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Abstract

In a setting in which an agent has a behavioral bias that causes an underestimation or an
overestimation of the health consequences of sin goods consumption, the paper studies how
a social planner can affect the demand of such goods through education initiatives and/or
taxation. When only optimistic consumers are present, depending on the elasticity of demand
of the sin good with respect to taxation and the relative efficiency of educational measures,
the two instruments can be used as substitutes or complements. When both optimistic and
pessimistic consumers coexist, the correcting effect that taxation has on optimistic consumers
has unintended distorting effects on pessimistic ones. In this framework, educational measures,
by aligning both consumers’ perceptions closer to the true probability of health damages, are
more effective than taxation.

Keywords: Overoptimism, Taxation, Educational initiatives, Sin goods.

JEL classification: D03, H21, L51.



1 Introduction

It is widely believed that overoptimism is a common trait of human beings. An individual with
such characteristic is typically inclined to think that favorable events are more likely or more
positive than they actually are. In investment decisions, for example, an optimistic agent tends
to overestimates a project’s future returns. Although much literature has focused on the effects
of overoptimistim on economic and financial decisions (Roll, 1986; Malmendier and Tate, 2005,
2008; Bénabou, 2012), less attention has been paid to the impact that the minority of pessimistic
agents, i.e., of those who think that favorable events are less likely than they actually are, has
on such decisions. In this paper we argue that, however small, this fraction of agents may reduce
the effectiveness of the policies aimed at correcting the negative effects of an overoptimistic bias.

We construct a model in which a risk averse agent has a behavioral bias regarding the
future effects related to the consumption of sin goods, i.e., goods which are enjoyable to
consume but have future health consequences. This bias causes a misperception of the
health damages, namely, an underestimation in optimistic consumers or an overestimation in
pessimistic ones. Within this setting, we study the way in which a social planner can affect the
demand of such goods through taxation and education initiatives. The latter are referred to
information/awareness campaigns, such as warning labels on tobacco, alcohol or fatty food, and
have the effect of increasing the consumers’ awareness and align their perception of the health
damages related to the consumption of such goods to the actual one.!

We first analyse the benchmark case in which there are only optimistic consumers and
determine the optimal mix of education initiatives and taxation needed to correct the consumer’s
behavioral bias. We then introduce also pessimistic consumers and show that the correcting
effect that taxation has on optimistic consumers has a side effect of depressing the consumption
of the pessimistic ones. Thus, introducing pessimistic consumers in a setting in which consumers
are mainly optimistic highlights one possible flaw of taxation, that, while correcting the excess
consumption of optimistic consumers, worsens the underconsumption problem of pessimistic

ones. Education, instead, by aligning the consumers perception of the health damages to the

! An description of education initiatives and of the literature testing their effectiveness is provided in the next
section.



actual one, not only contrasts the consumer’s behavioral bias, but also mitigates the negative
effects of taxation.

In modeling taxation and education measures, we assume that they are both costly. In
particular, the cost of taxation is related to the inefficiency of the fiscal system translating
one euro of tax revenues in less than one euro transferred to consumers. Education initiatives,
instead, generate a disutility on consumers for managing and processing the information received.

Focusing on a simple quasi-linear economy in which there is a composite good and a sin
good, we analyze the two benchmark cases in which one of two instruments, taxation and
education, is used in isolation. We find that if education is the only instrument, its level is
always strictly positive. When only taxation is available, instead, its level is strictly positive so
long the inefficiency of the tax system is not too high. This is because, unlike the marginal cost
of education, the marginal cost of taxation is always strictly positive and equal to the deadweight
loss implied by the inefficiency of the tax system. Clearly, when this is sufficiently high, it may
be optimal for a regulator not to rely on taxation to correct consumers’ behavior.

When both instruments are available, we find the conditions under which taxation and
education are both relied upon. Focusing on the case in which the fiscal system is not too
inefficient so that both instruments are used at the optimum, we show that taxation and
education can be substitute or complement, depending on the elasticity of the demand of the sin
good with respect to taxation and the relative effectiveness of education relative to taxation in
reducing the demand of the sin good. In particular, when the demand of the sin good is inelastic
with respect to taxation, the marginal cost of taxation is positive and increasing in the degree
of inefficiency of the fiscal system. An increased inefficiency of the fiscal system makes room
for education initiatives. When instead the demand of the sin good is elastic with respect to
taxation, the marginal cost of taxation is negative and decreasing in the degree of inefficiency of
the fiscal system. An increased inefficiency of the fiscal system should then call for an increased
reliance on taxation relative to education. However, whether this is so depends now on the
relative effectiveness of the two instruments in reducing the consumption of the sin good. In
particular, when taxation is more (less) effective than education, an increased inefficiency of the

fiscal system calls for an increased (reduced) reliance on taxation relative to education.



We then introduce the possibility that some consumers may be pessimistic, i.e., the
perception of the health damages caused by sin good consumption exceeds the actual likelihood.
In this framework, we show our main result, i.e., that the presence of pessimistic agents
reduces the effectiveness of taxation in mitigating overconsumption and induces the social
planner to boost up educational measures. This is because the correcting effect of taxation on
the overconsumption of optimistic consumers has unintended depressing effects on the choices
of pessimistic ones. This asymmetry is not at work when education is used because of its
effectiveness in aligning both optimistic and pessimistic consumers’ perception to the true
probability of health damages.

The paper is related to the literature on time-inconsistency and hyperbolic discounting
(Ainslie, 1992), which studies the welfare effects of sin good regulation (O’Donoghue and Rabin,
2003, 2006; Gruber and Koszegi, 2001, 2004; Gruber and Mullainathan, 2005; Immordino,
Menichini and Romano, 2019). With respect to these contributions we study a different
motivation for government intervention, namely, to correct the distortions induced by the
misperception of the health damages due to sin good consumption.

The paper is also related to the literature on overconfidence and overoptimism, and the effects
that managers with behavioral biases have on corporate decision making. For instance, Goel and
Thakor (2008) show that overconfident managers are more likely to be promoted to CEOs than
perfectly rational ones because they perceive less risk and so take more chances. Moreover, a
moderate degree of overconfidence is beneficial, mitigating the problem of underinvestment that
plagues strictly rational managers. The benefits of overconfidence and moderate overoptimism
are also highlighted by Gervais, Heaton, and Odean (2003), who show that both these traits help
offset the excessive prudence induced by risk aversion, inducing managers to take investment
decisions less hesitantly. Unlike the above cited literature, in the present paper agents
overoptimism is always detrimental to agents as they underestimate the probability of health
damages and are induced to consume too much unhealthy goods.

The paper is organized as follows. In the next section, we provide a description of education
initiatives. In Section 3, we set up the model focusing on optimistic consumers, and develop

the two benchmark cases in which only education initiatives or only taxation can be used in



Subsections 3.1 and 3.2, respectively. In Section 4, we consider the optimal mix of the two
instruments when they can be jointly used. In Section 5, we analyze how this mix is affected by

the presence of pessimistic consumers. All the proofs are in the Appendix.

2 Evidence on education initiatives

Everyday life provides us with several examples of initiatives aimed at forbidding, limiting or
deterring the consumption of sin goods. These initiatives can be categorized into two groups:
educational initiatives, aimed at increasing the awareness of the health effects of the consumption
of sin goods, such as information/awareness campaigns, and policy initiatives, aimed at directly
limiting the availability and provision of sin goods, such as consumption restrictions.Educational
initiatives are widespreadly used. In many countries, for example, health warning labels
appear on fatty food, tobacco or alcohol products pointing to the health risks associated
with their consumption, and are often mandatory. In some cases they can take the form of
recommendations, like in responsible drinking campaigns to prevent alcoholism or drunk driving.
Recommendations to moderate/responsible consumption also close advertisements campaigns of
alcohol products and gambling (e.g., gamble responsibly). On the packaging of cigarettes and
other tobacco products a variety of textual and pictorial warnings appear, covering, within a
black frame, a large part of the surface of the pack and concerning the health effects of tobacco
products consumption. For fatty food, some countries (e.g., UK) have developed a system of
front of pack nutritional labels that associates colors with information on fat, salt, sugar, and
calories contained in food products, to help people making healthier choices.

Education initiatives seem to be effective in increasing the consumers’ knowledge and
attitude about the health consequences of the consumption of sin goods. For tobacco and
alcohol products, for example, comprehensive review studies have provided evidence showing
the effectiveness of strategies and interventions aimed at preventing smoking uptakes (Thomas
et al., 2013) or alcohol related problems (Babor et al., 2003). Although much more limited,
some evidence is also available for food products. For example, a study by Cioffi et al. (2015)
has shown that the introduction of food labels on a sample of pre-packaged food items results

in a reduction of the average calories purchased from the labelled foods.



3 The Model

We study a setting in which a representative optimistic risk averse agent has to choose the
optimal level of consumption of a sin good, i.e., a good that is enjoyable to consume but may
create negative health consequences, such as alcohol, cigarettes, potato chips. The agent’s utility
is quasi-linear with respect to the sin good (x) and a composite good which acts as a numeraire

(z). Specifically,

u(z, 2) = v(x) — ¢(z) + z with probability ¢
| v(e) 2 with probability 1 — ¢

The function v (-) represents the the benefit from sin good consumption and satisfies Inada
conditions. The function ¢ (-) represents the uncertain negative health consequences from sin
good consumption and is such that ¢, > 0, ¢z > 0 and small, and c,(z) = 0 when 2 = 0.2
The parameter ¢ € (0,1] is the (true) probability that the sin good causes health damages. To
preserve the empirically desirable feature of decreasing absolute risk aversion for any ¢, we also
assume that vz, > 0 and cppe < 0.3

Agents are optimistic in that they underestimate the probability of health damages. We
denote by ¢° < g the agent’s perceived probability that the sin good causes health damages.

Thus, the agent maximizes the optimistic expected utility function
U° =v(x) — ¢°c(z) + =z, (1)

subject to the budget constraint I = p,x + p,z, where I is the exogenous income earned by the
consumer, p, and p, are the prices of the sin good and of the numeraire, respectively. We assume
that there is no borrowing or lending, that markets are competitive and that the marginal cost
of producing both goods is equal to one, so that the price of each good is also one.*

Because of overoptimism, if ¢° < ¢ the consumer does not maximize his own expected welfare,

measured by the actual expected utility function

U=v(z)—qc(z)+ z. (2)

2 Those assumptions guarantee that the consumer’s problem is well-behaved and are made to simplify the
exposition. In particular, the assumptions that limg_0 vz (z) = 00, limy—eo vz (z) = 0, and ¢, (x) = 0 when z =0
ensure that the sin good demand is strictly positive for any price p, < oo. Moreover, ¢z, > 0 and small ensures
concavity of the social planner optimization problem.

3For the empirical relevance of this assumption, see Guiso and Paiella (2008).

“We assume that I is large relative to the sin good consumption, so as to avoid corner solutions for x.



In the following, we will call optimistic utility the expected utility function corresponding the
choice of the agent (U?), and actual utility the expected utility function that correctly reflects
the expected welfare of the agent (U).

The first-best consumption, which we denote by (25, 2'B), maximizes the actual utility
U, subject to the budget constraint I = x + z, and it is such that 2P satisfies the first order
condition v, (zFB) — gep(x'P) =1 and 2B =T — 2F'B,

In the absence of policy measures aimed at affecting the consumers’ behavior, the agent’s
consumption of the sin good, z°, satisfies the first order condition v, (x°) — ¢°c;(2°) = 1. Since
v, is decreasing in z. ¢, is increasing in z and v, (x) — gcg(x) is lower than v, (z) — ¢°cx(x)
for any x, 2° is larger than 2¥®. Moreover, 2° = I — z° is lower than zfZ. Thus, because of
overoptimism, the agent consumes too much of the sin good and too little of the numeraire.

We next introduce the two benchmark cases in which one of two alternative measures —

education or taxation — is introduced to correct the overconsumption of sin goods implied by

overoptimism.
3.1 Education initiatives

In this section we consider education initiatives, i.e., all the regulatory measures aimed at
creating the conditions for consumers to voluntarily limit consumption, like communication,
awareness and education campaigns. To model them, we assume that the government adopts
an informational campaign aimed at increasing the awareness of the expected negative health
consequences of sin good consumption and thereby affecting the same. Such campaigns may also
have negative effects, as they may generate a disutility on consumers, for instance in absorbing
and processing information. The level of information provision is captured by the parameter
v € [0,7], where v = 0 means absence of education measures and v = 7 implies full awareness

of the health damages of sin good consumption, i.e., ¢° = ¢. Formally:

Assumption 1 The benefit of information provision is given by a continuous function ¢°(7y)
defined on [0,7], with q°(y) strictly increasing and concave, and equal to q¢° when v = 0 and
equal to q when v = 7. The disutility of regulation is given by a continuous function b(vy) defined

on (0,7], with b(y) strictly increasing and convex, and such that lim_,qb(7y) = 0.



When educational initiatives are introduced, the agent’s actual utility becomes

Ulv) =v(z) —qec(x)—b(y)+ 2 3)

and the agent’s optimistic utility becomes

U?(y) =v(x) —¢°(v) c(x) =b(7) + 2. (4)

An increase in v has a negative effect on the level of both actual and optimistic utility
(Uy(y) = —=by < 0 and UJ(y) = —by — ¢jc(z) < 0), and on the marginal optimistic utility
(Ugy (7) = =g e <0).

The optimal agent’s consumption bundle, which we denote by (z(7v), 2(7)), maximizes (4)

subject to z = I — z. Then, the consumption rule of the sin good, z(7), satisfies the first order

condition
vz () = ¢° (7) ca() = 1. (5)

Clearly, z(y) = I — x(vy). Since regulation improves the consumer’s awareness ¢°(7), the
consumption of the sin good decreases and that of the numeraire increases.” More generally,

the agent’s sin good consumption is decreasing in 7. Indeed, the first derivative of x(v) with

a5 (v)ea(2(v))
Vaa (2(7))—q° () cax (z(7))

respect to 7y is z,(y) = , that is negative.

The social planner chooses the level of information provision v that maximizes the actual
utility (3) subject to the budget constraint I —x = z and the consumption rule x () defined by
condition (5).

By substituting the budget constraint and the consumption rule in the actual utility function,

the latter can be written as the difference between the benefit and the cost of regulation, that is

Q) = o(z(y) —gelz(y) + I —z(v)] - w (6)
BI(v) CI(v)

The first term in square brackets, BI (7), is the expected benefit from information provision, i.e.,
the expected utility that would be obtained by inducing a level of consumption  (v) < x° if there

was no disutility associated with information provision. The second term, CT (vy) , represents the

Indeed, because information provision increases the weight of the marginal health cost from sin good
consumption (¢° (7)) and because the utility function is concave, it follows that z(v) is lower than z° and z(v) is
higher than z° for any ~.



cost induced by the inefficiency of information provision, namely, the reduction in the immediate
benefit of current consumption due to the disutility it generates.

The social planner’s problem is to choose 4 that maximizes the distance between the
benefits and the costs of information provision. To determine the optimal level of information
provision, the social planner compares the inefficiency of the regulatory instrument, b, (vy), with
its effectiveness in reducing the utility loss associated to overconsumption of the sin good,
(¢ —q°(7)) |ley]- The effectiveness of the information provision is measured by the impact of v
on the health costs, |c,| = ¢, |z, weighted by the residual overoptimism upon regulation, i.e.,
the difference between the actual and the optimistic likelihood of health damages, ¢ — ¢°(vy). A
higher awareness reduces the consumption of the sin good, and thus its cost. The impact of such
reduction is larger, the larger is the distance between the actual and the subjective/optimistic

likelihood of health damages.

Proposition 1 Assume that ¢° < q. The optimal level of information provision is 4 € (0,7%)

such that

(¢ = a°() ey ()] = by(9)-

Proposition 1 states that if ¢° < ¢, the agent’s consumption is too high and the optimal
information provision, 4, is always strictly positive. Moreover, the optimal regulation is such
that the disutility generated by information provision is offset by its benefits. An increase in
information provision generates a trade-off between the higher inefficiency related to the costs of
absorbing and processing information, and the lower health damages due to the higher awareness
that reduces the consumption of the sin good. At the optimum, 4 is such that the inefficiency

of the information provision equals its effectiveness.
3.2 Taxes

In this section we study the second of the two benchmark cases in which a linear tax 7 aimed at
reducing the over-consumption of the sin good is used. Such case is isomorphic to the analysis
developed by Immordino, Menichini, and Romano (2019) for time-inconsistent individuals. As

in that paper, we assume that the tax proceeds 7x are redistributed in a lump sum way to



consumers and that one euro tax revenues translates in less than one euro transfer for consumers

due to the inefficiency of the fiscal system.® Formally:

Assumption 2 The per-capita transfer | from tax proceeds is given by:
l=(1-Nrzx, (7)

where A € (0,1/2) is the direct inefficiency of the tax system, reflecting the loss in the economy

from collecting one euro tax revenues.”

In the case of a linear tax 7 and a lump sum transfer [/, the agent’s budget constraint becomes
I+1=(1+7)x+ 2 and the consumption rule of the sin good, z(7), satisfies the first order
condition

V() — ¢%cy(x) =1+ 7. (8)

Clearly, z(1) = I +1 — (1+7)z(7) and, from the concavity of the utility function, x(7) is

lower than z° and decreasing in 7. Indeed, the first derivative of z(7) with respect to 7 is

zr (1) = vm(m(r))—lq%m(x(r))’ which is negative for all 7.

The social planner chooses the level of taxation 7 that maximizes the actual utility (2)
subject to the budget constraint z = I +1 — (14 7) z, the lump-sum transfer constraint (7)
and the consumption rule z (7) defined by condition (8). By substituting the budget constraint,
the lump-sum transfer constraint and the consumption rule in the actual utility function, the

objective function reads as

Q(r) = [v(z (7)) —qe(x (7)) + I —a(7)] = Atz (7). (9)
BT(r) CT(r)

The term BT (7) represents the benefit of taxation and is given by the utility that would be
obtained by inducing a level of consumption z (7) < z if there was no inefficiency associated with

taxation (A = 0). The second term, CT (7), represents the resources lost due to the inefficiency

5These can be both administrative and compliance costs. The first, which are incurred by the tax authority
to collect taxes and enforce fiscal laws, have been estimated to be 0.5% of net revenue collection for US, with
a median of about 1% for OECD countries (OECD, 2011). For compliance costs, a study by Pricewaterhouse
Coopers (2015) for 189 countries across the world reports an average of 99 hours spent by consumers to comply
with sales tax and VAT.

"The assumption that A € (0,1/2), along with the assumption of decreasing absolute risk aversion, guarantees
the concavity of the optimization problem. However, our qualitative results also hold in a more general setting
where these assumptions are relaxed.



of taxation that reduce the consumption of the numeraire. The social planner’s problem is to
choose 7 that maximizes the distance between the benefits and costs of taxation. The optimal
level of taxation will depend on the trade-off between the inefficiency of the fiscal system and
the capability of taxation in reducing the expected utility loss due to the overoptimism of the
agent.

When there is no efficiency loss associated with taxation (A = 0), the social planner’s problem
(9) simplifies to maximizing BT (7) and the optimal tax chosen by the social planner 7 coincides
with the level 7B = (¢ — ¢°)c,(2¥P) that induces the agent to consume the first-best level of
the sin good. This can be better understood by noticing that in the social planner’s problem
(9) the benefit from taxation BT (7) is maximum when the agent consumes the first-best level
of the sin good, x*.* However, when A > 0, the cost component CT (7) of the social planner’s
problem (9) is positive. It turns out that, when A > 0, whether the optimal tax rate exceeds or
falls short of the first-best depends on the elasticity of the demand of the sin good with respect

to taxation, i.e., = Zr07 9 The intuition is the following. When the inefficiency of taxation
Na,r = ~2(7) g y

is strictly positive, an increase in the sin good tax has two opposite effects on the taxation
cost CT (1) = Atx(7): a negative direct effect due to the higher price paid on each unit of sin
good purchased, and a positive indirect effect due to the distortionary impact of taxation on
quantities. When the demand is highly elastic (1, , < —1), the positive effect prevails on the
negative one and the optimal taxation exceeds the first best (7 > 7'%). Conversely, when the
elasticity is low (1, , > —1), the negative effect prevails on the positive one and taxation has a
very negative impact on the consumption of the numeraire. To mitigate such impact, taxation
has to be set lower than its first-best level (+ < 7'P). Finally, if Ny, = —1 the optimal tax 7 is
7B regardless of \.

Proposition 2 shows that if Assumption (2) holds, then the optimal tax is strictly positive

and can be both higher or lower than the first-best taxation, 7/'2, depending on the elasticity

of demand of the sin good with respect to taxation, 7, .

__ 0 - o 1
Proposition 2 Assume that ¢° < q. If A < A\M, with \M = min{(q q )lc (z )|,2}, the
x

optimal level of tazation is * > 0 such that (¢ — ¢°) |cr(x(7))| + 72 (7) = A (1 +n,,) 2(7).

8Indeed, BT (1) = [vs (x(7)) — qco(x(7)) — 1] - (7) = 0 when z(7) = 25,
9For a formal proof of this result see Immordino, Menichini, and Romano (2019).
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The left hand side represents the net marginal benefit of taxation. It is equal to the
effectiveness of sin taxes, i.e., the reduction in the health costs due to the lower sin good
consumption induced by taxation, weighted by the overoptimism ((¢ — ¢°)|cr|), net of the
contraction of the sin tax revenues produced by the reduction in the sin good demand (7).
The right hand side represents the marginal cost of taxation and is related to the inefficiency of
the fiscal system, A. It may be positive or negative depending on how the tax proceeds vary
with taxation (1 + 779[;,7) . If the elasticity of the demand of the sin good with respect to taxation
is low (1, , > —1), the demand of the sin good varies less than proportionally with taxation
and the tax proceeds increase with 7. This in turn implies that more resources are available for
distribution and a higher loss due to the inefficiency of taxation arises. If instead the elasticity
of the demand of the sin good with respect to taxation is high (1, , < —1), the demand of the
sin good varies more than proportionally with taxation and the tax proceeds decrease with 7.
This implies that the resources to redistribute are lower and so is the loss due to the inefficiency

of taxation.
4 Education initiatives and taxes

In this section we study the case where both educational measures and taxation are available
to the social planner to correct consumers’ overoptimism. Again, the effect of educational
initiatives is to provide information useful to reduce the distance between ¢° and ¢, while the
effect of taxation is to limit the consumption of the sin good by increasing its price, that becomes
pr=1+4+T7.

In the case of educational initiatives ~y, linear tax 7, and lump sum transfer [, the optimal
agent’s consumption level maximizes the agent’s optimistic utility v (z) — b (y) — ¢° () ¢(x) + =z
subject to the budget constraint z = I 4+ — (1 4 7) z. Then, the optimal sin good consumption

satisfies the first order condition

ve (%) — ¢° (7) Ca(w) = (L4 7). (10)

Clearly, z=I+1— (1 +7)x.
Let x (v,7) be the agent’s consumption rule of the sin good defined from condition (10).

Since taxation increases the price of the sin good, the agent’s consumption rule x (v, 7) is lower

11



than xz(7), for any policy pair (v, 7).

The social planner chooses the level of education, v*, and the level of taxation, 7%, that
maximize the actual utility function (3), subject to the budget constraint z=1+1— (14 7)z,
the lump-sum transfer constraint [ = (1 — \)7x, and the consumption rule defined by condition
(10).

By substituting the budget constraint, the lump-sum transfer constraint, and the

consumption rule in the objective function, the latter reads as

Q(v,7)=[w(x(v,7) —qclx (v, 7)) + I —2(7,7)] = Atz (7,7) — w (11)
B(v.7) CT(yr)  CI(y)

For any policy pair (v, 7), the term in square brackets represents the benefit of consumption,
B (v,7). The second term, CT (v,7), represents the cost of taxation in terms of reduced
consumption of numeraire due to the inefficiency of taxation, while the third term, CTI (v,7),
represents the cost of educational initiatives.

Proposition 3 states that information provision is always Pareto improving and, for A

sufficiently low, the regulator prefers to use both instruments.

Proposition 3 Assume that ¢° < q. There exists a threshold

by zr

A -
z () Ly

(12)

such that if A < min {)\M,/_\}, the optimal policy involves both education and taxation, i.e.,

v* >0 and 7" > 0. Moreover, v* <4 and 7* < 7.

As for the case in which only taxation can be used, the use of both instruments rests on
taxation being not too inefficient. If this is the case, the reliance on taxation allows the regulator
to reduce the reliance on education and save on education costs. This in turn implies that
optimally a mix of the two instruments is used.

When min {)\M , 5\} = ), the threshold \ has an economic interpretation. Indeed (12) can

x (4 b
ﬁ = —L_ where the left hand side can be interpreted as the ratio between
Ty Ty

be rewritten as

the marginal cost and the marginal effectiveness of (introducing) taxation, while the right hand

side as the ratio between the marginal cost and the marginal effectiveness of education.!”

ONotice that the threshold value of A is computed for the quantity corresponding to the optimal level of
education 4 when no taxation is used (z (%)).
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However, within the range of values in which both instruments are used, Proposition 4
shows that the way in which they are relied upon, in conjunction or in alternative to each other,
depends on the elasticity of the demand of the sin good with respect to taxation, 7, ., and on

the relative effectiveness of the two instruments in reducing overconsumption., namely:
Proposition 4 Assume that A < min {)\M, 5\} . Then:
o ifn,, > —1, then 07" /OX < 0 and 0y*/OX > 0;

o ifn,, < —1, then there exists a lower bound o and an upper bound & such that:

1. 97 JOX <0 and Ov*/OX > 0 if% > a,

T

2. 01" JOXN > 0 and Oy*/OX > 0 if a < T o a,

T

3. 0r*/OX > 0 and dy* JOX < 0 if ? <a

T

The intuition behind the above results is the following. When the demand of the sin good is
inelastic (n,, > —1), the marginal cost of taxation (i.e., the deadweight loss of an increase
in taxation) is positive and increasing in A. In particular, because the demand varies less
than proportionally with taxation, an increase in taxation increases both the proceeds and the
deadweight loss of taxation. Since the deadweight loss is linear in A, an increase in A increases
also the marginal cost of taxation, lowering the reliance on taxation and increasing the reliance
on education. Thus, the two instruments are substitutes.

When the demand of the sin good with respect to taxation is elastic (7, , < —1), the marginal
cost of taxation is negative and decreasing in A. One could then expect an increased reliance
on taxation and a decreased reliance on education. However, whether this is so depends on the
kick in of a second factor, namely, the effectiveness of education relative to taxation in reducing
the consumption of the sin good, measured by xi.

T

T
When the effectiveness of education relative to taxation is high (= > @), the benefit of

Tr
the reduced marginal cost of taxation (driven by the high elasticity of demand) is overcome by
the effectiveness of education and the two instruments are substitute again. As in the case of

inelastic demand, an increase in A calls for a decreased reliance on taxation and an increased

reliance on education.
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x
When the effectiveness of education relative to taxation is low (=~ < ), the benefit of

Ty
the reduced marginal cost of taxation (driven by the high elasticity of demand) overcomes the
effectiveness of education and the two instruments are also substitutes. However, unlike the
case of inelastic demand, an increase in A calls now for an increased reliance on taxation and a
lowered reliance on education.

When education is mildly effective relative to taxation (a < % < @), both instruments are

effective in reducing the consumption of the sin good and their use increases with A. Only in

this case they are complements.
5 Pessimistic consumers

So far we have assumed that agents underestimate the likelihood of health damages caused
by sin good consumption. There is some evidence in support of this assumption. Krosnick et
al. (2017), for example, in a study investigating people’s perception of getting lung cancer if
they smoke, show that 54.6% of the respondents vastly underestimate it. However, although
in prevalence people underestimate their risk, there are in general also cases of people who
overestimate it. For instance, 23.9% of the respondents of this same study overestimate their
chance of getting lung cancer.!!

In this section, within a setting in which consumers are mainly optimistic, we introduce
pessimistic consumers in order to highlight a possible flaw of taxation. To this aim, we assume
that a fraction p of agents is pessimistic and overestimate the probability of health damages.

We denote by ¢P > ¢ the perceived probability that the sin good causes health damages for
a pessimistic agent and by ¢° < ¢ the perceived probability that the sin good causes health
damages for an optimistic one. Moreover, we assume that the misperception of optimistic and
pessimistic agents is symmetric, i.e., |¢” — q| = |¢° — q| =5, with § < min{q, 1 — ¢}.12

An agent who overestimates the probability of health damages maximizes his pessimistic
expected utility function UP = v(z) — gPc(x) + z, subject to the budget constraint I = pyx+p, 2.

In the absence of policy measures aimed at affecting the consumers’ behavior, the sin good

1 Only about 1.5% of respondents perceive relative risk approximately correctly.
12 A conservative stance in this regard seems reasonable since we ignore the extent of the misperception suffered
by optimistic and pessimistic consumers.
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consumption for a pessimistic agent, 2P, satisfies the first order condition v, (zP) — gPcy(2P) = 1.
Since v, is decreasing in x, ¢, is increasing in x and v, (x) — gc, () is greater than v, (x) — ¢Pcy(x)
for any x, we have that aP is lower than zB. Moreover, 27 = I — 2P is larger than z!'B.
Thus, because of pessimism, the agent consumes too little of the sin good and too much of the
numeraire.

In what follows, we consider two settings: one in which only educational policies are available

to correct consumers’ misbehavior, and a second one in which both educational measures and

taxation can be used.

Education initiatives. The aim of education is to provide information useful to improve

the consumer’s awareness by reducing agents’ misperception. Formally:

Assumption 3 The benefit of information provision is given by a continuous function

a/ n _ | ¢°+6(y) if the agent is optimistic (a=o0)
(V=9 . . N
g’ — 0(y) if the agent is pessimistic (a=p)

with §(-) defined on [0,7], strictly increasing and concave, and equal to 0 when v = 0 and to §

when v = 7. The disutility of requlation is given by a continuous function b(vy) defined on (0, %]

with b(7y) strictly increasing and convex, and such that lim,_,ob(y) = 0.

Under Assumption 3, when regulation is imposed, the agent’s optimistic utility becomes

U(y)=v(@) = (a=0+0(7)clx) =b(7) +2, (13)

and the agent’s pessimistic utility becomes

UP(y) =v(z) = (a+0-0(7)c(x) —b(y) + 2 (14)

An increase in  has a negative effect on the marginal optimistic utility and a positive effect on
the marginal pessimistic utility (Ug, (7) = =0 ¢z <0 < Uzy (7) = 05 ca).-

In the case of information provision v, the optimal consumption bundle of a type a agent,
which we denote by (z*(7), 2%(y)) with a € {o, p}, maximizes U® subject to z = I — z. Then,

the consumption rule of the sin good, z%(7), satisfies the first order condition

vz(x) = ¢" (7) cx(2) = 1. (15)
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The social planner chooses the level of information provision 4* that maximizes the actual utility

Ur(y) = p(v@() = (g+0-0()c(a(7) + 27 () +

+ (1 —p) () = (g=0+6(7) c(z°(7) +2°(7) —b(v)

subject to the budget constraints I — z° () = 2° (), and I — zP () = 2P (v).
By substituting the budget constraints in the actual utility function, the latter can be written

as

W (y) = [u(@"() —qe(@P(y) —a"(y) + 1) +
BIP(v)
(1= p) (v (2°(7)) = qe(@°(7)) —2°(v) + )] = b(7) -
—~—~
BI°(y) CIx(y)

The term in square brackets, BI* () = uBIP () + (1 — p) BI° (), is the benefit of information
provision, defined as the expected utility that would be obtained by inducing levels of
consumption closer to the first-best, i.e., 27 € (2P, ') and z° (y) € (2B, 2°). The second
term, C'I* (v), represents the cost induced by the disutility of information provision.

The social planner’s problem is to choose 4" that maximizes the distance between the benefits

and the costs associated to information provision.

Proposition 5 Suppose there is a small fraction p > 0 of pessimistic consumers in the

population. If only education is available, the optimal level of information provision is 4% < 4.

By reducing the distance between perceived and actual likelihoods of health damages (caused
by sin good consumption) education makes the agents’ consumption closer to the first-best and
increases utility. In equilibrium, the marginal cost of information provision equals the average

marginal benefit, BIY = pBIiah + (1 — p) BIZxS, where BI§ = vy (x) — qcg (z) — 1 is the

dien(2%(7)) .
e T ) Wewa @)y With

social planner’s marginal utility evaluated at z = x®(y) and T =
a € {o, p}, is the effectiveness of information provision in aligning optimistic and pessimistic
consumption to the first-best. With respect to the case where all consumers are optimistic, the
presence of pessimistic consumers modifies both i) the social planner’s marginal utility and ii)
the effectiveness of information provision. In particular, as shown in the proof of Proposition 5,

the social marginal benefit obtained by reducing the consumption of an optimistic agent, |BI2|,
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is larger than the one obtained by increasing the consumption of a pessimistic agent, |BI%|.
As a consequence, the introduction of a fraction of pessimistic consumers lowers the social
planner’s marginal utility.'® Similarly, the effectiveness of information provision decreases since
educational measures are more effective in reducing the consumption of optimistic agents than
in increasing that of pessimistic ones. Hence, the introduction of some pessimistic consumers

leads to a level of information provision lower than that stated in Proposition 1, that is, #* < 4.

Education initiatives and taxes. Consider now the case in which taxation is also
available to correct consumers’ misbehavior. Notice that, when consumers are heterogeneous,
implementing the first-best outcome would require individual-specific taxes and subsidies.™
However, since this is unrealistic because of informational constraints, implementation costs
and the like, we limit our analysis to a uniform tax. Recall that the goal of taxation is to limit
the consumption (of optimistic individuals) by increasing the sin good price. However, this has
the undesired effect of further reducing consumption also for the pessimistic agents.!?

The social planner chooses the level of education, y#*, and the level of taxation, 7H*

maximizing the distance between the expected benefits and costs, i.e.,

B* (v, 1) = p(v(2?) — qe(a?) + 1 — 2P) + (1 — p)(v(2°) — qe(a®) + 1 — 2°)

BP(v,7) Be(v,T)

and

CTH (,7) = p(Ara? +b(y)) + (1 — p)(Ara? + b(7)), '
— —
CP(v,7) Co(v,T)

where 2% = % (v, 7) for all a € {o, p}.
Proposition 6 states the main result of our paper, i.e. that the presence of a fraction, however
small, of pessimistic agents lowers the effectiveness of taxation in mitigating overconsumption

thereby inducing the social planner to boost up educational measures.

13The proof relies on the distance |xo(*y) - acFB| being larger than |xp(*y) - mFB|, so that, from the concavity
of the social planner utility function, the marginal benefit of reducing the sin good consumption of an optimistic
agent, |BI2|, is larger than the marginal benefit of increasing the sin good consumption of a pessimistic agent,
IBIZ).

1 Clearly this is true even if the efficiency cost of taxation is absent, i.e., for A = 0.

15 Although in principle a large fraction of pessimistic agents in the sample could imply a negative tax (ie., a
subsidy), the proof of our main result assumes that the fraction of pessimistic agents is small, in line with the
evidence, implicitly ruling out 7* < 0.

16We use a social welfare function that puts equal weight on all agents, that is, the expectation of the individual
experienced utility.
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Proposition 6 Suppose there is a small fraction p > 0 of pessimistic consumers in the
population. If both education and taxation are available, the optimal level of taxation is TH* < 7*

and the optimal level of information provision is y** > ~*.

The intuition behind this result can be grasped by considering that the optimal uniform tax
for pessimistic agents would be negative. Thus, when both optimistic and pessimistic agents
coexist the optimal tax level is smaller than the one prevailing when agents are all optimistic.
The previous result also shows that the level of education is higher than the one that obtains
with optimistic agents only, and the two instruments are substitutes. This can be ascribed to
the fact that while education initiatives always get both optimistic and pessimistic consumers’
perceptions closer to the true probability of health damages, taxation, although effective for
optimistic types, distorts the choice of pessimistic ones. Moreover, relative to the case in which
only educational measures are available, information provision is more valuable when taxation
is also available. This is because taxation increases the distance between the pessimistic and the
first-best consumption level, thus increasing the social benefit of inducing pessimistic agents to
consume more.

Finally, notice that this result does not rest on the inefficiency of the tax system. Indeed, even
with a fully efficient fiscal system, a tax levied on sin goods would still affect the consumption
choice of pessimistic consumers in the “unwanted/undesired” direction, thus calling for the

corrective effect of educational measures.

6 Conclusions

The paper studies the role of taxation and informational measures in a setting in which an
optimistic agent underestimates the probability of health damages and thus consumes too much
unhealthy goods. Depending on the elasticity of demand of the sin good with respect to taxation
and the relative efficiency of educational measures, the paper shows that these two instruments
can be used as substitutes or complements. However, when both optimistic consumers (who
underestimate the probability of health damages and thus consume too much) and pessimistic
consumers (who overestimate the probability of health damages and thus consume too little)

coexist, the correcting effect that taxation has on optimistic consumers has unintended distorting
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effects on the choices of pessimistic ones. In this framework, educational measures, by aligning
both optimistic and pessimistic consumers’ perception closer to the true probability of health
damages, are more effective than taxation and should be preferred. Thus, besides the relative
efficiency of each instrument, the paper points to an additional and unexpected advantage of

educational measures in correcting the distorting effects of taxation.
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Appendix

Proof of Proposition 1. For all v € [0,7], as long as v and ¢ are thrice differentiable, Q(vy) is
continuous and twice differentiable. If strictly positive and lower than 7, 4 satisfies the first order
condition ,(3) = 2(3)24(3) — by (3) = 0, where ,(3) = [0a(2(3)) — ¢°(3)ex(2(4)) — 1]. From
(5), we can derive Q; = —(¢—¢°(7))cx(z(y)) < 0. When v =0, Qy = —(¢—¢°)ce(z°)z,(0) > 0.
Hence, v = 0 cannot be a corner solution of the social planner maximization problem. Moreover,
q(7) = ¢ implies that when v =7, Q, = 0 and Q, = —b,(7) < 0. Hence, by the continuity

of (), there exists at least one 4 € (0,7) satisfying condition €2,(¥) = 0. Finally, £, < 0.

Indeed, €,y = Qv + Qpyxy — byy = Qpyy + me% — byy, with Qpp = vVpe — qczr and
0 0o —a° _ P o 0)2
Ty = (g9~ Ca+45caary)(Vaa—q (’ngzzlq(olzfyq;zmq)Q('y)cxm)x«,qwcm+(q7) CaCae  Ginoa by assumption qf; >0,

cx >0, Vgz — q%Caz <0, byy >0, q% <0, and vgze — ¢°Coze > 0, then Qg < 0, 2,4 > 0, and
then Q,, <0. =

Proof of Proposition 2. For all 7 > 0, as long as v and ¢ are thrice differentiable, Q(7)
is continuous and twice differentiable. If strictly positive, 7 satisfies the first order condition
QO (7) = Qu(T)z-(7) — Ax(7) = 0, where Qu(7) = [vx(2(7)) — gex(x(7)) — 1 — A7]. From (8) we
derive Q; = 7(1-A)—(¢—¢°)cz(z(7)). When 7 =0, Q; = —(q—¢°)cz(2°)/ (V22 (2°) —q°Czz(2°)) —
Az, which is positive for all A < A, Moreover, Inada conditions for v(z) together with ¢, (0) = 0
imply lim; o z(7) = 0 and lim,_, 2, = —oco. Hence, by continuity of Q(7), there exists at
least one 7 > 0 satisfying the first order condition. Finally, Q,; = (Quzz; — 2X) 27 + Q7 <0
in 7 = 7. Indeed, T,r = —(Vogz — ¢°Cozz)T> > 0 since (Vzzz — ¢°Cuzz) > 0 by assumption,
Q,(7) < 0 by the first order condition, and Qg .2z, — 2\ > 0 since Q2 = % > 1 for all
g<¢’,and A< 1/2. m

Proof of Proposition 3. By Kuhn-Tucker necessary conditions, if (y*, 7%) maximizes the

objective function (11) and v* < 7, then the following equations and inequalities are satisfied:

Ve (%) — qeg () — 1 = AT%)xr — Ax®)7* =0
( (

((
((

Vg (x*) — qez(a*) =1 = At%)2y — by)y* =0
(vg(2*) — qegp(z*) — 1 = A7) — Ax* <0 (KT1) (16)
(ve(2*) — gez(x*) =1 = AT%)zy — by <0 (KT2)
7" >0
\ 7* 2 0 )

with «* = x(y*, 7). We will show that there exists (v*,7*) € (0,%) x (0,7) that satisfies (16)
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in 4 Steps.
Step 1: Qry < 0 for all (v, 7) such that vy(x(v,7)) — qca(x(y,7)) — 1 — A1 < 0. Let be

A={(y,7) €(0,4) x (0,7FB) : vp(x(y,7)) — gcu(x(y,7)) — 1 — AT < 0}. The cross derivative

of Q(~,7) is
Qry = (V2 — ¢ Caz) Tor + (Ve — g = 1 = AT) Ty — ATy =
= 2y ((Vaw — qCoa) T — A) + (Vo — gz — 1 = AT) Ty,
where 2., = —qug((vzm — q° (V) Coa)TrCx — Czz) > 0 since (Vyzz — ¢° (V) Cozz) > 0 and cyy

positive and near to 0 by assumption, and ((Vzy — ¢ Czz) Tr — A) > 0 since (Vypp — ¢ Cyz) T =
% > 1 for all ¢°(y) < g. Hence, Q,, <0 V(y,7) € A.

Step 2: Let be T1(7y) the function implicitly defined by equation KT1(v,7) = (vy(x(y,7)) —
gce(x(v,7)) = 1 = A1)z — Ax(y,7) = 0. Then, 71(0) =7 and 71(%) € (0,7).

By substituting v = 0 in KT'1(~,7), gives 71(0) = 7 by definition of 7. Moreover, by Step 1,
KT1(%,7) < 0 and, by definition of 4, KT1(%,0) = (vz(2z(%,0)) —qcz(x(%,0)) — 1)z, — Ax(5,0) =
W% — Az(%), that is positive VA < X. This implies that 3 7' € (0,7) : KT1(%,7') = 0,
and 71(§) = 7.

Step 3: Let be To(7y) the function implicitly defined by equation KT2(vy,7) = (vy(x(y,7)) —
qex(z(,7)) = 1 = AT)xy — by = 0. Then, 72(0) € (7,7FB) and 72(§) = 0.

By substituting v = 4 in KT2(y,7), gives 72(¥) = 0 by definition of 4. Moreover, by
definition of 7, KT2(0,7) = (vz(z(0, 7)) —gcz(z(0,7))—=1=A7) 2y~ (0) = Az(7)g3(0) cz(2(7)) >
0 and, by definition of 718, KT2(0,75P) = (v, (z(0,7FB)) — gey(x(0,7FP)) — 1 — M\rFB)z, —
b,(0) = —A7B < 0. This implies that 3 77 € (7,7FP) : KT2(0,7") =0, and 72(0) = 7".

Step 4: There exists v* € (0,%) such that 71(v*) = 72(7*). Moreover,71(v*) € (0,7).

Let be A(y) = 71(y) = 72(7). A(0) =7—7" <0and A(¥) = 7 —0 > 0. Hence, by Bolzano’s
theorem, there exists v* € (0,%) such that A(y*) = 0. Moreover, 71(7*) < 71(0) =7

To conclude the proof we will show that Q(v,7) is concave in (v,7) = (v*,7%), that is
Q- <0,9,, <0, and Q70 > Qf,y. Qrr = (Vo — qCop) T2 =220+ (Vg — qCy — 1 — AT) Ty =
Tr (% — )\) + (e —qee — 1= A7)z <0 forall A < 1/2, ¢°(y) < q, and (v, 7) € A.

Oy = (Um—qcm)x%—bw+ (Vg —qez —1—=AT)2yy <Oforall (y,7) € A. m
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Proof of Proposition 4. If the social planner optimization problem defined on page 12 involves

an interior solution, (v*,7*) satisfies the following equations:

(Vg — qcz — 1 = AT)zr — Az =0
{ (Vz — qcz — 1 = AT)zy — by = 0. (17)
From the implicit function theorem,
oT/oX \ 1
( 0/ ) =-H Dy (18)

where H™! is the inverse of the Hessian matrix of Q(v, 7) evaluated at (y*,7*), that is,

Hfl — 1 ( Q’W _QTW ) ,
QTTQ’y'y - Q%«, *QT’y QTT

and Dy is the vector of the first derivatives of V) with respect to A, evaluated at (y*,7*), that

D — < Q) > _ —(i + V)12, . (%% +1)
A Qa —TTy T @cs '

Substituting in (18), gives
ar/OX '\ _ ~1 Qpy =0\ (L G-+ _
07v/OA QrrQyy — Q%W —Qry Qe ™ 45ca

B TL, Qw(i +1) — Qrya5ce
B QTTQ’YW - Q2 _Q’T’y(ﬁ + 1) + QTqu;Cx

is,

Ty
From the proof of Proposition 3, we know that Q,, < 0. From the concavity of Q (v, 7), it

follows €2, < 0, 2, <0, and 2., — sz > 0 or, equivalently, 3—2: > 3: Moreover, x, < 0,

1

x,T

{ OT/OA>0 iff  qfer < g2+ 1)

@5¢e >0, <0, and (7= +1) > 0iff , , < —1. Hence,

77;1:,7
OVOXN>0 iff qlcn > g2 (A +1).

TT nm,‘r

If n,, > —1, then g2 (;1- 4+1) < 0, and §=(;2- +1) < 0. Since gJe, > 0, this implies

x,T TT 771,7

Ot/OX <0 and 9v/0\ > 0.

If 1, , < —1, then g2 (-1 +1) > 52 (-1 +1) > 0. Let be @ = g2(;- +1) and

Y nz,ﬂ' Y nz,r

a= 3” (ﬁ +1). Then,

TT

or/ox>0 ...
{ oyjor<o <o
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dT/OX > 0
0v/OA >0

or/oN<0 . _
{ oyjor>0 W e =a

iﬁQSQ$Cx<5

To conclude the proof notice that ¢9c, = % ]

Proof of Proposition 5. For all v € [0,7], as long as v, and ¢ are thrice differentiable,
Q*(v) is continuous and twice differentiable. Moreover, Qf = uQizh + (1 — p) Qg — b,,
with Q2 = [vz(2*(7y)) — qcz(z?(y)) — 1] for any a € {o, p}. From (15), we can derive
Q2(y) = —(6 = 6(7))ea(2°(v)) <0, and Q& () = (6 — 6(7))cx(2P(7)) > 0. Moreover, 9 < 0 and
ah > 0 since ¢4 = 6, >0, ¢y = =0, < 0, ¢z > 0, and vz — ¢%car < 0 for any a € {o, p} by
assumption. Hence, both Qbz} and Q7x7 are positive.

When y = 0, 4 = pde(aP)ah— (1 — p) dex(2°)28 > 0if u — 0. Moreover, ¢*(5) = ¢°(7) = ¢
implies that when v = 7, Q%(3) = 0 and Qf = —b,(5) < 0. Hence, v = 0 and v = 7 cannot
be corner solutions of the social planner maximization problem, and there exists 4* € (0,7)
satisfying condition Q5(9*) = 0. When p = 0, * = 4. From the implicit function theorem, into

a neighborhood of v =% and p = 0,

0 = (%)) (ca(@P (§))a (xP (%)) + cal@®(9)) 25 (2°(9)))
22, 7

oV [op = n

which is lower than zero iff ¢, (27 (5))25 (2P (%)) < —cz(2°(7))2(2°()), that is always if ¢z, is

positive and small enough. Indeed, c;(2P(%)) < cz(2°(%)) since ¢z > 0 and 2P(§) < z°(%).
Moreover, if the health cost function is not too convex, then the concavity of the consumer’s
utility functions implies |29(v)| > [#%(y)| for any . Indeed, the effectiveness of information

provision of optimistic and pessimistic agents differ for two reasons. On the one hand, for

0~ ce () < Syca(x)
7 vze (2)—q° (V) cze ()] [Vae (x)—qP () caa

any level of sin good consumption x ol since ¢ > ¢P and

Vaz () — ¢°(7) Crz () < Vo () — qP(7)Caz(x) < 0. On the other hand, both |vm(m)6_”§§((%)cm(x)l and

d~ca(x)
[vee (€)—qP (7)Cax (@

j; are increasing in z and x°(y) > aP(7y). If ¢z, is small, the second effect prevails
on the first. As a consequence, pessimistic consumers lower the social planner’s marginal benefit
of information provision and reduce the optimal v. m

Proof of Proposition 6. By Kuhn-Tucker necessary conditions, if (v#*, 7#*) > 0 maximize

Qt (y,7) = B* (y,7) — CTH (v,7) and v** < 7, then the following equations and inequalities
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are satisfied:

(1= )27 (", 71 + Sy (v, 71) = 0 (19)
(1= Q5 (y#, 7#%) + p€y (v, 7#) = 0
with QF (v#, 7#%) = (vx(2%*) — gee(2) — 1 — ArH)ad™ — Az, QF (¥, 777) = (v (2™) —
ax *) (% ax — a5 (v ) e (z47) ax — 1
qCCE(:L‘ ) - 1 - >\7- )CB,Y - b’y)a ':L'n/ - Uw(m“:)—q“(w“*)cm(;r”*)’ :1:7— - 'Uacx(iva*)—qa("/“*)ca;x($a*)7 and

ax

™ = g™ (y#* ) for any a € {o, p}.
Let be Q* (v, 7) = Q (v, 7, ). We will prove the proposition in 3 steps.

Step 1: Q. (v*,7%,0) < 0.
Qryp (v, 77,0) = Q2 (v*,77) = Q7 (7", 77) = Qfzl — XaP (v, 77)) <0,

with Q8 = ((¢?(7*) — @)ea (2P (7%, 7)) + (1 — A)7*). Indeed, Q2 (v*,7%) = 0 by definition of
(v*,7), ¢"(v*) > q by assumption, and % < 0.
Step 2: Quy (v5,75,0) > 0. Let be Q2 = ((¢°(7*) — @)ca(@® (v*,7%)) + (1 — A\)7*) for any
a € {o, p}.
Qo (5, 75,0) = Q8 (v, 77) = Q7 (", 77) =

_ — Q205 (v")ca (2P (7%, 7)) 3 Q205 (v)ea(@® (v*,77))
Vg (2P (V¥ 7)) = @P (V) € (2P (75, 7)) V(@0 (7, 7%)) — @°(7*) Caa(2° (v*, 7%))

which is higher than zero iff

Vg (2P (77,
L (xo (7*7

*)) _qp(ﬁy*)cmx(xp (7*77—*» Cx(xp (7*77'*» QZ;;
) = P ean (@ (7.77)) el (7)) 522 (20)

The left hand side of (20) is lower than 1 since %%qqc”) = (Vpgz — q Coza)Tq — Coz < 0. The

T
T

right hand side of (20) is higher than 1 since ¢, is near to 0 by assumption and then the distance
between ¢, (2P (v*,7%)) and ¢, (z° (v*, 7)) is small. Indeed, if |, (2P (v*,7%)) — cx(z° (v*,77))| <

€, with € > 0 and small enough,

LG _ @)@ (T + AN
g (0= 0(y)eala (v, 7)) — (L= )7
since 2 (1 — A)7* > ((§ — 6(7)) (cz(z° (v, 7%)) — co(aP (v*,7%))), and % is near to 1.

Step 3: ™* < 7" and y** > ~*. The implicit function theorem into a neighborhood of

*

vy=~% 17=7" and u =0 gives:

oYM [op o< Q2,97 — Q2.8 > 0
oTh* [0 o< Q2 Qp Q.07 < 0
from Steps 1 and 2, and because 7, <0, 27, <0 and Q2. < 0. This concludes the proof. m
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