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Abstract

| build a model of two-stage (primary and general) elections in which primary election candidates differ in terms of a privately
observed quality dimension (valence). | show that primary election candidates have the incentive to signal their valence by
means of their policy platform choice. There can be two types of separating equilibria in primary elections: an extremist
equilibrium, in which valent candidates choose more extreme policies than non-valent ones, and a centrist one, in which
valent candidates instead move close to the incumbent from the opposing party. The ideology of primary elections voters is
the main driver of the choice of one versus the other separating strategy. | also study the conditions under which party voters
benefit from primaries, as well as those under which primaries increase the probability for a party of winning the general
election. Finally, | assess the effects of incumbency advantage/disadvantage, explore alternative patterns of valence
observability and extend the model to account for both parties holding primaries.
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1 Introduction

Following the seminal contribution by [Stokes (1963)), many spatial models of elections also
feature a vertical dimension on which politicians can differ, usually referred to as valence.
This concept is used to represent a range of qualities (honesty, integrity and charisma
among others) that are independent of the ideological positioning of a candidate and
are valued by all voters. In an environment with electoral competition along these two
dimensions, what correlation should one expect between the valence of candidates and
their choice of policy platform? At times in which extremism and polarization are seen as
some of the biggest threats to the functioning of democracy, understanding the correlation
between valence and ideology becomes ever more important. The existing empirical
literature has not provided us with a definitive answer: some studies find evidence of
a negative correlation between valence and extremism, but others point in the opposite
directionﬂ. This suggests that different mechanisms could be at play and calls for a theory
capable of reconciling both types of stylized facts.

In order to do this, an institutional element that needs to be included in the picture is
that of primary elections. In many democracies, as a matter of fact, primary elections play
a key role in the selection of candidates and policy platforms. Moreover, primary elections,
and in particular closed primary elections, which only party members can participate in,
have been identified by many observers as one of the drivers of growing polarization in
American politicsﬂ However, also on this issue the empirical literature has left many

questions unsettledﬂ

I'Measuring the valence of political candidates is a difficult task. An often used proxy is political
experience: Burden| (2004) finds that favored candidates are further away from the median voter. He
argues that “in many districts the winning candidate is actually further from the center than the loser, but
manages victory on the basis of non-ideological criteria that overwhelm the modest effects of ideological
proximity”. |Ansolabehere et al.|(2001)) find instead that valent candidates tend to be more moderate.
Stone and Simas| (2010) find significant divergence between candidates: high quality candidates locate
closer to their district’s preferences, but their main result is that challengers who choose policy platforms
further away from their district receive more votes, suggesting that they possess some quality to make up
for their extremism. Relatedly, Fiorina (1974)) brings attention the puzzle of what he calls a flip-flopping
representation, in which extremes are replaced by extremes, especially in competitive districts where the
Downsian forces leading to convergence should be strongest. Evidence in favor of divergence is also
provided by |Erikson and Wright| (1980) and [Erikson and Wright| (1997).

2See for example |[Fiorina et al. (2006) and [Fiorina and Levendusky! (2006).

3Most studies have focused on the case of the United States, to a good extent due to a matter of
data availability: given that primary elections are mandated by law in the US, the only possibility for
an empirical investigation is to exploit the staggered introduction of primaries. Using this exogenous
variation in the introduction of primaries, Hirano et al.| (2010) find little evidence of a positive effect of
primary elections on polarization; |Cintolesi| (2020)) instead finds a negative effect. Other studies have
instead exploited, rather than the variation between primaries and no primaries, the variation within the
system of primary elections, i.e. the so called openness of primaries: McGhee et al.| (2014]) find that the
openness of primary elections has small effects on polarization, whereas |Bullock and Clinton| (2011) and



The model I construct revolves around the interplay of primary elections and the cor-
relation between valence and policy extremism. The equilibrium behavior I characterize
can accommodate both a positive or a negative correlation between valence and ideology
and, relatedly, either a positive or a negative effect of primaries on policy extremism.
A fundamental ingredient of my model concerns the observability of valence: candidates
alone can observe their own valence before the primary election, which only becomes pub-
lic information before the general election. This captures the increasing availability of
information on candidates as the campaign progresses and media scrutiny of candidates
increasesﬂ. Since voters cannot observe valence prior to the primary election, candidates
choose their policy platform not only with the goal of capturing the preference of primary
and general election voters, but also with the aim of building a reputation for valence.
Therefore, primary elections involve signaling: my model is the first one, to the best of
my knowledge, to explore this issue.

In order to credibly signal their valence in a separating equilibrium, candidates need
to deviate from a baseline (first best) party policy platform. This deviation, though, can
be in either direction: candidates can credibly signal valence by being more extreme than
the party baseline or by moving towards (or even past) the center of the policy spectrum,
closer to the positions of voters from the opposing party. The logic behind these two
opposing strategies, however, is the same: a primary candidate can credibly signal valence
by choosing platforms that non-valent candidates cannot afford to run with. The intuition
is simple: choosing an extreme policy platform decreases the probability of winning the
general election against the incumbent for any candidate, but it especially hurts non-
valent candidates, who cannot make up for their policy platform with their valence.
Therefore, choosing an extreme enough policy platform is a credible signal of valence.
Similarly, being too close to the incumbent condemns a non-valent candidate, but not a
valent one, to a certain electoral defeat. Thus, also moving close to the incumbent can
send a credible signal of valence. This captures a realistic feature of political competition,
that is the fact that candidates often build a reputation for valence by proposing policies
that are innovative for the party, be it because of their extremism or because of their
similarity to the policy positions of the opposing party. In the former case, the correlation

between valence and ideological extremism is positive, in the latter it is negative.

Gerber and Morton| (1998) find significant moderating effects of open primaries. Other studies look at
how candidates with different voting records (or policy platforms) fare in primary elections: Brady et al.
(2007) find that moderate primary candidates are more likely to lose primary elections, and similarly
Burden| (2001)) and [Burden| (2004)) show that primary election competitiveness leads candidates to diverge
further from the center.

4In Appendix |§|I show that my results are robust to considering more general patterns of valence
revelation.



If both outcomes are possible, what determines when either is realized? In order
to exist, a separating equilibrium requires high valence, a small prior probability that
primary-candidates are valent, and an incumbent whose policy platform is not too ex-
treme. Concerning the choice between the two possible signaling strategies, the main
driver is the ideology of the primary election median voter: the more extreme the pri-
mary election median voter, the more likely candidates are to signal valence by choosing
extreme platforms. Despite my model not being a model on open versus closed primaries,
this feature of the model supports the view that, other things equal, more closed primary
elections are more likely to select extreme Candidatesﬂ Finally, both the signaling strate-
gies that I describe are more likely to take place when the valence of the incumbent is
high.

My model can also be used to understand under what circumstances party voters
are more likely to benefit from primaries. This is an important question for several
reasons: first, in many democracies, primaries are not mandated by law as in the United
States, but parties can choose whether or not to hold them. Second, even in systems
with mandated primaries such as the United States, there is some institutional flexibility
allowing for changes in the degree of primary openness and the influence of party elites
over the primary election outcome. Finally, the analysis of this paper can help understand
and put into context the historical decision of making primaries mandatory in the United
Stated?

Intuitively, I find that party voters are likely to benefit from primaries when valence
is high (which can also be interpreted as valence having a large weight in voters’ utility
function compared to ideology) and when the fraction of valent politicians is low, such that
primaries generate a bigger improvement in the selection of politicians. This last factor
could depend on party structure, district characteristics, but it can also be interpreted as
a measure of the ability of parties to screen potential candidates. Primary voters are also
more likely to benefit from primaries when incumbents are not too extreme: this can be
interpreted as meaning that primaries are more beneficial in competitive districts rather
than districts in which a party enjoys a strong ideological advantage. In this respect,
my model predicts that while a valence advantage makes primaries more beneficial, an
ideological advantage has the opposite effect. Finally, another interesting implication

of my model is that primaries can benefit voters independently of their ideology, which

5There is empirical evidence of such an effect, see for example |Gerber and Morton| (1998) and Bullock
and Clinton| (2011)), but, as for example McGhee et al. (2014)) and |Casas| (2019) argue, there are also
elements, empirical and theoretical, pointing in the opposite direction. Refer to Footnote 2 for a further
discussion.

6See [Ware (2002) and the discussion in Section @



goes against the prior that primaries disproportionately benefit extreme party voters: if
anything, as I discuss in Section ], there are elements suggesting that moderate electorates
might be more likely to benefit from primaries.

The paper is structured as follows: Section [2] reviews the related literature; Section
presents the model; Section [] solves the model; Section [5] provides a welfare analysis
and a discussion of equilibrium selection in this model; Section [6] contains a discussion of
the institutional implications of the model; Section [7| presents an important extension in
which the valence of the incumbent is free to vary; Section [§| presents a summary of the
results with a particular focus on the connection with the empirical literature; Section
[9 discusses the timing of revelation of valence; Section [I0] concludes. In the Appendix,
as well as all the proofs, I present the extension of the model allowing both parties to
hold primaries. Furthermore, I also relax some important assumptions concerning the

distribution of the median voter and the functional form of voters’ preferences.

2 Related Literature

My paper is mostly related to two streams of theoretical literature: that on electoral
competition with valence and that on primary elections. There are several theoretical
papers on electoral competition with valence. (Groseclose (2001)) and|Aragones and Palfrey
(2002) mainly deal with the question of equilibrium existence: in both these models,
valent candidates choose more moderate policies than non-valent ones.

Adams and Merrill 111} (2008)) constitutes one of the seminal papers in the literature
on spatial elections with primaries. In their model, valence has two components: one is
common knowledge and party-specific, the other is unobservable even for candidates at
the moment of choosing policy-platforms. The possibility of signaling is thus shut down,
unlike in my work. In their model, candidates of parties with a valence advantage always
choose more extreme platformsﬂ whereas my model allows for both positive and negative
correlation between valence and extremism.

Another closely related paper is Hummel (2013)). In his model, valence is common
knowledge and always exactly one of the two primary candidates is valent: therefore, va-
lent primary candidates have all the bargaining power and choose more moderate policies
in primary elections, to be more electable in the general election. My models shows that
introducing competition among valent primary candidates and making valence unobserv-

able to primary voters can reverse his result.

“In their model, primary election voters vote naively, ignoring electability.



Concerning the observability of valence, there are several papers that move away
from the assumption of full observability: in Snyder and Ting (2011), valence can be
revealed by either the primary or the general election campaign, but policy platforms
are fixed, unlike in my model. Also in Kartik and McAfee| (2007)), valence (character) is
unobservable, but only non-valent candidates choose policy platforms strategically, unlike
in my model, creating a positive correlation between valence and extremism. Bernhardt
et al.| (2011)) develop a dynamic model of elections in which, just like in my model, the
valence of incumbents is observable whereas the valence of challengers is not. In their
model, the correlation between valence and extremism is negative for first-term office
holders, but it becomes positive as tenure increases, due to selection through rounds of
elections. |Casas| (2019)) assumes that policy preferences are not observable, but valence is.
In his model, costly endogenous party affiliation leads to a positive correlation between
valence and distance from the party mainstream. Finally, Boleslavsky and Cotton/ (2015)
do not study primaries but in their model the extremeness of the policies chosen by
parties increases with the informativeness of the general election campaign.

Concerning primaries as an institution, [Serraj (2011) considers the incentives for party
elites to hold primaries, consisting in a trade-off between the valence benefits from an
expanded pool of nominees and the costs due to ideological differences with party vot-
erd] The choice of elites on whether to hold primaries is also present in [Slough et al.
(2017), who build a repeated model of elections: in their model, primaries are held when
polarization is high and they are preferred by disadvantaged parties.

A positive correlation between valence and extremism also appears in several models
with endogenous valence (i.e. valence resulting from players’ effort or choices). In Eguia
and Giovannoni (2019), a disadvantaged party can tactically choose an extreme platform
in order to occupy an ideological space for future elections. In Carrillo and Castanheira
(2008), choosing an extreme policy platform acts as a commitment device to invest in
valence; similarly, in [Serral (2010), candidates can invest in valence to make up for their
extreme policy platformﬂ; finally, in Crutzen et al.| (2009), primaries provide an incentive

to candidates to exert effort, with a signaling component common to my model [

8In his model, valence is observable before primary elections and there is no uncertainty over the
location of the general election median voter. |Serra| (2013) considers a noisy selection of politicians
through primaries.

9 A positive correlation between charisma and extremism can also be found in|Serral (2018): candidates
are policy motivated, and therefore charismatic candidates can afford to choose more extreme policy
platforms.

10There are a number of other models of primary elections that for brevity I did not cover in the main
text: |[Owen and Grofman| (2006) study a two-stage spatial model of elections; |Grofman et al. (2019))
consider both closed and open primaries with candidates of potentially different observable valence and
show that primaries benefit the party closer to the general population median; [Takayama/ (2014) presents



3 The Model

Two political parties, L and R (standing for left and right respectively), compete in an
election. Party R enters the election with a pre-established incumbent candidate; the L
party instead selects a candidate through a primary election. Two pre-candidates (I use
this term to distinguish primary election candidates from general election candidates)
take part in the L party primary election]

A policy platform is a point on the real line, [—00,+0oc]. The R party incumbent
candidate is located at » > 0. Voters have single-peaked policy preferences with bliss-
points distributed on the real line. The bliss-point of the general election median voter,
denoted by g, is uniformly distributed on the [—b, b] interva]E. Some voters are party
voters, that is they also vote in the primary election of the L party, the challenging
party. The set of party voters is fixed and I assume that L party voters have bliss-points
weakly to the left of —b, with the median L party voter taking the (deterministic) value
of m < —b. In other words, there is no overlap between the support of primary voters of
the L party and that of the general election median voter. These assumptions simplify

the analysis of voting in the primary election, but they are not necessary for the result

to hold™]

Assumption 1. All primary election voters have bliss-points contained in (—oo, —b].

The utility a voter with bliss point x derives from the implementation of a given

policy-platform [ takes the following additively separable linear form@:
ug(l,0) = —|l — z|4v(0) (1)

where v(f) indicates the valence of the candidate proposing policy [, which depends on

a model with observable valence in which primaries lead to policy moderation; Serral (2015) shows that
policies can converge to the median despite the presence of primaries; Meirowitz (2005) presents a
model in which primaries allow candidates to learn the preferences of voters. Finally, Hummell (2010
and [Agranov| (2016)) focus on the flip-flopping of candidates between primary elections and the general
election, which is not part of my model, since politicians commit to their platform.

HTp Appendixl also consider the case of both parties selecting a candidate through primary elections.

12This assumption allows me to work with closed forms, but it is not what drives the results of the
model. In Appendix [D]I consider a more general distribution function for the general election median
voter and show that results do not qualitatively change.

13In particular, I could allow for an overlap between the set of primary voters and the support of the
general election median voter.

4The choice of a linear policy loss function is due to tractability reasons and is common to most models
of elections with candidates differing in quality, as see for example |Aragones and Palfrey| (2002), [Serra
(2011), Hummel| (2013). In Appendix I show that results are robust using more general functional
forms.



her type § € {A, D} and:

vifd=A

v(0) = (2)

0if0=D
A fraction « of candidates is of type A, standing for advantaged, and the remaining 1 — «
is of type D, i.e. disadvantaged. For now I assume that the party R incumbent has
valence equal to v, = v; this captures the fact that incumbency per se gives candidates
some valence (name recognition, status of insider, campaign funding opportunities) as
well as the fact that non-valent incumbents are often removed by a primary challenge. In
Section [7] I consider the case of an incumbent with general valence level g. T assume that
pre-candidates know their valence level before the primary election, whereas voters can
only observe it before the general election or, as we will see, infer it through candidates
signaling in the primary election. As I show in Section[9] the key insights of the model also
emerge under a more general setup in which, with some probability, valence is revealed
either before the primary election or after the general election[| All candidates are purely
office motivated and risk neutral: using a convenient normalization, their utility is 1 if
they win the general election and zero otherwise.

When voting at the primary election stage, voters are forward-looking: that is to say,
they trade-off their policy preference for each pre-candidate with the probability that
each of them wins the general election. As a result, voting in the primary election is
akin to choosing between lotteries respectively delivering each L party pre-candidate’s
policy platform in case of victory in the general election and the R party policy platform
r in case of defeat. Primary voters vote for the pre-candidate associated with the highest
expected utility. I assume that if indifferent between two candidates, a voter breaks the
tie in favor of the candidate with the higher valence.

The timing of the game is as follows: first, two pre-candidates, labeled by 1 and 2,
are randomly drawn to run for the nomination in the L party. Having observed their
own valence, the two pre-candidates simultaneously announce each their policy platform,
which remains binding throughout the electoral process. Primary election voters observe
the policies of the two primary candidates, update their beliefs on the pre-candidates’
types and cast their vote in the primary election. The winner of the primary becomes

the L party candidate in the general election and runs against the R party incumbent.

15Snyder and Ting| (2011)) take a similar approach, assuming that valence can be revealed with some
probability at each stage of the electoral campaign. In most models of primaries, valence is either known
before primary elections, as in [Hummel| (2013|) and |Casas| (2019), or revealed by the primary election
campaign, as in|Adams and Merrill 111} (2008) and [Serral (2011)); in |Kartik and McAfee| (2007)), valence is
private information and never revealed, and in |Boleslavsky and Cotton| (2015)) it is unknown by everyone
and revealed by the general election campaign.



Before the general election, valence becomes public knowledge. All voters then cast their
vote in the general election, the policy platform of the winner is implemented and payoffs
are realized.

Before proceeding I introduce some more of the notation that will be used through-
out the paper. Denote by [ the policy platform chosen by an L party general election
candidate. Given this policy-platform and type 0 € {A, D}, the L party candidate has a
probability Py(l) of winning the general election. The expected utility a voter with bliss

point x derives from an L party candidate of type # running against incumbent r is thus:

Epufuz(y, (@), 0] = Py(l)ua(l, 0) + [1 — Py(l)]ua(r, v)

where y € {l,r} is the policy platform of the election winner and v(y) her valence. The
expectation is taken with respect to the realization of u, the location of the general
election median voter. In order to make notation lighter, I introduce function W,(l,0)
defined as follows:

Wa(l,0) = Eyluq(y, vy)|L, 0] (3)

When voting in the primary election, however, voters cannot observe pre-candidates’
types. As a result, they form beliefs (/) based on the policy I chosen by a pre-candidate.
As usual in Bayesian games, beliefs follow Bayes rule when possible. With this in mind,
the expected utility from a pre-candidate becomes Ey[W, (1, 0)] = Ey[E,[u.(y, vy)|l, 6]],
that is:

Eg[We(l,0)] = v(D)Ey[ua(y, vy)|l, Al + (1 = v(1)Epfua(y, vy) |1, D] (4)

and therefore when comparing two pre-candidates [; and [y, a primary voter located

at z votes for [; whenever:

Eog, [We(l1,01)] > Eg, [Wo(l2, 62)] (5)

Given the behavior of primary election voters, Eqg, [PP" (11, l2(62))] represents the prob-
ability of winning the primary election for pre-candidate 1 choosing policy-platform [y
against pre-candidate 2, taking expectations over the type of pre-candidate 2 and the
resulting policy l5. Conditionally on winning the primary, the probability of winning the
general election is Py, (1), keeping in mind that valence becomes observable before the
general election. The probability of winning office when choosing policy-platform [; is

therefore:
Eog, [P (11, 12(62))] Po, (1) (6)



The equilibrium concept I use in this paper is Perfect Bayesian Equilibrium (PBE). I
focus on symmetric pure strategy equilibria, where by symmetry I mean that the choices
of a pre-candidate only depend on her type and not on her label as pre-candidate 1 or
pre-candidate 2. The following definitions summarize the structure of the game and the

concept of Perfect Bayesian Equilibrium.

Definition 1. The players are the following: 2 pre-candidates in the L party, indexed by
1 and 2, and a set of L party primary voterﬂ.

The strategy S; of each pre-candidate i € {1,2} is a mapping between their type and
a policy platform on the real line, conditional on all the information which is common

knowledgd™:

A pure strategy of a primary voter with bliss-point x, denoted by B, is a mapping
between the voter’s bliss point and the policy platforms chosen by pre-candidates on one

side and a vote cast for either pre-candidate 1 or 2 on the other side:
BgT X {ll,lg} — {ll,lg}

A pure strategy of a general election voter B, is a mapping between the policy bliss-
point and the platforms and valence levels of candidates on one side and a vote cast for

candidate | or r on the other side:
B, iz x{l,r,u,v.} = {l,r}

Definition 2. A pure strateqy PBE of the primary election game consists of the following

elements:

1. A belief function v(l) = Pr(A|l), which associates to each policy choice of pre-
candidates from the L party a probability of being of the valent type A. Beliefs are

consistent with Bayes rule on the equilibrium path.

2. Given Sy, Ss and beliefs v(-), each primary voter chooses BE™ in order to mazimize

their expected utility . General election voters choose B, in order to maximize
(L)

16The R party incumbent is a passive player and takes no action.

Tncluding the policy platform r and type 6, of the R party incumbent, the distributions of pre-
candidate types, the L party median voter location m, the distribution of the general election median
voter’s bliss point u and the utility functions of all players

10



3. Given BY", B,, v(-) and S_;, each pre-candidate i € {1,2} chooses S; in order to

mazimize expected utility as given by condition @

Clearly, this being a signaling game, there is the issue of multiplicity of equilibria: in
Section [§] I rank equilibria in terms of welfare of primary election voters and show that
only two focal equilibria survive a commonly used selection criterion for signaling games,

the D1 criterion introduced by |Cho and Kreps) (1987)).

4 Results

I start the analysis from the general election in which the party R incumbent candidate
faces the winner of party L primary. The policy platforms of the two candidates are r and
[ respectively; their valence levels v; and v, are publicly observable. Following previous
discussions, v, = v and v; € {0,v}. The outcome of the general electionﬁ depends on the
comparison between the bliss-point of the median voter p and that of the voter indifferent
between the policy platforms proposed by the two candidates, which I denote by z. Notice
that, given the uniform distribution of g, for all z € [=b,b] Pr(u < z) = Z2. Therefore,
z determines the probability FPs(l) of the L party candidate winning the general election

conditional on her type 6.

Lemma 1. Suppose | < r. The indifferent voter z, denoted by zg(l,r) to make explicit
its being a function of I, v and the type 0 of the candidate proposing L, takes the following

location:

—00, if v, > v and v, >1r —1
zo(l,r) = HL;”_”", if max{v,, v} <r—1I (7)
400, if vy > v, and vy >r —1

If an indifferent voter z exists, voters with bliss-point x < z wvote for | and voters with
x > z vote for r. If x = z, voters choose the candidate with the highest valence or miz

with probability 1/2 if both have the same valence. Hence:

0, if zo(l,7) < —b
Py(l) = § 28020 it 2o (1,r) € [b, b] (8)
1, if zo(l,7) > b

18Gee Lemma [5|in |A| for a formal statement.

11



Given the possibility of corner solutions highlighted in Lemma [T} I make the following

assumption:
Assumption 2. The following restrictions hold: i) r < 3b and i) v < b.

Assumption [2] makes sure that the election between the right party candidate at r
and a left party candidate at —b does not lead to certain victory for either of the two
candidates. Moreover, notice that v < b has a natural interpretation: the voters of the L
party always prefer a non valent candidate at —b to a valent one at 0. In other words, L
party voters never vote for the R party incumbent.

The following lemma establishes that absent signaling concerns, all voters with bliss-
point smaller than —b, and hence all L party primary election voters, would choose —b

as the optimal policy platform.

Lemma 2. Fix the probability that a candidate is valent to any value in [0,1]. The policy

platform maximizing condition for voters with bliss-points © < —b is —b.

The fact that the optimal location in the primary does not depend on any parameter
other than b is a consequence of the uniform distribution in combination with linear policy
preferences. However, as I show in Appendix [D] the fact that all sufficiently extreme
voters have the same optimal location for a primary candidate is a general feature of a
model with linear utility.

As a consequence of Lemma [2] suppose that candidates’ valence levels were known.
As long as pre-candidates choose their policy platform without knowing the valence of
their opponent, the outcome of the primary would be —b. The same holds for the case
of fixed beliefs on the valence of candidates.

The next result establishes that the median voter theorem holds also for the primary
election, that is the L party median voter is decisive when comparing two pre-candidates
(with potentially different expected valence) in the primary election. Notice that without
restrictions on the location of primary election voters, it is possible to construct examples
in which a pre-candidate would win the primary election without the support of the

median voter in the party.

Proposition 1. Under Assumption[l], the median voter is always decisive in the primary

12



election. Pre-candidate 1 wins the primary election with the following probability:

(

(l1, 61)] [Win(
(l1,61)] [Win(
PPl 1) = € 1/2,  if By, [Win(l1,01)] = Eg, [Wa(
(l1,61)] [Win(
(1, 61)] [Win(

\

Notice that when the primary election median voter is indifferent between two pre-
candidates, he mixes when the two pre-candidates are of the same type, and always
chooses the valent pre-candidate otherwise. This serves the purpose of guaranteeing that
the sets of equilibria are closed.

Before moving to the analysis of the primary election in the L party, I provide another

preliminary result, which establishes a single crossing property[ig]:

Lemma 3. For any ly > 1y such that Pa(ly) > 0 and Pp(ly) > 0,

The interpretation of the result in Lemma 3| is that moving from platform [; to the
more extreme platform [, the probability of winning the general election for non-valent
pre-candidates decreases proportionally more than for valent pre-candidates. This prop-

erty plays a key role for the existence of extremist separating equilibria.

4.1 Pooling Equilibria

In a pooling equilibrium, pre-candidates of both types choose the same platform, which I
denote by [P°°!. Since pre-candidates are ex-ante identical, each of them wins the primary
election with probability 1/2. In order to minimize the extent of profitable deviations
available to pre-candidates and thus describe, without loss of generalityFE], the set of all
possible pooling equilibria, I fix out of equilibrium beliefs at v(I) = 0 for all [ # [P°°!. The
existence of a pooling equilibrium requires that, for both types # € {D, A} and for all

9Tn Appendix [D] and [E] T show that single crossing continues to hold under non-uniform distributions
of the general election median voter location as well as under non-linear policy preferences.
20See Lemma |§I in Appendix |A| for a formal statement.
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policy platforms [, the following holds:
1
§P9(l”°°l) > PPr(1, 1)) Py (1) 9)

Notice that, by Lemma [, a majority of voters would choose to locate a pooling candidate
at | = —b. As a result, if [P°° is far enough from —b, at some point a majority of voters
starts preferring a non-valent candidate at —b to a pooling candidate at {?*°’. Therefore,
PP (—b, [P*°!) = 1, creating the opportunity for a profitable deviation@. As a result, there

is an interval of pooling equilibria with bounds P and P°* defined as follows:
Eo[Won (1P, 0)] = Eg[Wi (I, 0)] = Wy (=0, D) (10)

The set of existing pooling equilibria is never empty and always contains (P°? = —b.

Proposition 2. Policy platform [P can be part of a pooling equilibrium if and only if,
given beliefs v(-),
]EG[Wm(lpOOlae)] > Wm(_baD) (11)

This defines an interval [[P°*, [P°°!]

of possible pooling equilibria, with lpo"l < —p < [pool,

4.2 Separating Equilibria

I now discuss the existence conditions for separating equilibria. In a pure strategy sepa-
rating equilibrium, valent pre-candidates choose policy 4 whereas non-valent ones choose
policy Ip, so that v(la) = 1 and v(Ip) = 0 constitute on-path belieff?] In order for no
pre-candidate to have a profitable deviation, the following condition must be satisfied for
both types 6 € {A, D} and for all possible deviations I’ € R.

Eo, [P (lg, 12(02))] Pa(lo) = Eg, [P (I, 12(02))] Po(I') (12)

To put more content into condition , the first thing to notice is that in any separating
equilibrium, a valent pre-candidate can never lose the primary election against a non-
valent one, but can only lose in a tie-break with another valent candidate. That is
to say, PP (Ip,la) = 0, PP"(la,lp) = 1 and PP"(la,la) = PP (Ip,lp) = 1/2. This is a

consequence of the single-crossing property derived in Lemma[3] The expected probability

21Tf [pool < —b, it is immediate to see that a profitable deviation exists, since Py(—b) > Pp(IP°°). If
instead [P°°! > —b, we have Py(—b) < Py(IP°°!), making it not automatic for a deviation to be profitable.
However, it turns out that this is always the case. See the proof of Proposition [2[ for details.

22 Analogously to the case of pooling equilibria, in order to describe the whole set of possible separating
equilibria, I fix, without loss of generality, v(I) = 0 for all [ # 1 4.
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for a pre-candidate of each type of winning the primary election can thus be rewritten

B, [P (1, b(0:))] =~ (13)
and
Eo, [P7(Ia a(6))] = 1 = 5 (14)

These properties require that valent pre-candidates are preferred to non-valent ones by a

majority of primary voters, that is:
Win(la, A) = Win(lp, D) (15)

Therefore, a separating equilibrium exists as long as there exist values of [4 satisfying
(15 and conditional on I, = —b. Notice that, concerning condition ([12)), it is enough
to check for deviations from Ip to 4 for types # = D and from [ to lp for 6 = A typeﬂ.

Moreover, thanks to Lemma [2] it can also be established that in any pure strategy
separating equilibrium, non-valent pre-candidates have to choose I[p = —b. Since [p is
associated with the worst possible belief v(Ip) = 0, [p must correspond to the first-best

policy platform —b.
Lemma 4. In any separating equilibrium, [p = —b.

Having pinned down [p, I4 must lie at the intersection of three sets: P4, contains
the points such that condition is satisfied, given Ip = —b; ZCP, contains the points
such that condition is satisfied for § = D and ZC%, contains the points such that
condition is satisfied for § = A. I start from ZC?,. Evaluating for = D and

Ip = —b yields:

P < (16)
where a = ;:—g denotes the ratio between the expected equilibrium probability of winning
the primary elections for a non-valent versus a valent pre-candidate. The set IC’i‘b is
derived similarly, rewriting condition as:

Pa(la)
>a 17
Pa(=b) — {47
Proposition 3. A pair (Ip,l4) can be part of a separating equilibrium as long as lp = —b

and ly € ICI_)b ﬂICfb NP4, which describes the points satisfying , and . If

2 This is because given v(l) = 0 for all [ # 4, any pre-candidate deviating to any policy I’ ¢ {la,lp}
would receive a payoff of zero.
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et n ICflb NP4 =0, no separating equilibrium exists.

Solving condition as equality yields an upper bound on [ 4, smaller than —b, which
I denote as [§. Policy platforms below this point are incentive compatible with respect
to deviations by non-valent pre-candidates. The intuition is that when the probability of
winning the general election with policy-platform /4 becomes sufficiently low compared to
that of winning it with platform —b, non-valent pre-candidates prefer to reveal themselves
as non-valent, win the primary election with a lower probability but be in a better position
to win the general election conditional on winning the primary.

Lemma [3| assures that ZC?, N ZC#, # 0 and in particular 15 € ZC#,. This means
that we can always find a candidate platform [4 which is incentive compatible for both
types. However, there might be no such policy that, even if chosen by a valent pre-
candidate, the median primary voter prefers to a non-valent pre-candidate at —b. This
happens if (4 ¢ P4,. In this case, there is no point to the left of —b in the intersection
zch n IC‘:‘b NP4, and no l4 smaller than —b can be part of a separating equilibrium.,

Suppose that 14 € P4,. Moving further to the left of I, the policy chosen by the
valent pre-candidate becomes increasingly extreme. At some point, either primary voters
start preferring a non-valent candidate at —b, or valent candidates themselves start having
an incentive to choose the policy platform assigned to non-valent pre-candidates. This
defines a lower-bound [ to complete the characterization of the interval [1%,14] of values
that {4 can take.

Let’s now go back to condition and consider policies [ > —b. Following Lemma
[M Pp(l) =0foralll € [r —v,r +v]: anon-valent pre-candidate choosing a platform too
close to the incumbent is bound to lose the election. As a result, all points in [r —v, 7+ ]
satisfy and are hence in ZC? »- All these points are more attractive than —b for valent
pre-candidates, and hence they satisfy and are part of ICﬁ‘b. Concerning , there
is an upper bound [4 at which the median voter would stop supporting a valent pre-
candidate in favor of a non-valent one. This upper bound can be larger or smaller than
r —v. In the former case, the policy-platforms in the interval [r —v,14] are in P4,, in the
latter case no policy in [r — v, + v] is in P4,. To sum up, [r — v,14] identifies another

possible interval of values that [4 can take in a separating equilibrium.

Proposition 4. If a separating equilibrium exists, 14 is in one of the two intervals

[14,14] C (=00, —b) and [19,14], with 14 =1 —v and 1§ < r.

To sum up, there can exist two types of separating equilibria, which differ in terms of

the policy chosen by valent pre-candidates. If I4 € [I4,19], valent pre-candidates signal
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their valence by choosing a more extreme policy than their non-valent counterparts, and
therefore I call these equilibria extremist separating equilibria. If instead I4 € [r —v,14],
valent pre-candidates choose a policy closer to the incumbent, and also closer to the
center of the ideological space: for this reason I call these centrist separating equilibria[ﬂ

As Proposition [3] makes clear, a separating equilibrium, unlike a pooling equilibrium,
is not guaranteed to exist for all parameter combinations. The next corollary explicitly
shows necessary and sufficient conditions for at least one centrist and extremist separating
equilibrium to exist. These conditions are nothing other than the existence conditions
of the centrist equilibrium with {4 = [§ and the extremist with {4 = . As a matter
of fact, if any centrist (respectively extremist) separating equilibrium exists, the centrist
(respectively extremist) at [§ (respectively [§) exists. As we will see in the next section,
these equilibria are also focal in that, together with the pooling equilibrium at —b, they

make up the set of equilibria that can be welfare dominant for primary election voters.

Corollary 1. The set of existing centrist (and respectively extremist) separating equi-
libria is not empty if and only if condition is satisfied at 14 =19 (and at 14 = 19

respectively).

Notice that condition (|15 applied to the centrist separating equilibrium does not
depend on either m or a;, but only on the value of v compared to b and r. The condition
for the existence of extremist separating equilibria, on the other hand, depends also on

a and m. In particular, evaluating at 15 delivers the following condition:

(bt —w)?
v+alb+r—v)

m<r—|l%—m| (18)

which, if m > [, translates in an upper bound on m below which the extremist separating

equilibrium at [§ exists.

5 Welfare, Comparative Statics and Equilibrium Se-

lection

As it has become clear in Section [4], there are many possible equilibrium outcomes, as is
always the case in signaling games. In particular, there is an interval of pooling equilibria
and there are two intervals of possible separating equilibria, extremist and centrist. How-

ever, each of these three intervals contains a focal equilibrium, that I denote as welfare

24Tn the comparative statics paragraph I provide a more detailed description of the meaning of centrist.
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dominant. That is to say, there are parameter combinations for which these equilibria
maximize the utility of primary voters out of all existing pure-strategy equilibria.

The characterization of the welfare dominant equilibria of the game follows directly
from Lemma [2} comparing two pre-candidates with the same probability of being valent,
primary voters prefer the one closer to the first best platform —b. Comparing sepa-
rating equilibria, notice that [p = —b across all separating equilibria (independently of
whether centrist or extremist); in addition to that the probability of selecting a valent
pre-candidate is equal to «(2 — «) in all separating equilibria. Therefore, comparing
the expected utility of any two separating equilibria can be reduced to comparing the
expected utility from the policy platforms [, chosen by valent pre-candidates. Lemma
can be applied to this comparison to conclude that the welfare maximizing extrem-
ist and centrist separating equilibria are respectively that with {4 = (% and that with
[% = r —wv. An analogous reasoning allows to conclude that the welfare maximizing
pooling equilibrium is such that [P* = —b.

It is also important to notice that the pooling equilibrium at [P*° = —b always exists
and, given Corollary [I] the separating equilibria with 14 € {15,15} always exist unless
no separating equilibrium of this kind exists. This means that the welfare dominant

equilibrium of the game is always one of the three focal equilibria I just described.

Proposition 5. For all parameter combinations, the welfare dominant equilibrium for
primary election voters is one of the following three: i) The pooling equilibrium with
[Pool = —b, ii) The extremist separating equilibrium with 14 = 14 defined by and 1i1)

The centrist separating equilibrium with [, =19 =1 — v.

5.1 Comparative Statics

Having identified the welfare dominant equilibria of the game, I now analyze how the
platforms [ and [ depend on the parameters of the model. Let’s start from the extremist
separating equilibrium: keeping in mind that [§ is the value solving condition as

equality, we can use expression to write the expression for [ in a closed form:

G5=-b—(1—-a)(b+r—0) (19)
where a = %:—Z The comparative statics immediately follow from , but the most
effective way to glean intuition is to look at condition , which reads % < a. For

example, the parameter o appears only on the right hand side of : the larger «, the

smaller the ratio a, i.e. the less likely non-valent pre-candidates are to win primaries
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compared to valent pre-candidates. To preserve incentive compatibility, [ moves to
the left. Parameters r, b and v instead enter the ratio on the left hand side of :
an increase in r or b increases the probability of winning the general election with the
extremist policy [ proportionally more than with the non-valent policy —b. Therefore,
incentive compatibility requires a more extreme [§. The effect of an increase in v is the
opposite, given the substitutability between r and v in . As a result, policy [ is less
extreme when valence is highe@.

A similar analysis can be done for the centrist equilibrium: in that case, policy plat-
form (4 = r — v moves to the right as r increases but it moves to the left as v increases
(whereas it is not affected by either b or «). Notice that [I4]|< |I] (strictly unless
v < b+7), hence the notion of centrist equilibrium, but there are situations where {§ > 0
and the centrist equilibrium still existg?]

To sum up, when the extremist separating equilibrium is the outcome of the game, the
valence and extremism of pre-candidates are positively correlated; moreover, a greater
extremism of the incumbent has a polarizing effect on the policy-platforms of valent pre-
candidates of the challenging party; finally, increasing the valence of the incumbent has
a moderating effect. When instead the centrist equilibrium is played, valent candidates
track the policy platform of the incumbent, but their platforms move to the left as the

incumbent becomes more valent.

Proposition 6. The extreme separating equilibrium policy IS mowves to the left whenever:
i) a increases ii) b increases iii) v increases or i) v decreases. The centrist separating

equilibrium policy 1§ moves to the right as r increases and to the left as v increases.

Proposition [6] tells us how the policies chosen in each equilibrium change when the
parameters of the model change. However, changes in the parameters can also cause the
welfare dominant equilibrium to switch kind, either between separating and pooling, or
between extremist separating and centrist separating. Consider the comparison between
the centrist and extremist separating equilibria. Intuitively, the more extreme primary
voters are, the more likely they are to prefer the extremist separating equilibrium. In
particular, since the probability of a valent candidate being elected is the same in both

equilibria, voters with a bliss point to the left of [§ prefer the separating equilibrium which

25Notice that the valence v entering condition is the valence of the incumbent.

26The fact that |I9]< |I4] holds since the following inequality always holds under Assumption 2:
|r —v|< |=b—(1—a)(b+r —v)|. Moreover, without further parameter restrictions, it is possible for
the valent L party pre-candidate in a centrist separating equilibrium to win the general election with
certainty against the incumbent. This happens when % > b. Intuitively, if the incumbent is to the
right of b and valence v is small enough, the centrist pre-candidate can be enough to the right to always

win the general election.
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delivers a more left-wing expected policy, closer to their bliss-points. This is expressed

by the following condition:
Pa(I3)l5 + (1 = Pa(ly))r < Pa(l3)l + (1 = Pa(ly))r (20)

This condition is necessary for a majority of voters to prefer the extremist separating
equilibrium, but it is not sufficient, since the median primary election voter might have
a bliss-point m to the right of I4. Suppose that this is indeed the case, and that condi-
tion is satisfied. Then, the median primary voter prefers the extremist separating

equilibrium if:

_lHl v [Paly)

- 2 2 | Pa(l)
Condition can be interpreted as follows: the first term represents the mid-point

(21)

between the policy-platform of the valent candidate in the centrist versus the extremist
separating equilibrium. The second term, instead, represents the adjustment to take
account for the different probabilities of winning the general election at [§ and [§. The
more likely the centrist candidate is to win the general election compared to the extremist
one, the more the threshold moves to the left.

Notice that, in line with the term extremist, a necessary condition for the extremist
separating equilibrium to be preferred to the centrist separating is, as a consequence of
, that it delivers a more left-wing expected policy-platform.

The following proposition summarizes these facts into a unique condition, that can
be represented as for m <14 and if m > [§.

Proposition 7. A majority of primary election voters prefers the extremist to the centrist

separating equilibrium if and only if:

Pa(l5)
< lC _ le _
ety (PA(lZ)

Proposition [7] is interesting since it suggests that changes in the ideology of primary

1) -1t = (22)

election voters might have large effects on the outcome of primary elections by changing
the way valent pre-candidates signal their valence in primary elections. This feature of
the model might for example echo the change in electoral narrative that has been seen
in recent primary elections in the United States, in which several candidates have, in
an increasingly successful manner, chosen radical platforms instead of more traditional
centrist ones. My model can reconcile this observation with an environment of office

oriented politicians and forward looking primary voters.
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Independently of what type of separating equilibrium voters prefer for some given
parameters, the ranking between pooling and separating equilibria follows the same pat-
tern. As it can be seen in Figures and a separating equilibrium is preferred for
high values of valence v (with respect to b and r) and low values of the share of valent
pre-candidates «. This is connected to the comparative statics described in Proposition
: when r increases, the separating policy platform 4 (be it extremist or centrist) moves
further away from the first-best value —b, making it less appealing. The opposite happens
after an increase in v, which also makes it more valuable to select a valent pre-candidate.
Finally, an increase in a both makes [ more extreme (in case of an extremist separating
equilibrium) and makes a pooling equilibrium more appealing, since the risk of drawing

a bad candidate decreases.

Proposition 8. A separating equilibrium is preferred to the pooling when v is large enough
(given b and r) and « is small enough. For large enough r the pooling equilibrium is

preferred to both separating equilibria.

The ranking between separating and pooling equilibrium is also interesting because it
can be interpreted as a way to compare nomination through primary elections and direct

party nomination, as I will discuss more in depth in Section [6]

Figure 1: Welfare Dominant Equilibria
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5.2 Equilibrium Selection

There are two main sources of equilibrium multiplicity in this game: one is the classical
multiplicity of signaling games, given by the fact that unrestricted beliefs can lead to a
multitude of equilibria. The other has to do with the existence of two different types
of separating equilibrium, often also for the same parameter combinations. Moreover,
whereas primary election voters prefer one or the other type of equilibrium depending
on the circumstances, valent pre-candidates, being purely office motivated, always prefer
the centrist separating to the extremist separating equilibrium. This adds a further level
of complexity.

In order to take care of the first source of equilibrium multiplicity, I apply a well-known
equilibrium selection criterion for signaling games, the D1 criterion introduced by |Cho
and Kreps| (1987)). Restricting off-equilibrium beliefs, this eliminates all pooling equilibria

as well as all separating equilibria other than the two focal ones with i4 € {1%,15}.

Proposition 9. The only pure strategy equilibria surviving the D1 criterion are the ex-
tremist separating equilibrium with [y = 1S and the centrist separating equilibrium with
lga =15. For some parameter values, both separating equilibria exist; in other cases, no

pure strateqy equilibrium survives the D1 criterion.

The D1 criterion, however, cannot take care of the second type of multiplicity: if
anything, by restricting beliefs it gives additional leverage to valent pre-candidates, po-
tentially allowing them to exploit their first mover advantage and achieve the centrist
separating equilibrium even when against the interests of primary voters. Ultimately,
this has to do with competition between valent pre-candidates not being perfect: when
« is low, as a matter of fact, valent pre-candidates are almost monopolists and are thus
not disciplined to choose the outcome preferred by primary voters.

Therefore, as proposition [L10| makes clear, the D1 criterion can fail to select the welfare
dominant equilibrium: this happens either when the welfare dominant equilibrium is
pooling or, in some circumstances, when it is the extremist separating equilibrium. The
intuition is the following: if a majority of primary election voters prefers the centrist
equilibrium, the interests of primary voters and valent pre-candidates are aligned. In
this case, the D1 criterion selects as the unique equilibrium of the game the centrist
separating. When the extremist separating equilibrium is welfare dominant, however,
there is a conflict of interests between primary election voters and valent pre-candidates.
Since under the D1 criterion, for all [ € [r — v,r + v] beliefs are v(I) = 1, an extremist

separating equilibrium exists only if valent pre-candidates have no incentive to deviate
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from policy 14 to policy [, which requires:

2—«
2

Pa(15) > (1 = a)Pa(l) (23)

or that all deviations to policies in [r — v, r + v] yield a zero payoff, which happens if a
majority of voters prefers the non-valent pre-candidate at Ip = —b, that is W, (5, A) <
W (lp, D).

Proposition 10. The D1 criterion selects the welfare dominant equilibrium only if this
is separating. If the welfare dominant equilibrium is the centrist separating (see Propo-
sition @, then D1 selects it. If instead the welfare dominant equilibrium is the extremist
separating, then D1 selects it if either holds or if W, (19, A) < Wi (Ip, D) (in this

case the extremist separating is also the only one selected).

In Figure [2| I present an example to show that the D1 criterion can fail to select
the welfare dominant equilibrium for primary election voters, either because it selects a
separating equilibrium instead of the pooling or because it selects the centrist separating
instead of the extremist separating?’|

Given this issue with equilibrium selection, are there other arguments in favor of
the welfare dominant equilibrium being the outcome of the game, at least when it is
separating? A possible answer is that primary election voters have some power to screen
candidates and determine which policy-platforms valent pre-candidates are allowed to
choose. For example, the support of policies that candidates are allowed to choose could

be restricted by imposing an upper bound@.

2TNotice that if we were instead interested in the welfare of the average general election median voter,
this feature of equilibrium selection would, in most circumstances, be regarded as beneficial.

28Possible screening devices might be party interest groups or activists that need to prepare the ground
and sponsor a candidate’s campaigns to make it visible. Dynamic considerations might also play a role.
A deeper analysis of these issues is beyond the scope of this project.
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Figure 2: Equilibrium Selected by D1 criterion: Extremist Primary Median Voter
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Figure [2| shows, in the (o, v) space, the equilibrium selected by the D1 criterion for parameter values:
m=-5b=2r=1

6 Institutional Analysis

As I anticipated in the previous section, the ranking between separating and pooling
equilibrium can be interpreted more broadly as a ranking between primary elections and
direct party nomination.

In order for the pooling equilibrium at 1?°* = —b to be equivalent to the outcome of
direct party nomination, two things are needed: i) party elites choose —b as the policy
platform under direct party nomination and ii) party elites draw their candidates from the
same pool and cannot (or do not want to) select valent candidates. Notice that as long as
ii) holds, the welfare ranking between separating and pooling equilibrium determines the
smallest set of parameters for which voters prefer primaries to direct party nomination.
Adding policy conflict with party elites, as a matter of fact, just increases the scope for
primaries to benefit voters.

In Appendix |C| I briefly consider the scenario in which both i) and ii) do not hold.
In particular, I focus on a scenario in which nomination by party elites yields the same
selection of valent candidates of a separating equilibrium, but where party elites would
choose their own preferred policy platform.

The equilibrium selection through the D1 criterion introduces a further twist on the
institutional interpretation of the model: comparing Figure and Figure ] we can
see that there are parameter values for which the welfare dominant equilibrium is the

extremist separating, but where the unique equilibrium selected by the D1 criterion is
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the centrist separating. As a result, there are parameter values for which direct party
nomination is preferred in order to achieve the lesser evil, that is the pooling equilibrium

instead of the centrist separating.

Corollary 2. Consider the game with equilibrium selection through the D1 criterion. If,
as per Proposition [§, the welfare dominant equilibrium is the pooling equilibrium, then
direct party nomination is preferred to primaries. If the welfare dominant equilibrium is
the centrist separating, then primaries are preferred to direct nomination. If the welfare

dominant equilibrium is the extremist separating, things can go both ways.

To sum up, my model suggests that primary elections should (up to some further
caveats due to equilibrium selection) be preferred in the circumstances described in Propo-
sition [§] These are the following: when direct selection is unlikely to result in a valent
pre-candidate (low «); when valence is an important dimension for elections (i.e. parties
that do not solely revolve around a specific ideology); when the incumbent’s policy plat-
form is not too extreme. Interestingly, my model does not suggest that primaries can
only benefit parties with relatively extreme voters.

This result suggests that an increased difficulty of identifying valent candidates as well
as an increase in the importance of valence might have led parties to hold primaries. Such
forces seem to have indeed played a relevant role in the introduction of primaries in the
United States at the beginning of the twentieth century. Urbanization and immigration
deeply affected social cleavages, which probably made having valent politicians vital in
order to keep voters together. Moreover, the same social changes mentioned above are
also likely to have broadened the pool of possible politicians, making it harder for party
insiders to judge the quality of candidates. The transition from a society in which most
party voters would personally know candidates to a much more complex and changing
environment is also mentioned by Ware| (2002) in his book on the introduction of primary
elections. Interestingly, Ware (2002) supports the view of primaries being not the result
of a conflict between parties and voters, but the consequence of an evolution of society
that made a renewal of the nomination system necessary for the very interests of parties.

With the due reverse causality caveats, this result also seems to be in line with the
general observation that primaries are used in the United States, a country in which
politics is more personalistic and candidate-centered, with traditionally a larger number
of non-professional politicians entering politics from other sectors and where parties are
considered to be less ideological than for example in Europe, where primaries are much
less used.

Another reason why parties might want to introduce primaries is to increase their
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probability of winning elections thanks to more valent candidates and, in some circum-
stances, electorally competitive centrist policies. The following corollary states the con-

ditions under which that happens in my model.

Corollary 3. When the centrist equilibrium s played, primaries increase the probability
of the left party to win the general election. If the extremist equilibrium s played, on the
other hand, the probability for the left party to win the general election increases if and

only if 3% > 3=

Notice that this discussion is somewhat connected to that on policy conflict done in
Appendix [C} office motivated party bosses might have an incentive to allow for primaries
as a way not to have to directly propose policies that are in their interest but that, being

outside the party mainstream, might attract the criticism of party members.

7 Incumbent Valence

In the baseline model, for simplicity, I assume that the incumbent has the same valence
level v as valent pre-candidates in the L party. In this section I briefly show what happens
when these two parameters are allowed to differ.

In particular, this serves the purpose of answering the question on the role played by
incumbent valence (which can be interpreted as incumbency advantage) for the existence
and welfare properties of separating equilibria, and hence primary elections.

To this end, let ¢ be the valence level of the incumbent and v that of a challenger
of type 8 = A. In terms of policy platforms, the larger is ¢ the more the centrist
and extremist separating equilibrium policies [§ and [% move close to —b. This makes
separating equilibria more attractive. Together with the fact that ¢ also makes the
incumbent less bad in the eyes of L party voters, this suggests that parties facing a
strong incumbent are more likely to resort to the separating equilibria described in my

model.

Proposition 11. Suppose that ¢ < b+ r. Fiz b, r and m and consider the (o, v) space.
The higher is q, the larger the set of parameters under which a separating equilibrium

(centrist or extremist) is preferred to the pooling equilibrium.

Notice that given ¢, a separating equilibrium is more likely for L parties with a valence
advantage over the incumbent (i.e. v > ¢), but at the same time given v a separating
equilibrium is more likely to be preferred for parties with a valence disadvantage (i.e.

g > v). In other words, incumbency advantage alone is not the only determinant of
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whether a separating equilibrium is preferred, but the total level of valence v + ¢ matters,
too. In this respect, a separating equilibrium is preferred to a pooling equilibrium for a

larger set of parameters when the total amount of valence v + ¢ is larger.

8 Summary of Results

I present a model of a party holding primary elections to select the candidate to challenge
an incumbent in a general election. The valence of pre-candidates is private information,
but signaling can take place through the choice of policy platforms. I show that two
types of separating equilibria exist: a centrist separating equilibrium and an extremist
separating equilibrium. In the centrist separating equilibrium, valence and ideological
extremism are substitutes, whereas they are complements in the extremist separating
equilibrium: this result can help reconcile evidence on the correlation between valence
and ideology that points in different directions: my results are compatible both with
the view that candidates far from the political center have more successful election per-
formances, as in [Burden| (2004) or [Stone and Simas| (2010)), and the evidence, provided
for example by |Ansolabehere et al. (2001), that high quality candidates choose more
moderate platforms{j_g].

Moreover, my model predicts that the more extreme primary election voters are, the
more likely it is for the valence and extremism to be positively correlated, as|Brady et al.
(2007) and |Gerber and Morton (1998), among others, sugges‘dg_cl.

The model also predicts that a separating equilibrium dominates the pooling equi-
librium whenever valence is high, when the share of valent pre-candidates is low and
when the incumbent’s platform is not too extreme: this latter fact suggests that separat-
ing strategies are more likely to be seen in parties that do not enjoy a large ideological
advantage.

In Section [7| I show that the higher the valence level of the incumbent, the larger
the set of parameters for which a separating equilibrium is preferred to the pooling
equilibrium. This suggests that pre-candidates aiming to challenge strong incumbents
are more likely to resort to a separating strategy compared to pre-candidates aiming to
challenge weaker incumbents. This is in line with Londregan and Romer| (1993), who
conclude that incumbency advantage and platform polarization are positively correlated.

As T discuss in Section [0}, the preference for a separating over the pooling equilibrium

29For a broader discussion of the empirical literature on valence and ideological positioning, refer to
Footnote 1.
30See Footnote 2 for a discussion of the empirical literature on primaries and extremism.

27



can also be interpreted as preference for the institution of primary elections over direct
party nomination: in this respect, my model suggests that parties are more likely to
resort to primaries when valence is important, valent pre-candidates are scarce and gen-
eral elections are competitive. This confirms the narrative and stylized facts presented
by |Ware (2002). Moreover, [Snyder and Ting (2011) report that competitive primary
elections in the USA are more likely to take place in competitive states rather than in
states dominated by one party, consistent with this result. Looking instead at the vol-
untary introduction of primaries by parties in Latin America, Aragon (2009) finds that
the adoption of primaries is positively correlated with the competitiveness of the political
environment.

Along with providing results that confirm what some of the empirical literature has
concluded on the topics of valence, extremism and primary elections, my analysis will
hopefully also be able to guide future empirical investigations on these issues and con-

tribute to settling some of these long-standing puzzles.

9 Timing of Valence Revelation

The assumption that valence is never observable before the primary election but always
observable before the general election is clearly a modeling simplification. However, this
captures the realistic idea that voters are better able to assess a candidate’s valence closer
to the election, thanks to an increased salience and the accumulation of media scrutiny
of candidateﬂ. With this in mind, in this section I discuss the robustness of the model

with respect to different patterns of observability of the valence of candidates.

9.1 Revelation Before the Primary Election

The first possibility is that valence might already be known before the primary election. In
particular, suppose that, with probability g, the valence of all pre-candidates is revealed
before the primary election vote. To make things interesting, suppose that candidates
choose a policy platform before knowing whether valence is observable or not. The case
£ = 0 is my baseline model, whereas § = 1 is the full information benchmark. Notice
that with full information, Bertrand competition between candidates leads to both types

choosing policy —b, which is optimal from the perspective of a majority of party voters.

31 Along with ample anecdotal evidence of this, Nyhan| (2015) shows that, in presidential elections,
most scandals occur in the few months before the general election. Relatedly (see for example Bernhardt
and Ghosh| (2020)) negative campaigning is much more prominent in general than primary elections, and
also newspaper endorsements often occur shortly before the general election.
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What [ want to argue here is that for 5 not too high, the results of my baseline model
go through. When 3 > 0, the new possible deviation that we have to account for when
considering all equilibria is something that can be called gambling on valence observability.
If 8 is high enough, valent pre-candidates have the possibility of deviating out of an
equilibrium policy with the purpose of winning the primary election when valence becomes
observable. For example, take a centrist separating equilibrium: when [ is sufficiently
high, valent pre-candidates have the incentive to choose a platform slightly to the left if
5. If valence if revealed before the primary, they win the primary election for sure and
suffer only a small loss in terms of general election electability compared to 4. Similarly,
starting from an extremist separating equilibrium, for high £ valent pre-candidates have
two possibly profitable deviations: the first deviation is to the largest platform [ such
that they can still win the primary against a non-valent opponent and then have a much
better chance to win the general election; the second is a deviation to the largest [ such
that they can win the primary for sure subject to valence becoming observable. An
analogous deviation is available from a pooling equilibrium. Moreover, notice that as
increases, the incentive compatibility constraint for non-valent pre-candidates becomes
less demanding, facilitating the existence of a separating equilibrium. The reason is that if
valence becomes observable before the primary election, deviating to the valent platform
{4 results in a certain electoral defeat.

As we can see in Figure [3a compared to the baseline case, with § > 0 an extremist
separating equilibrium exists for some low values of v and «a, due to the improved incentive
compatibility constraint, but it ceases to exist for some high values of v and «, due to

the deviations by valent pre-candidates.

9.2 No Revelation After the Primary Election

The second possibility is that valence might not be exogenously revealed after the primary
election. To this end, suppose that valence is exogenously revealed after the primary
election only with probability n. The baseline model would therefore be n = 1, whereas
if n» = 0 valence is never publicly observable before elections. Having n < 1 clearly
makes incentive compatibility with respect to non-valent candidates more demanding.
The reason is that with probability 1 — n, a deviation by a non-valent pre-candidate
goes undetected (until payoffs are realized after the general election). Therefore, the
centrist separating equilibrium only exists for high values of 1. The extremist separating
equilibrium, instead, turns out to be much more robust as 1 decreases: the policy [

moves to the left to preserve incentive compatibility, and as n goes to zero it converges
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Figure 3: Timing of Valence Revelation
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Figure [3a] shows the parameter values (o, v) such
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to the value at which valent pre-candidates are indifferent between choosing (% and [p.
When n = 0, as a matter of fact, both types of pre-candidates receive the same expected
payoff in equilibrium. As Figure [3b|shows, the extremist separating equilibrium is welfare
dominant for a relatively large set of parameters even with a low value of 7 such as 1/2.
Notice that the extremist separating equilibrium exists even at n = 0 for a quite large set

of parameters, but it is never welfare dominant.

9.3 Different Types of Valence

Finally, another possible hypothesis is that valence is always revealed before elections, yet
primary and general elections require different types of valence which are not perfectly
correlated. This is realistic if we think of valence as the ability to campaign against
a specific incumbent, for example. In this setup, observing that a candidate is valent
before the primary election allows voters to update their beliefs on the probability that
a candidate will be valent in the general election. In light of this, my model can be
interpreted as the subgame of a broader candidate selection procedure, in which two pre-

candidates with high primary election valence compete to become party nominees. In
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this setup, the parameter o would measure the correlation between primary and general
election valence. In this respect, my model suggests that a separating equilibrium is more
likely to occur when « is low, that is to say when the primary and general election race

are different from each other.

10 Conclusion

This paper provides a theory of electoral competition in primary elections, focusing on
an environment in which the valence of primary election candidates is not observable to
voters until after the primary election.

In this setup, I find that office motivated candidates can use their choice of a policy-
platform to signal their valence. Interestingly, this can be done using either a sufficiently
extreme policy platform, or a platform that is close enough to that of the incumbent from
the opposing party. The intuition is that in order to credibly signal valence, a policy-
platform must be not worthwhile for non-valent pre-candidates. This can be achieved
either with an extreme policy, or with a policy sufficiently close to that of the incum-
bent. In general, a party with extreme voters prefers candidates to choose the extremist
separating strategy, and viceversa for parties with moderate voters.

My model can help provide a theoretical explanation of the mixed empirical findings
concerning the divergence of candidates in elections and the effect of primary elections
on policy extremism and polarization. Moreover, my results also speak to the question
of under what circumstances party voters benefit from primary elections: first of all, I
show that primary elections affect the policy platforms of candidates even when there
is no policy conflict between parties and voters; the policy/valence trade-off caused by
signaling leads voters to benefit from primaries when valence is high, the fraction of valent
candidates is low and incumbents are not too extreme. Moreover, signaling is more likely
to take place when the incumbency advantage is large.

In the extensions I show that extremist and centrist separating equilibria can take
place when both parties hold primaries, and that they are also robust to different speci-
fications of the timing of valence revelation.

In future work, the setup developed in this could be used to answer additional ques-
tions: one avenue would be to include other possible ways of signaling valence and study
questions related for example to campaign finance regulation; other possibilities would be
to study the endogenous revelation of information on candidates or a setup with repeated

elections.
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A  Proofs

Lemma 5. The L party candidate, located at | < r, wins the general election if and only
if w,(L,v(0)) > wu(r,v).

Proof of Lemma [l

Proof. In order to prove this, take wu,(l,v(0)) — u,(r,v,). This is a continuous function
of x. Differentiating with respect to x, we see that this function is constant for x < [
and for x > r. For x € [I,r], instead, the derivative is negative. Therefore, there can
only be one indifferent voter in [/, 7], which I denote as z. To show the if result, suppose
wu(l,v(0)) —u,(r,v,) > 0. Since the derivative of u, (I, v(6)) —u,(r, v,) is weakly negative,
then u,(l,v(0)) — u(r,v,) > 0 for all all voters such that z < u, which are a majority.
To show the only if part, proceed by contradiction. If the L party candidate wins the
election but w,(l,v(6)) < u,(r,v.), then for all > u, u,(l,v(0)) < uy(r,v,). However,
this would mean that a majority supports the R candidate, contradicting the fact that
the L party candidate wins the election. O

Proof of Lemma [T

Proof. Suppose that v, > v; and v, —v; > r —[. Then —|z — l|+v; < —|z — r|+v, for all
x. To see this, notice that —|z — {|—(—|z — r|) < r — . Therefore, if v, — v, > r — [ then
—|z —l|4+v, < —|x — r|+v, always holds. Analogously for v; > v, and v; — v, > r — L.
Therefore, all voters prefer the candidate at r (I respectively) and the probability for

the general election candidate at [ of winning the election is 0 (and 1 respectively).

Otherwise, to find z, solve the following equation: —|z — l|+v; = —|z — r|4+wv,, which
yields: z = W Having found z, the probability for the general election candidate
of winning the election is Pr(p < z) = L. O

Proof of Lemma [

Proof. Consider W, (1,0) = Py(l)[uz(l,v(0)) — uz(r,v)] + uz(r,v), with Py(l) > 0, and

differentiate with respect to [. First, notice that:

ap(l) 1

ol 4b

Concerning u,(l,v(0)) — u,(r,v), this can be rewritten as r — [ + v(f) — v for = <[ and

as 7+ [ —2x +v(0) — v for x € (I,r). Therefore, the derivative is —1 for x < and 1 for
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x € (I,7). Putting this together, for x < we have:

oW, (1,0) 1 204+1+r+v@)—v = 20421
T—Zb(T—Z—F’U(Q)—U)— 1 = — 1
which yields [ = —b. Notice that this does not depend on the valence of candidates,

therefore the solution is the same when maximizing [Ey[W,. (I, 0)]. Therefore, for all voters
such that x < —b (i.e. all primary election voters), the optimal platform for a primary
election candidate, fixing beliefs v(l) to a constant, is —b. Notice that the second order

condition is negative, so the point found is a maximum. O
Proof of Proposition

Proof. 1T want to show that Assumption [1|is enough to guarantee that the median voter
theorem holds for the primary election. First of all, notice that the difference in expected
utility from two primary election pre-candidates, represented by condition [f], is continuous

in the bliss point of a voter x. Its derivative with respect to = reads:

0 [Eg, Wa(ly, 01)] — Eo, [Wa(lo, 62)]]
ox

(24)

I want to first show that this derivative can change sign. Consider a comparison between
two pre-candidates [; and [y, with I; < [y < r. There are four types of voters to take
into account. For voters such that = < [y, the difference in expected utility from the
two candidates is constant: therefore, they either all prefer one, or the other, or they
are all indifferent. The same holds for voters to the right or r. Concerning voters in
(I1,15] and voters in (I3, 7], condition is negative for the former, whereas it can be
either negative or positive for the latter. In order to see that the difference in expected
utility can be positive for voters in (lz, ]|, notice that for these voters, condition ([24)
can be rewritten, for the case in which the valence of both pre-candidates is known (the

argument is unvaried if the valences of pre-candidates are unknown):
P, (L) (r + 1y +v(01) = vr) = By, (l2)(r 4 l2 + 0(02) — vp) = 22[Py, (I) — P, (I2)]  (25)

This is strictly increasing in z if and only if Pp,(la) — Py, (l1) > 0. As a result, it is
possible for condition to be positive for voters in both tails and negative for those
in the middle, so that the median voter theorem would not hold. If the median voter
theorem does not hold, then there exists a voter in zy € (l2, 7] who is indifferent between

the two pre-candidates. Therefore, in order to show that under Assumption 1 the median
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voter theorem always holds, I want to rule out that voter x5 can be a voter in the primary
election. First of all, notice that x5 has to be a voter preferring r to Iy in the general
election. Moreover, notice that xo exists if and only if Py, (l2) > Py (l1). Therefore,
x9 > —b, otherwise Py, (ls) = 0. This is clearly a sufficient condition, since I did not say

anything about the existence of xy. O]

Proof of Lemma Bl

2r4bth to—vr
2r+b+lo+v—v,

Differentiating with respect to v yields: m > (, delivering the result. O]

Proof. To prove this Lemma it is enough to show that is increasing in v.

Lemma 6. Consider an equilibrium where a set of policy platforms Loss is off the
equilibrium path. If an equilibrium ezists under some off-equilibrium beliefs v(l,zr) for

logr € Logy, then it exists under v(l,pp) = 0.
Proof of Lemma [6l

Proof. Suppose that this was not the case. This would imply that there exists an equilib-
rium which, changing off-equilibrium beliefs from v(l,7s) to 0, does not survive. However,
this is impossible, since any deviation becomes less profitable by decreasing beliefs from
v(losr) to 0. The reason is that E,u,, \Winlloss,01;;) = Winllogs, D), and strictly if
v(lorr) > 0. Therefore, if all deviations to off-equilibrium policies were not profitable
under v(l,sf), they are also not profitable under v(l,sr) = 0. Hence, an equilibrium that

exists under v(l,rr) will also exist under v(l,rr) = 0. O
Proof of Lemma [

Proof. Suppose we have a separating equilibrium in which l'D # —b. By Lemma 7
compared to a non-valent pre-candidate at I, # —b, a majority of primary voters prefers a
non-valent pre-candidate at —b. Deviating away from ZID therefore results in a probability
of winning the primary election of at least 1 — a. Such a deviation is profitable as long

as:
l—a2b+r+1l;—v 2b+7r—b—w

2 b <=0 b

which can be rearranged to:

l/D<r—v

Notice that Ip can never be in [r — v, r +v], since a non-valent pre-candidate would never
win the general election. Moreover, [p can also never be to the right of » + v, since in

that case a deviation to any platform closer r» + v would be profitable. O
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Proof of Proposition

Proof. For the if part, suppose that condition (11]) is satisfied at platform (P*°’. Then,
Prr(—b,[P°') = (0. Therefore, a pre-candidate deviating to —b would have a payoff of 0.
Since by Lemma 2] we have that for all / and z < —b, W, (I, D) < W,(=b, D), deviating to
any other policy platform delivers a zero payoff. Therefore, condition @ is satisfied and
[P°°! can be part of a pooling equilibrium. For the only if part, I proceed by contradiction.
Suppose that in a candidate pooling equilibrium, condition (11} is not satisfied. Then,
PPr(—b,P°') = 1. 1 want to show that in this case, condition @D is not satisfied, and

Py(=b) 1

Py(irooly = 2
for at least one type 6 € {A, D}. I check it for # = A. Using Lemma [l| to write the

expressions for Py(-) and solving yields [P°" < r. Therefore, for any (P> < r, if does
not hold, then @D does not hold and pre-candidates have a profitable deviation to —b.
Moreover, for all [ > r, condition (11]) is not satisfied, since W,(1,0) < 0 for all [ > r,
neither is condition (9), since Py(l) < % for all [ > r, whereas Pa(—b) > 1.

Finally, to see that condition defines an interval [IP, [P*°!] it is enough to solve

therefore there exists a profitable deviation. Condition @ is violated if:

it as equality using the expressions in Lemma [I} O
Proof of Proposition

Proof. By Lemmal[d] {p = —b. Following Definition [2] of a Perfect Bayesian Equilibrium,
it must be the case that, given the behavior of primary and general election voters, no
pre-candidate has a profitable deviation.

I start by showing that condition is necessary for an equilibrium. Suppose
we have a separating equilibrium with (Ip,l4) in which is not satisfied. Then,
Eq, [PP"(Ip,12(02))] = 1 — 15% = £, This makes a deviation by a valent pre-candidate
to [p = —b profitable as long as:

1+«

%PA(ZA) < Pa(~b) (26)
This can be solved to yield: 14 < bfT” — b, where bTTT — b > r. Therefore, for all 4 < 7,
in a separating equilibrium condition has to be satisfied. Finally, notice that we
cannot have [ > r in a separating equilibrium, since valent pre-candidates would have a
profitable deviation to —b. To see this, notice that the probability of winning the general
election with any policy | > r is at most 1/2, whereas the probability of winning the

general election at —b is at least 1/4. Therefore:




which is always satisfied. Therefore, in a separating equilibrium:

11—«

Eq, [P (Ip, 12(02))] = 5

and . )
— —
Eg, [P (Ip,12(62))] = 1 — 5 =g

which are used in expressions and to get a = 5:—3

I now consider condition (6. I first show that it is a necessary condition for a

separating equilibrium to exist. Suppose it is violated: then non-valent pre-candidates
have a profitable deviation to platform [4, contradicting the definition of separating
equilibrium. To show instead that is sufficient for non-valent pre-candidates to have
no profitable deviation, notice that since v(l) = 0 for all [ # l4, deviating to any policy
platform other than [4 gives a pre-candidate a zero payoff, since for all [ ¢ {l4,Ip},
W(=b,D) > W, (l, D).

Similarly, if is violated, then valent pre-candidates have a profitable deviation to
platform [p, again contradicting the definition of a separating equilibrium. To show that
(17) is sufficient to prevent deviations by valent pre-candidates, notice that deviating to
any point other than —b would deliver a payoff of zero, since W,,,(=b, D) > W,,,(l, D) for
all [ # —b.

To sum up, given that by definition of separating equilibrium voters and pre-candidates
need to have no profitable deviations, conditions , and have to be satisfied.
By definition, as explained in the text, this means that I, € ZC?, N IC%, N P4,. O

Proof of Proposition [4]

Proof. Condition is satisfied for platforms such that [ <[4, where [ solves condition
as equality, and platforms such that [ € [r — v, + v], since by Lemma [1} Pp(l) =0
for I € [r — v,r + v], hence is satisfied.

Consider first platforms [ < 5. First, notice that 19 < —b. By Lemma [ 4 also
satisfies . Solving condition as equality yields a platform [, and solving condition
as equality gives two solutions, the smaller of which is I'y. Finally, max{l'y,l%} = L4.
If 1, <14, there exists an interval of separating equilibria with 14 € [14,14]. If instead
L, > 14, instead, no separating equilibrium exists with [, <.

Consider now policies | € [r — v, + v]. Denote by {4 = r —v. All these policy-
platforms also satisfy (17)), since Pa(l) > P4(—b) for all [ € [r — v,r + v]. Finally, denote
by 4 the largest of the two solutions to condition (5). It IS < 14, then no platform in
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[r — v, 7 +v] is in P4, hence no separating equilibrium with 4 € [r — v, r + v] exists. If

instead 14 > 14, policy platforms [I4,14] can be part of a separating equilibrium. O
Proof of Corollary

Proof. Suppose condition (15]) is satisfied at [§. By definition, [ satisfies condition (|16)).
Following Lemma |3 condition is satisfied, too. From Proposition , a separating
equilibrium with [, = [ exists. For the only if part, suppose that condition is not
satisfied at 4. Since all other values of [4 satisfying condition are smaller than [9,
so for these values of 14, W, (la, A) < Wp,(1%,A) and therefore they also fail to satisfy
condition . Following Proposition , no extremist separating equilibrium exists.

I now consider centrist separating equilibria. Suppose condition is satisfied at
. Since [§ > —b, is satisfied. Given that clearly condition is also satisfied at
[, we can conclude that a centrist separating equilibrium exists. For the only if part,
suppose that is not satisfied at (4. Then all other candidate l4 in (r — v, r 4 v] fail
to satisfy (19]), given that W, (L4, A) < Wp,(1%, A). Following Proposition [3| no cenrtrist

equilibrium exists. O
Proof of Proposition

Proof. This proposition is a direct corollary of Lemma [2 Take the pooling equilibrium.
Since for all (P!, v(IP°!) = «, Lemma [2] tells us that the optimal pooling candidate for
all party voters is located at —b. Similarly, for the separating equilibria, the expected

utility from a separating equilibrium can be written as:
a2 — a)Wo(la, A) + (1 — a)*W,(Ip, D) (27)

Since [p = —b in all separating equilibria and the probability of selecting a valent pre-
candidate is constant at a(2—«) across all separating equilibria, comparing two separating
equilibria with 14 and [, reduces to comparing W, (l4, A) and W,(';, A). Since v(l4) =
v(l;) = 1 for all feasible values of 4 and Iy, Lemma[2]applies. Hence, among all extremist
separating equilibria, with [, € [l,, 4], the welfare maximizing is that at [ since it is
closest to —b. Similarly, among all centrist separating equilibria, with 14 € [15,14], the

welfare maximizing is the one with {4 = 19. O
Proof of Proposition [f]

Proof. For the centrist separating equilibrium, the results follows immediately from [ =
r —v. For the extremist separating equilibrium, it follows from expression . Notice

that since a = ;—O‘, g—“ < 0. O
—Q (0%
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Proof of Proposition [7]

Proof. A majority of primary election voters prefers the extremist to the centrist sepa-

rating equilibrium if and only if
a(2 — )W, (15, A) + (1 — a)* Wy (Ip, D) < a2 — a)W,, (1) + (1 — a)*W,,(Ip, D)

which yields:
Win(l3, A) < Wi (I3, A).

The latter condition can be rewritten as:

Pa(5)[r —m — (5 —m)] < Pa(ly)[r —m — |I5 —m]] (28)

If holds for some values of m > [%, then it holds for all m < [%, and if it does not
hold for any m > [, then it does not hold for any m < r. Hence, consider m >[4 and
rewrite ([28) as:

(29)
which is indeed condition ([21). ]
Proof of Proposition

Proof. The following conditions represent the welfare comparisons between equilibria:
first of all, condition determines the set of parameters such that the centrist equi-
librium is preferred to the extremist separating. Concerning the comparison between the

centrist separating and the pooling, the condition reads:

02— ) Palls)lr —m— (15 — m)) + (1= )P Po(=B)(r +b—v)  (30)
> aPa(=b)(r+b)+ (1 —a)Pp(=b)(r+b—v)

whereas the condition comparing the extremist separating equilibrium and the pooling

reads:

a(2 = a)Pa(l)[r —m — |15 —m| (31)
+ (1 —a)?*Pp(=b)(r +b—v) > aPa(=b)(r +b) + (1 — a)Pp(—=b)(r + b —v)

where P4(15) = min {242=2 1} and P4(l9) = albin) t0-a - golving conditions and

4b
for v, r or b yields bounds above which (in the case of v) or below which (in the case
of r and b) every separating equilibrium is preferred to the pooling. O
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Definition 3. In order to apply to my game the D1 criterion introduced by |(Cho and
Kreps (1987), I compare how different types profit after a deviation for all possible mized
responses by primary election voters. In my setup, this means, for a given deviation
from the equilibrium path, to look for the type that would profit from a deviation under a
lower probability of winning the primary election. The minimum probability of winning
the primary election that makes a deviation profitable is defined as follows. For any
equilibrium policy platform 1*, a deviation to l' is profitable for a pre-candidate of type 0
if the probability of winning the primary election is at least wo(l',1*) defined by:

mo(l', 1) Py (l') > g, [P (1", 12(62))] Py (1) (32)

Following a deviation from I* to somel’, voters assign probability 1 to the type 0 associated

to the minimum mo(l',1*).
Proof of Proposition [J]

Proof. First, I show that the D1 criterion, as per Definition (3| destroys all pooling equi-
libria. To do this, notice that, when deviating out of a pooling equilibrium, my(l’, 1*) is
denoted by: z
(I, 17" = %—P;(;Z,) :

From Lemma [3| it follows immediately that, for any I’ < [P 7,(I',1P°°) < 7p (I, 1P°).
Therefore, any deviation to I’ < [P°°! would be interpreted as coming from a valent type.
Given that P4(P°!) > 0 and it is continuous in [, deviating to I’ sufficiently close to [P is
profitable and would allow the deviating pre-candidate to win the primary election with
probability 1. As a result, no pooling equilibrium is consistent with the D1 criterion.

Second, I show that all separating equilibria of the centrist type except for that at [§
are eliminated by the D1 criterion. Since Pp(l) = 0 for all [ € [r — v,r + v], a deviation
to such platforms can never be profitable for a low type. As a result, v(l) = 1 for all
[ € [r—wv,r+v]. Suppose that a centrist separating equilibrium was played, in which
la=1>r—o. Any valent pre-candidate deviating to some I" < [ would win the primary
elections with probability one, since W, (I, A) > W,,(I, A) > W,,,(—=b, D). Moreover, for
I’ close enough to [, such a deviation is profitable to a valent pre-candidate, by continuity
of Pa(l). Therefore, all centrist separating equilibria with {4 > [ are destroyed under
the D1 criterion.

Finally, I analyze the case of extremist separating equilibria. I want to show that

under the D1 criterion, all such separating equilibria except for the one with {4 = [, are
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ruled out. Suppose that an extremist separating equilibrium with [, = [ < [ is played.
Following the D1 criterion, there is a set of I’ such that v(I') = 1. In particular, following
Definition [3] this set includes policies " such that:

(33)

Notice that, for any [ < [5, a deviation to I’ = [ satisfies condition . This means
that any separating equilibrium with {4, = [ < [5 cannot survive the refinement applied

by D1. Finally, notice that if 4 = (%, no such deviation exists, since:

), Dol (34)

In order to see that condition holds for all r —v > 1" > [, notice that is satisfied
with equality for I’ = [ and that the left hand side of is increasing in [”: the result
hence follows. This means that the only potentially profitable deviations are those to
platforms in [r — v, 7 4 v], which I consider in proposition .

O

Proof of Proposition

Proof. 1f the welfare dominant equilibrium is pooling, it cannot be the outcome of the
game refined with the D1 criterion. Following Proposition [9] as a matter of fact, all
pooling equilibria are destroyed by D1.

Let’s now consider the centrist equilibrium. Notice that following the D1 criterion,
v(l) = 1 for all platforms [ € [r — v,r 4+ v], independently of the equilibrium played.
Therefore, v(r —v) = 1. Suppose the centrist separating equilibrium is welfare dominant.
I want to show that no profitable deviation to other policy-platforms exists. Following
the D1 criterion, there is an upper bound !’y such that for [ <4, v(l) = 1. However,

'y <15. To see this, notice that:

a= > a - (35)

Given that the centrist separating equilibrium is welfare dominant, however, a pre-
candidate deviating to [p; would win the primary election at most with probability (1—a).
However, valent pre-candidates do not find this deviation profitable; given ([16]), neither
do non-valent pre-candidates. Concerning other possible deviations to policies with be-

liefs restricted by the D1 criterion, notice that deviating to a policy [ € (r — v,r + v]
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gives a payoff of zero. Finally, deviating to [p is not profitable following condition (17
and deviating to all policies with unrestricted beliefs is not profitable appropriately fixing
beliefs, for example at 0. Hence, the centrist separating equilibrium always exists when
it is welfare dominant.

I now want to show that the extremist separating equilibrium does not exist if the
centrist separating is welfare dominant. If the extremist separating equilibrium is played,
a candidate deviating to » — v would win the primary with probability one, since the
centrist separating equilibrium is welfare dominant. This deviation is profitable for valent
pre-candidates, since [ > [§. Hence, an extremist separating equilibrium cannot exist.

Finally, let’s look at the case in which the extremist separating equilibrium at [
is the welfare dominant equilibrium. Notice that under the D1 criterion, v(l) = 1 for
l € [r—wv,r+v]. If condition is satisfied,

2—«

Pa(l5) > (1 — a)Pa(l5) (36)

and therefore a deviation to policy 15 defined in Proposition [4]is not profitable for a valent
pre-candidate starting from the separating equilibrium at [§. If however, condition is
not satisfied, then a profitable deviation to [ exists under the D1 criterion the extremist
separating equilibrium at (% does not exist despite being welfare dominant. Suppose that
(23) is satisfied: is the extremist separating equilibrium at (4 the unique equilibrium
selected by the D1 criterion? This requires the centrist separating equilibrium at [ not
to exist: the most profitable possible deviation out of it is to I;, which is defined by the

following condition:
Pp(ly) _  Pollp)
Pa(ly)  Pa(ly)

Condition states that at point 'y low types benefit from a deviation out of —b for the

(37)

same set of mixed best replies as high types deviating out of 5. Therefore, for all points
[ <14, v(l) =1 when a centrist separating equilibrium is being played. A deviation out
of [§ to Iy is profitable if and only if:

2 —
Pl > 2= ¢

Pa(l3). (38)

[l
Proof of Proposition

Proof. This result follows directly from Proposition [L0| and the equivalence between the

pooling equilibrium and direct nomination by party elites. When the pooling equilibrium
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is welfare dominant, direct party nomination is preferred, since the pooling equilibrium
does not survive the D1 criterion. Concerning the second point, this also follows directly
from Proposition the D1 criterion always selects the centrist equilibrium when it is
welfare dominant, and hence preferred to the pooling equilibrium/direct party nomina-
tion. Finally, concerning the third point, again following Proposition [10} it can be the
case that the centrist separating equilibrium is selected by the D1 criterion, despite the
extremist separating equilibrium being welfare dominant. When this happens, if the pool-
ing equilibrium gives a majority of voters a higher welfare than the centrist equilibrium,

then direct nomination is preferred to primaries. O
Proof of Proposition

Proof. The probability for the L party candidate of winning the general election under

the pooling equilibrium is:
aPs(=b) + (1 — a)Pp(—0b) (39)

whereas the probability of winning the general election under the centrist separating
equilbrium is:

(2 — a)Py(19) + (1 — a)*Pp(—b) (40)

and finally under the extremist separating equilibrium:
a2 — a)Py(19) + (1 — a)*Pp(—b) (41)

Notice that P4(15) > Pa(—b) > P4(l%). Therefore, the probability of winning the general
election under the centrist separating equilibrium, expressed by , is unambiguously
higher than under the extremist separating expressed by or the pooling, expressed by
. Concerning the comparison between extremist separating and pooling, subtracting

from yields the condition:

v

(42)

SH
+
=
)
|
e

m
Proof of Proposition
Proof. First of all, notice that in the model with ¢ and v, [§{ = r —q and {9 = —b —

(1—a)(b+7r—q). The difference in expected utility between the centrist and the pooling
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equilibrium is:

a(2 = a)Pa(l9)[r — 15 +v — g + (1 — )’ Pp(=0)(r + b — q) (43)
> aPy(=b)(r+b+v—q)+ (1—a)Pp(=b)(r+b—q)

whereas the condition comparing the extremist separating equilibrium and the pooling

reads:

(2 = a)Pa(I3)[r —m — [l — m|+v — ¢ (44)
+(1—=a)*Pp(=b)(r+b—q) > aPs(=b)(r+b+v—q)+ (1 —a)Pp(=b)(r+b—q)

Notice that for a given r, b and m, the locus of indifference between the separating and the
pooling equilibrium in the («, v) space is given by either or holding as equalities.
Solving these two conditions for v it can be seen that the solution is decreasing in ¢ for
any 7, b and m. This means that the set of parameters for which a separating equilibrium

is preferred to the pooling becomes larger as ¢ increases. O]
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B Double Primary

In this section I consider an environment in which both parties simultaneously hold
primary elections to select their candidates. For simplicity, I model the R party as
perfectly symmetric with respect to the L party: the probability of drawing a valent
candidate is « for both parties; the primary median voters are located at my < —b for
the L party and mr = —my > b for the R party. I still assume that v < b.

From the point of view of each party, the only difference with respect to the single
primary environment is that the policy platform and valence of the opposing party’s
candidate are uncertain. Therefore, the results of Proposition 1, Lemma [2] and Lemma [3]
still hold in this new setup.

In the analysis of the double primary game I focus on symmetric equilibria, that is
equilibria in which the the strategies chosen by pre-candidates and voters in equilibrium
are invariant to flipping the labels of the two parties. When considering symmetric
equilibria in the double primary game, it is useful to have a way to rank equilibria in
terms of expected utility they provide to primary election voters in each party. The
result is that all voters weakly prefer symmetric equilibria in which candidates are less
polarized. Moreover, a crucial variable which positively affects the expected utility from
an equilibrium is the probability of electing the valent candidate when a valent candidate
faces a non-valent candidate in the general election. As we will see, this implies that
centrist separating equilibria are preferred to extremist separating equilibria by all voters,
because in a centrist equilibrium a valent candidate, being closer to the center, has a policy
advantage on top of the valence advantage when running against a non-valent one in the

general election.

Lemma 7. Consider a symmetric equilibrium with [, = —r4 and lp = —rp and denote
by oo g the probability that candidates of two types 6 and 0" face each other in the general
election. Denote by ¢ the probability that a valent candidate wins the general election
when facing a non-valent candidate from the opposing party. The expected utility from

such a symmetric equilibrium, for a voter located at x, is:
oaalmin{ls, x}+v]+op p min{ip, x}+204 p[¢p min{la, 2} +(1—¢) min{ip, x}+¢v] (45)

Lemma/[7] has some important consequences: first, when comparing symmetric pooling
equilibria, with [, = Ip = [P, for a given ¢, the closer [P is to zero the weakly higher
is the expected utility for all voters. The same holds for separating equilibria: fixing [p =

—b, the closer to zero [4 the weakly higher expected utility: therefore, centrist equilibria
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are preferred to extremist equilibria. Moreover, notice that 7 is also an equilibrium
object, since it denotes the probability of electing a valent candidate in a general election
between a valent and a non-valent candidate. This provides another reason to prefer
centrist to extremist equilibria. In a centrist equilibrium, as opposed to an extremist one,
valent candidates have a policy advantage on top of the valence advantage. The same
reasoning can be applied to pooling equilibria: in terms of policy, pooling equilibria with

[P°°l closer to zero deliver a weakly higher expected utility. In terms of ¢, for all pooling

2b+v
4b

equilibria with [P° < —v/2 the value of ¢ is constant and equal to whereas for
[Pool > —v /2 it takes the value of 1, since 7P°! — [P°°! < v, making these pooling equilibria
preferred from the welfare point of view.

I now discuss the symmetric pooling and separating equilibria of the game. Just like
in the single-primary game, there is an interval of pooling equilibria. Whereas the welfare
dominant ones for primary election voters are those with 7 = 1, i.e. with [P > —v /2
these pooling equilibria need not exist (whereas for example the pooling equilibrium at
[P0l = —p exists for all parameters). Moreover, the pooling equilibrium that maximizes
the welfare of primary election voters fixing what the opposing party does is the one at
—b, following Lemma 2]

A similar argument holds for the centrist separating equilibrium. Whereas the best
one in terms of welfare is that where valent pre-candidates locate at [, = r4 = 0, the
v

C J—
and rg, = 3.

one existing for a the largest set of parameters is that in which 5, = — 5

v
2
This is the centrist separating equilibrium I focus on in the analysis, since in any case
any centrist separating equilibrium dominates any extremist separating equilibrium in
the double primary game.

Finally, concerning extremist separating equilibria, there is a continuum of extremist
separating equilibria, among which the one delivering the highest expected utility to
voters (primary and general election voters alike) is the one with the least polarized
policies, following Lemma m Just like in the single primary game, [, = —b (and by

symmetry 7p = b) and [4 = [, defined as:

(1-a) !

o =—-b— ————[20— =—b— 2b — (2 — 4
dp 1 — (1 . CL)O'[ UU] (1 . Oé)(? _ OZ)[ Oé( Cl{)l)] ( 6)
—A
and 74 = rg, = —lg, analogously defined, where 0 = «(2 — ) denotes the probability

that the primary of each party selects a valent candidate. Notice that since v < b and

o <1, 20— ov >0, which guarantees that rg, > b and [§, < —b.
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Proposition 12. There is an interval of possible symmetric pooling equilibria with [P €
[LPOOZ, [P°!]. The double primary game also has an interval of possible symmetric centrist
separating equilibria in which valent pre-candidates choose platforms g, € [—v/2,0] and
TG, = —lg, and non-valent pre-candidates choose platforms lp = —b and lp = b respec-
tively. The double primary game also has an interval of possible symmetric extremaist

separating equilibria with Ip = —b = —rp = b and 4 € [I5,,l3,] and 14 = —l4.

Unlike in the single primary game, in the symmetric double primary game all voters
prefer a centrist separating equilibrium, when it exists, to the welfare maximizing ex-
tremist separating equilibrium: the intuition has to do with ¢ defined in Lemmal[7} in a
centrist equilibrium, a valent candidate is more likely to be elected against a non-valent
candidate from the opposing party. Moreover, any centrist equilibrium also dominates,
in terms of welfare, any pooling equilibrium. Concerning the ranking between pooling
and extremist separating equilibria, in the analysis I compare the welfare maximizing
extremist equilibrium, with [4 = I3, to the pooling at —b as reference point, not least
because it exists for all parameter values.

In Figure [T display the set of parameters for which a centrist separating equilibrium
exists (the set coincides with the parameters for which the centrist separating equilibrium
with [4 = —v/2 exists) and thus is welfare dominant, and the parameter values for which
the welfare maximizing extremist separating equilibrium dominates the pooling at —b.
In the areas without filling, the pooling at [P* = —b dominates the welfare maximizing
separating equilibrium.

Unlike in the single primary case, in the double primary game the symmetric centrist
equilibrium exists only under a restricted set of parameters: this has to do with the in-
centive compatibility constraint for non-valent pre-candidates. Notice that the extremist
separating equilibrium is preferred when v is high (relative to b) and « is small, whereas
some centrist equilibrium exists and is welfare dominant for high v (relative to b) and
large o. Notice that for low values of v, separating equilibria do not exist, similar to what
happens in the single primary baseline. However, in the double primary game there are
intermediate values of a for which the pooling equilibrium is preferred even under high

values of v.

Proposition 13. The welfare dominant equilibrium of the double primary game is the
centrist separating equilibrium, when it exists. If the centrist separating equilibrium does
not exist, the extremist separating equilibrium with 4 = lg, dominates the pooling equi-
librium at —b when it exists and condition 15 satisfied.

Finally, a few words on equilibrium selection through the D1 criterion. Just like in
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Figure 4: Double Primary Game: Symmetric Separating Equilibria
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Figure |4a] shows the welfare dominant equilibrium Figure @ shows the welfare dominant equilibrium
of the game in the (a, v) space for parameter values of the game in the («, v) space for parameter values
m = —5 and b = 2. The pooling equilibrium is m=—b5and b= 2.

welfare dominant when no filling is present.

the single primary case, the D1 criterion destroys all pooling equilibria. Moreover, it
allows for centrist or extremist deviations which can destroy the extremist or the centrist
separating equilibrium respectively. However, compared to the single primary baseline, it
is more unlikely for a centrist deviation to be profitable, whereas an extremist deviation
from a centrist separating equilibrium can be profitable. For example, as Figure [4b|shows,
for m = —5 the extremist separating equilibrium is never destroyed by centrist deviations,

whereas the centrist separating equilibrium is at times destroyed even if welfare dominant.

B.1 Proofs of Double Primary Game

Proof of Lemma

Proof. T consider here voters of the L party primary, for which z < min{ra,rp} always
holds, but the argument is analogous for voters of the R party. A symmetric equilibrium
can give rise to three possible scenarios: with probability o4 4, depending on the type
of equilibrium, two valent candidates are selected, and by symmetry each wins with

probability 1/2. The expected utility conditional on two valent candidates being selected
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is thus:

5 (ra =) 5l —al) 40 = 0
—sratslatv=latvifra>a >l

This can be rewritten as:

%[_(TA_x)]+%[—|ZA—x|]+v:min{lA,x}+v (48)

The case of two non-valent candidates, which occurs with probability op p, is analogous,
with [p substituting l4, rp substituting r4, and v = 0. Finally, consider the case of one
valent and one non-valent candidate selected by the respective primary elections. This
happens with probability 4 p = op 4 in each primary election. Putting together the
scenarios in which the L party selected a valent candidate and that in which the R party
did, which happens with probability 204 p, yields the following expected utility:

S0l — 4] + (1 = @) (rp — )}

+ %{¢[—(7’A —z)+ v+ (1 =9)[—|lp — z|]} = —¢pmin{x,ls} — (1 — ) min{z,lp} + Pv
(49)

Summing up the expected utility from the three scenarios finally yields condition (45)).
Notice that this lemma is useful to compare the welfare from different types of equi-
libria. First of all, given everything else, the smaller {4 and [p, the weakly higher welfare
is for all voters. This can clearly be seen from the fact that the expected utility depends
on min{x,ly}: therefore, polarization hurts voters with = > ly. Second, given everything

else, equilibria with higher ¢ are preferred. n
Proof of Proposition

Proof. The construction of the separating equilibria of the game is very similar to the
single-primary case. The conditions for the L and the R party primaries are completely
analogous, given the symmetry of the environment. Therefore, I focus on the conditions
for the L party primary here, which allow for a more direct comparability to the single
primary case. Consider pooling equilibria first: similar to what happens in the single-

primary game, the bounds of the interval of pooling equilibria are defined by:

EyW,, (17, 0) = W,.(=b, D) = EgW,,, (17", 6) (50)
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I now analyze separating equilibria. First of all, the result equivalent to that of Lemma [4]
goes through: in a pure strategy separating equilibrium, non-valent pre-candidates choose
platform [p = —b in the L party and rp = b in the R party. Second, in a pure strategy
separating equilibrium, primary election voters choose a valent pre-candidate whenever

possible. This means that in any separating equilibrium:
Win(la, A) > W (lp, D) (51)

Consider now centrist separating equilibria: in such equilibria, {4 € [r4 — v,74]. Using
symmetry we get that i, € [—v/2,0] and —l4 = r4 € [0,v/2]. Unlike in the single-
primary baseline, where incentive compatibility with respect to types 8 = D holds for all
policies {4 € [r — v,r], in the double primary game this is not the case. The reason is
that if the R party candidate is at rp = b, a non-valent pre-candidate choosing platform
r4 —v wins with positive probability (higher than when facing the same candidate having
chosen platform [p). Therefore, condition becomes:

l—«

[(2 — a)Pp a(=b,14) + (1 — a)*Pp p(—b,b)]
2—« 9 (52)
5 [04(2—04) PD,A(lAﬂ"A) —f—(l—Oé) PD’D(ZA,b)]

=0

>

Notice that incentive compatibility for valent pre-candidates is always satisfied. Finally,
concerning the extremist separating equilibrium, the upper bound of the interval is given
by the incentive compatibility constraint for non-valent pre-candidates, which reads:

1 -« 9
[a(2 — a)Pp a(—b,14) + (1 — ) Pp p(—b, b)]
2 -«

2

Solving as equality for both the L and the R party yields:

(53)

2
Z [CX(Q—O[)PD7A(ZA,TA)+<1—(I)QPDVD(ZA,[))]

IW<-b—(1—-a)b+ (1 —0)rp+o(ra—v)]

/

~
Exp. location of r

and analogously that for the right candidate:

ra>b+(1—a)b—(1—0)lp—o0c(la+v)]

N S

TV
Exp. location of [

Notice that these constraints are the same as those for the single primary election, but
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instead of 7 (and respectively /) one has to write the expected location of the opponent,
adjusted for valence.

Analogously to the single-primary case, the lower bound of the interval of extremist
separating equilibria is either the point 4 where W,,, (la, A) = W,,, (Ip, D) or, if larger,
in the point where the incentive compatibility constraint for valent pre-candidates holds
with equality, i.e.:

2 -« 9
[@(2 — )Py a(la,ra) + (1 — a)*Pap(la,b)]

l—«
>
- 2

(54)

[05(2 — Oé)PA’A<—b, T’A) + (1 — Oé>2PA,D<—b, b)]

Notice that, by Lemma [3| which goes through also in the double primary equilibrium, at
the point where holds with equality condition is strictly satisfied. O]

Proof of Proposition

Proof. The fact that any centrist separating equilibrium is more efficient than the welfare
maximizing extremist equilibrium is a direct consequence of Lemma [7] To see it, take
x sufficiently low, in such a way that, policy-wise, a voter is indifferent between the two
equilibria (more moderate voters have a further reason to prefer the centrist equilibrium),
since min{ly,z} = x for all l. First of all, since we are comparing two separating
equilibria, oy are the same in both equilibria for each combination (#,6’). The only

other object that changes is therefore ¢, which I denote as ¢, in a centrist and ¢, in an

2b+b—v/2+v
4b '

In the welfare maximizing extremist equilibrium, instead, ¢. = W. Since A > 0

extremist separating equilibrium. In a centrist separating equilibrium, ¢, >

and v < b, m. > m.. Therefore, all voters (also non-primary voters) prefer any centrist
separating equilibrium to the welfare maximizing extremist separating. When comparing
instead a centrist separating equilibrium with a pooling equilibrium, the best pooling
equilibrium is policy-wise equivalent to any centrist separating equilibrium for primary
voters of both parties, since all primary voters have |z|> b. Given ¢, a separating
equilibrium is more efficient at selecting valent pre-candidates in the primary, which gives
an advantage to the separating equilibrium. However, in some pooling equilibria ¢po0 = 1,

which happens when 7! > —¢/2. In the centrist separating equilibrium associated with

lowest welfare, on the other hand, ¢. = %. Hence, there is a trade-off, which
however always goes in favor of the centrist separating equilibrium. As a matter of fact,
the following condition always holds, even for ¢, = 1 and ¢, = %, that is its
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lower bound in a centrist separating equilibrium:
[(20)]*0 + 2a(2 — a)(1 — a)*m o > v + 2a(1 — Q) Tpeov (55)

Therefore, the centrist separating equilibrium is welfare dominant, if it exists. Concerning
the comparison between the welfare maximizing extremist separating equilibrium and the

pooling at —b, the condition to consider is the folllwing:

[(2 — a))*[min{la, mp} +v] + (1 — a)*(—b)

+20(2 — a)(1 — a)?[remin{ls, mp} + (1 — 7)(=b) + mev] > my, (56)
2b+ v

4b

+ v + 2a(1 — a) v

C Policy Conflict

An alternative scenario to that described in Section [f] is one where there is a policy
conflict between the elites and party voters, but elites are capable of identifying valent
pre-candidates.

In particular, I now assume that, absent primary elections, party elites would draw
two pre-candidates from the pool and make one of them run with policy platform p # —b,
after having observed their valence and selected a valent one, if available. In this scenario,
the probability of having a valent candidate is the same under a separating equilibrium
following primary elections and under direct nomination by the elites: this allows me to
isolate the effect of the policy conflict. Voters prefer primaries if the policy distortion
associated with a separating equilibrium is smaller than the one due to the policy bias
of elites{g_?]. From the point of view of party elites, instead, direct nomination achieves
the first best: therefore, elites would never be in favor of primaries, unless they can
directly benefit from primaries, for example in terms of improved reputation for a more
transparent selection process. With these additions, my model can thus also shed some
light on the circumstances under which party elites would be less averse to allowing for

nomination by primary elections. Two situations are of particular interest:

e Party elites are more moderate than the party median voter, but both are moderate.

For example, m = —b and p > m. When the conditions for a separating equilibrium

32Tf the outcome of primaries is a pooling equilibrium, then voters trade off the valence loss from the
pooling equilibrium with the policy bias of party elites.
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are met, adopting primaries leads to the centrist separating equilibrium, which, at
least in the case of valent candidates, would deliver a policy similar to what would

be chosen by party elites.

e The mirror image of the previous case is a situation in which party elites are more
extreme than the median voter, but both are relatively extreme p < m << —b. If
primaries lead to the extremist separating equilibrium, the conflict between elites
and voters is partially reconciled and this might make party elites willing to allow

for primaries.

Although only suggestive examples, these scenarios might also capture some elements
relevant for the introduction of primaries in the United States. For example, Poole
(2005) shows that party polarization was close to historical highs when primaries were
introduced. This might be evidence in favor of the case of the second example mentioned

above.

D General Distribution for Median Voter Location

[ now relax the assumption that the median voter preferred policy is distributed uniformly
in [—b, b] and analyze the case of a generic distribution f(u) which takes positive values on
the same support [—b,b] and has a cumulative distribution function F'(u). I assume the
distribution is continuous and has no atoms. Moreover, to simplify the analysis I assume
that f(u) is symmetric around zero and that is is increasing in [—b, 0] and decreasing in
[0,b]. Finally, I assume that % is decreasing for all p in the support [—b,b]. Just like
in the baseline model, I assume that the right candidate is fixed at r and has valence
v, = v. I also keep Assumption (1| and Assumption [2] concerning the location of primary
election voters and the value of v.

Since I a am not changing preferences of voters compared to the baseline model, the
indifferent voter z given two candidates still follows Lemma [} Given an indifferent voter
z, the probability for the L party candidate to win the general election is F'(z), which
could be a non-linear function of z. Therefore, changing the distribution of the general
election median voter affects the model results through Py(l) = F(zg). In particular, in
this Appendix I will study the effects of a change in the distribution of the general election
median voter on Lemma [2] and Lemma 3] Given these two building blocks, as a matter of
fact, all the rest goes through practically unchanged, at least from the qualitative point

of view. I start with presenting the modified version of Lemma
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Lemma 8. Suppose that the L party median voter is sufficiently to the left, in order for
condition to be satisfied for x = m. Then, the optimal platform chosen by a majority
of primary election voters is denoted by [* and satisfies condition .

Proof of Lemma

Proof. Consider a voter with x < r. The utility from the policy implemented by the
valent candidate at r is: —(r — x) + v. Consider now a candidate with policy platform !
and valence v; € {0,v} just like in the baseline model. The utility from this candidate is
—|l — x|+v;. Therefore, to look for the optimal location for a candidate we are interested
in the interval [—2b — r + v — v, min{r — v + v;,2b — r + v — v;}]. Denote the difference
between the expected utility from the [ candidate and the utility from the r candidate

as:

F(HT_#UM) (r—2— |z — U+ —v) (57)
From (57)), it is clear that all points such that [ < x are dominated by [ = x. Therefore,
focus on the points in the interval [—2b —r + v — v, min{r — v+ v, 2b — r + v — v;}| such
that [ > x, so that the interval of interest becomes [max{z, —2b—r+v—v;}, min{r —v+
vy, 2b — 1+ v —v;}]. The solutio I cannot be at [ = —2b —r + v — vy, since any point [ < r
such that the [ candidate wins with positive probability dominates that policy. Similarly,
it cannot be at r — v 4 v, since any point to the left at which the [ candidate wins with
positive probability provides a higher utility. In order to rule out a corner solution at
2b — r + v — vy, which requires » > b, I check the first order condition of evaluated
at 2b — r +v — v;. This yields f(b)(r —b+ v, —v) < 1 and noticing that f(b) < 55,

obtain r < 3b+ v — v; which is always satisfied. Therefore, the only other possible corner

we

solution to rule out is the one at x. This requires:

f(2(x)) 2
F(z(z)) = r—r4+v—v

(58)

Notice that the left-hand side of is decreasing in x, whereas the right-hand side is
increasing. Therefore, condition defines an upper-bound on z such that the policy
platform maximizing is interior. If this condition is satisfied, the optimal platform

satisfies: .
r—u4u; 9

F(l“”"++”l) r—I0*+uvu —v

]

Concerning Lemma [3] the result is an immediate consequence of the assumption on
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Lemma 9. For any ly > l; and and Pa(l) > 0,

Po(ly) _ Pa(l)

Pp(ls) — Pa(ly)

Proof of Lemma [0l

Proof. 1 want to show that

Bo(h) _ Flz(ly)) _ Pt (60)
Polly)  Fleall)) | F(Eeem)
is increasing in v(f) = v;. Differentiating with respect to v; yields:
EURD NECRD) o
F(z(ly,v)) = F(2(la,uw))
which holds for all I > [; since by assumption % is decreasing in z and z(l,v;) is
increasing in [. OJ

With these results in place we have all it takes to construct a separating equilibrium.
Therefore, the next proposition establishes that there exists extremist and centrist sep-
arating equilibria that look very similar to those in the baseline model. First of all, in
a separating equilibirum, non-valent pre-candidates choose policy Ip = [*. Concerning
valent pre-candidates, nothing changes as far as the centrist separating equilibrium is
concerned. Concerning the extremist separating equilibrium, again not much changes
with respect to the baseline model. The policy platform chosen by valent pre-candidates
in the welfare maximizing extremist separating equilibrium is such that condition is

satisfied as equality for non-valent pre-candidates, which can be written as:

Pp(l5) = aPp(I") (62)

Notice that given Lemma [9 the incentive compatibility for valent pre-candidates is
automatically satisfied. In order for this extremist separating equilibrium to exist, the
only remaining condition is , stating that the valent pre-candidate at platform [ is

preferred to the non-valent one at [p (in this case equal to I*).
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E Non-linear Policy Preferences

In this section, I extend the model to allow for a more general functional form to represent
policy preferences. To isolate the effect of this change, I keep the distribution of the
general election median voter uniform as in the baseline model. Denote the utility a
voter with bliss-point x receives from the implementation of policy y as u,(y,v,), where
y e {l,r}, v, = v and v, = v(#) € {v,0}. I assume that wu,(y,v,) is single-peaked with
bliss-point equal to z. Given two general election candidates running with platforms [
and r and denoting by 0 = v; — v, the difference in valence between the two candidates,
let the function D(l,r,d,x) = u.(l,v;) — ugy(r,v) denote the difference in utility from
candidate [ and candidate r for a voter with bliss-point . Notice that this expression
allows for non-linear policy-preferences as well as for potential non-separability between
valence and ideology in the utility function w,(y,v,). I make the following assumptions
on the function D(I,,d,x), denoting by D; the partial derivative of D(-) with respect to

argument j:
e D(-) is continuously differentiable.
e D;<Oforl>zand D, >0forl <z (and D, =0z =1).
e D,>0forr>xand D, <0forr <z (and D, =0z =r).
e D;; <0.
e Ds>0
e D,; >0

e In the case of additive separability between § and the other variables, cross deriva-

tives with respect to 0 are null: Ds. =0

e D, <0 and lim, , o, D(l,r,d,x) = 400 and lim, ,, D(l,r,d,2) = —oo. These

assumptions rule out the linear case described in the baseline model.

In this modified model, the indifferent voter, if it exists, is located at x = z satisfying:
D(l,r,6,2) =0 (63)

Given z, the probability of winning the general election for a candidate with platform [

z+b

is given by 2.
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Lemma 10. Given two candidates | and r, with | < r, there is a unique voter indiffer-
ent between the two candidates; the indifferent voter’s bliss-point is denoted by z. The

following properties hold:
e 2 >014fd >0, but if d <0, it can be the case that z < 0.
e 2. >01i4fd <0, but if § > 0, it can be the case that z. < 0.

o zs > 0.

Dz,l
Dy -

e 2, <0< DD—l;l <
o Dl,g =0= Z5,1 > 0.
Proof of Lemma [I0

Proof. The bliss-point of the indifferent voter z is the value of x, if it exists, solving:

D(l,r,0,z) =0 (64)
Using implicit differentiation:
D5 (65)
ds D,
Similarly: 1
z Dl
- _ =t 66
dl D, (66)
The sign of depends on D;, which in turn depends on whether z > [ or z < [. In the
former case, ?1_7 > 0, in the latter case % < 0. This follows from since D; > 0 for x > [.

Concerning r,

dz D,
== =T 67
dr D, (67)
If > z, then D, > 0 and —g—; > 0. To calculate z; 4, notice that:
d2Z [D(Sle _DéD:L‘l] DﬁDxl
= —— —= = =~ >0 68
dodl D? D2 - (68)
Finally, 2;; is derived by:
d? DD, — DD,
s _[ 1l 1Dy ] (69)
(di)? D3
from which we obtain the condition DTL;’ < %‘;’ in order for to be negative. It can be

checked that this condition holds for example for the case of quadratic preferences. [
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I now proceed to presenting the analogous results to Lemma [2| and Lemma |3|in this

modified environment.

Lemma 11. The platform a voter with bliss-point x would pick for a candidate of the L

party, when interior, is denoted by I* and satisfies the following condition:

- ~ (70)

The platform I* is increasing in x as long as oo <5
Proof of Lemma [11]

Proof. The first order condition of the maximization problem of a primary election voter

with bliss-point z is the following:

Dl(l*> Zl(l*)

_ — 71
D(l*)  z(I*)+b (1)
Using the fact that z(I*) = —% and substituting this into (71]) yields (70). O

Notice that in the case of quadratic policy preferences, for example, D, , = 0 and
therefore the optimal platform [* is increasing in x. Concerning the modified version of

Lemma [3, we can show that the same result goes through:

Lemma 12. For additively separable valence,

Pp(lh) - Pa(ly)

Pp(ls) — Pa(l)

for any ly > 1y such that P4(ly) > 0, Pp(la) >0, z(l2) > 2(ly).
Proof of Lemma [I2]

Proof. Notice that Py(ly) = W. Differentiating % with respect to § yields:

z5(l1)(2(l2) + b) — zs(12)(2(11) + b)
(2(l2) +b)?

which is positive if and only if:
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This can be rewritten as:

> n (75)

Notice that the left-hand side is larger than one, since D,; > 0, whereas the right-hand
side is lower than one as long as z(la) > z(l1). Therefore, as long as z(la) > z(l1) single

crossing holds. O]

Having these ingredients in place, the characterization of separating equilibria does
not change significantly. Non-valent pre-candidates choose [p = [, that is the pol-
icy preferred by the primary median voter. In the best separating equilibria (centrist
or extremist), valent pre-candidates, instead, choose the policy satisfying the incentive
compatibility constraint for non-valent pre-candidates. There are two such policies, the

centrist one and the extremist one:

Lemma 13. In a separating equilibrium, non-valent pre-candidates choose platform lp =
Iy, defined by condition . Valent pre-candidates, instead, choose the policy platform
satisfying:

l — b
z2(la,r,—v) + 4 (76)
2(lp,r,—v) +b
where a = ;:—z
Proof. Evaluating at x = m we obtain [}, = [p:
D, (I, 1
_ Dullgm) -
D(lx,,m)  z(lx,)+b
For 4 = lp, clearly we have that % = 1 > a. For sufficiently low [4, instead,
z(la,m,—v) = —b and so % = 0 < a. Given the continuity of z(-), therefore, a

solution to exists. In order to see that can have at most two solutions, notice
that z(l,7,6) can change sign at most once, at the point [ such that z(l,r,6) = I, if
0 < 0, so there are at most two solutions, which correspond to the welfare maximizing

extremist and centrist separating equilibria. O]
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