa € A and pp € B be such that G(A) = g(pa) and G(B) = g(op). Fix t € [0, 1], then
toa+ (1 —t)op € tA+ (1 —t)B which implies that G(tA+ (1 —t)B) > f(toa + (1 —t)op). Since
f is quasi-concave, it follows that

G(tA+ (1 —t)B) > f(toa+ (1 —t)op) = min{f(0a), f(op)} = min{G(A), G(B)}.

Now, if A =¥ Cand B~ C then G(A) > G(C) and G(B) > G(C). Therefore, G(tA+(1—t)B) >
G(C) and tA+ (1 —t)B =¥ C. So z¥ is semi-strictly convex.
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iii) Let A, B, C' be subsets of K(P) such that
G(A) = f(oa) > G(C), G(B) = f(op) > G(C) where ps € A, pp € B

It follows that
G(AUB) = max{f(04). f(on)} > G(C),

so that 7% is sup-consistent. O

PROPOSITION 4.8: Given f : P — R, let =P be the corresponding interval dominance preference.
Then,

i) i{DD 18 1mprecision averse and imprecision loving
i) If f is a concave function, then 74P is a semi-strictly convex preference.

i) =P is sup-consistent and inf-consistent.

Proof. i) See Proposition 4.14 in [8].

i) Suppose that A =8 C and B =5 C, meaning that F(A), F(B) > G(C). For every t € [0, 1],
F(tA+ (1—1t)B) = f(toa+ (1 —t)op) for some p4 € A and pp € B. By definition, it follows that
floa) = F(A) and f(op) > F(B). Since f a concave function, it follows that f(tos+ (1 —t)op) =
tf(oa) + (1 —1t)f(op). Summarizing:

F(tA+ (1= 1)B) = f(toa + (1 — H)op) > tf(04) + (1 — ) f(08) > tF(A) + (1 = )F(B) > G(S).

Therefore, tA+ (1 —t)B =1P C. So =L is semi-strictly convex.
iii) Let A, B, C' be subsets of K(P) such that

F(A) = f(ea) > G(C), F(B) = f(en) > G(C) where o4 € A, 0p € B

It follows that
F(AU B) = min{f(0a), f(eB)} > G(C).

so that 74" is sup-consistent. Moreover, if A and B are such that AN B # () then

F(ANB) = min_f(o) > max {ggg (o), min f(@)} — max {F(4), F(B)} > G(C)

0€ANB

and F(AN B) > G(C) and =P is inf-consistent. O

5 Convexity of preferences

In this section, the concepts introduced in the previous ones are used in order to guarantee
the Shafer-Sonnenschein relaxed convexity property of the preference relation 2~ over X. In all
the results presented, the assumption of superset aversion (respectively subset aversion) of the
preference 77 is combined with a (quasi-)convexity (respectively (quasi-)concavity) assumption
on the imprecise probability correspondence C. In particular, three results involve the superset
aversion assumption and three others involve subset aversion. In the first result (Theorem 5.1),
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superset aversion is combined with the assumption of convexity of 7—; these two assumptions
alone are not enough as the Shafer-Sonnenschein relaxed convexity of C is obtained by imposing
the additional assumption of semi-strict convexity on ~~7. This latter assumption is, instead,
completely removed in the second and third result in which the convexity of C is replaced by a
version of quasi-convexity. In particular, in case of strong quasi-convexity of C (Theorem 5.2),
no assumption other than superset aversion is imposed on 7. In case strong quasi-convexity is
(significatively) relaxed by quasi-convexity of C, then the superset aversion assumption is combined
with the sup-consistency assumption on -7 (Theorem 5.3). Theorems 5.4, 5.5 and 5.6 involve,
instead, the subset aversion assumption in place of superset aversion. In this case, the Shafer-
Sonnenschein relaxed convexity property of > is obtained by replacing, in Theorems 5.1, 5.2
and 5.3, the assumptions of convexity or (strong) quasi-convexity of C with the assumptions of
concavity or (strong) quasi-concavity of C, respectively, and the assumption of sup-consistency with
the assumption of inf-consistency. However, these latter results are not perfectly symmetric as in
Theorem 5.6 an additional assumption must be imposed; this is not completely surprising because
in section 2 it has already been shown that the notions of quasi-concavity and quasi-convexity
for set-valued maps are not perfectly symmetric. As a final remark, note that Theorems 5.1, 5.4
are a straightforward extension of Propositions 4.3 (2) and 4.4 (2) in [8] to the present model;
nevertheless, a self contained (and slightly different) proof of these results is given below, for the
sake of completeness.

5.1 (Quasi-)convex correspondences and convexity of preferences

THEOREM b5.1: Assume that the following conditions hold:

(M1) C isconvex
(a) =1 1S superset averse
(cl) 7 issemi — strictly convex

Then, x ¢ co(U(x)).

Proof. Suppose that = € co(U(z)), then there exist ' and z” in U(z) and t €]0, 1] such that
r =tx' + (1 —t)2". It follows that C(z') =7 C(z), C(2") =7 C(x) and C(z) = C(tz' + (1 — t)a").
Denote with S = tC(2’)+ (1 —¢)C(x"), then assumption (M1) implies that C(z) € S. So S %+ C(x)
because of assumption (a). On the other hand, assumption (c) implies that U7 (C(x)) is a convex
set so that S € Uy (C(z)) and S =7 C(x). Therefore, we get a contradiction and = ¢ co(U(z)). O

THEOREM 5.2: Assume that the following conditions hold:

(M3) C is strongly quasi — convex
(a) =7 is superset averse

Then x ¢ co(U(x)).

Proof. Suppose that x € co(U(x)), then there exist 2’ and x” in U(z) and ¢ €]0,1[ such that
x =tz' 4+ (1 —t)z”. It follows that C(z') >+ C(x), C(z") =7 C(x) and C(x) = C(tz' + (1 — t)a").
From (M3) it follows that C(tax’ + (1 — t)z”) C C(2') or C(tx' + (1 — t)a”) C C(2"). If C(x) =
C(tz' + (1 —t)z") C C(2'), then (a) implies that C(2") %7 C(x) which is a contradiction. Similarly,
if C(z) = C(ta’ + (1 —t)z”) C C(a"), then (a) implies that C(z”) %7 C(x) which is a contradiction
as well. Hence, z ¢ co(U(x)). O
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THEOREM 5.3: Assume that the following conditions hold:

is quasi — convex

(M2) Cisquasi

(a) =1 is superset averse

u T 18 sup — consisten
S stent

Then x ¢ co(U(x)).

Proof. Suppose that x € co(U(x)), then there exist 2’ and z” in U(z) and ¢ €]0, 1] such that
x =tax' + (1 —t)2”. It follows that C(z) =7 C(z), C(z") =7 C(x) and C(z) = C(tz' + (1 — t)z").
Hence, assumption (u) implies that

C(z"yul(a") =7 C(x).
On the other hand, assumption (M2) implies that
C(z) =C(tx' + (1 —t)2") CC(z") U C(a").

Therefore, assumption (a) implies that C(z') U C(2") %7 C(z) which is a contradiction. So x ¢
co(U(x)). O

5.2 (Quasi-)concave correspondences and convexity of preferences
THEOREM b5.4: Assume that the following conditions hold:

(N1) C isconcave
(b) 77 issubsetaverse
(cl) =7 issemi — strictly convex

Then, x ¢ co(U(x)).

Proof. Suppose that = € co(U(z)), then there exist ' and z” in U(z) and t €]0, 1] such that
xr =tax' + (1 —t)2”. It follows that C(z’) =7 C(z), C(z") =7 C(x) and C(z) = C(tz' + (1 — t)z").
Denote with S = tC(2") + (1 —t)C(2"), then assumption (N1) implies that S C C(x). So S ¥ 7 C(x)
because of assumption (b). On the other hand, assumption (c1) implies that U7 (C(x)) is a convex
set so that S € Ur(C(x)) and S =7 C(z). Therefore, we get a contradiction and = ¢ co(U(z)). O

THEOREM 5.5: Assume that the following conditions hold:

(N3) Cisstrongly quasi — concave.
(b) 7 issubsetaverse

Then x ¢ co(U(x)).

Proof. Suppose that x € co(U(x)), then there exist 2’ and x” in U(z) and ¢ ]O 1[ such that
xr =ta' + (1 —t)z”. It follows that C(z’) =7 C(z), C(2") >+ C(x) and C(z) = ( + (1 —t)z").
Assumption (N3) implies that C(2') C C(tx’ + (1 — t)a”) or C(2”) C C(tz' + (1 — t)2”). If
C(a') C C(ta’ + (1 — t)2”) = C(x), then assumption (b) implies that C(z') C(x) which is a
contradiction. Similarly, if C(z") C C(ta’ + (1 —t)2”) = C(x), then (b) implies that C(2") %7 C(x)
which is a contradiction as well. Hence, x ¢ co(U(x)).

[
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THEOREM 5.6: Assume that the following conditions hold:

(N2) C isquasi — concave
(b =1 is subset averse
(
(

_

[ =7 isinf — consistent
n)  C(&) =7 AandC(z") =7 A forsome ACT = C(z')NC(z") # 0
Then x ¢ co(U(x)).

Proof. Suppose that = € co(U(z)), then there exist 2’ and z” in U(z) and t €]0, 1] such that
xr =tax' + (1 —t)2”. It follows that C(z’) =7 C(z), C(z") =7 C(x) and C(z) = C(tz' + (1 — t)z").
Then, assumptions (/) and (7) imply that

C(z"ynC(x") =7 C(x)
On the other hand, assumption (/N2) implies that
CynC(x") CC(tx' + (1 —t)2") =C(x)

Therefore, assumption (b) implies that C(2") N C(z") %+ C(x) which is a contradiction. So x ¢
co(U(x)). O

REMARK 5.7: The assumption (n) in the previous theorem is obviously satisfied when

() C(x) # 0.

zeX

However, the previous condition is rather demanding. There are many other examples in which
assumption (n) is satisfied. For instance, given W € K(T), with W # (), consider a maxmin
preference =7 corresponding the function fy : K(7) — R defined by

1 if WCK

0 otherwise

Jw (K) :{

Now, if C(z') =7 A and C(z”) > A for some A C T, then it follows that fi (C(z')) = fw (C(z")) =
1 > 0= fw(A). This implies that § # W C C(a') N C(z").

6 Ambiguous belief and Almost Desirable Gambles

It is well known that given a set of probability distributions, one can construct, in an natural way,
a corresponding set of almost desirable gambles and, similarly, given a set of almost desirable
gambles, one can construct a corresponding set of probability distributions (see for instance
28], [29], [2] or [7] and references therein). Therefore, we get an almost desirable gambles
correspondence from an ambiguous belief correspondence and viceversa. More precisely, given
the set-valued map D : X ~» L of almost desirable gambles, the induced belief correspondence
Bp : X ~~ P is defined by

Bp(x) ={0€P|E,Y] >0,VY € D(z)},
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where E,[Y] = 3" . 0(w)Y (w) is the expectation of ¥ under o.
Conversely, given the ambiguous belief correspondence B : X ~- P, then the induced almost
desirable gambles correspondence Dy : X ~» L is defined by

Dp(xz)={Y € L|E,[Y] >0,VP € B(x)}.
Aim of this section is to investigate the relation between the (quasi-)convexity /concavity properties

in the two representations.

6.1 Almost desirable gambles correspondences and the induced ambiguous
belief

PROPOSITION 6.1: The following implications hold:
i) If D is convez in X, then Bp is quasi-concave in X .
it) If D is quasi-convex in X, then Bp is quasi-concave in X .
iii) If D is strongly quasi-convex in X, then Bp is strongly quasi-concave in X.

i) If D concave in X and 0 € D(x) for every x € X, then Bp convex and strongly quasi-convex
n X.

v) If D is strongly quasi-concave in X, then Bp is strongly quasi-convex in X .
Proof. i) Given 2/, 2" € X and t €]0, 1], we show that
D(tz' + (1 —t)2") CtD(2') + (1 —t)D(z") = Bp(z') N Bp(z") C Bp(tz' + (1 — t)x")

Assume that D(tz’ + (1 —t)z”) CtD(a') + (1 — t)D(z"). Let o € Bp(z') N Bp(z"”) then for every
Y’ € D(2') and for every Y € D(z") it follows that E,[Y’] > 0 and E,[Y"] > 0 which implies that

E,tY" + (1 —-t)Y"] > 0. (13)
Now, let Y € D(tz' + (1 — t)z”) then Y € tD(2') + (1 — t)D(z") so Y =Y’ + (1 — t)Y"” for some

Y’ € D(2') and Y"” € D(2”). Hence (13) implies that E,[Y] > 0. Therefore o € Bp(tz'+ (1 —t)z")
and the assertion follows.

i) Given 2/, 2" € X and t €]0, 1[, we show that
D(tx' + (1 —t)2") CD(2")UD(2") = Bp(z') N Bp(z") C Bp(tx' + (1 — t)z").

Let o € Bp(2') N Bp(z”) then it follows that E,[Y] > 0 for every Y € D(2') UD(z"); so E,[Y] >0
for every Y € D(tz' + (1 — t)a”). and ¢ € Bp(tz' + (1 —t)x”). So the assertion follows.

i) Given 2/, 2" € X and t €]0, 1], it immediately follows that

D(ta’ + (1 —t)2”) CD(x') (respectively D(tx' + (1 —t)z") C D(2"))

20



implies
Bp(2') C Bp(tx' + (1 —t)z") (respectively Bp(z") C Bp(tz' + (1 —t)z")) .
and the assertion follows.
w) Given x’, 2 € X and t €]0, 1, we show that
tD(2') + (1 —)D(2") CD(ta’ + (1 — t)a") = Bp(ta' + (1 —t)a") C Bp(z') N Bp(a")

Assume that tD(2')+(1—¢)D(2") C D(ta'+(1—t)x"). Let o € Bp(ta'+(1—t)a"). Then E,[Y] >0
for every Y € D(ta’ + (1 — t)x”); since D is concave then it follows that E,[tY’ + (1 —¢)tY"] > 0
for every Y’ € D(2') and every Y” € D(x”). Hence

tE,Y'|+ (1 —t)E,[Y"] >0, VY €D(')and VY" € D(z").

Since 0 € D(z') then it follows that (1—t)E,[Y"] > 0 for every Y” € D(2"”). Therefore, p € Bp(z").
Similarly, o € Bp(2’). Hence, Bp(tx' + (1 — t)x”) C Bp(2') N Bp(x”). It immediately follows that
Bp is strongly quasi-convex. Moreover, Bp(z') N Bp(z") C tBp(x') + (1 — t)Bp(x”) so that Bp is
convex.

v) Given 2/, 2" € X and t €]0, 1], it immediately follows that
D(z') CD(ta’ + (1 —t)z") (respectively D(x") C D(tx’ + (1 —t)z"))

implies

Bp(tx' + (1 —t)x") C Bp(a') (respectively Bp(tz' + (1 —t)z") C Bp(2")).
and the assertion follows. O
Counterexamples

Below some counterexamples are given. They show that not every implication of (quasi-)convexity
has a specular counterpart in terms of (quasi-)concavity and viceversa. Moreover, they show that
strong quasi-concavity (quasi-convexity) of D does not imply convexity (concavity) of Bp.

ExAMPLE 6.2: This example shows that if D is quasi-concave then Bp is not necessarily quasi-
convex.

Consider Q = {w;,ws}. Given g € P then o = (01, 02); since g = 1 — g1, we identify o with
its first component p; that, with an abuse of notation, is denoted with p. Now let X = [0, 1] and
D :[0,1] ~ R? be defined by

{(y1,92) |y2 > 0} if ze€l0,1/2]
D(z) =} {(y1,9)|y1 +y2 >0} if z=1/2
{(y1,92) |41 = 0} if z€]1/2,1]

This correspondence is clearly quasi-concave as for every 2/, z” € X, with 2/ # 2" and t €]0, 1] it
follows that D(z') N D(z") C D(tx’ + (1 — t)z”). Now, the corresponding Bp : X ~» P is given by
{0y if zel0,1/2]
Bp(z) =< {1/2} if z=1/2
{1} if =z €]1/2,1]
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Now, for ' =0, 2” =1 and t = 1/2 we have:

Bp(0) = {0}, Bp(1) = {1}, Bp(1/2) = {1/2}

It immediately follows that

{1/2} = Bp(1/2) € Bp(0) U Bp(1) = {0,1}.

EXAMPLE 6.3: This example shows that if D is strongly quasi-concave then Bp is not necessarily
convex.

Consider Q = {w;,ws}. Given g € P then o = (01, 02); since g, = 1 — g1, we identify o with
its first component g; that, with an abuse of notation, is denoted with p. Let X = [0,1] and
D :[0,1] ~ R? be defined by

D(z) :{ {(w1,92) | Qx)ys + (1 — 22)y, = 0 andy, > 0} if = €[0,1/2]
{(y1,92) |1 = 0 andy, > 0} if ze[l1/2,1]

Clearly, the Correspondence D is strongly quasi-concave as for 2’ < z” and t €]0, 1], it follows that
D(z") CD(tx’ 4+ (1 —t)z"). The associated Bp : X ~» P is given by

[0,22] if z€0,1/2]
Bp(z) :{ 0,1 if ze[1/2,1]

Now, for ' =0, 2” = 1 and t = 1/2 we have:
Bp(0) = {0}, Bp(1) = Bp(1/2) = [0, 1]

It immediately follows that

0.1] = Bo(1/2) € $Bo(0) + 3Bo(1) = [0,1/2

EXAMPLE 6.4: This example shows that if D is convex or strongly quasi-convex then Bp is not
necessarily concave.

Consider Q = {w;,ws}. Given g € P then o = (01, 02); since g = 1 — g1, we identify o with
its first component g; that, with an abuse of notation, is denoted with p. Now let X = [0, 1] and
D : [0,1] ~ R? be defined by

_ Ay we) [y2 = 0} if xel0,1]
D(m)_{ {(y1,92) |y1 = 0andy, >0} if z=1 :

This correspondence is clearly convex. In fact, for every 2/, ” € X and ¢ €]0, 1] it follows that
tD(2") + (1 = )D(2") = {(y1,52) |2 = 0} = D(ta’ + (1 — t)a")
Moreover it is strongly quasi-convex as for 2/ < z” and ¢ €]0,1[ it immediately follows that

D(tz' + (1 —t)z") C D(a).
Now, the corresponding Bp : X ~~ P is given by
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{0} if z€]0,1]
BD(‘T):{ 0,1 if z=1 -

Now, for ' =0, 2” = 1 and t = 1/2 we have:
Bp(0) = {0}, Bp(1) =[0,1], Bp(1/2) = {0}

It immediately follows that
1 1
$5(0) + 3 B(1) = [0,1/2) € {0} = Bo(1/2)

6.2 Ambiguous belief correspondences and the induced almost desirable
gambles

PROPOSITION 6.5: The following implications hold:
i) If B is convex in X, then Dg is quasi-concave in X .
it) If B is quasi-convex in X, then Dg is quasi-concave in X .
i11) If B is strongly quasi-convez in X, then Dg is strongly quasi-concave in X .
w) If B is concave in X, then Dg is quasi-convex and convex in X.
v) If B is strongly quasi-concave in X, then Dg is convex and strongly quasi-conver in X .
Proof. i) Given 2/, 2" € X and t €]0, 1], we show that
B(tz' + (1 —t)a") CtB(z') + (1 — t)B(z")

implies that
Di(2") N Dp(a") C Dy(ta’ + (1 —t)a"). (14)

Let Y € Dg(z') N Dp(z”), then
E Y] 20 Vo €B(z) and Ep[Y]>0 Vo' e B(z")
Therefore

Et9/+(1_t)9// [Y] = tEQ/ [Y] + (1 — t)EQN [Y] >0 \V/Q, S B(ZL‘/),VQ” S B(ZE”)

Since B is convex then every g € B(tz' + (1 — t)z”) can be written as o = t¢' + (1 —t)o” for some
o € B(z') and " € B(z"), Then,

E[Y] >0 Voe B(te'+ (1 —t)z")
that implies that Y € Dp(tz’ + (1 — t)2”) and (14) holds.
i) Given 2/, 2" € X and t €]0, 1], we show that

B(tz' + (1 —t)z") C B(z") U B(z")
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implies
Di(2") N Dp(a") C Dy(ta’ + (1 —t)a"). (15)
Let Y € Dy(2') N Dp(z”), then
EylY] 20V € B(z') and Ep[Y] >0 Vo' e B(z")

Therefore,
E,[Y] >0 Voe B(z')uB(z").

B is quasi-convex, so
E,))Y] >0 Voe B(ta'+ (1 —1t)z")

that finally implies
Y € Dp(ta’ + (1 —t)z")

Hence, Dg(z') N Dg(z") C Dg(tx’ + (1 — t)x”) and the assertion follows.

ii) Given 2/, 2" € X and t €]0, 1], it immediately follows that

B(tz' + (1 —t)z") C B(z') (respectively B(tx' 4+ (1 —t)z") C B(z"))
implies
Dp(2') C Dp(tx’ + (1 —t)z") (respectively Dg(z") C Dp(ta’ + (1 —t)z")).

and the assertion follows.

i) Given 2/, 2" € X and t €]0, 1[, we show that

tB(z") + (1 —t)B(z") C B(tz' + (1 — t)z")

implies
Dg(ta’ + (1 —t)2") C Dp(z') U Dg(x")

and
Dp(tz' + (1 —t)x") CtDp(x’) + (1 — t)Dg(z")

Let Y in Dp(tx’ + (1 —t)z"). It follows that
E,[Y] >0 Voe B(tz'+ (1 —t)z")
Since B is concave, it follows that
Eiyra-ne Y] =tEy[Y]+ (1 —t)Ey >0 Vo' € B(a'), Yo" e B(z").

Therefore, if there exists ¢” € B(z"”) such that E,[Y] < 0 then it must follow that E,[Y] > 0 for
every ¢’ € B(z'), that is Y € Dg(z’) that in particular gives Y € Dg(z’) U Dg(2”). Moreover, if
Y € Dg(2’) then it is clear that E, [1Y] > 0 for every ¢’ € B(z'), so that 1Y € Dg(a’). Since
0 € Dp(z’) N Dp(z”), then

Y =1 (%Y) + (1 — t)O € tDB(x’) + (1 — t)DB(x”).
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Similarly, if there exists o' € B(z') such that Ey[Y] < 0 then Y € Dg(2”) which implies that
Y € Dg(2')UDg(2") and Y € tDg(x') + (1 —t)Dp(z”) as well. So conditions Dg(tx’ + (1 —t)z") C
Dp(2')UDp(2") and Di(tz’ + (1 —t)2") C tDp(a’) + (1 —t)Dg(2”) hold and the assertion follows.

v) Given 2/, 2" € X and t €]0, 1], we show that
B(z") C B(ta' + (1 —t)z") or B(z") C B(tx' + (1 —t)2")
implies
Di(tx’ + (1 —t)2") C Dp(2') or Dg(ta’ + (1 —t)a") C Dg(z")

and
Di(tx’ + (1 —t)2") C tDg(x’) + (1 — t)Dp(x")

Let Y in Dg(ta’'+(1—t)x") and suppose that B(z') C B(ta'+(1—t)x"). It follows that E,[Y] > 0 for
all o € B(z'). Therefore Y € Dg(a’). Following the same steps in the proof of v), it follows that if
Y € Dp(a') then Ey [1Y] > 0 for every o € B(a), so that 1Y € Dg(a'). Since 0 € Dy(2’)Dp(z”),
then

Y =1 (%Y) + (1 — t)O € tDB(Z'/) =+ (1 — t)DB(l’”).

Similar arguments hold when B(z") C B(tz' + (1 — t)z”) as it follows that Y € Dg(z”) and

Y = £(0) 4+ (1—1) (ﬁy) € tDy(') + (1 — £)Ds(a").

So
Di(tz' + (1 —t)z") CDg(2") or Dp(tr’ + (1 —t)z") C Dp(x")
and
Dp(tz' + (1 —t)2") CtDp(x’) + (1 — t)Dp(x"),
and the assertion follows. O
Counterexamples

Similarly as done in subsection 6.1, counterexamples are now given showing that (quasi-)concavity
and (quasi-)convexity are not symmetric concepts even in the previous Proposition.

EXAMPLE 6.6: This example shows that if B is convex then Dy is not necessarily concave.
Consider Q = {w;,ws}. Given g € P then o = (01, 02); since g = 1 — g1, we identify o with
its first component g; that, with an abuse of notation, is denoted with p. Now let X = [0, 1] and
B : X ~ P defined by
B(z) ={z} Vxe]l0,1]

This correspondence is clearly convex.The corresponding correspondence Dj : [0, 1] ~» R? is defined
by
Dp(x) = {(y1,92) 21 + (1 —2)y2 2 0} Va €[0,1].

Now, for 2’ =0, 2” =1 and t = 1/2 we have:
Dp(0) = {(y1.v2) |y2 =2 0}, Ds(1) = {(y1,92) |y1 = 0},
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Ds(1/2) = {<y1,y2>

1 +1 >0
21/1 2y2/ .

It immediately follows that

5Ds(0) + 3 Di(1) = B & Dis(1/2).

ExXAMPLE 6.7: This example shows that if B is strongly quasi-convex then Dy is not necessarily
concave.

Consider Q = {w;,ws}. Given g € P with o = (01, 02); since g = 1 — g1, we identify o with
its first component g; that, with an abuse of notation, is denoted with p. Now let X = [0, 1] and
B : X ~» P defined by

_J[0,22] if z€]0,1/2]
B(z) _{ 0,1] if 2e[1/2,1]

This correspondence is clearly strongly quasi-convex as for every ¢ €]0, 1] and 2’ < 2" it follows

that B(tz' + (1 — t)z”") C B(z"). The induced correspondence Dj : [0, 1] ~» R? is defined by

Dp(z) = § H) | Qo)yr + (1= 22)9> 20, 95 2 0} if 2 €10, 1/2]
y {(v1,92) [y 2 0, y2 > 0} it ze[1/2,1] °

Now, for ' =0, 2” =1 and t = 1/2 we have:
Dp(0) = {(y1,92) |y2 =2 0}, Dp(1) = {(y1,92) [y1 = 0, y2 = 0},
Dp(1/2) = {(y1,92) [y1 20, yo 2 0}.
It immediately follows that
(1/2)D5(0) + (1/2)Ds(1) = {(y1,92) |y2 = 0} € D5(1/2)
so that Dg is not concave.

ExaMPLE 6.8: This example shows that if B is quasi-concave then Dg is not necessarily quasi-
convex.

Consider Q = {w;,ws}. Given g € P with o = (01, 02); since g = 1 — g1, we identify o with
its first component g; that, with an abuse of notation, is denoted with p. Now let X = [0, 1] and
B : X ~» P defined by

B ={ ¥ s, i Te

This (single-valued) correspondence is clearly quasi-concave as the images have only empty
intersection. The corresponding correspondence Dg : [0, 1] ~» R? is defined by

Dp(x) :{ {tiy)| (32) y+ (1= 52) 92 > 0} if xe€|0,1/2]
. {,)| (B=22)y+ (o - L)y =20} if zel/2,1]

Now, for ' =0, 2” = 1 and t = 1/2 we have:

Ds(0) = {(y1. ) |32 > 0}, Di(1) = {<yl,y2>

1 7
gyl + gyz = 0} , D(1/2) = {(y1,42) |y1 = 0}.

It immediately follows that
Dp(1/2) € Dp(0) U Dp(1)
so that Dy is not quasi-convex.
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7 Lower Expectations and Ambiguous Beliefs

One of the most important concepts in the theory of imprecise probabilities is given by lower
expectations (see for instance [28], [29], [2] or [7] and references therein). The theory shows that
the representation of uncertainty in terms of lower expectations induces a representation in terms
of sets of probability distributions and almost desirable gambles and viceversa. In this section,
we study the relation among the (quasi-)convexity/concavity properties of lower expectations
(of gambles Y € L) as real valued functions in the decision variable z € X and the (quasi-
)Jconvexity /concavity properties of the induced ambiguous belief correspondence with respect to
the same decision variable x and viceversa. In the next section, a specular analysis will be presented
involving sets of almost desirable gambles in place of ambiguous beliefs.

Let K C L, then the function IT : I x X — R is called lower expectation function if, for every
x € X, II(+, x) is a lower expectation, that is, II(Y, x) represents the supremum buying price of the
gamble Y, for every Y € K.

Given the well known relations between sets of probability distributions and lower expectations,
for a given the ambiguous belief correspondence B : X ~~ P, the induced lower expectation function

is defined as follows:

Hs(Yo) = inf EB[Y] W €K, (16)

Conversely, given a lower expectation function II, the ambiguous belief correspondence By : X ~» P
derived form II is defined by

Bu(x) ={ocP |EY]>1I(Y,z) VYW eK} VrelX, (17)

7.1 Ambiguous belief correspondences and the induced lower expectations

The following results analyze the relation between the properties of (quasi) concavity /convexity of
B with the properties of (quasi) concavity/convexity of I1.

THEOREM 7.1: The following implications hold
i) If B is quasi-convex in X then, lg(Y, ) is quasi-concave in X for all Y € K.
ii) If B is concave in X, then (Y, ) is convexr in X for all Y € K.
iii) If B is convex in X, then (Y, -) is concave in X for allY € K.
Proof. i) Let 2/, ” € X and t €]0, 1], then, from the assumptions, it follows that
B(tz' + (1 —t)2") C B(z") U B(2").

Let (e,)uen be a sequence converging to 0. Fixed Y € K, let (g,)ven C B(tz' + (1 — t)z”) be a
sequence such that

Hp(Y,tx' + (1 —t)2") < E, [Y] < Hp(Y,t2' + (1 — t)2") +e, WYwveN.
From the assumptions it follows that, for every v € N, g, € B(z') U B(2"). So

p(Y,2") < E, Y] or Ilg(Y,2") < E,[Y]

v
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then
min{Ilz(Y, z"), (Y, 2")} < E,,[Y]

So
min{Ilz(Y,2"), Hg(Y,2")} < Up(Y,tx' + (1 —t)2") +e, Vv eN.

As v — o0, we get
min{Iz(Y,2"), Hp(Y,2")} < Up(Y,tz' + (1 —t)z")

and IIz(Y,-) is quasi-concave. Since Y is arbitrary, the assertion follows.
ii) Let o', " € X and t €]0, 1], then, from the assumptions, it follows that
tB(x") + (1 —t)B(z") C B(ta' + (1 — t)z")

Fix Y € K and let (¢,),en a sequence of positive numbers Converging to 0. Since Iz(Y, x) is
defined by (16) for every x, then there exist ¢/, € B(2') and o) € B(x”) such that

Hp(Y,2')+¢e, > Ey [Y], Ip(Y,2")+e, > EylY].
Since
0, =to, + (1 —t)ol € tB(z") + (1 — t)B(2") C B(tx' 4+ (1 — t)a")
It follows that E, [Y] > g(Y,tz' + (1 — t)2"). So summarizing
tp(Y,2") + (1 = t)Ip(Y,2") + e, > tE, [Y]+ (1 =) Ep[Y] = E,[Y] > TIg(Y,tz' + (1 — t)z").

In particular,
(Y, 2') + (1 — )Y, 2") + &, > Up(Y, tx' + (1 — t)2") (18)

Taking the limit as v — oo in (18) we get
LY, ') + (1 — DY, 2") = gV, ta’ + (1 — t)z").
and the assertion follows.
i) Let 2/, 2” € X and t €]0, 1], then, from the assumptions, it follows that
B(tx' + (1 —t)2") CtB(2') + (1 — t)Bz")

Fix Y € K. Let (¢,),en a sequence of positive numbers converging to 0. Since g(Y, tx'+ (1 —1t)z")
is defined by (16) then, for every v € N there exists o, € B(tax’ + (1 — t)2”) such that E, [Y] <
g(Y,te' + (1 — t)a”) + &,. From the assumptions it follows that there exist ¢/, € B( ") and
ol € B(x") such that to, + (1 —t)g! = o,. It follows that

(Y te' + (1 —t)a") +e, = E, [Y]| =tE, [Y]+ (1 =) Ep[Y] > tHp(Y,2") + (1 — t)(Y, 2").
In particular
Hp(Y,tz' + (1 — t)2") + &, > tlig(Y,2") + (1 — t)[a(Y, 2"). (19)
Taking the limit as ¥ — oo in (19) we get
Hp(Y,tx' + (1 —t)2") = E,[Y] > tllg(Y,2') + (1 — )I5(Y, z"),

and the assertion follows. O
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Counterexample

In the next example we show that if B is quasi-concave then Iz is not necessarily quasi-convex.

ExAMPLE 7.2: Consider 2 = {wj,ws}. Given g € P with o = (01, 02); since oo = 1 — g1, we
identify o with its first component p; that, with an abuse of notation, is denoted with o. Now let
X =[0,1] and B : X ~» P defined by

0 if zel0,1/2]
Bz)=< 1 if z=1/2
1/2 if z€]1/2,1]

It is easy to check that B is quasi-concave but the intersection B(z’) N B(x”) might be empty
for some 2’ and z”. Now we prove that the corresponding lower previson function Ilz is not
quasi-convex for some Y € L.

Let Y € L be the gamble defined by (Y (w1),Y (w2)) = (1,0), and let 2’ = 0, 2" =1 and t = 1/2
then it follows that

1/2 = max{0,1/2} = max{Ilz(Y,2'), 5V, 2"} < Hg(Y,tz' + (1 — t)2") =1

So Iz(Y, ) is not quasi-convex in X.

7.2 Lower expectation functions and the induced ambiguous beliefs

In this subsection, it is presented the relation between the properties of (quasi) concavity /convexity
of IT with the properties of (quasi) concavity /convexity of Biy.

THEOREM 7.3: The following implications hold
i) IfTI(Y, -) is quasi-convex in X for all Y € KC, then By is quasi-concave in X.
ii) If1I(Y,-) is convex in X for all Y € IC, then By is concave in X.
Proof. i) Let o/, ” € X and t €]0, 1], then, from the assumptions, it follows that
(Y, tz' + (1 — t)2") < max{II(Y,2'),11(Y,2")}, VY € K.

Given Y € K, let o € Br(z') N Br(z”), then E,[Y] > II(Y,2') and E,[Y] > II(Y,z"). So, it follows
that E,[Y] > II(Y, tz' + (1 — t)2”) for every Y € K and ¢ € Bp(tz’' + (1 —t)z").
ii) Let o', 2" € X and t €]0, 1], then, from the assumptions, it follows that

(Y, 2') + (1 — O)I(Y, 2") > (Y, tz' + (1 — t)z"), VY € K.
Let ¢’ € Bn(2') and ¢” € Br(z”), t €]0, 1] and
o=td + (1 —1)0" € tBn(x") + (1 — t)Bu(z").
Obviously, o € P. For every random variable Y € K, it follows that
E) Y| =tEy[Y]|+ (1 -t)Ep[Y] > (20)
(Y, 2") + (1 — )I(Y, 2") > TI(Y, t2" + (1 — t)2") (21)
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So, E,[Y] > (Y, ta' + (1 — t)a") for every Y € K, which finally implies that
0 € Br(tz' + (1 —t)z").

Hence the assertion follows.

Counterexamples

The two examples below show respectively that, even if the lower expectation function is concave
(hence quasi-concave) for every gamble Y € K:, then the induced ambiguos belief correspondence
is not (1) convex; (2) quasi-convex.

EXAMPLE 7.4: Consider the case in which X = [0, 1],

—

Q= {wl,w2,w3}, K= {YI,YQ,Y?)}, where

Yiw) =YHwy) =1, YH{ws) =0 (Y, 2)=1—22 (22)
Yiw) =Y*ws) =1, Y (wy) =0 (Y2 2)=1—2? (23)
Y3 w) =1, Y3 (wy) = Y3(w3) =0 TI(Y3 2)=1/2 (24)

Clearly, I1(Y*, ) is a concave function for k = 1,2, 3. However, the associated belief correspondence
Bri(+) is not a convex correspondence. In fact, By (-) is defined by

Br(z) = {(01,02,03) |01 = 1/2, 09,05 >0, 00+ 02+ 03 =1, 01+ 02 = 1 — 2%, 01 + 03 > 1 — 2*}

Consider 2/ = 0, 2”7 = 1 and t = 1/2; so that « = 2//2 + 2”/2 = 1/2. It follows that
Br(x') = {(1,0,0)}. Now, it can be easily checked that (1/2,1/4,1/4) € Bp(z). Suppose that
(1/2,1/4,1/4) € (1/2)Bu(z’) + (1/2)Bu(z”) then there exists (of, 05, 05) € Bu(z”) such that
(1/2,1/4,1/4) =1/2(1,0,0) + 1/2(¢Y, 05, 0%). 1t follows that

I+of 1 ’
5~ a=0
which is a contradiction since of > 1/2. So (1/2,1/4,1/4) ¢ (1/2)Bn(x’) + (1/2)Br(z”) and By(+)
is not a convex set-valued map.

ExAMPLE 7.5: Consider a slight modification of the example above in which X = [0,1], Q =
fwn,wnws}, K = (Y1, Y2, Y9}, where

Yiw) =YHwy) =1, YHws) =0 (YL 2)=1— (v —1)2 (25)
Yiw) =Y ws) =1, Y¥wy) =0  I(Y%1)=1-— 22 (26)
Y3 w) =1, Y3(wy) = Y3ws) =0 (Y3 z)=1/2 (27)

Clearly, TI(Y* .) is a concave (hence quasi-concave) function for & = 1,2,3. However, the
associated belief correspondence By(+) is not a quasi-convex correspondence. In fact, By(-) is
defined by

Bu(z) = {(01,02,03) |01 = 1/2, 09,03 =0, 01 +0a+03 =1, 01+ 02 = 1—(z—1)*, o1+ 03 > 1 —2?}

Consider 2’ =0, " =1 and t = 1/2; so that x = 2//2 4+ 2" /2 = 1/2. Tt can be easily checked
that (1/2,1/4,1/4) € By(1/2). Now, (1/2,1/4,1/4) ¢ By(0) because o1 + 03 = 1/2 + 1/4 % 1;
similarly (1/2,1/4,1/4) ¢ Br(1) because g1 + 02 = 1/2+1/4 2 1. It follows that

Bu(1/2) € Bu(0) U Bu(1)

and By is not quasi-convex.
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8 Lower Expectations and Almost Desirable Gambles

Similarly to the previous section, now we study the relation among the (quasi-)convexity/ concavity
properties of lower expectations as real valued functions in the decision variable x € X and the
(quasi-)convexity /concavity properties of the almost desirable gambles correspondence with respect
to the same decision variable x.

Denote with 1 = (1,1,...,1) € L, given the correspondence D : X ~» L, the induced lower
expectation function is defined as follows:

p(Y,z) =sup{p € R|Y —ul € D(x)} VY €L, (28)

Conversely, given the lower expectation function II, the almost desirable gambles correspondence
Dy : X ~~ L derived form II is defined by

Dp(z) ={Y e £ |II(Y,z) >0} VzelX, (29)

8.1 Lower expectation functions and the induced almost desirable
gambles

The following results analyze the relation between the properties of (quasi) concavity/convexity of
IT with the properties of (quasi) concavity /convexity of Dy .

THEOREM 8.1: The following implications hold
i) IfTI(Y,-) is quasi-convex in X for all Y € K, then Dy is quasi-convez in X .
it) If II(Y, ) is quasi-concave in X for allY € K, then Dy is quasi-concave in X.
iii) If (1) 1LY, ") is convez in X for allY € IC, (2) II(cY,x) = cIl(Y,x) for everyz € X, Y € K

and ¢ > 0, then Dy is quasi-concave in X .

Proof. i) Let o', 2" € X, t €]0,1] and Y € Dp(tz’ + (1 — t)2”); by definition it follows that
(Y, tz' + (1 — t)2”) > 0. Since II(Y, -) is quasi-convex then

0 < II(Y, 2’ + (1 — t)2") < max{II(Y, "), [I(Y, z")}

It follows that
(Y,z") >0 or II(Y,2") >0

Then Y € Dy(2’) or Y € Dp(2”), implying that Y € Dp(z’) U Dy (tz”). So,
Dru(tz’ + (1 —t)2") C Dn(2") U Dy (")

and Dy is quasi-convex.

i) Let 2/, 2" € X, ¢t €]0,1[ and Y € Dp(a’) N Dp(z”). Then it follows that II(Y,2’) > 0 and
II(Y,z") > 0 . Being II a quasi-concave function then it follows that

(Y, tz' + (1 — ¢)2") > min{II(Y, 2'), TI(Y, 2")} > 0.
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SoY € Dy(te’ + (1 —t)z") and Dy is quasi-concave in X.

iii) Let o/, 2”7 € X and t €]0,1[ and Y € Dr(ta’ + (1 — t)2”) then II(Y,tax' + (1 — t)2”) > 0.
I1(Y,-) is convex in X, so

0 <II(Y, ¢z’ + (1 — t)2") < (Y, 2") + (1 — )II(Y, 2")

Then I1(Y, 2’) > 0 or II(Y, 2”) > 0 (or both). Suppose that I1(Y, z’) > 0, then from the assumption
(2) it follows that

1 1
1 (ZY, x) >0 = 1Y €Dn(a).
Moreover assumption (2) implies also that II(0,z") = 0 so that 0 € Dy (z”). So

Since, the same result is obtained when II(Y, z”) > 0, it follows that
Dn(tx’ + (1 —t)2") C tDp(x') + (1 — t)Dp (")

and Dy is convex. N

Counterexample

In the next example it is shown that the concavity of the lower expectation function does not
necessarily imply that the induced almost desirable gambles correspondence is concave.

EXAMPLE 8.2: Let Q = {w;,ws} and X = [0, 1]. For each gamble Y € L, denote (Y (w1), Y (w2)) =
(y1,y2) and then define, for every = € X,

Sy —y) Yy iy 20
(Y, z) = { s if gy < 0 (30)

It immediately follows that II(Y, ) is concave in X for every Y € L. Now, by definition, it follows
that

Dn(z) = {(y1,92) |7y1 + (1 — 2)y2 > Oand y, > 0}

So
Dn(0) = {(y1,92) | y2 = 0} and Dr(1) = {(y1,v2) | y1 = 0andy, > 0}
and . ,
5Pu(0) + 5Du(1) = {(y1,92) [ 92 = 0}
while
Du(1/2) = {(y1,v2) [y1 +y2 = 0and y, > 0}
So X ,
5Pn(0) + 5Dn(1) € Pu(1/2)

and Dry(+) is not concave in X. As a final remark, note that in this example the function IT satisfies
the assumption (2) in i) of the previous proposition.
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8.2 Almost desirable gambles correspondences and the induced lower
expectations

In this subsection, it is presented the relation between the properties of (quasi) concavity /convexity
of D with the properties of (quasi) concavity/convexity of Ilp.

THEOREM 8.3: Assume that R? C D(x) for every x € X. Then, the following implications hold:
i) If D is concave in X, then Hp(Y,-) is concave in X for everyY € L.

ii) If D is quasi-convex in X, then llp(Y,-) is quasi convezr in X for every Y € L.

Proof. Firstly, since R C D(x) for every € X, then it immediately follows that, for every
(Y,z) € L x X , the subset {t € R|Y — pul € D(x)} is not empty. Therefore IIp(Y,z) € R for
every (Y,z) € L x X.

i) Let 2/, 2" € X and t €]0,1], and (¢,),en be a sequence converging to 0. Let u., and u be
real numbers such that

w, >p(Y,2') —e, and Y —pu,1 € D(2)
and

"> Tp(Y,2")—e, and Y —pul'1 € D(z").

v

Since D is concave, it follows that
Y = (b, + (1 — )L = (Y — 1) + (1= (Y — 1) € D(ta’ + (1 — )z
then
HIIp(Y,2") = 2,) + (1 = O([Ip(Y,a") — &,) < il + (1 = )i < Tp(Y, ta’ + (1 — t)a”).

In particular,
tlp(Y,2") + (1 — t)lIp(Y,2") — e, < p(Y,tz' + (1 — t)z").

Ase, =0,
tHp(Y,2") + (1 — )IIp(Y, 2") < TIp(Y, ta’ + (1 — t)a").

and we get the assertion.
i) Let 2/, " € X and t €]0, 1], and let (¢,),en be a sequence converging to 0. For every v, let
i, be such that

Op(Y,tz' + (1 —t)2") —e, < p, < Up(Yta' + (1 —¢)2") and Y —p,1 € D(ta’ + (1 —t)z").

D is quasi-convex, so
Y — p,1 € D) UD(2").

This implies that
w, <Ip(Y,2') or p, <Ip(Y,2") = p, < max{Ilp(Y, "), [Ip(Y,z")}.

Hence,
Hp(Y,ta' + (1 —t)a") — e, < max{Ilp(Y,2"), Up(Y, 2")}

and, as ¢, — 0,
Hp(Y, tx' + (1 — t)2") < max{IIp(Y, "), Ip(Y,2")}

and we get the assertion. O]
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Counterexamples

The two examples below show that the analogous of i) and i) in the previous Proposition do not
hold in case D is convex or quasi-concave. More precisely, the first example shows that there exists
a correspondence D that is convex, while the induced IIp(Y,-) is not, for some Y. Similarly, in
the second example, the correspondence D is quasi-concave, while the induced IIp(Y, ) is not, for
some Y. Note that, even in this case, the coherency of the representation of uncertainty does not
play any role as, in both the examples, the images D are closed and convex cones containing R

EXAMPLE 8.4: Let Q = (wy,ws) and D : [0, 1] ~ £ be defined by

D(z) = {(y1,92) € R*|y1 + 2y2 = 0, yo > 0}

Since 2’ < 2" implies that D(x’) C D(2”) then it immediately follows that D is convex in X. The
corresponding lower expectation function is computed, for every x € X, as the solution p of the
following equations

{ (y1 — ) +a(y —p) =0, ifyo =y

yQ_[I/:O lfy2<y1
Therefore,
e ity >y,
Ip(Y,z) = 4z 7 g
p(¥:2) { Y2 if yo <1

Let 2/ =0,2" =1and t = 1/2; and Y = (—1,2), we get IIp(Y,1/2) = 0 IIp(Y,1) = 1/2 and
IIp(Y,0) = —1 that implies that

(Y, 1/2) £ (1/2)Tp (Y, 1) + (1/2)TIp(Y, 0

so IIp is not convex.

EXAMPLE 8.5: Let = (wy,wq) and D : [0, 1] ~» L be defined by

D(x) = {(y1,92) € R?| 2zy; + (1 — 22)y2 = 0, 32 = 0} if x €10,1/2]
{(y1,92) € R?| (2 —22)y1 + (22 — 1)y > 0, yo > 0} if & €]1/2,1]

By construction, for every 2’ # z” it follows that D(z') C D(z”) or D(2”) C D(2’). So D is quasi-
concave in X. Similarly to the previous example, the corresponding lower expectation function is
computed as the solution p of the following equations

{ 20(yr — p) + (1= 22)(ya — ) =0, if o >y if;z €[0,1/2]

or -
@-20) =)+ Q=D —p) =0 L2y g
Yo—p =0 ify: <
Therefore
2(y1 — ) + v, frelD 12 4 S0
[p(Y,2) = (1 =22)(y1 —y2) + w1, if 2 €]1/2,1] -
Us if Yo < U1
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and it immediately follows that IIp(Y,-) is not quasi concave for every Y € L. In fact, consider
for instance Y = (0, 1), then

=2z +1, ifze0,1/2]
p(Y, ) = { 20— 1, ifx€]1/2,1]

that is not quasi-concave.

9 Appendix: Proofs of Section 3

PROPOSITION (3.4): The set-valued map C : X ~» T is quasi-convex if and only if for every
ACT, with A+ 0, the set
Ly={z[C(z) C A} (31)

s a convex subset of X.

Proof of Proposition 3.4. Assume first that for every subset A C T, L, is a convex subset of X.
Given 2’ and 2", it immediately follows that ', " € Le ()¢ Which is a convex set. Then, for
every t €]0, 1[, ta' + (1 — t)2" € Le(pyueen implying that

C(ta' + (1 —t)a") CC(z")ul(a"),

so C is quasi-convex.
Conversely, assume that C is quasi-convex. Given a subset A C T, let 2/, 2" € L,. By definition,
C(2') C A and C(2") C A, then it follows that

Cta' + (1 —t)2") CC(a)ul(a") C A.
So tx' + (1 —t)a” € Ly an L, is a convex subset of X. O

PROPOSITION (3.5): The set-valued map C : X ~~ T is weakly quasi-convex if and only if for every
convex subset A C T, with A # 0, the set

Ly=A{z|Clx) C A} (32)
15 a convex subset of X.

Proof of Proposition 3.5. Assume first that for every convex subset A C 7, L, is a convex subset
of X. Given 2’ and 2", it immediately follows that @', 2" € L yc(yuc(zry) Which is a convex set.
Then, for every t €]0, 1], tz’ + (1 — t)2" € Leyc(uryuc(er)) implying that

C(tz' + (1 —t)a") C co(C(z") UC(x")),

so C is weakly quasi-convex.

Conversely, assume that C is weakly quasi-convex. Given a convex subset A C T, let 2/, 2" €
L,. By definition, C(z') € A and C(2”") C A, so C(z') UC(2") C A. The subset A is convex so
co(C(x')UC(z")) C A and then, weakly quasi-convexity of C implies that

C(tx' + (1 —t)a") C co(C(z")UC(2")) C A.

So tx' + (1 —t)z” € L, an L, is a convex subset of X. O
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PROPOSITION (3.7): Given the set valued map C : X ~» T, then
i) If C is strongly quasi-convex then C is quasi-convex
it) If C is quasi-convex then C is weakly quasi-convex
iii) If C is convex then C is weakly quasi-convex

Proof of Proposition 3.7. i) It immediately follows from the definition.
it) Since C(2') U C(z") C co(C(x') U C(2")) then the assertion immediately follows from the
definitions.

iii) Assume that C : X ~ T is convex and let A be a convex subset of 7. Let 2/,2” € L,.
By definition, C(z') € A and C(z”) C A. Since A is a convex set then tC(z’) + (1 — t)C(z") C A.
Being C a convex set valued map, it follows that

Cltx’ + (1 —t)2") CtC(x")+ (1 —t)C(z") C A

which finally implies that ta’ + (1 — ¢)2” € L, and L, is a convex set. So C is weakly quasi-
convex. 0

ExXAMPLE 9.1: Here it is shown that a strongly quasi-convex set-valued map is not necessarily
convex. Consider the set-valued map C : [0, 1] ~» [0, 1] defined as follows

C(x) =1[0,1—2% Vzel0,1].

This set-valued map is obviously strongly quasi-convex (hence quasi-convex and weakly quasi-
convex) as ¢’ < 2" = C(a’) D C(«”). Moreover C has convex images. Nevertheless it is not
convex. In fact, for x = 1/2(0) +1/2(1) = 1/2, it follows that

C(1/2) = [0,3/4] € 1/2C(0) + 1/2C(1) = 1/2[0,1] + 1/2{0} = [0, 1/2].

ExAaMPLE 9.2: Here it is shown that a convex set-valued map is not necessarily quasi-convex.
Consider the set valued map C : [0,1/5] ~ [0, 1] defined as follows

C(z) = [4z, 42 +1/5] Vz €[0,1/5].

This set valued map is obviously convex and has convex images. Nevertheless it is not quasi-
convex nor strongly quasi-convex. In fact for x = 1/2(0) + 1/2(1/5) = 1/10, it follows that
C(1/10) = [4/10,6/10] while C(0) UC(1/5) = [0,1/5] U [4/5,1].

PROPOSITION (3.9): Let C : X ~» T be a set-valued map with conver images, then C is quasi-
concave if and only if for every convex A C T, with A # (0, the set

La={z[ACC(x)} (33)

18 a convex subset of X .
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Proof of Proposition 3.9. Assume first that for every subset convex A C T, L, is a convex subset
of X. Given 2/ and z”, it immediately folk)ws that o', 2" € Leoc(aync(ey) which is a convex set.
Then, for every t €]0,1[, ta' + (1 — t)a” € Leoc(a)ne(wr)) implying that

C(z")NnC(z") CeoC(z")yNC(2")) CC(ta" + (1 —t)a"),

so C is quasi-concave.
Conversely, assume that C is quasi-concave. Given a convex subset A C T, let 2/, 2" € L,. By
definition, A C C(2') and A C C(2”), then it follows that

ACCEYNC(") CCtr' + (1 —t)x").
So tz’' + (1 —t)a” € L4 an Ly, is a convex subset of X. O
PROPOSITION (3.10): Given the set valued map C : X ~~ T, then
i) If C is strongly quasi-concave then C is quasi-concave.

i1) If C is concave then C is quasi-concave

Proof of Proposition 3.10. i) Since C(z') C C(ta’ + (1 —t)z") or C(2") C C(ta’ + (1 — t)z") then
C(z')NC(a") CC(tx' + (1 — t)x”). The assertion follows.
it) Since C(x') NC(z") CtC(x') 4+ (1 — t)C(z") then the assertion immediately follows. O

The next counter examples show that there are no links between strong quasi-concavity and
concavity.

EXAMPLE 9.3: Here it is shown that the a strongly quasi-concave set-valued map is not necessarily
concave. Consider the set valued map C : [0, 1] ~» [0, 1] defined as follows

Clx)=[1-2%1] Vzel0,1].

This set valued map is obviously strongly quasi-concave (hence quasi-concave) as ' < 2/ —
C(z") € C(z"). Moreover C has convex images. Nevertheless it is not concave. In fact for z =
1/2%x0+1/2x1=1/2, it follows that

1/2C(0) + 1/2C(1) = 1/2{1} +1/2[0, 1]+ = [1/2,1] Z C(1/2) = [3/4,1].

ExAaMPLE 9.4: Here it is shown that the a concave set-valued map is not necessarily strongly
quasi-concave. Consider the set valued map C : [0, 1] ~ [0, 1] defined as follows

C(x) =1[0,1—(z—1/2)* Vxecl01].
This set valued map is obviously concave and has convex images. Nevertheless it is not strongly

quasi-concave. In fact for z = 1/2(0) + 1/2(1) = 1/2, it follows that C(1/2) = [0,1] while
C(0) =C(1) = [0,3/4].
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