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We study the efficiency of the equilibrium price in a centralized, order-driven market where asymmetrically 
informed traders are active for several periods and can observe each other current and past orders, as in 
electronic systems of trading. We show that the more precise the information the higher the incentive to reveal it 
in the first trading rounds. On the contrary, strategic competition forces the less informed trader to wait the end 
of the trading period to reveal his information. This implies that when differences in information quality are very 
important, the liquidity of the market decreases as we approach the date of public revelation. We are able to 
show that more transparent markets as the ones organized via electronic systems are not performing better than 
markets organized on floor trade in terms of revelation of information, due to the oligopolistic behavior of 
insiders. 
  
Keywords: asymmetric information, liquidity, insider trading, strategic revelation. 
JEL Classification: D 43, G 14. 
 
Acknowledgement: We would like to thank R. Anderson, T. Focault, J.F. Mertes, M. Pagano and seminar 
audiences at Universities of Padova, Bocconi (Milan), and Salerno for valuable suggestions and comments.  
Financial support from EU (RTN Contract no. HPRN-CT-2000-00064 - Understanding Financial Architecture: 
Legal and Political Framework and Economic Efficiency) is gratefully acknowkedged. 
  
  

 

*  CSEF Università di Salerno.  

**   CentER, Tilburg University.  



 

 



� W?|hL_�U|�L?

Hohfwurqlf txrwdwlrq v|vwhpv olnh wkh Wrurqwr Vwrfn H{fkdqjh FDWV +Frpsxwhu Dvvljqhg Wudg0

lqj V|vwhp, kdyh uhpdundeoh lpsruwdqfh lq whupv ri yroxph ri wudgh1 Wkhlu lqfuhdvlqj sudfwlfdo

uhohydqfh kdv ohdg plfurvwuxfwxuh wkhrulvwv wr vwxg| suh0wudgh wudqvsduhqf|1 Lq wklv olwhudwxuh/

wkh eurdg frqfoxvlrq vhhpv wr eh wkdw hohfwurqlf v|vwhpv eulqj pruh lqirupdwlyh sulfhv dqg

orzhu wudglqj frvwv e| doorzlqj iru zlgho| vsuhdg lqirupdwlrq derxw lqyhvwruv* ghpdqgv +zlwk

uhvshfw wr �rru v|vwhpv,1 Wklv eholhi lv dovr vkduhg e| vrph uhjxodwruv olnh wkh XV Vhfxulw| dqg

H{fkdqjh Frpplvvlrq ru wkh XN R�fh ri Idlu Wudglqj1

Lq wklv sdshu zh dujxh wkdw vwurqj dv|pphwulhv ri lqirupdwlrq pd| jhqhudwh lqh�flhqw sulfh

g|qdplfv zklfk frxog h{sodlq wkh revhuyhg lqfuhdvh ri wudglqj frvw ehiruh d sxeolf dqqrxqfhphqw

+h1j1/ hduqlqjv ru glylghqgv,1 Iurp wklv uhvxow zh fdq wkhq ghulyh frqglwlrqv xqghu zklfk wkh

kljk ghjuhh ri wudqvsduhqf| ri hohfwurqlf v|vwhpv lv qrw ehqh�fldo lq whupv ri uhgxfhg frvwv

ri wudglqj ru iru lqirupdwlrqdo h�flhqf|1 Pdgkdydq/ Sruwhu dqg Zhdyhu +5333, �qg uhodwhg

hpslulfdo hylghqfh iru wkh Wrurqwr Vwrfn H{fkdqjh1 Wkh| dqdo|}h wkh h�hfwv ri wkh lqwurgxfwlrq

+rq Dsulo 45/ 4<<3, ri d frpsxwhul}hg v|vwhp fdoohg Pdunhw e| Sulfh +PES, zklfk gudpdwlfdoo|

lqfuhdvhg wkh ohyho ri suh0wudgh wudqvsduhqf|1 Wkhvh dxwkruv revhuyh dq lqfuhdvhg sulfh yrodwlolw|

+shukdsv doorzlqj iru dq kljkhu lqirupdwlrqdo h�flhqf|, dqg deryh doo wkdw wkh frvw ri wudglqj

grhv qrw uhgxfh iroorzlqj wkh uhirup1 Dowkrxjk wkh| jlyh d gl�huhqw lqwhusuhwdwlrq wr wkhlu

hpslulfdo �qglqjv zlwk uhvshfw wr wkh lqfuhdvhg frpshwlwlrq lq lqirupdwlrq/ zh vwuhvv khuh wkh

vlplodulw| zlwk rxu wkhruhwlfdo frqfoxvlrqv1

Wkh nh| wr rxu uhvxow lv wzrirog1 Iluvwo| wkh wudqvsduhqf| ri dq hohfwurqlf txrwdwlrq v|vwhp

hqdeohv wudghuv wr revhuyh wkh lghqwlwlhv ri wkh eurnhuv vxeplwwlqj rughuv dqg wkhuhiruh wr dftxluh

d sulydwh lqirupdwlrq dv vrrq dv lw lv xvhg e| vrphrqh wr shuirup d +sur�wdeoh, wudgh= wklv

suryrnhv d gluhfw frpshwlwlrq dprqj lqvlghuv1 Vhfrqgo| zh prgho dv|pphwulhv ri lqirupdwlrq

ehwzhhq wudghuv lq d yhu| qdwxudo zd| wkdw dffrxqwv iru gl�huhqfhv lq wkh txdolw| ri lqirupdwlrq

zklfk lv wuhdwhg dv wkh pdlq vwudwhjlf yduldeoh1

Wkh lvvxh ri lqirupdwlrq uhyhodwlrq lq �qdqfldo pdunhwv kdv orqj ehhq vwxglhg lq frpshwlwlyh

pdunhwv exw lw kdv wdnhq d qhz vwduw zlwk N|oh +4<;8,1 Kh vkrzv wkdw wkh rswlpdo ehkdylru

ri d prqrsrolvwlf lqiruphg wudghu lv wr uhyhdo lqirupdwlrq vorzo| vr dv wr pdlqwdlq d frqvwdqw

pdunhw ghswk +xqwlo wkh odvw ihz shulrgv,1 Exw/ dv uhsruwhg e| Fruqhoo dqg Vluul +4<<5, dqg

Phxoeurhn +4<<5,/ sulydwh lqirupdwlrq fdq eh glvvhplqdwhg dprqj gr}hqv ri wudghuv1 Wkxv lw

pdnhv vhqvh wr orrn dw roljrsrolvwlf frpshwlwlrq dprqj htxdoo| lqiruphg wudghuv dv grqh e|

Kroghq dqg Vxeudkpdq|dp +4<<5, dqg Irvwhu dqg Ylvzdqdwkdq +4<<6, dprqj rwkhuv1 Wkhvh

prghov kdyh d Ehuwudqg �dyru vlqfh wkh| wuhdw lqirupdwlrq dv dq krprjhqhrxv jrrg1 Dowkrxjk

wkh hqvxlqj udw udfh |lhogv d txlwh h�flhqw sulfh g|qdplf wklv dssurdfk uhpdlqv xqvdwlvidfwru|
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gxh wr wkh glvfuhsdqf| h{lvwlqj ehwzhhq wkh rxwfrphv ri wkh prqrsro| dqg gxrsro| vhwwlqjv1

Wudghuv iuhtxhqwo| glvdjuhh rq wkh ixwxuh ydoxh ri dq dvvhw hlwkhu ehfdxvh wkh| kdyh gl�huhqw

sulydwh lqirupdwlrq ru ehfdxvh wkh| lqwhusuhw gl�huhqwo| wkh vdph slhfh ri qhzv +gxh wr gl�huhqw

h{shulhqfh ru hgxfdwlrq,1 Irvwhu dqg Ylvzdqdwkdq +4<<9, sxuvxh wklv yhqxh dqg dujxh wkdw

sulydwh lqirupdwlrq lv d shfxoldu jrrg/ lqwulqvlfdoo| qrq krprjhqhrxv dqg vsuhdg dv|pphwulfdoo|

dprqj udwlrqdo wudghuv1

Vlqfh rxu zrun kdv dq lghqwlfdo vwduwlqj srlqw dqg vrph vlplodu uhvxowv zh ihho wkh qhhg

wr kljkoljkw wkh ixqgdphqwdo gl�huhqfhv ri wkh wzr dssurdfkhv1 Iluvwo| zh vwxg| dq hohfwurqlf

v|vwhp zkhuh wudghuv gluhfwo| revhuyh wkhlu frpshwlwruv rughuv +kljk wudqvsduhqf|, zkloh Irv0

whu dqg Ylvzdqdwkdq +4<<9,*v prgho udwkhu dssolhv wr d �rru v|vwhp vlqfh lqiruphg wudghuv

rqo| revhuyh wkh rughu �rz +olnh pdunhw pdnhuv, dqg wkhlu rzq rughuv1 Khqfh iurp d vwudwhjlf

srlqw ri ylhz/ lqiruphg wudghuv lq Irvwhu dqg Ylvzdqdwkdq +4<<9, gr qrw frpshwh rqh djdlqvw

wkh rwkhu exw lqgluhfwo| wkurxjk wkh pdunhw pdnhu1 Vhfrqgo| zh frqvlghu dv|pphwulhv lq wkh

txdolw| ri lqirupdwlrq +yduldqfh ri sulydwh vljqdov, zkloh Irvwhu dqg Ylvzdqdwkdq +4<<9, xvh dq

lghqwlfdo yduldqfh ri sulydwh vljqdov1 Rq wkh rwkhu kdqg Irvwhu dqg Ylvzdqdwkdq +4<<9, frqvlghu

dv|pphwulhv ri rslqlrqv e| doorzlqj iru dq| nlqg ri lqlwldo fruuhodwlrq vwuxfwxuh +djuhhphqw ru

glvdjuhhphqw, zkloh lq rxu prgho wkhuh lv dozd|v d srvlwlyh fruuhodwlrq ehwzhhq vljqdov +djuhh0

phqw,1 Lqghhg zh eholhyh wkdw dowkrxjk wudghuv surfhvv wkh vdph qhzv gl�huhqwo| wkh| vkrxog

qhyhuwkhohvv djuhh rq wkh gluhfwlrq ri wkh vwrfn yduldwlrq +xs ru grzq, dqg glvdjuhh rq lwv dp0

solwxgh1 Olnh Irvwhu dqg Ylvzdqdwkdq +4<<9, zh wuhdw pdunhw pdnhuv dv pdunhw0fohdulqj ghylfhv

wkdw froohfw wkh rughu errn1

Lq wklv duwlfoh zh xvh d wzr vwdjh jdph ghvfulelqj d fhqwudol}hg dqg rughu0gulyhq pdunhw zlwk

wzr lqvlghuv kdylqj dv|pphwulf sulydwh lqirupdwlrq1 Dw hdfk vwdjh lqiruphg wudghuv dqg oltxlglw|

wudghuv vlpxowdqhrxvo| fkrrvh wkh txdqwlwlhv wkh| wudgh zlwk frpshwlwlyh pdunhw pdnhuv1 Wkh

lqvlghuv* lqirupdwlrq frqvlvwv ri wkhlu revhuydwlrq ri d vljqdo fruuhodwhg zlwk wkh oltxlgdwlrq

ydoxh ri wkh dvvhw/ ri wkh sdvw klvwru| ri sulfhv dqg doo wkh lqglylgxdo rughuv1 Wkh vljqdov duh

lqghshqghqw dqg kdyh gl�huhqw suhflvlrqv= zh dqdo|}h wkh fdvh ri srvlwlyh fruuhodwlrq ehwzhhq

sulydwh vljqdov wkdw zh eholhyh wr eh wkh prvw uhdolvwlf1 Lqvlghuv dovr revhuyh wkh dprxqw ri

oltxlglw| wudgh suhvhqw lq wkh pdunhw dw hdfk shulrg1� Pdunhw pdnhuv vhw d sulfh dqg wudgh

wkh txdqwlw| zklfk fohduv wkh pdunhw1 Wkh frpshwlwlrq ehwzhhq wkhp pdnhv wkh htxloleulxp

sulfh htxdo wr wkh h{shfwhg ydoxh ri wkh dvvhw jlyhq wkh revhuydeoh rughu �rzv +sulfh h�flhqf|,1

Pdunhw pdnhuv pd| eh vhhq dv hohfwurqlf ghylfhv wkdw froohfw wkh rughu0errn1

Zh fkdudfwhul}h wkh vhw ri htxloleuld lq sxuh dqg olqhdu vwudwhjlhv1 D vlpsoh edfnzdug lq0

�A��t �t ?L| TLtt�M*i �? k)*i E�bHD� @?_ OL*_i? : 5�Mh@�4@?)@4 E�bb2� ��ihi �?t�_iht TihuiU|*) !?L� |�i

@tt| �@*�i MiU@�ti |�i Th�Ui �L�*_ �44i_�@|*) �?ULhTLh@|i @** |�i �?uLh4@|�L?� �?i U@? 4L|��@|i |��t @tt�4T|�L?

M) �?�L!�?} |�i TLtt�M�*�|) uLh |�i |h@_iht |L it|�4@|i |�i *�^��_�|) Lh_ih �L� _�h�?} |�i Thi�LTi?�?} Tih�L_�
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gxfwlrq dujxphqw vkrzv wkdw rqh vkrxog dozd|v uhyhdo lwv lqirupdwlrq lq wkh odvw shulrg1 Zh

wkhq hqtxluh derxw wkh lqfhqwlyhv wr uhyhdo wkh sulydwh lqirupdwlrq lq wkh �uvw vwdjh1 Rq wkh rqh

kdqg/ xvlqj sulydwh lqirupdwlrq wr wudgh zlwk xqlqiruphg djhqwv lv ehqh�fldo exw/ e| grlqj wklv/

dq lqvlghu jlyhv dq dgydqwdjh wr lwv frpshwlwru iru wkh odvw vwdjh dqg ixuwkhu eulqjv wkh sulfh

forvhu wr lwv rzq hvwlpdwh1 Erwk h�hfwv uhgxfh wkh sur�w rssruwxqlwlhv iru wkh vhfrqg shulrg1

Zh vkrz +dv lq Dgpdwl dqg S�hlghuhu +4<;;,, wkdw wkh dprxqw ri oltxlglw| wudgh suhvhqw

rq wkh pdunhw fdq eh frqvlghuhg dv d _fdnh% wr eh glylghg ehwzhhq wkh lqvlghuv1 Li wkh vhfrqg

shulrg fdnh lv pxfk odujhu wkdq wkh �uvw shulrg rqh/ wkhq wudghuv frqfhdo wkhlu lqirupdwlrq lq

wkh �uvw shulrg= wkh vl}h h�hfw suhgrplqdwhv ryhu wkh gxrsro| frpshwlwlrq1 Fkrrvlqj d frqvwdqw

oltxlglw| yroxph dfurvv shulrgv zh rewdlq pruh lqvljkwixo uhvxowv1 Li wkh lqirupdwlrq lv doprvw

htxdoo| suhflvh wkh wzr wudghuv uhyhdo wkhlu vljqdo lq wkh �uvw vwdjh1 Krzhyhu/ li dv|pphwulhv

duh odujh/ wkh ehwwhu lqiruphg wudghu uhyhdov dqg wkh rssrqhqw frqfhdov lq wkh �uvw shulrg1 Wkh

ehwwhu lqiruphg sod|hu wudghv pruh djjuhvvlyho| rq klv lqirupdwlrq jlyhq wkdw pdunhw pdnhuv

fdqqrw ghwhfw shuihfwo| klv pryh1 Khqfh/ kh dfwv dv d ohdghu lq wkh _lqirupdwlrq jdph% dqg

pxvw xvh klv dgydqwdjh lpphgldwho|1 Wkh ohvv lqiruphg wudghu pd| frqfhdo klv w|sh xqwlo wkh

odvw vwdjh gxulqj zklfk kh fdq h{sorlw dq lqirupdwlrqdo dgydqwdjh wkdw zdv qrw uhohydqw lq

wkh suhylrxv vwdjh iru wkh suhvhqfh ri d ehwwhu lqiruphg rssrqhqw1 Wkh frpshwlwlrq ehwzhhq

dv|pphwulf djhqwv lv qrw ri wkh %Ehuwudqg% nlqg ehfdxvh wkh lqirupdwlrq uhohdvhg e| wkh wudghuv

lv qrq0krprjhqhrxv1

Wr jlyh wkh ehwwhu lqiruphg wudghu dq lqfhqwlyh wr uhyhdo klv lqirupdwlrq lq wkh �uvw shulrg/

pdunhw pdnhuv lqlwldoo| uhgxfh wkh vhqvlwlylw| ri wkhlu sulflqj uxoh wr wkh rughu �rz/ xs wr d srlqw

wkdw pdnhv qrw sur�wdeoh iru wkh ohvvhu lqiruphg wudghu wr wudgh dffruglqj wr klv rzq vljqdo1

Wkh ghswk ri wkh pdunhw wkhq uhgxfhv zlwk wlph1 Wkh sur�wv ri wkh wzr frpshwlwruv duh frqfdyh

lq wkhlu rzq suhflvlrq dqg uhgxfh wr urxjko| rqh �iwk ri wkh prqrsrolvw sur�w= wklv uhgxfwlrq

lv pruh lpsruwdqw iru kljk suhflvlrqv ri sulydwh vljqdov1 Zh fdq wkhq gudz wkh frqfoxvlrq wkdw

lq wudqvsduhqw pdunhwv wkhuh lv d orz lqfhqwlyh iru wudghuv wr froohfw yhu| suhflvh lqirupdwlrq li

wkh| h{shfw wkdw rwkhu wudghuv douhdg| srvvhvv dq lqvlgh1

Wkh sdshu lv rujdql}hg dv iroorzv= lq vhfwlrq 5 zh suhvhqw wkh wzr vwdjh jdph dqg ghvfuleh

wkh htxloleulxp frqfhsw1 Vhfwlrq 6 wdfnohv wkh pdlq sduw ri wkh dqdo|vlv zkloh lq vhfwlrq 7

zh suhvhqw rxu uhvxowv rq htxloleulxp uhyhodwlrq ri lqirupdwlrq dqg rq wkh oltxlglw| dqg wkh

lqirupdwlyhqhvv ri sulfhv lq rughu wr srlqw rxw wkh gl�huhqfhv ri rxu prgho zlwk wkh h{lvwlqj

olwhudwxuh1 Vhfwlrq 8 frqfoxghv1
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Frqvlghu d pdunhw iru d ulvn| dvvhw zkhuh wkh h{fkdqjhv rffxu ehwzhhq wkuhh nlqgv ri djhqwv=

lqiruphg wudghuv/ oltxlglw| wudghuv dqg pdunhw pdnhuv1 Wkh ulvn| dvvhw kdv d udqgrp oltxlgdwlrq

ydoxh y glvwulexwhg zlwk qrupdo odz Q +3> 4,1 Dw wkh ehjlqqlqj ri wkh �uvw wudglqj urxqg/

wudghu2 l revhuyhv d sulydwh vljqdo v� @ y.%� zkhuh wkh huuru whup %� kdv odzQ +3> �3�� , dqg � � lv

lqwhusuhwhg dv wkh h{0dqwh suhflvlrq zlwk zklfk wkh wudghu fdq jxhvv wkh wuxh ydoxh ri y1 Zkhq

� � ydulhv lq ^4@5> 9`/ wkh sulydwh vljqdo v� h{sodlqv iurp 66( wr ;9( ri wkh xqghuo|lqj yduldqfh1

Zh vkdoo xvh wklv udqjh iru rxu odwhu frpsdudwlyh dqdo|vlv1 Doo wkuhh udqgrp yduldeohv y/ %�/ dqg

%� duh dvvxphg wr eh lqghshqghqwo| glvwulexwhg1

Zh prgho wkh wudglqj gd| e| wzr vwdjhv ri pdunhw dfwlylw|1 Dw vwdjh w @ 4> 5 wkh lqiruphg

wudghuv fkrrvh wkh txdqwlwlhv wkh| wudgh/ t|c� dqg t|c� nqrzlqj wkhlu vljqdov v� dqg v� zkloh

oltxlglw| wudghuv vxeplw dq djjuhjdwhg rughu x| ri odz Q +�x> �3�| ,1 Zh qrupdol}h wkhlu dyhudjh

wudgh wr �x @ 3 dqg dvvxph wkdw oltxlglw| wudglqj lv lqghshqghqw ri doo rwkhu udqgrp yduldeohv1

Dv zh vwxg| d pdunhw zlwk kljk wudqvsduhqf|/ zh dvvxph wkdw lq shulrg w @ 4> 5 �rru wudghuv

l dqg m revhuyh wkh rughuv ri hdfk rwkhu1� Dv wkh| nqrz wkh rughuv lghqwlw|/ wkh| nqrz wkh

h{dfw frpsrvlwlrq ri +dw ohdvw sduw ri, wkh errn1 Wklv ghjuhh ri wudqvsduhqf| lq wkh rughu �rz lv

suhvhqw lq vwrfn h{fkdqjhv olnh wkh Wrurqwr FDWV v|vwhp1 Zh prgho pdunhw pdnhuv dv pdunhw0

fohdulqj ghylfhv wkdw hohfwurqlfdoo| froohfw wkh rughu errn zlwkrxw pdnlqj dq| lqihuhqfh rq wkh

dfwxdo lqirupdwlrqdo0uhodwhg sduw ri hdfk lqglylgxdo rughu> wkh| duh mxvw deoh wr h{wudfw iurp wkh

zkroh errn zkdw lv gh�qhg dv _sxeolf lqirupdwlrq%1

Jlyhq wkh uhdol}hg rughu �rz $| @ t|c� . t|c� . x|/ wkh pdunhw pdnhu dqqrxqfhv dw wkh

hqg ri hdfk vwdjh wkh sulfh dw zklfk doo rughuv duh �oohg1 Wklv sulfh lv sxvkhg e| +srwhqwldo,

frpshwlwlrq wrzdugv wkh h{shfwhg ydoxh ri wkh dvvhw jlyhq doo wkh sxeolf lqirupdwlrq/ lqfoxglqj

wkh frqwhpsrudqhrxv rqh1 Dw wkh hqg ri wkh vhfrqg shulrg ri wudglqj/ wkh uhdol}hg oltxlgdwlrq

ydoxh ri wkh dvvhw lv dqqrxqfhg dqg kroghuv ri wkh dvvhw duh sdlg lwv uhdol}hg ydoxh1 Zh iroorz wkh

vwdqgdug dvvxpswlrq +fi1 doo wkh olwhudwxuh, dffruglqj wr zklfk pdunhw pdnhuv sulfh wkh dvvhw

lq doo shulrgv zlwk d olqhdu uxoh s|+$|, @ �| . �|$| 1

Wkh h{0srvw vwdjh sur�w iru lqiruphg wudghu l lv t|c�+y� s|, zkloh wkh h{0lqwhulp h{shfwdwlrq

frqglwlrqdo rq wkh sulydwh lqirupdwlrq K|c� lv �|c� @ H ^t|c�+y � s|, m K|c�` = Zh zloo frqvlghu dovr

wkh h{0dqwh sur�w rewdlqhg e| lqwhjudwlqj �|c� zlwk uhvshfw wr wkh mrlqw phdvxuh ri sulydwh vljqdov

2
�L|@|�L? G � t|@?_t uLh |h@_ih � Lh 2 @?_ � uLh |�i L|�ih |h@_ih� `�i?i�ih @ uLh4�*@ �t }��i? uLh � L?*)c |�i

� uLh4�*@ �t LM|@�?i_ M) �?|ih�ih|�?} t)4ML*t � @?_ ��
��Lt| i*iU|hL?�U t)t|i4t _�tT*@) |�i � Lh D Mit| M�_ @?_ @t! ^�L|it �?t|i@_ Lu |�i Mit| L?itc @*L?} ��|� |�i

_i@*iht �_i?|�|�it�
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dqg oltxlglw| wudgh1

D frpphqw zlwk uhvshfw wr wkh olwhudwxuh

Zh ihho wkh qhhg wr frpphqw rq wkh vwdwlvwlfdo surshuwlhv ri wkh sulydwh lqirupdwlyh vljqdov/ lq

rughu wr vlpsoli| wkh frpsdulvrq ri rxu prgho zlwk rwkhu prghov ri lqirupdwlrq frpshwlwlrq lq

sduwlfxodu wkdw ri Irvwhu dqg Ylvzdqdwkdq +4<<9,1

Wkh lqiruphg wudghu uhfhlyhv d vljqdo wkdw lv glvwulexwhg dv wkh oltxlgdwlrq ydoxh y soxv d

zklwh qrlvh % wkdw lqfuhdvhv wkh yduldqfh ri wkh lqirupdwlrq glvwulexwlrq1 Wklv ihdwxuh lv shfxoldu

ri wkh prgho zh suhvhqw1 Ixuwkhu/ wkh fruuhodwlrq ehwzhhq vljqdov lv dozd|v srvlwlyh +dv rssrvhg

wr Irvwhu dqg Ylvzdqdwkdq +4<<9,, vlqfh vljqdov duh erwk gudzq iurp d glvwulexwlrq fhqwhuhg

rq y1 Lq rwkhu zrugv/ lqvlghuv gr qrw kdyh gl�huhqw _rslqlrqv% derxw wkh wuxh ydoxh ri wkh

dvvhw/ wkh| mxvw uhfhlyh lqirupdwlrq wkdw lv pruh ru ohvv qrlv|1 \hw dv lq Irvwhu dqg Ylvzdqdwkdq

+4<<9,/ wkh fryduldqfh ri wkh vljqdov zlwk y lv wkh vdph= Fry+v�> y, @ Fry+v� > y, @ Y du+y,1

Wkh fryduldqfh pdwul{ ri wkh sulydwh vljqdov lv �f @
�
�n�3��

�
�

�n�3��

�
zkhuh wkh gldjrqdo whupv

duh gl�huhqw dv suhflvlrqv gl�hu1 Wkh h{shfwhg ydoxh ri wkh dvvhw jlyhq wkh revhuydwlrq ri wkh wzr

sulydwh vljqdov lv H ^y m v�> v� ` @
��
�

�A
�3�
f

�
r�
r�

�
@

� �r�n��r�
� �n��n�

dqg d vlpsoh dyhudjh ri wkh vljqdov

�
2 +v�. v�, lv qrw d vx�flhqw vwdwlvwlf iru wkh lqirupdwlrq nqrzq wr doo lqiruphg wudghuv xqolnh lq

wkh dssurdfk ri Irvwhu dqg Ylvzdqdwkdq +4<<9,1

Wklv revhuydwlrq lpsolhv wkdw wkh ohduqlqj surfhvv ri d pdunhw pdnhu lv gl�huhqw iurp wkdw

ri dq lqvlghu= wkh pdunhw pdnhu fdq/ dw ehvw/ lqihu dq dyhudjh ri wkh vljqdov iurp wkh rughu

�rz1 \hw wklv vwdwlvwlf kdv ohvv suhglfwlyh srzhu wkdq wkh lqirupdwlrq nqrzq wr hdfk vlqjoh

lqiruphg wudghu1 Wklv kdv wzr lpsruwdqw frqvhtxhqfhv= �uvw/ wkh vwudwhjlf lqwhudfwlrq ehwzhhq

lqiruphg wudghuv lv pxfk pruh frpsoh{ wkdq lq Irvwhu dqg Ylvzdqdwkdq +4<<9,1 Hdfk lqvlghu

kdv wr rswlpdoo| uhso| wr wkh pryh ri lwv lqiruphg rssrqhqw wdnlqj lqwr dffrxqw wkdw wkh odwwhu

dqg wkh pdunhw pdnhuv zloo ghulyh gl�huhqw vwdwlvwlfv iurp klv wudgh1 Erwk ohduqlqj surfhvvhv

kdyh wr eh frqvlghuhg lq irupxodwlqj wkh rswlpdo lqirupdwlyh wudgh1 Vhfrqgo|/ dv pdunhw pdnhuv

zloo qrw eh deoh wr nqrz suhflvho| wkh lqglylgxdo vljqdov +gxh wr wkh qrlvh ri oltxlglw| wudghuv,/

hyhq diwhu wkh vhfrqg urxqg ri wudgh/ wkh yduldqfh ri y jlyhq wkh zkroh klvwru| ri sulfhv dqg

rughuv zloo vwloo eh srvlwlyh1

2�2 #i�?�?} @? ,^��*�Mh��4 �L?UiT|

Zh irupdoo| gh�qh wkh htxloleulxp frqfhsw xvhg lq wkh duwlfoh dqg rxwolqh wkh frqvwuxfwlrq ri

wkh htxloleulxp vwudwhjlhv1

Gxh wr wkh kljk ghjuhh ri wudqvsduhqf| ri wkh hohfwurqlf txrwdwlrq v|vwhp/ lqvlghu l zkr lv d

�rru wudghu nqrzv wkh klvwru| ri doo oltxlglw| dqg lqirupdwlyh wudghv1 Wkh rughu kh vxeplwv t|c�
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wkxv ghshqgv rq klv iruhfdvw v� ri wkh uhdol}hg ydoxh ri y/ rq wkh wudglqj ghflvlrqv ri m/ dqg rq wkh

lqgxfhg sulflqj uxoh ri wkh pdunhw pdnhuv1 Lqghhg wkh lqvlghu lv dzduh wkdw wkh pdunhw pdnhu

dgmxvwv wkh vhqvlwlylw| ri lwv sulflqj uxoh dffruglqj wr wkh dprxqw ri lqirupdwlrq iruhfdvwhg wr

eh uhohdvhg lq htxloleulxp1

Vrph lpsruwdqw uhvwulfwlyh dvvxpswlrqv duh qhfhvvdu| lq rughu wr eh deoh wr vroyh wkh prgho

dqdo|wlfdoo|1 Iluvwo|/ zh pdnh wkh vwdqgdug dvvxpswlrq wkdw lqvlghuv xvh vwudwhjlhv olqhdu zlwk

uhvshfw wr wkhlu sulydwh lqirupdwlrq l1h1/ t|c�+K|c�, @ �|c� . �|c�H ^y m K|c�`1 H{foxglqj sduwldoo|

uhyhdolqj vwudwhjlhv fdq eh lqwhusuhwhg dv dq h{0dqwh frpplwphqw wr d sduwlfxodu uhyhodwlrq uxoh1

Ri frxuvh/ wklv lpsolhv dovr wkdw zh gr qrw dqdo|}h htxloleuld lq pl{hg vwudwhjlhv1

Pruh ixqgdphqwdo lv wkh Ed|hvldq lqihuhqfh surfhvv ri lqvlghuv dqg pdunhw pdnhuv ghvfulehg

lq Uhpdun 41 Lw lv gl�fxow wr frqvwuxfw d Ed|hvldq0Qdvk htxloleulxp ri wkh jdph zkhuh wkh

vwudwhj| ri lqvlghu l|� dw wkh vhfrqg vwdjh lv uhtxluhg wr eh rswlpdo qrw rqo| zkhq lqvlghu m sod|v

klv rswlpdo vwudwhj| lq wkh �uvw shulrg/ exw dovr iru dq| duelwudu| vwudwhj| ri m1 Wr frqvwuxfw

vxfk dq htxloleulxp/ zh zrxog kdyh wr eh deoh wr uxoh rxw doo srvvleoh ghyldwlrqv1 Frqvlghu

iru h{dpsoh wkh iroorzlqj vwudwhj| iru lqvlghu l= lq wkh �uvw vwdjh/ kh xvhv klv rswlpdo ��c�/ exw

suhwhqgv kh uhfhlyhg vljqdo av� 9@ v� +wkh wuxh rqh,1 Lqvlghu m fdq ghwhfw wklv lqglylgxdo wudgh dqg

zloo zurqjo| lqihu av�/ zkloh wkh pdunhw pdnhu zloo frqvwuxfw wkh zurqj vwdwlvwlfH ^y m $�+t�c�+av�,,`1

Wklv ghyldwlrq frxog lq sulqflsoh jlyh kljkhu sur�wv wr l lq wkh vhfrqg shulrg/ zkhuh erwk klv

rssrqhqwv kdyh ehhq plvohdg1 Dvvxplqj wkdw wkh lqglylgxdo wudghuv wdnh wkh pdunhw pdnhu

sulflqj uxoh dv jlyhq/ wklv nlqg ri pdqlsxodwlrq vhhpv d iruwlrul lpsodxvleoh1

Wkh pdlq sureohp lv wkdw lq vxfk dq lqfrpsohwh lqirupdwlrq jdph/ vrph vljqdoolqj dfwlylw|

ehwzhhq wkh wzr lqiruphg sod|huv frxog dulvh/ dqg zh duh qrw vxuh wkdw wuxwkixo uhyhodwlrq lv

lqghhg wkh rqo| htxloleulxp/ dw ohdvw li zh grq*w frqvwuxfw eholhiv rxw ri wkh htxloleulxp sdwk

vxssruwlqj lw1 D zd| rxw wr wklv sureohp lv dvvxplqj wkdw dq| plvohdglqj dfwlylw| lv uxohg iurp

wkh vwudwhj| vsdfh= lq wklv vhqvh/ wkh htxloleulxp zh fkdudfwhul}h lv uhvwulfwhg wr zkdw zh fdoo

wuxwkixo uhyhodwlrq vwudwhjlhv1

Zh ghqrwhK| wkh lqirupdwlrq uhyhdohg wr pdunhw pdnhuv dw wkh ehjlqqlqj ri vwdjh w dqg K|c�

wkh sulydwh lqirupdwlrq ri wudghu l lq wkdw vwdjh1 Vlqfh zh frqvlghu rqo| ixoo uhyhodwlrq ri

lqirupdwlrq ru ixoo frqfhdolqj ehkdylru/ wkh vhfrqg vwdjh fdq vwduw zlwk irxu srvvleoh lqirupdwlrq

vwuxfwxuhv1 Vwudwhjlhv lq wkh �uvw vwdjh ghqrwhg e| ��c� dqg ��c� duh hlwkhu wr uhyhdo U ru frqfhdo

F1 Wkh lqirupdwlrq vhwv duh wkhuhiruh=

L Rqo| l uhyhdov +��c� @ U,,K2c� @ iv�j >K2c� @ iv�> v�j >K2 @ iv�j
L Rqo| m uhyhdov +��c� @ U,,K2c� @ iv�> v�j >K2c� @ iv�j >K2 @ iv�j
L Qr uhyhodwlrq +��c� @ ��c� @ F,,K2c� @ iv�j >K2c� @ iv�j >K2 @ i>j
L Erwk uhyhdo +��c� @ ��c� @ U,,K2c� @ iv�> v�j >K2c� @ iv�> v�j >K2 @ iv�> v�j

:



Revhuyh wkdw K2c� lv dozd|v �qhu wkdq wkh revhuydwlrq ri wkh wrwdo rughu �rz $� zklfk fdq

wkhuhiruh eh vdiho| ljqruhg lq wkh vhfrqg vwdjh fdofxodwlrqv1 Lq wkh v|pphwulf uhyhodwlrq fdvh

ghqrwhg UU/ wkh vhfrqg shulrg lv d Frxuqrw jdph zlwk frpsohwh lqirupdwlrq l1h1/ hdfk sdlu

iv�> v�j gh�qhv d surshu vxejdph1 Wkh jdph lv vroyhg iru dq| frxsoh ri jlyhq sulydwh vljqdov lq

wkh vsdfh ri olqhdu vwudwhjlhv1 Zkhq rqo| wudghu l uhyhdov klv lqirupdwlrq lq vwdjh rqh/ ghqrwhg

UF/ wudghu m ehkdyhv dv lq wkh suhylrxv fdvh/ vlqfh kh nqrzv iv�> v�j1 Lq htxloleulxp/ wudghu l/

ghvslwh wkh idfw wkdw kh grhv qrw nqrz wkh vljqdo v� / dqwlflsdwhv wkh uxoh t�c�+v� > v�, xvhg e| klv

rssrqhqw1 Khqfh/ zh ghdo zlwk d irup ri Vwdfnhoehuj jdph1 Zkhq qr uhyhodwlrq kdv rffxuuhg/

ghqrwhg FF/ wudghuv sod| d jdph zlwk lqfrpsohwh lqirupdwlrq rq erwk vlghv1 Hdfk wudghu kdv

wr rswlpl}h djdlqvw d uxoh dqg qrw djdlqvw d vlqjoh rughu1

Dq reylrxv frqvhtxhqfh ri wkh �qlwh qxpehu ri vwdjhv lv wkdw wudghuv kdyh dq lqfhqwlyh

wr xvh wkhlu sulydwh lqirupdwlrq lq vwdjh 5/ wkxv $2 frqyh|v lqirupdwlrq derxw wkh xqghuo|lqj

oltxlgdwlrq ydoxh ri wkh dvvhw1 \hw/ li rqh ru erwk wudghuv kdyh uhyhdohg lqirupdwlrq gxulqj wkh

�uvw vwdjh/ wkhq wkh rughu �rz $� lv dovr dq lqirupdwlyh vwdwlvwlf iru wkh pdunhw pdnhuv1

Dffruglqj wr rxu uhvwulfwlrqv iru wkh vwudwhj| vsdfh ri sod|huv/ zh dqdo|}h wkh 5� 5 pdwul{

jdph dqg iru dq| sdlu ri vwudwhjlhv k 5 iFF>UF>FU>UUj > wkh h{0dqwh joredo sur�w lv wkh vxp
ri sur�wv rewdlqhg lq hdfk dfwlyh wudglqj vwdjh ��� @ ��

�c� .��
2c�=

Gh�qlwlrq 4 D Ed|hvldq0Qdvk htxloleulxp lq olqhdu/ wuxwkixoo| uhyhdolqj vwudwhjlhv ri wkh wudg0

lqj jdph lv d yhfwru ri vwudwhjlhv +��> �� > s, vxfk wkdw=

41 Iru dq| wudghu l @ 4> 5/ shulrg w @ 4> 5 dqg olqhdu vwudwhj| a�� @ +a��c�> a�2c�,/

H
k
��
|c�+��> �� > s, m K|c�> $|3�> $|

l
� H

k
��
|c�+a��> �� > s, m K|c�> $|3�> $|

l
51 Iru dq| shulrg w @ 4> 5/ s| @ H ^hy m K|`

Wkh vwudwhj| ri sod|hu l lq wkh vhfrqg shulrg lv uhtxluhg wr +zhdno|, grplqdwh rwkhu srvvleoh

wuxwkixoo| uhyhdolqj vwudwhjlhv frqglwlrqdo rq klv lqirupdwlrq1 Wklv dfwxdoo| uhgxfhv wr sod| d

frqfhdolqj +l1h1 frqvwdqw, rughu/ qr pdwwhu zkdw wkh vwudwhj| zdv lq wkh �uvw shulrg1

Wr frqvwuxfw wkh htxloleulxp vwudwhjlhv/e zh �uvw vwxg| wkh ehvw uhso| ri wudghu l zkhq wudghu

m frqfhdov klv lqirupdwlrq lq vwdjh 4 wr vkrz wkdw kh rxjkw wr uhyhdo hyhq wkrxjk kh lv jlylqj

dq dgydqwdjh wr m iru wkh vhfrqg vwdjh l1h1/ �-�
� A ���

� 1 Wkdqnv wr wklv uhvxow/ wkhuh lv dozd|v

uhyhodwlrq lq htxloleulxp1D Lw lv wkhq vx�flhqw wr vroyh wkh wudgh0r� ehwzhhq frqfhdolqj dqg

uhyhdolqj iru d wudghu zkr idfhv d +udwlrqdo, uhyhdolqj sod|hu l1h1/ ghwhuplqh zkhq ��-� : �--
� =

e ì �ti M@U!�@h_ �?_�U|�L? @t @ tL*�|�L? UL?UiT| |L TL�?| L�| |�i t|h@|i}�U igiU| Lu |�i �?uLh4@|�L? hi�i*@|�L?c

@t �? 5|@U!i*Mih} UL4Ti|�|�L?� �L|�Ui �L�i�ih |�@|c t�?Ui |�i t|h@|i}�it �i @**L� @hi 4@h!L��@?c @?_ |�i t|@|i Lu

|�i }@4i �t |�i L?*) hi*i�@?| t|@|�t|�Ut @| |�i Mi}�??�?} Lu |�i tiUL?_ Tih�L_c |��t tL*�|�L? UL?UiT| �t i^���@*i?|

|L |�i _)?@4�U ThL}h@44�?} 4i|�L_ 4Lhi �ti_ �? 4�UhLt|h�U|�hi *�|ih@|�hi�
D, UiT| ��i? |�i t�3i igiU| �t �ih) *@h}i�

;



Lq vroylqj wkh jdph e| edfnzdug lqgxfwlrq zh vkdoo ghyhors wkh plqlpdo dprxqw ri fdofxodwlrq

lq wkh erg| ri wkh wh{w dqg ghihu frpsoh{ frpsxwdwlrqv wr wkh dsshqglfhv1

� �?@*)t�t Lu |�i Ah@_�?} B@4i

Rxu �uvw wdvn lq wklv vhfwlrq lv wr dvvhvv krz wkh uhyhodwlrq ri sulydwh lqirupdwlrq lq wkh rughu

�rz d�hfwv wkh sulflqj ixqfwlrq xvhg e| pdunhw pdnhuv1 Lw lv d uhodwlyho| hdv| wdvn lq wkh �uvw

shulrg ehfdxvh wkhuh lv qr phpru| h�hfw dv wkh suhylrxv gd| forvlqj sulfh lv dvvxphg wr eh

h�flhqw1 Wklqjv duh pruh frpsoh{ iru wkh vhfrqg shulrg dv pdunhw pdnhuv xvh$2 dqg $� zklfk

srwhqwldoo| frqwdlq lqirupdwlrq1

Dv pdunhw pdnhuv xvh wkh �{lqj sulfh s� dqg lwv xqghuo|lqj lqirupdwlrq $� wr qdph s2/

lqvlghuv pd| qrw zdqw wr uhyhdo dq lqirupdwlrq wkdw zloo eulqj wkh sulfh wrr forvh wr wkhlu

sulydwh h{shfwdwlrq ri wkh dvvhw ydoxh1 Wklv ehkdylru lv dw wkh khduw ri rxu prgho1 Zh vkdoo

wkhuhiruh dqdo|}h wkh rswlpdo wudglqj vwudwhj| zkhq rqh uhyhdov lqirupdwlrq lpphgldwho| ru

zkhq rqh ghflghv wr zdlw dqg wklv frqglwlrqdo rq wkh ghflvlrq ri wkh rwkhu lqvlghu1 Wkh qh{w

vhfwlrq zloo wkhq sxw wrjhwkhu wkhvh slhfhv ri dqdo|vlv wr ghwhuplqh wkh Qdvk htxloleulxp ri wkh

lqirupdwlrq uhyhodwlrq jdph1

��� �@h!i| �@!iht �h�U�?} +�*i

Shuihfw frpshwlwlrq ehwzhhq pdunhw pdnhuv jxdudqwhhv wkdw sulfhvs�+$�, dqg s2+$�> $2, frqyh|

doo wkh lqirupdwlrq lqfrusrudwhg lq wkh wzr uhvshfwlyh rughu �rzv l1h1/ s�+$�, @ H ^y m $�` dqg

s2+$�> $2, @ H ^y m $�> $2` = Qrwlfh wkdw lq h�flhqw pdunhwv/ sulfhv duh pduwlqjdohv zlwk uhvshfw

wr wkh sxeolf lqirupdwlrq dv H ^s2 m $�` @ H ^H ^y m $�> $2` m $�` @ H ^y m $�` @ s�1

Zh vkdoo odwhu vkrz wkdw wkh rughu �rzv wdnh wkh iroorzlqj ixqfwlrqdo irupv

$� @
n� . n�
��

y .
n�%�
��

.
n�%�
��

. ��x� +4,

$2 @
p� .p�

�2
y .

p�%�
�2

.
p�%�
�2

. �2x2 +5,

zkhuh n�> n� dqg �� ghshqg rq wkh sdudphwhuv
�
��c�> ��c�> ��c�> ��c�

�
fkdudfwhul}lqj wkh �uvw shulrg

ehkdylru ri lqvlghuv dqg p�>p� dqg �2 ghshqg vlploduo| rq
�
��c2> ��c2> ��c2> ��c2

�
=

Vlqfh y> %�> %� > x� dqg x2 kdyh ehhq suhylrxvo| dvvxphg wr kdyh }hur phdq/ lw lv dovr wkh fdvh

iru $� dqg $2= qrwlfh wkdw x� dqg x2 kdyh qr lqirupdwlrqdo uroh1 Frqvlghulqj wkh ixqfwlrqdo

irup ri $� jlyhq e| +4,/ zh kdyhS

H ^y m $�` @
+n� . n�,$�

��Y du+$�,
+6,

S�UULh_�?} |L |�i t|@?_@h_ ThL�iU|�L? Lu ?Lh4@* �@h�@M*it G �u �%@?_ �+ @hi �?_iTi?_i?| @?_ �@�i 3ihL 4i@?c

|�i? . d�%* �%n �+o ' T @oE�%�
T @oE�%�nT @oE�+�

E�%n �+��

<



zkhuh/ e| frqvwuxfwlrq/ Y du+$�, @
�
&�n&�
b�

�2
.

&2�
b2
�
� �
.

&2�
b2
�
� �
.

#2
�

��
=

Xvlqj wkh zhdn h�flhqf| ri sulfh/ htxdwlrq +6, |lhogv �� . ��$� @
E&�n&��/�
b�T @oE/��

= Lghqwli|lqj ��

dqg �� lq wklv olqhdu htxdwlrq/ zh jhw �� @ 3 dqg �2�Y du+$�, @ n�.n� 1 Ghyhorslqj wkh yduldqfh/

zh vroyh iru wkh lqyhuvh ri wkh pdunhw ghswk ri wkh �uvw shulrg/ rewdlqlqj

�� @

s
��
��

t
n� . n� � +n� . n�,2 � n2� �

3�
� � n2� �

3�
� +7,

Wkh h{0dqwh yduldqfh ri h{rjhqrxv wudgh +��, srvlwlyho| lq�xhqfh wkh ghswk ri wkh pdunhw1

Wr �qg �2 dqg �2/ zh xvh vlplodu/ doehlw pruh frpsoh{/ whfkqltxhv lq wkh Dsshqgl{1 Erwk

ydoxhv ghshqg rq wkh �uvw shulrg yduldeohv n�> n� / rq wkh vhfrqg shulrg rqhv p�>p� > �2 dqg rq

wkh ixqgdphqwdo sdudphwhuv ri wkh prgho � �> � � > ��dqg �2=

Wkh yduldqfh ri wkh dvvhw frqglwlrqdo rq wkh lqirupdwlrq uhyhdohg lq wkh �uvw vwdjh lv 	� �
H
k
+y �H ^y m $�`,

2
l
= Lw lv htxdo wr 4� Y du +H ^y m $�`, @ 4 � E&�n&��

2

b2
�
T @oE/��

dv wkh frqglwlrqdo h{0

shfwdwlrq lv dq ruwkrjrqdo surmhfwru1 Ghyhorslqj Y du+$�, dqg dsso|lqj +7, ohdgv wr

	� @ 4� E&�n&��
2

E&�n&��
2n&2� �

3�

� n&2� �
3�

� nb2
�
#2
�
�3�
�

@ 4� n� � n� +8,

��2 �L|� Ah@_iht �L?Ui@* W?uLh4@|�L?

Lq wklv vxevhfwlrq zh ghulyh wkh rswlpdo wudglqj vwudwhjlhv frqglwlrqdo rq wkh ghflvlrq wr frqfhdo

lqirupdwlrq lq wkh �uvw vwdjh1 Lq wklv FF fdvh/ wudghu m sodfhv dq rughu t�c� lqghshqghqw ri

klv sulydwh vljqdo1 Dv wudghu l fkrrvhv wr frqfhdo klv rzq lqirupdwlrq kh sodfhv d pdunhw

rughu t�c� lqgl�huhqw wr klv vljqdo v�1 Wkh �uvw vwdjh rughu �rz $� @ t�c� . t�c� . x� wkhuhiruh

frqwdlqv qr lqirupdwlrq rq wkh xqghuo|lqj ydoxh ri wkh dvvhw1 Wkh htxloleulxp sulfh lv wkhq

H ^y m $�` @ H ^y m sf` @ sf/ wkh forvlqj sulfh ri wkh suhylrxv gd| zklfk lv qrupdol}hg wr }hur +dv

lw lv dvvxphg wr eh h�flhqw,1 Wkh }hur sur�w frqglwlrq iru pdunhw pdnhuv ohdgv wr 3 @ s� +$, vr

wkdw dq| t�c� lv lqghhg rswlpdo1 Wkh frpplwphqw e| lqiruphg wudghuv wr frqfhdo wkhlu lqirupdwlrq

gulyhv wkhlu �uvw shulrg sur�wv wr }hur rq dyhudjh1 Lq whupv ri vhqvlwlylw| ri wkh rughu errn $�

zlwk uhvshfw wr wkh sulydwh vljqdov/ zh rewdlq n� @ n� @ 3 dqg �� @ �� @ 4=

Wkh vhfrqg vwdjh vwduwv zlwk dq hpsw| sxeolf lqirupdwlrq vhwK2 @ i>j dqg sulydwh lqiru0

pdwlrq vhw K2c� @ iv�j = Wkh h{0srvw sur�w iru wudghu l ri d wudgh t2c� lv +y � s2,t2c�= Dv lw lv

dozd|v rswlpdo wr xvh lwv lqirupdwlrq lq wkh odvw vwdjh ri wkh jdph/ wkh h{0lqwhulp sur�w lv

�2c�+K2c�, @ t2c�+v�,H ^y � s2 m K2c�` +9,

Vxevwlwxwlqj iru wkh pdunhw pdnhuv vwudwhj| s2+$2, @ �2 . �2$2 dqg xvlqj wkh rughu �rz

ghfrpsrvlwlrq $2 @ t2c� . t2c� . x2/ zkhuh x2 lv nqrzq wr wudghu l> wkh h{shfwhg sur�w lv

�2c�+K2c�, @ t2c�H ^y � �2 � �2+t2c� . t2c� . x2, m K2c�`

@ t2c� +H ^y m K2c�`� �2 � �2t2c� � �2H ^t2c� m K2c�`� �2x2,
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Xvlqj wkh vshfl�f irup ri wudghu m*v olqhdu vwudwhj| t2c�+K2c�, @ �2c� . �2c�H ^y m K2c� `/ wkh

�uvw rughu frqglwlrq +IRF, iru wudghu l uhdgv.

5�2t2c� @ H ^y m K2c�`� �2 � �2x2 � �2H ^t2c� m K2c�` +:,

@ H ^y m K2c�`� �2 � �2x2 � �2�2c� � �2�2c�H ^H ^y m K2c� ` m K2c�`

Wkh surmhfwlrq wkhruhp iru qrupdo udqgrp yduldeohv |lhogv H ^y m K2c�` @
� �

� �n�v�1 Zh wkhq

xvh H ^H ^y m K2c� ` m K2c�` @
� �

� �n�H ^y m K2c�` wr lghqwli| wkh lqwhufhsw dqg wkh vorsh ri wkh olqhdu

vwudwhj|= �2c� @
3>23b2k2c�3b2�2

2b2
dqg �2c� @

�3b2q2c�
��

��n�

2b2
1 Sxwwlqj wrjhwkhu wkh v|pphwulf

htxdwlrqv iru m/ zh vroyh wkh v|vwhp wr jhw �2c� @ ��2
� � >2

�b2
dqg �2c� @

E��n2�E� �n��
b2E�� ���ne��ne� �ne�

1

Wkh rughu �rz lv wkhuhiruh

$2 @ �5�2
6�2

.
��� �
� � . 4

+y . %�, .
��� �

� � . 4
+y . %�, .

x2
6

+;,

dqg jlyhq wkh dvvxphg irup

$2 @
p� .p�

�2
y .

p�%� .p�%�
�2

. �2x2 +<,

zh fdq lghqwli| wkh frh�flhqwv ri wkh ydulrxv lqghshqghqw udqgrp yduldeohv wr rewdlq

p� @
+� � . 5,� �

6� �� � . 7� � . 7� � . 7
> �2 @

4

6
dqg �2 @ 3

vlqfh wkhuh lv qr uhyhodwlrq lq vwdjh rqh1

Xvlqj wkh uhvxowv iru wkh �uvw shulrg zh rewdlq +fi1 Dsshqgl{, ���2 @ 3 dqg

���2 @
6
s
�2]+� �> � �,

6� �� � . 7� � . 7� � . 7
+43,

zkhuh ]+� �> � �, @ � �� � +5� �� � . 8� � . 8� �, . 7 +� � . � � . 4, +� � . � �,1 Zh dovr rewdlq wkh frqgl0

wlrqdo yduldqfh 	��
2 @ 4�p� �p� @

� ���n2��n2� �ne
�� ���ne� �ne� �ne

zklfk lv d frqyh{ ixqfwlrq lqfuhdvlqj lq

erwk suhflvlrqv1

Zh duh qrz deoh wr frpsxwh wkh h{shfwhg sur�wv ri wkh sod|huv1 Iurp +;,/ zh ghulyh wkh

rswlpdo rughuv t2c�+v�, @ �2c� . �2c�
� �r�
� �n� @ �

�
I
�2

�
E��n2�� �s
~E� �c���

v� �s�2x2
�

dqg wkh htxloleulxp

sulfh lv s2+v�> v�, @ ���2
�2
� .

E� �n2�� �r�nE� �n2�� �r�
�� ���ne� �ne� �ne

= Qrwlfh wkdw wkh htxloleulxp sulfh ixqfwlrq

srrov doo wkh lqirupdwlrq dv lw ghshqgv rq v� dqg v�1

Wkh h{0lqwhulp sur�w ri wudghu l lv wkh h{shfwhg sur�w frqglwlrqdo rq lwv sulydwh lqirupdwlrq

v�1 Zh dyhudjh s2 zlwk uhvshfw wr v� xvlqj H ^v� m v�` @ H ^y . %� m v�` @ H ^y m v�` @ � �r�
� �n�

+wkh huuru whupv duh lqghshqghqw udqgrp yduldeohv,1 Vwudljkwiruzdug dojheudlf pdqlsxodwlrqv

vkrz wkdw H ^y � s2 m v�` @ �2t2c�+v�, khqfh/ vxevwlwxwlqj lqwr +9, zh jhw wkh wudglwlrqdo Frxuqrw

.Wu |h@_iht �ihi 4@?�T�*@|�?} |�i 4@h!i| 4@!iht Th�U�?} h�*i |�i) �L�*_ |@!i �?|L @UUL�?| |�i u@U| |�@|b2 �t

�*|�4@|i*) @ u�?U|�L? Lu ^� @?_ ^� E_i�?i_ M) |�i i�U�i?U) UL?_�|�L?��
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irupxod iru wkh h{shfwhg sur�w frqglwlrqdo rq wkh sulydwh vljqdo lq wkh vhfrqg vwdjh +h{0lqwhulp

sur�w,1

���
2c� +v�, @ ���2 t2c�+v�,

2

@

s
]+� �> � �,

6
s
�2+6� �� � . 7� � . 7� � . 7,

#
+� � . 5,� �s
]+� �> � �,

v� �s�2x2
$2

+44,

Wr frpsxwh wkh h{0dqwh sd|r�v ���
2c� @ H

k
���
2c� +v�,

l
+sulru wr wkh uhdol}dwlrq ri v� dqg x2 ,

zh xvh H
�
v2�
�
@ �n� �

� �
/ H

�
x22
�
@ �3�2 dqg wkh lqghshqghqfh ri v� dqg x21 Zh rewdlq dq lqfuhdvlqj

dqg frqfdyh ixqfwlrq ri erwk suhflvlrqv � � dqg � �

���
� @

+� � . 5,2 +4 . � �, � � . ] +� �> � �,

6
s
�2] +� �> � �, +6� �� � . 7� � . 7� � . 7,

+45,

Zh fkhfn wkdw
Y ���

�

Y � �
A 3 dv lw lv d sro|qrpldo iudfwlrq lqyroylqj rqo| srvlwlyh frh�flhqwv

zkloh
Y ���

�

Y ��
? 3 lv yhul�hg rqo| e| d judsklfdo uhsuhvhqwdwlrq1 Qrwlfh dovr wkdw d juhdwhu suhflvlrq

rq lqirupdwlrq +� � A � �, sd|v pruh
�
���
� A ���

�

�
vlqfh

Y ���
�

Y � �
A

Y ���
�

Y � �
krogv zkhq hydoxdwhg

dw � � @ � � =

��� �t)44i|h�U �i�@��Lh

Zh qrz frqvlghu wkh prvw lqwhuhvwlqj fdvh ri dv|pphwulf ehkdylru= rqh sod|hu frqfhdov klv

sulydwh lqirupdwlrq lq vwdjh 4 wr ehwwhu xvh lw lq vwdjh 51 Lq wkh UF fdvh/ wudghu l uhyhdov

rswlpdoo| zkloh wudghu m frqfhdov rswlpdoo|1 Vlqfh ��-
� +� � > � �, @ �-�

� +� �> � �, zh vkdoo frpsxwh

erwk wudghuv sd|r� lq wkh UF fdvh wr rewdlq l* sd|r� lq wkh FU fdvh wdnlqj fduh ri wkh uhyhuvdo

ri suhflvlrqv1

Zh vroyh wkh UF fdvh e| edfnzdug lqgxfwlrq vlqfh lq wkh �uvw vwdjh/ wkh rswlpdo vwudw0

hj| iru wkh wudghu zkr uhyhdov ghshqgv rq wkh vhfrqg vwdjh ehkdylruv1 Dw wkh ehjlqqlqj ri

vwdjh 5/ wkh sxeolf lqirupdwlrq lq wkh suhvhqw frqwh{w lv K2 @ iv�j/ wkxv K2c� @ iv�j dqg

K2c� @ iv� > v�j vr wkdw H ^H ^y m K2c� ` m K2c�` @ H ^y m K2c�` @
r�� �
� �n� dqg H ^H ^y m K2c�` m K2c� ` @

H ^y m K2c� ` @
r�� �nr�� �
��n� �n�

1

Wkh IRF iru wudghu l lv vwloo

5�2t2c�+K�, @ H ^y m K2c�`� �2 � �2x2 � �2H ^t� m K2c�` +46,

exw dv wudghu m nqrzv K2c�> lwv IRF uhdgv

5�2t2c�+K2c�, @ H ^y m K2c� `� �2 � �2x2 � �2t2c�+K2c�, +47,

Wudghu l wdnhv lqwr dffrxqw wkh idfw wkdw kh lv uhyhdolqj klv lqirupdwlrq wr wudghu m> kh

wkhuhiruh lqwhjudwhv +47, lqwr +46, wr �qg lwv rswlpdo uhvsrqvh=

t2c�+v�, @
v�� �

6�2 +� � . 4,
� x2

6
� �2
6�2

+48,
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Zh fdq qrz vroyh iru wkh pruh lqiruphg wudghu m vxevwlwxwlqj +48, lq +47,

t2c�+v�> v�, @
v�� � . v�� �

5�2+� � . � � . 4,
� v�� �
9�2 +� � . 4,

� x2
6
� �2
6�2

+49,

Revhuyh iurp +48, wkdw wkh lqwhqvlw| sdudphwhu iru wudghu l lv �� @
�
�b2

olnh lq wkh FF fdvh

zkloh wudghu m kdv d pruh frpsoh{ ehkdylru vlqfh kh sxwv pruh zhljkw rq klv rzq lqirupdwlrq1

Wkh gl�huhqfh ri ehkdylru ehwzhhq wudghuv uhvwv rq yduldwlrqv ri suhflvlrq dqg h{0srvw vljqdov1

Dv zh glg zlwk +;, dqg +<,/ zh fkhfn wkdw H ^s2 m v� > v�` @ s2+v�> v�, dqg H ^y � s2 m v�` @
�2t2c�+v�,/ wkxv wkh h{0lqwhulp sur�wv lq vwdjh wzr duh

�-�
2c� +v�, @ �2t2c�+v�,

2 +4:,

�-�
2c� +v� > v�, @ �2t2c�+v�> v�,

2 +4;,

Surfhhglqj edfnzdug zh fdq qrz vwxg| wkh �uvw shulrg htxloleulxp1 Wr frpso| zlwk rxu

suhylrxv qrwdwlrqv rq wkh ghfrpsrvlwlrq ri wkh rughu �rz/ zh zulwh wkh olqhdu sulflqj uxoh ri wkh

pdunhw pdnhuv dv s� +$�, @ ��. �� +$� �H ^$�`, vlqfh lq wkh suhvhqw fdvh wkh frqvwdqw ghpdqg

ri wudghu m dggv d qrq lqirupdwlyh frqvwdqw whup lq wkh �uvw shulrg rughu �rz1 Wkh �uvw vwdjh

sur�w iru wudghu l lv

�-�
� +K�c�, @ t�c�+K�c�,H ^y� �� � �� +t�c� . t�c� . x� �H ^$�`, m K�c�`

Vroylqj wkh wzr pd{lpl}dwlrq sureohpv +zlwk wkh vdph surfhgxuh xvhg ehiruh, jlyhv

t�c� @ � ��
6��

� x�
6
.

v�� �
5��+� � . 4,

+4<,

t�c� @ � ��
6��

� x�
6

+53,

Qrwlfh wkdw t�c� lv lqghshqghqw ri y vlqfh sod|hu m yroxqwdu| ljqruhv klv sulydwh lqirupdwlrq dw

vwdjh 4> krzhyhu lw rswlpdoo| xvhv wkh qrlvh wudgh x� e| jrlqj djdlqvw lw1 Dv wudghu l lv uhyhdolqj

lwv sulydwh lqirupdwlrq/ wkh rughu �rz $� @
&�
b�
+y . %�, .

��
� . �� revhuyhg e| pdunhw pdnhuv

frqyh|v vrph ri wklv lqirupdwlrq dqg zh ghulyh n� @
� �

2E�n� ��
/ n� @ 3/ �� @

�
� dqg �� @ �2>

�

�b�
1

Uhfdoolqj wkdw �� lv dozd|v qlo +l1h1/ |hvwhugd|*v forvlqj sulfh zdv h�flhqw, zh jhw �� @ 3 dqg

iurp +7, zh rewdlq

�-�� @
6

5

u
��� �
� � . 4

+54,

Dv h{shfwhg/ �-�� lv lqfuhdvlqj lq � � ehfdxvh wkh pruh suhflvh wkh vljqdo/ wkh pruh djjuhvvlyh

wkh uhyhdolqj wudghu dqg wkh pruh djjuhvvlyh wkh pdunhw pdnhuv uhvsrqvh zklfk xowlpdwho|

uhgxfhv wkh ghswk ri wkh pdunhw1

Zh qrz frpsxwh wkh h{shfwhg sur�wv iru wkh sod|huv1 Lqwhjudwlqj +54, lqwr rswlpdo ghpdqgv

+48/49,/ zh jhw wkh h{0lqwhulp sur�wv

�-�
�c� +v�, @ �-��

�
v�� �

5�-�� +4 . � �,
� x�

6

�2

+55,

�-�
�c� +v�, @ �-��

x2�
<

+56,
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Wdnlqj lqwr dffrxqw H
�
v2�
�
@ �n� �

� �
/ H

�
x2�
�
@ �3�� dqg wkh lqghshqghqfh ri v� dqg x2> wkh

h{0dqwh h{shfwdwlrqv duh

�-�
�c� @

4

6
s
��

u
� �

� � . 4
+57,

�-�
�c� @

4

5
�-�
�c� +58,

Dv lqwxlwlrq zrxog vxjjhvw/ wkhuh lv d �uvw vwdjh dgydqwdjh wr uhyhdo vlqfh �-��c� A 3 zkloh

zh vdz wkdw ���
�c� @ 3= Wkh uhyhdolqj wudghu lv dovr hduqlqj pruh wkdq wkh frqfhdolqj rqh zkr

qhyhuwkhohvv wdnhv dgydqwdjh ri wkh txdolw| ri wkh lqirupdwlrq uhyhdohg dv �-��c� lqfuhdvhv zlwk

� �=

Kdylqj vroyhg wkh sulfh htxloleulxp ri erwk vwdjhv/ zh fdq �qg rxw wkh xsgdwlqj shuiruphg

e| wkh pdunhw pdnhuv lq wkh vhfrqg shulrg1 Xvlqj wkh htxloleulxp ydoxhv ri n�> n� > ��>p�> p�

dqg �2 zh rewdlq d idluo| frpsoh{ irupxod iru �-�2 +fi1 +74, lq dsshqgl{, zklfk lv srvlwlyh olnh

�-�� l1h1/ wkh pdunhw pdnhuv duh vsuhdglqj wkhlu uhdfwlyhqhvv wrzdugv dgyhuvh vhohfwlrq ryhu wkh

wzr shulrgv ri wudgh1

Wkh qryhow| ri wkh UF fdvh zlwk uhvshfw wr wkh FF fdvh lv wkh phpru| h�hfw zlwklq wkh

vhfrqg shulrg sulflqj uxoh> lw lv jlyhq e|

�-�2 @
e� �n� ���n�� �nS32� 2�
�2E� �n� �n��E� �n��2

�
� �v� .

s
+� � . 4,� ���x�

�
dqg hqwhuv lqwr wkh vhfrqg shulrg sur�wv +4:, dqg +4;,1 Wkh h{0lqwhulp sd|r�v duh

�-�
2c� +v�, @ �

bb-�
2

�
� �r�
� �n� � �-�2 x2 � �-�2

�2
+59,

�-�
2c� +v� > v�, @ �

bb-�
2

�
�Er�� �nr�� ��
2E� �n��n�� � � �r�

2E� �n�� � �-�2 x2 � �-�2

�2
+5:,

dqg wkhlu h{0dqwh h{shfwdwlrq |lhogv

�-�
2c� @

CE� � c� ��

�S2E� �n��n��
s
� 2E�n� ��

�t E� �c� ��

�-�
2c� @

ME� �c���
I
2

�S2E� �n��n��
s
� 2E�n� ��

�t E� �c� ��

zkhuh J dqg K duh sro|qrpldo lq � � dqg � � zlwk srvlwlyh frh�flhqwv1 Wkh joredo h{0dqwh sur�w/

�-�
� @ �-�

�c� .�-�
2c� lv lqfuhdvlqj dqg frqfdyh lq � � dqg � � exw eduho| ghshqgv rq wkh odwwhu1

Zkhq wudghu l xvhv klv sulydwh lqirupdwlrq lq vwdjh 4/ kh pdnhv sur�wv exw kh vwduwv vwdjh

5 zlwk d kdqglfds kdylqj pdgh wkh vhfrqg shulrg sulfh frph forvhu wr lwv rzq hvwlpdwlrq ri y1

Zkdwhyhu wkh udqnlqj ehwzhhq � � dqg � � / wudghu m vwduwv vwdjh 5 zlwk d ehwwhu lqirupdwlrq vlqfh

lw djjuhjdwhv K�c� dqg K�c� 1 Qrwlflqj wkdw khgjlqj dqg oltxlglw| rughuv duh suhvxpdeo| vsuhdg

ryhu wkh gd| lq dq htxdo pdqqhu +�� @ �2,/ zh duh qrz lq srvlwlrq wr ghulyh d �uvw uhvxow1
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Ohppd 4 Li oltxlglw| wudgh lv frqvwdqw dfurvv vwdjhv +�� @ �2,/ lw lv rswlpdo wr uhyhdo lwv

lqirupdwlrq zkhq wkh rssrqhqw frqfhdov lw= �-�
� A ���

� 1

Surri Wkh fodlp lv wuxh li

4

6

u
� �

� � . 4
@ �-�

�c� A ���
� @ ���

2c� @
E��n2�2E�n� ��� �n~E� �c� ��

�
s
~E� �c���E�� �� �ne� �ne� �ne�

/ +6� �� � . 7� � . 7� � . 7,2 � �] � +4 . � �,
�
+� � . 5,2 +4 . � �, � � �]

�2
A 3

dqg wklv � � 0sro|qrpldo kdv rqo| srvlwlyh frh�flhqwv ryhu wkh udqjh � � � 4= Khqfh �-�
� A ���

�

iroorzv lpphgldwho| iru �� @ �21 T1H1G1

Wkxv/ d klw dqg uxq vwudwhj| +uhyhdo dw vwdjh 4 dqg ohdyh wkh pdunhw, lv ehwwhu wkdq zdlwlqj

wkh vhfrqg shulrg wr wudgh li rqh jxhvvhv wkdw lwv rssrqhqw zloo wudgh rq lqirupdwlrq dw vwdjh 5/

wuljjhulqj dq djjuhvvlyh uhdfwlrq iurp pdunhw pdnhuv1

Uhfdoolqj wkdw wkh suhflvlrq ri wkh xqghuo|lqj dvvhw y lv qrupdol}hg wr xqlw| dqg xvlqj

H ^y m v�` @ � �r�
�n� �

> wkh yduldqfh ri y qrw h{sodlqhg e| wkh sulydwh vljqdov lv Y du+y m v�> v�, �
H
k
+y �H ^y m v�> v� `,2

l
@ �

� �n��n�
vlqfh y> %� dqg %� duh lqghshqghqw yduldeohv1 Khqfh wkh ydul0

dqfh h{sodlqhg e| +v�> v�, lv
� �n��

� �n� �n� =

Zkhq wudghu l frqfhdov lwv lqirupdwlrq lq wkh �uvw urxqg zkloh m uhyhdov lw/ wkh ydoxh ri

sulydwh lqirupdwlrq iru wudghu l sdvvhv iurp � �

�n� �
wr

� �n� �

� �n��n�
vlqfh kh ohduqv v�zkloh wkh ydoxh ri

sulydwh lqirupdwlrq iru wudghu m uhpdlqv
��

�n� �
= Lw lv lpphgldwh wr vhh wkdw wkh jdlq iru wudghu l

lv txlfno| ghfuhdvlqj zlwk � �= Lq rwkhu zrugv/ zdlwlqj wr ohduq v� pdnhv vhqvh iru wudghu l rqo|

li kh lv srruo| lqiruphg1 Wklv lv zkdw zloo rffxu lq htxloleulxp1

��e �L|� Ah@_iht +i�i@* W?uLh4@|�L?

Lq wklv �qdo UU fdvh/ wudghuv sod| lq wkh �uvw shulrg dv li wkh| zhuh lq wkh vhfrqg shulrg

zlwkrxw dq| suhylrxvo| uhyhdohg lqirupdwlrq1 Dffruglqjo| wkh dqdo|vlv surfhhgv lq d uhodwlyh

vwudljkwiruzdug zd|1 Wkh vhfrqg vwdjh dqdo|vlv ri wkh FF fdvh |lhogv lpphgldwho| wkh �uvw

vwdjh ri wkh UU fdvh e| fkdqjlqj �2 lqwr ��=

Zh rewdlq n� A 3> n� A 3 dqg �� A 3 l1h1/ wudghuv xvh wkhlu lqirupdwlrq djdlqvw pdunhw pdnhuv

dqg dovr wudgh djdlqvw wkh qrlvh wudghuv1 Wkh pdunhw ghswk lv wkxv srvlwlyh +�--� A 3, dqg wkhuh

lv qr klvwru| h�hfw +�� @ 3,1 Wkh h{shfwdwlrq ri wkh h{0lqwhulp sur�w lv wdnhq iurp ���2c� dqg

|lhogv

�--
�c� @

+� � . 5,2 +4 . � �, � � . ] +� �> � �,

6+6� �� � . 7� � . 7� � . 7,
s
��] +� �> � �,

+5;,

Dv lqwxlwlrq vxjjhvw/ wkhuh lv d �uvw shulrg dgydqwdjh wr uhyhdo lwv lqirupdwlrq= �--�c� A ��-
�c�

+wklv gl�huhqfh lv d sro|qrpldo lq � � dqg � � zlwk srvlwlyh frh�flhqwv,1 Ixuwkhupruh/ vlqfh wudghu
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m lv dozd|v uhyhdolqj/ wkh ehwwhu lqiruphg m lv/ wkh ehwwhu lw lv iru wudghu l wr xvh wkdw sxeolf

lqirupdwlrq iru klpvhoi> wklv lv zk| �--
�c� ���-

�c� lqfuhdvhv zlwk � � =

Lq wkh vhfrqg vwdjh/ wkh sxeolf lqirupdwlrq lq wklv fdvh lv K2 @ iv� > v�j @ K2c� @ K2c� /

wkxv H ^y m K2c�` @
r�� �nr�� �

� �n� �n� 1 Xvlqj wkh vdph uhvroxwlrq phwkrg/ zh �qg wkh sdudphwhuv ri wkh

rswlpdo uhyhdolqj vwudwhjlhv �2c� @ ��2
� � >2

�b2
dqg �2c� @

�
�b2

= Qrz/ dv

$2 �H ^$2` @
x2
6
� 5�2
6�2

.
�
�� . ��

� v�� � . v�� �
� � . � � . 4

@
p�v� .p�v�

�2
. �2x2 +5<,

zh duh deoh wr lghqwli| p� @
� �

�E��n� �n��
dqg �2 @

�
� = Wklv ohdgv wr d frpsoh{ irupxodh iru �--2 /

�--2 dqg wkh h{0dqwh sur�w �--
2c� = Wkh ryhudoo h{shfwhg sd|r� �--

� @ �--
�c� .�--

2c� lv dq lqfuhdvlqj

dqg frqfdyh ixqfwlrq ri � �=

e ,^��*�Mh��4 +i�i*@|�L? Lu W?uLh4@|�L?

Lq wklv vhfwlrq zh fkdudfwhul}h wkh htxloleulxp ri wkh lqirupdwlrq uhyhodwlrq jdph1 Ehiruh wklv

zh uhvwdwh wkh _vl}h% h�hfw ri oltxlglw| wudgh douhdg| srlqwhg rxw e| Dgpdwl dqg S�hlghuhu

+4<;;,1 Dv lqwxlwlrq vxjjhvwv/ wkh eljjhu wkh yroxph ri wudgh suhvhqw lq wkh pdunhw iru khgjlqj

ru rwkhu oltxlglw| uhdvrqv/ wkh kljkhu wkh sur�w lqvlghuv fdq jhw1 Khqfh/ li vwdjh 5 lv vljql�fdqwo|

pruh oltxlg wkdq vwdjh 4/ wudghuv kdyh dq lqfhqwlyh wr klgh wkhlu lqirupdwlrq lq rughu wr h{sorlw

lw vxffhvvixoo| lq wkh odvw vwdjh1

Ohppd 5 Wkhuh h{lvwv V+� �> � �, vxfk wkdw wkh xqltxh htxloleulxp lv +F>F, dv vrrq dv
t

��
�2

A

pd{
q

�
7E� �c���

> �
7E�� c� ��

r
=

Surri Dojheudlf pdqlsxodwlrq hqdeoh wr vkrz wkdw

���
�

�
� �> � � >

�2
��

�
A �-�

�

�
� �> � � >

�2
��

�
/
u
�2
��

? V +� �> � �,

zkhuh V +� �> � �, @
t

� �n�
~� �

�
E��n2�2E�n� ��� �n~
E�� ���ne��ne� �ne� �

t
~

t E�n� ��
�

C
DeE� �n��n��

�
=

Khqfh lw lv rswlpdo iru l wr frqfhdo li m grhv olnhzlvh zkhq wkh oltxlglw| udwlr
t

� �
� 2

lv odujhu

wkdq �
7E� � c� ��

zklfk dq lqfuhdvlqj frqfdyh ixqfwlrq1 Jlyhq rxu fkrlfh ri udqjh iru suhflvlrqv � �

dqg � � > wkh plqlpxp ri �
7 lv �

7E�*2c�*2�
* 5=441 Rwkhu dojheudlf pdqlsxodwlrqv hqdeoh wr vkrz

wkdw

��-
�

�
� �> � � >

�2
��

�
A �--

�

�
� �> � � >

�2
��

�
/
u
��
�2

A
4

W+� � > � �,

zkhuh �
A E� � c� ��

/ dydlodeoh xsrq uhtxhvw iurp wkh dxwkruv/ lv ghfuhdvlqj lq erwk yduldeohv1 Wkh

pd{lpxp lv wkhuhiruh �
A E�*2c�*2�

* 4= 98= Lw lv qrz fohdu wkdw iru
t

��
�2

A �
7 A �

A > +U>U, lv qrw dq

htxloleulxp frq�jxudwlrq1 Iurp wkh vdph lqhtxdolw| zh ghgxfh wkdw qhlwkhu +U>F, qru +U>F,
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duh vwdeoh vlqfh wkh uhyhdolqj wudghu kdv dq lqfhqwlyh wr frqfhdo lq wkh �uvw shulrg1 Wkh rqo|

srvvleoh htxloleulxp fdqglgdwh lv wkxv +F>F, dqg lw lv lqghhg dq htxloleulxp1 T1H1G1

Urxjko| vshdnlqj li oltxlglw| wudgh grxeohv iurp vwdjh 4 wr 5/ erwk wudghuv zloo suhihu wr

zdlw wr eh deoh wr xvh wkhlu sulydwh lqirupdwlrq dw wkh uljkw wlph1 Ohw xv vwuhvv wkdw vxfk dq

lqh�flhqw uhohdvh ri lqirupdwlrq fdq dulvh lq kljko| wudqvsduhqf| pdunhwv li wkh wudglqj gd|

lqyroyhv prphqwv ri orz dqg kljk dfwlylw|1 Wklv lv wkh fdvh iru lqvwdqfh lq Hxurshdq vwrfn

h{fkdqjhv dw wkh rshqlqj ri Dphulfdq pdunhwv1

e�� �t)44i|h�U W?uLh4@|�L? U@? 4@||ih

Wkh suhylrxv dqdo|vlv doorzv wr fkdudfwhul}h wkh htxloleulxp ri rxu vlpsoh wudglqj jdph1 Wkh

olwhudwxuh +N|oh +4<;<,/ Kroghq dqg Vxeudkpdq|dp +4<<5,/ Irvwhu dqg Ylvzdqdwkdq +4<<6, dqg

+4<<9,, kdv vkrzq wkdw lqfuhdvlqj frpshwlwlrq ehwzhhq lqiruphg wudghuv ohdgv wrzdugv pruh

h�flhqw sulfhv1 Dv wklv uhvxow lv rewdlqhg e| nhhslqj wkh dyhudjh oltxlglw| wudgh yroxph frqvwdqw

zh vkdoo dovr vhw �� @ �2 @ 4 iru wkh uhvw ri wkh sdshu1

Wkh iroorzlqj sursrvlwlrq lv wkh fhqwudo uhvxow ri wkh sdshu> lw looxvwudwhv zkhq rqh ri wkh

wudghuv suhihuv qrw wr wudgh dffruglqj wr klv rzq lqirupdwlrq lq wkh �uvw shulrg1 Zh vkdoo xvh

wkh whuplqrorj| ri Irvwhu dqg Ylvzdqdwkdq +4<<9, dqg fdoo wklv vlwxdwlrq wkh _zdlwlqj jdph%1

Sursrvlwlrq 4 Wkh vhw ri Ed|hvldq0Qdvk htxloleuld lq wuxwkixo uhyhdolqj vwudwhjlhv lv

L +��> ��, @ +U>U, li � � � �ffn�Sf� �3�D�2�
�ff dqg � � � �ffn�Sf��3�D� 2�

�ff

L +��> ��, @ +F>U, li � � A
�ffn�Sf� �3�D�2�

�ff dqg � � � �ffn�Sf� �3�D�2�
�ff

L +��> ��, @ +U>F, li � � � �ffn�Sf� �3�D� 2�
�ff dqg � � A

�ffn�Sf��3�D� 2�
�ff

L erwk +U>F, dqg +F>U, rwkhuzlvh

Surri= E| Ohppd 4/ li d sod|hu frqfhdov wkhq wkh ehvw uhso| iru wkh rwkhu wudghu lv wr

uhyhdo1 Wkhuhiruh lq htxloleulxp dw ohdvw rqh wudghu +m z1o1r1j1, uhyhdov zklfk ohdgv xv wr

frpsduh �--
� dqg ��-

� 1 Lw lv fohdu wkdw e| frqfhdolqj lwv lqirupdwlrq lq wkh �uvw shulrg wudghu

l orvhv wkh rssruwxqlw| ri uhdol}lqj sur�wdeoh wudghv/ wkxv ��-�c� ? �--
�c� +fi1 vhfwlrq 617,1 Lq

wkh vhfrqg shulrg wkh frqfhdolqj wudghu l kdv qrz d vxshulru lqirupdwlrq dv kh _krogv% v� dqg

v� > wkxv kh hduqv �
�-
2c� A �--

2c� 1 Wkh wudgh0r� ehwzhhq uhyhdolqj dqg frqfhdolqj lv vroyhg zkhq

�--
� +� �> � �, @ ��-

� +� �> � �, = Dv wklv lv sro|qrpldo htxdwlrq ri ghjuhh < lq � � dqg � � zh kdyh

wr uho| rq d qxphulfdo vroxwlrq1 Zh dssurdfk wkh lqhtxdolw| ��-� � �--
� e| � � � i+� �, �

�ffn�Sf� �3�D�2�
�ff +� � � �

2 ,1 Rq �jxuh 4 ehorz zh sorw plq
�
3>�--

� ���-
�

�
1

4:



�

�

�

�

�

�

W

�
�

�
�

�
�

V

�����

�����

�����

�����

�����

�

plq
�
3>�--

� ���-
�

�
iru � � @ w> � � @ v

Iljxuh 4

Urxjko| vshdnlqj/ zkhq � � lv odujhu wkdq � � + l1h1/ � � � i+� �,, wudghu l rswlpdoo| uhyhdov1

Iru +U>U, wr eh dq htxloleulxp lw lv qhfhvvdu| wkdw U lv dovr wkh rswlpdo vwudwhj| iru wkh rwkhu

wudghu m l1h1/ � � � i+� �, pxvw krog1 Li � � lv wrr odujh ehiruh � � wkhq m suhihuv wr frqfhdo lq wkh

�uvw shulrg1 V|pphwulfdoo| li � � lv odujh ehiruh � � lw lv wudghu l zkr suhihuv wr zdlw1

Zkhq erwk � � dqg � � duh odujhu wkdq 8 +wkh lqwhuvhfwlrq ri wkh wzr fxuyhv i+� �, dqg i+� �,,

wkh lqirupdwlrq jdph lv d suhhpswlrq jdph vlqfh wkh �uvw pryhu irufhv wkh rwkhu wr frqfhdo dqg

rewdlqv d kljkhu sd|r�
�
�-�
�

�
wkdq li kh zhuh wkh vhfrqg pryhu

�
��-
�

�
dv vhhq rq Iljxuh 5

ehorz1 Wkhuh wkxv h{lvwv wzr dv|pphwulf htxloleuld +U>F, dqg +F>U,1 T1H1G1

Dv d frqvhtxhqfh ri wkh deryh dqdo|vlv wkhuh lv lqh�flhqw lqirupdwlrq glvforvxuh dv vrrq dv

rqh wudghu kdv d vljqdo h{sodlqlqj pruh wkdq ;5( ri wkh xqghuo|lqj dvvhw yduldqfh +fi1 � � 7=8

rq Iljxuh 5 ehorz,1 Krzhyhu wklv fdvh vkrxog qrw eh yhu| uhohydqw vlqfh lqirupdwlrq lv frvwo| wr

dftxluh1

��

��

��

��

��

� � � � � �
W

�--
� +vrolg,/ ��-

� +gdvk, dqg �-�
� +vwduv, iru � � @ � � @ w

Iljxuh 5

Wkh pdlq sudfwlfdo frqfoxvlrq zh fdq gudz iurp Sursrvlwlrq 4 lv wkdw h�flhqw uhyhodwlrq ri

lqirupdwlrq wdnhv sodfh rqo| iru vlplodu vljqdo suhflvlrqv1 Rwkhuzlvh wkh ohvvhu lqiruphg wudghu

4;



suhihuv wr pdnh d orz sur�w lq wkh �uvw shulrg e| jrlqj rqo| djdlqvw oltxlglw| wudghuv dqg eh

wkh ehvw lqiruphg lq wkh odvw vwdjh udwkhu wkdq gloxwlqj klv sulydwh lqirupdwlrq wr vrrq1

Wkh hfrqrplf lqwhusuhwdwlrq ri wkh lqh�flhqw htxloleulxp +U>F, lv wkdw wkh ehwwhu lqiruphg

wudghu wudghv pruh djjuhvvlyho| ehfdxvh pdunhw ghswk lv kljk1 Lqghhg pdunhw pdnhuv duh zloolqj

wr surylgh pruh ghswk wkdq wkh| rwkhuzlvh zrxog vlqfh wkh| fdqqrw glvwlqjxlvk ehwzhhq rughuv

dulvlqj iurp lqiruphg ru xqlqiruphg wudghuv/ dqg wkh| nqrz wkdw lq wklv htxloleulxp rqo| rqh

lqvlghu xvhv lwv vljqdo1 E| jlylqj d uhodwlyho| kljkhu ghswk wr wkh pdunhw/ wkh| lqgxfh vrph

lqirupdwlrq uhyhodwlrq +lq sduwlfxodu/ wkh pruh suhflvh rqh,/ glvfulplqdwlqj ehwzhhq lqvlghuv

vlqfh wklv lqfhqwlyh lv qrw vx�flhqw iru wkh ohvv lqiruphg wudghu wr uhyhdo1

Wklv h�hfw lv d frqvhtxhqfh ri wkh wudqvsduhqw plfurvwuxfwxuh ri wkh h{fkdqjhv/ dqg lw lv qrw

suhvhqw lq suhylrxv prgho dv lq Irvwhu dqg Ylvzdqdwkdq +4<<9,/ zkhuh lqvlghuv zdlw wr uhyhdo

wkhlu vljqdov rqo| zkhq wkhvh duh qhjdwlyho| fruuhodwhg dprqj wkhpvhoyhv1

e�2 Ah@_�?} �Lt|t @?_ ,�U�i?U) �? ,^��*�Mh��4

Wkh pdlq prwlydwlrq wr vwxg| d gl�huhqw plfurvwuxfwxuh ri h{fkdqjhv dqg d gl�huhqw lqirupdwlrq

vwuxfwxuh iurp wkh h{lvwlqj olwhudwxuh uholhv rq wkh frqvhtxhqfhv wkdw wkhvh wzr hohphqwv lqgxfh

rq wkh htxloleulxp oltxlglw| g|qdplfv dqg wkh ghjuhh ri sulfh h�flhqf|1

Wkh oltxlglw| ri wkh pdunhw/ phdvxuhg khuh e| wkh sulfh vhqvlwlylw| wr wudgh � jlyhv xv dq

lghd ri wkh frvw ri wudglqj lq vxfk d pdunhw= d yhu| wklq pdunhw +kljk �, jhqhudwhv d kljk frvw

ri wudglqj yld wkh h�hfw wkdw lqglylgxdo wudglqj kdv rq sulfh1 Wkh ghjuhh ri sulfh h�flhqf| lv

jlyhq e| 	| � H
k
+y � s|,

2 m K|

l
wkh uhvlgxdo yduldqfh diwhu wkh lqirupdwlrq sxeolfo| uhyhdohg

kdv ehhq lpsrxqghg lqwr wkh sulfh1

Zh ghvfuleh wkh g|qdplfv ri �| dqg 	| srlqwlqj rxw wkh gl�huhqfh zlwk wkh suhglfwlrqv

ri h{lvwlqj zrunv/ hvshfldoo| Kroghq dqg Vxeudkpdq|dp +4<<5, dqg Irvwhu dqg Ylvzdqdwkdq

+4<<9,1 Zlwk wklv frpsdulvrq/ zh fdq ehwwhu xqghuvwdqg wkh h�hfw ri wkh sduwlfxodu dv|pphwu|

ri lqirupdwlrq dvvxphg khuh/ dv zhoo dv wkh h�hfw ri wkh vwudwhjlf lqwhudfwlrq ehwzhhq lqvlghuv

lq d txrwdwlrq v|vwhp zlwk h{wuhph wudqvsduhqf|1

71514 Oltxlglw| g|qdplfv

Lw lv lpphgldwh wr vhh wkdw zkdwhyhu wkh htxloleulxp/ wkh pdunhw ghswk lv qhyhu frqvwdqw dfurvv

shulrgv dv rssrvhg wr wkhprqrsrolvw fdvh ri N|oh +4<;8, exw vlploduo| wr wkh uhvw ri wkh olwhudwxuh1

Vlqfh wkh ghjuhh ri fruuhodwlrq ehwzhhq vljqdov dqg wkh ohqjwk ri wkh jdph duh erwk �{hg/ zh

fdq pdnh vrph frpsdudwlyh vwdwlfv dqdo|vlv fkdqjlqj wkh suhflvlrqv � � dqg � � 1

Iru � � forvh wr � � > wkh xqltxh htxloleulxp lv +U>U,1 Lq wkdw fdvh wkh vhqvlwlylw| � ri wkh

4<



pdunhw pdnhuv wr wkh rughu �rz lv lqlwldoo| kljk dqg wkhq ghfuhdvhv dv �--� A �--2 =H Wklv uhvxow

lv frqvlvwhqw zlwk wkh ehkdylru ri lqiruphg wudghuv lq htxloleulxp= dgyhuvh vhohfwlrq ehlqj kljkhu

dw shulrg 4 wkh pdunhw pdnhuv uhdfw zlwk d vwhhshu sulfh ixqfwlrq1

Zkhq wkh sulydwh vljqdov kdyh gl�huhqw suhflvlrqv/ wkh sod|hu zlwk d ehwwhu txdolw| ri lq0

irupdwlrq uhyhdov zkloh wkh rssrqhqw sod|v dq rughu lqghshqghqw ri lwv rzq vljqdo +htxloleulxp

+U>F,,1 Iru odujh dv|pphwulhvb zh fdq vkrz wkdw �-�� ? �-�2 wkxv wkh vhqvlwlylw| idfwru �|

lqfuhdvhv ehfdxvh wkhuh lv vwloo d vwurqj dgyhuvh vhohfwlrq lq wkh vhfrqg vwdjh1 Wkh lqwxlwlrq khuh

lv wkdw pdunhw pdnhuv sulfh vprrwko| wr lqflwh wudghuv wr uhyhdo lqirupdwlrq dqg wkhq vzlwfk wr d

pruh djjuhvvlyh sulflqj uxoh lq wkh vhfrqg shulrg dv wkhuh lv vwloo dq lpsruwdqw dgyhuvh vhohfwlrq

lq wkh pdunhw1

Dq lqfuhdvlqj vhqvlwlylw| idfwru �| lv dovr rewdlqhg e| Irvwhu dqg Ylvzdqdwkdq +4<<9,/ exw

rqo| zkhq wkh lqirupdwlrq ri wkh lqvlghuv lv qhjdwlyho| fruuhodwhg zklfk lv qrw wkh fdvh khuh1

Wkh uhdvrq iru wklv uhvxow lq Irvwhu dqg Ylvzdqdwkdq +4<<9, lv wkdw lqiruphg wudghu l pdnhv d

vpdoo wudgh lq wkh �uvw shulrg dv kh wklqnv wkdw lqiruphg wudghu m lv sxoolqj wkh vwrfn sulfh lq wkh

zurqj gluhfwlrq dqg shufhlyh wkh srvvlelolw| ri pdnlqj odujh sur�wv lq wkh ixwxuh e| srvwsrqlqj

lwv wudgh +wkdw rwkhuzlvh zrxog sxoo wkh sulfh lq wkh _uljkw% gluhfwlrq lpphgldwho|,1

Lq rxu prgho wkh udwlrqdoh lv gl�huhqw> wkh sod|hu zkr uhfhlyhv wkh ohvv ydoxdeoh lqirupdwlrq/

ehfdxvh kh kdv revhuyhg d yhu| qrlv| vljqdo/ suhihuv wr zdlw wr srvw d wudgh ghshqghqw rq wkdw

vljqdo/ vlqfh kh nqrzv wkdw lq wkh vhfrqg shulrg kh zloo eh deoh wr xsgdwh klv rzq lqirupdwlrq

pxfk ehwwhu wkdq wkh dyhudjh +l1h1 wkh pdunhw pdnhuv,1 Lqghhg kh zloo srvvhvv wzr vljqdov ryhu

wkh glvwulexwlrq ri y zkloh klv rssrqhqw kdv mxvw rqh1 Wkh zdlwlqj ehkdylru lv wkhq dulvlqj iurp

d vwudwhjlf lqwhudfwlrq/ dqg qrw dv d frqvhtxhqfh ri d vwdwlvwlfdo fkdudfwhulvwlf ri wkh prgho1 Zh

pd| lqwhusuhw wkh frpshwlwlrq lq lqirupdwlrq dv d frpshwlwlrq ehwzhhq roljrsrolvw zlwk gl�huhqw

frvw vwuxfwxuhv zkhuh wkh prvw h�flhqw dfwv dv d ohdghu/ wdnlqj d �uvw pryhu dgydqwdjh1

Qrwlfh dovr wkdw �--� A �-�� vkrxog krog ehfdxvh zkhq wzr lqvlghuv uhyhdo lqirupdwlrq

+fdvh UU,/ pdunhw pdnhuv duh pruh uhdfwlyh wkdq zkhq rqo| rqh uhyhdov +fdvh UF,1 \hw zkhq

suhflvlrqv duh kljko| dv|pphwulf�f +zlwklq wkh +U>F, htxloleulxp duhd, wkh uhyhuvh lqhtxdolw|

krogv gxh wr wkh vwurqj frpshwlwlrq dprqj lqvlghuv1 Wkhlu wudglqj lqwhqvlw| idfwru n--� @

� �

�E� �n� �n�� lv orz dqg wkh ryhudoo h�hfw rq pdunhw pdnhuv uhdfwlyhqhvv lv zhdnhu wkdq li wkhuh

lv rqo| rqh lqvlghu dfwlyho| xvlqj +dqg uhyhdolqj, klv lqirupdwlrq ehfdxvh wkh odwwhu dfw dv dq

lqirupdwlrq prqrsrolvw dqg wudghv pruh djjuhvvlyho| zlwk n-�� @ � �
2E�n� ��

dqg wklv fdxvhv d yhu|
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��l�mne�mne�lne
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djjuhvvlyh uhvsrqvh ri wkh pdunhw pdnhuv vr wkdw �-�� A �--� =

Xvlqj wkh whuplqrorj| ri Irvwhu dqg Ylvzdqdwkdq +4<<9,/ zh fdq frqfoxgh wkdw hyhq li wkh

lqvlghuv kdyh wkh vdph rslqlrq derxw wkh ydoxh ri dq dvvhw/ wzr h�hfwv dulvh= d frpshwlwlrq

h�hfw +_udw udfh%, dqg d vwudwhjlf ohdghuvkls h�hfw +_zdlwlqj jdph%, gxh wr wkh suhflvlrq ri wkh

lqirupdwlrq> zkhq wkh txdolw| ri wkh vljqdov lv vlplodu/ wkh �uvw h�hfw suhydlov/ rwkhuzlvh zh fdq

revhuyh wkh vhfrqg skhqrphqrq1

71515 Wkh vshhg ri lqirupdwlrq uhyhodwlrq

Wkh h�hfw ri lqirupdwlrq uhyhodwlrq rq �| lv ryhudoo gxh wr wkh dprxqw ri lqirupdwlrq uhohdvhg

wr wkh pdunhw1

Iru dv|pphwulf suhflvlrqv wkh htxloleulxp lv +��> ��, @ +U>F,= Wkh yduldqfh ri wkh dvvhw

ydoxh jlyhq wkh rughu �rz revhuyhg lq wkh �uvw shulrg lv 	-�� @ � �n2
2E�n� ��

1 Lw lv lqghshqghqw ri � �

dqg ghfuhdvlqj lq � � l1h1/ wkh pruh suhflvh wkh vljqdo ri wkh uhyhdolqj lqvlghu/ wkh pruh suhflvh

wkh lqirupdwlrq frqwdlqhg e| wkh pdunhw sulfh dqg wkxv wkh orzhu wkh uhvlgxdo yduldqfh ri y= Dv

	-�
� lv frqyh{ lq � �/ wklv skhqrphqrq dffhohudwhv zlwk wkh suhflvlrq � �=

Zkhq wkh ohvvhu lqiruphg wudghu suhihuv wr zdlw +suhflvlrqv dv|pphwu|,/ wkhuh lv ohvv lqiru0

pdwlrq uhyhodwlrq wkdq li kh zhuh wr uhyhdo lwv vljqdo vlqfh�� 	-�
� A 	--

� = Wklv h{sodlqv zk| �-�|

fdq lqfuhdvh zkloh �--| ghfuhdvhv1 Lq wkh +U>F, htxloleulxp wkhuh lv ohvv uhyhodwlrq ri lqirupdwlrq

lq wkh �uvw shulrg zkhq frpsduhg wr wkh +U>U, htxloleulxp> wkh sulfh vhqvlwlylw| wr wkh rughu

�rz lv dovr orzhu1

Wkh idfw wkdw wkhuh lv pruh wudglqj lq wkh �uvw shulrg ri wkh +U>U, htxloleulxp pd| h{sodlq

wkh kljkhu vhqvlwlylw| ri pdunhw pdnhuv* sulflqj ixqfwlrq1 Wklv lpsolhv wkdw lq wudqvsduhqw

pdunhwv vxfk dv wkh FDWV v|vwhp lq Wrurqwr/ rxu prgho suhglfwv wkdw wkh ghswk ri wkh pdunhw

lv kljkhu lq wkh ehjlqqlqj ri wkh wudglqj gd| dqg orzhu dv zh pryh forvhu wr wkh gdwh ri sxeolf

lqirupdwlrq uhyhodwlrq wkdq lq ohvv wudqvsduhqw pdunhwv vxfk dv wkh Q\VH1

Lq rwkhu whupv/ wkh pdunhw pdnhuv lq wkh htxloleulxp +U>F, duh uhgxflqj �� vlqfh wkh| zdqw

wr jlyh wkh ehwwhu lqiruphg sod|hu dq lqfhqwlyhv wr uhyhdo klv lqirupdwlrq= lq wklv zd|/ wkh| ohdyh

iru wkh vhfrqg shulrg doo wkh lqirupdwlyh wudglqj dfwlylw| wkdw uholhv rq ohvv suhflvh vljqdov1

Wkh ryhudoo slfwxuh vhhpv wr vxjjhvw wkdw dq kljkhu wudqvsduhqf| plfurvwuxfwxuh lv qrw ehqh0

�fldo lq whupv ri h�flhqf| ri sulfhv1 Lqghhg lw fuhdwhv dq dgglwlrqdo vwudwhjlf h�hfw wkdw lqgxfhv

lqvlghuv zlwk ohvv suhflvh vljqdov wr zdlw ehiruh uhyhdolqj wkhp1 Wklv h�hfw dulvhv rqo| zkhq wkh

gl�huhqfh lq lqirupdwlrq txdolw| lv uhohydqw/ l1h1 lq wkh +U>F, htxloleulxp1 Lq whupv ri wudglqj

frvwv/ zh dovr �qg/ dv Pdgkdydq/ Sruwhu dqg Zhdyhu +5333, wkdw kljkhu wudqvsduhqf| grhv qrw

lpso| orzhu frvwv/ jlyhq wkdw zh xvh �| dv d phdvxuh ri wkhvh frvwv1
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Wr hqg wkh frpsdulvrq zlwk wkh h{lvwlqj plfurvwuxfwxuh uhvxowv rq sulydwh lqirupdwlrq/ zh

vwxg| wkh sur�w orvvhv ri dq lqirupdwlrq prqrsrolvw zkhq d vhfrqg lqiruphg wudghu hqwhuv wkh

pdunhw1 Zkhq lqirupdwlrq lv dq krprjhqhrxv jrrg wkh Ehuwudqg frpshwlwlrq gulyhv sur�wv wr

}hur1 Khuh wkh khwhurjhqhlw| ri wkh vljqdov uhfhlyhg e| lqvlghuv vprrwk rxw wklv frpshwlwlrq1

Qhyhuwkhohvv/ wkh orzhu duh wkh gxrsro| sur�wv/ wkh orzhu lv wkh lqfhqwlyh iru lqglylgxdov wr

jdwkhu lqirupdwlrq li dw ohdvw vrphrqh hovh lv douhdg| grlqj lw1

Zh vkrz lq wkh dsshqgl{ wkdw wkh rswlpdo vwudwhj| iru wkh lqirupdwlrq prqrsrolvw lv wr

uhyhdo lwv lqirupdwlrq lpphgldwho|1 Wkh wrwdo h{0dqwh sur�w +nhhslqj frqvwdqw oltxlglw| wudgh

ehwzhhq shulrgv, lv wkh lqfuhdvlqj frqfdyh ixqfwlrq

��+� �, @
4

5

u
� �

� � . 4

3C4 . 7�2� . 5� � . 6

7+� � . 4,
t
4. �2�

4D
Li d fkdoohqjhu hqwhuv wkh pdunhw zlwk wkh vdph suhflvlrq wkhq wkh sur�w ri wkh lqfxpehqw

gursv e| dw ohdvw 77( dqg xs wr 93( zkhq wkh frpprq suhflvlrq udqjhv lq
�
�
2 > 9

�
+wkh htxloleulxp

ehlqj +U>U,,1

D �L?U*�t�L?

Lq wkh vwxglhv wkdw dgguhvv wkh sureohp ri djjuhjdwlrq ri lqirupdwlrq e| htxloleulxp sulfhv/

wkh uroh ri dv|pphwulhv ehwzhhq lqiruphg wudghuv kdv ehhq uduho| dqdo|}hg1 Wkh uhvxowv ri

N|oh +4<;8,/ Kroghq dqg Vxeudkpdq|dp +4<<5, frqvlghu wkh htxloleulxp lq d fhqwudol}hg/ rughu0

gulyhq frqwlqxrxv �qdqfldo pdunhw zlwk d prqrsrolvw ri lqirupdwlrq ru pruh frpshwlwruv zlwk

wkh vdph lqirupdwlrq1 Irvwhu dqg Ylvzdqdwkdq +4<<9, vwxg| wkh frpshwlwlrq ehwzhhq dv|p0

phwulfdoo| lqiruphg wudghuv/ exw frqvlghu d vljqdo vsdfh zkhuh lqvlghuv uhfhlyh vljqdov zlwk wkh

vdph suhflvlrq exw zlwk vrph srvlwlyh ru qhjdwlyh fruuhodwlrq1

Lq wklv duwlfoh zh kdyh vkrzq wkdw wkh uroh ri dv|pphwulhv lv fuxfldo lq rughu wr dvvhvv wkh

h�flhqf| surshuwlhv ri sulfhv1 Zh kdyh vwxglhg wkh vwudwhjlf lqwhudfwlrq ehwzhhq lqvlghuv zkr

duh deoh wr revhuyh wkh rughuv ri hdfk rwkhu/ dv lq wudqvsduhqw pdunhwv vxfk dv wkh Wrurqwr Vwrfn

H{fkdqjh1 Lq rxu prgho wklv ihdwxuh fdq lqgxfh d vorz surfhvv ri lqirupdwlrq uhyhodwlrq li wkh

sulydwh vljqdov/ hyhq ehlqj srvlwlyho| fruuhodwhg/ kdyh kljko| gl�huhqw suhflvlrqv1 Zh fkdudfwhul}h

wkh olqhdu/ sxuh vwudwhjlhv htxloleulxp vhw dv d ixqfwlrq ri wkh suhflvlrq ri sulydwh vljqdov dqg

wkh yroxph ri oltxlglw| wudgh suhvhqw rq wkh pdunhw1 Nhhslqj dvlgh wkh lq�xhqfh ri wkh odwwhu zh

vkrz wkdw wkh pruh suhflvh wkh vljqdo/ wkh kljkhu wkh lqfhqwlyh wr uhyhdo lw dw wkh �uvw vwdjh1 \hw

wkh rswlpdo uhvsrqvh ri d ohvvhu lqiruphg wudghu fdq eh wr klgh lwv rzq lqirupdwlrq gxulqj wkh

�uvw vwdjh1 Dv|pphwulf htxloleuld khqfh dulvh li wkh lqvlghv kdyh frqvlghudeo| gl�huhqw suhflvlrq1

Lq wkh v|pphwulf fdvh/ zh �qg wkh uhvxow ri Kroghq dqg Vxeudkpdq|dp +4<<5, dv d vshfldo fdvh1
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Wkh prgho suhvhqwhg khuh kdv vkrzq wkdw wkh frpshwlwlrq ehwzhhq dv|pphwulfdoo| lqiruphg

wudghuv kdv d uhdoo| gl�huhqw qdwxuh iurp wkh Ehuwudqg frpshwlwlrq wdnlqj sodfh ehwzhhq htxdoo|

lqiruphg lqvlghuv1 Lq sduwlfxodu/ zh vlqjoh rxw htxloleuld zkhuh wkh ghswk ri wkh pdunhw ghfuhdvhv

dv zh dssurdfk wkh sxeolf dqqrxqfhphqw ri wkh lqirupdwlrq1 Wklv lv gxh wr d sxuho| vwudwh0

jlf _zdlwlqj% ri wkh ohvvhu lqiruphg wudghu/ dqg qrw wr gl�huhqfhv lq rslqlrqv dv lq Irvwhu dqg

Ylvzdqdwkdq +4<<9,1 Wkh kljkhu wudqvsduhqf| vwuxfwxuh ri hohfwurqlf h{fkdqjhv fdxvhv wkhq d

pruh vrsklvwlfdwhg lqwhudfwlrq ehwzhhq wudghuv/ dqg wkh ryhudoo h�hfw rq wkh dprxqw ri lqiru0

pdwlrq lqfrusrudwhg lqwr sulfhv fdq eh qhjdwlyh1

Rxu uhvxow lv dovr vxssruwhg e| wkh hpslulfdo hylghqfh ri Pdgkdydq/ Sruwhu dqg Zhdyhu

+5333, zkr revhuyhg dq lqfuhdvh lq wudglqj frvwv lq wkh Wrurqwr FDWV diwhu wkh uhirup ri 4<<3

wkdw lqfuhdvhg wkh wudqvsduhqf| lq wkdw pdunhw vwuxfwxuh1

S �TTi?_� 

S�� �@h!i| 4@h!ih Th�U�?} h�*i �? |�i tiUL?_ Tih�L_

Zh ghulyh khuh wkh pdunhw pdunhu sulflqj uxoh lq wkh vhfrqg shulrg ghshqglqj rq wkh rughu �rz

$� dqg $21 Jlyhq wkdw wkh rqo| udqgrp yduldeohv duh y> %�> %� > x�dqg x2 zh pd| vhw

$� @
n� . n�
��

y .
n�%�
��

.
n�%�
��

. ��x� +63,

$2 @
p� .p�

�2
y .

p�%�
�2

.
p�%�
�2

. �2x2 +64,

iru dghtxdwh sdudphwhuv n�> n� >p�>p� > �� dqg �2= Revhuyh wkdw

�22Y du+$2, @ +p� .p�,
2 .p2

� �
3�
� .p2

� �
3�
� . �22�

2
2�

3�
2 +65,

Iru qrupdo yduldeohv wkh frqglwlrqdo h{shfwdwlrq lv d olqhdu ixqfwlrq ri wkh revhuydwlrqv/ wkxv

s2 @ H ^y m $�> $2` @ d�$� . d2$2 dqg e| wkh odz ri lwhudwhg h{shfwdwlrqv/ zh kdyh

H ^y m $�` @ H ^H ^y m $�> $2` m $�` @ d�$� . d2H ^$2 m $�` +66,

H ^y m $2` @ H ^H ^y m $�> $2` m $2` @ d2$2 . d�H ^$� m $2` +67,

Wr vroyh +66,/ zh xvh +63, dqg +64, wr ghfrpsrvh H ^$2 m $�` lqwr
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k
6�n6�
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y m $�

l
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6�0�
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y m $�
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H
k
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l
.
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b2
b�
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H
k
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b�
%� m $�

l
@

�
b�E6�n6��
b2E&�n&��

�
&�n&�
b�

�2
. b�6�

b2&�

�
&�
b�

�2
.

b�6�

b2&�

�
&�
b�

�2� $�

Y du+$�,

@
T$�

���2Y du+$�,
zkhuh T � +p� .p�,+n� . n�, . n�p� . n�p� +68,
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Frpelqlqj H ^y m $�` @ E&�n&��/�
b�T @oE/��

dqg +68,/ htxdwlrq +66, ehfrphv

n� . n�
��

$�

Y du+$�,
@ d�$� . d2$�

T

���2Y du+$�,

, d2 @
�2+n� . n� � d���Y du+$�,,

T
+69,

V|pphwulfdoo|/ +67, ohdgv wr

d� @
��+p� .p� � d2�2Y du+$2,,

T
+6:,

Vroylqj wkh v|vwhp +6906:, jlyhv

d� @ ��
T+p� .p�,� +n� . n�,�

2
2Y du+$2,

T2 � +n� . n�,�
2
2Y du+$2,

+6;,

d2 @ �2
+n� . n�, +T� +p� .p�,,

T2 � +n� . n�,�
2
2Y du+$2,

+6<,

Qrz zh fdq hdvlo| rewdlq wkh olqhdu sulflqj uxoh iru wkh pdunhw pdnhuv dw wkh vhfrqg vwdjh1

Frpelqlqj s2+$�> $2, @ �2.�2$2 dqg +BB, zh rewdlq �2.�2$2 @ d�$�.d2$2= Lghqwli|lqj wkh

frh�flhqwv ri wklv olqhdu htxdwlrq/ zh rewdlq �2 @ d�$�dqg �2 @ d2= Khqfh iurp +6<, dqg jhw

+n� . n�,�
2
2Y du+$2, @ T2 � +n� . n�, +T� +p� .p�,, +73,

dqg xvlqj +65, zh �qdoo| rewdlq

+p� .p�,
2 .p2

� �
3�
� .p2

� �
3�
� . �22�

2
2�

3�
2 @

T2

+n� . n�,
� +T� +p� .p�,,

, �2 @

s
�2
�2

u
'2

E&�n&��
�T. +p� .p�,� +p� .p�,2 �p2

� �
3�
� �p2

��
3�
� +74,

Qrwlfh wkdw zkhq n� dqg n� whqg wr }hur/ T dqg '2

&�n&�
whqg dovr wr }hur/ wkxv +74, lv wkh

h{dfw frxqwhusduw wr +7, wkh pdunhw ghswk lq wkh �uvw vwdjh1 Zh fdq dovr vlpsoli| +6;, wr rewdlq

d� @ ��

�
4� '

&�n&�

�
dqg

�2 @ d�$� @

�
4� T

n� . n�

�
+n�v� . n�v� . ����x�, +75,

zklfk lv qlo zkhqhyhu qr lqirupdwlrq lv uhyhdohg lq vwdjh rqh +n� @ n� @ �� @ 3,1

Xvlqj +74, dqg +75, zh fdq frpsxwh 	2 @ 4�Y du+d�$�.d2$2, dv d ixqfwlrq j +p�>p� > n�> n� > � �> � �,

dydlodeoh xsrq uhtxhvw iurp wkh dxwkruv1

S�2 A�i �L?LTL*) �i?U�4@h!

Li wkh prqrsro| frqfhdov klv lqirupdwlrq gxulqj wkh �uvw shulrg wkhq s� @ sf @ 3 dqg wkh

h{shfwhg sur�w lv ���
� @ 3=Wkh wudglqj sdudphwhu lq wkh odvw shulrg rewdlqhg iurp wkh xvxdo IRF
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duh �2c� @
3>

2
3b2�2
2b2

dqg �2c� @
�

2b2
1 Wkh rughu �rz lv wkhuhiruh $2 @ � �2

5�2
.

�2� �
� � . 4

v� .
x2
5

@

p�v�
�2

. �2x21 Zh fdq lghqwli| wkh frh�flhqwv ri wkh ydulrxv lqghshqghqw udqgrp yduldeohv wr

rewdlq p� @
� �

2E� �n��
> �2 @ 3 dqg �2 @

�
2 > �

�
2 @

t
�2� �

� �n� 1 Khqfh
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Xvlqj H
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�
@ �n� �

� �
/ H

�
x22
�
@ �3�2 dqg v� B x2= Ilqdoo| ��� @ ���

� . ���
2 =

Li wkh prqrsro| ghflghv wr uhyhdo lpphgldwho| wkhq �-� @
t

� �� �
� �n�

/ ��-
� +� �> ��, @

���
2 +� �> ��,

dqg $� @
r�
2

t
� �

��E� �n�� .
��
2 = Khqfh wkh ehvw vwudwhj| iru d prqrsro| lv wr uhyhdo lpphgldwho| lq

rughu wr ehqh�w iurp wkh srvvlelolw| wr wudgh lq wzr shulrgv1 Wkh rswlpdo vhfrqg shulrg rughu

lv t2c�+v�, @
�

2b2

�
� �r�
� �n�

� �2 � �2x2
�
exw zh qrz kdyh �-2 @

u
�2� �+�n�2� ,
E� �n���

dqg wkh phpru| h�hfw
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^4` Dgpdwl D1 dqg S1 S�hlghuhu +4<;;,/ _D Wkhru| ri Lqwudgd| Sdwwhuqv= Yroxph dqg Sulfh

Yduldelolw|%/ Uhylhz ri Ilqdqfldo Vwxglhv 4/ Vsulqj/ 60731

^5` Ekdwwdfkdu|d X1 dqg P1 Vslhjho +4<<4,/ _Lqvlghuv/ Rxwvlghuv dqg Pdunhw Euhdngrzqv%/

Uhylhz ri Ilqdqfldo Vwxglhv/ 7/ 58805;51

^6` Eldlv E1/ S1 Kloolrq dqg F1 Vsdww +4<<:,/ _Sulfh Glvfryhu| dqg Ohduqlqj gxulqj wkh Suh

rshqlqj Shulrg lq wkh Sdulv Erxuvh%/ Plphr/ Xqlyhuvlw| ri Wrxorxvh1

^7` Eurzq/ G1 S/ dqg U1 K1 Mhqqlqjv +4<;<,/ _Rq Whfkqlfdo Dqdo|vlv%/ Uhylhz ri Ilqdqfldo

Vwxglhv 5/ 85:08851

^8` Fruqhoo/ E1 dqg H1 Vluul +4<<5,/ Wkh uhdfwlrq ri lqyhvwruv dqg vwrfn sulfhv wr lqvlghu wudglqj/

Mrxuqdo ri Ilqdqfh/ 7:/ 43640931
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^9` Irvwhu I1 G1 dqg V1 Ylvzdqdwkdq +4<<3,/ _D Wkhru| ri wkh Lqwudgd| Yduldwlrqv lq Yroxph/

Yduldqfh dqg Wudglqj Frvwv lq Vhfxulwlhv Pdunhwv%/Uhylhz ri Ilqdqfldo Vwxglhv/ 6/ 8<609571

^:` Irvwhu I1 G1 dqg V1 Ylvzdqdwkdq +4<<6,/ _Yduldwlrqv lq Wudglqj Yroxphv/ Uhwxuq Yrodwlolw|

dqg Wudglqj frvw= Hylghqfh rq uhfhqw Sulfh Irupdwlrq Prghov%/ Mrxuqdo ri Ilqdqfh/ 7;/

4;:05441

^;` Irvwhu/ I1 G1 dqg V1 Ylvzdqdwkdq +4<<9, _Vwudwhjlf Wudglqj Zkhq Djhqwv Iruhfdvw wkh

Iruhfdvwv ri Rwkhuv% Wkh Mrxuqdo ri Ilqdqfh 84/ 476:047::1

^<` Kduulv P1 dqg D1 Udyly +4<<6,/ Gl�huhqfhv ri Rslqlrq Pdnh d Kruvh Udfh/ Uhylhz ri

Ilqdqfldo Vwxglhv/ 9/ ss17:608391

^43` Kroghq F1 dqg D1 Vxeudkpdq|dp +4<<5,/ _Orqj0Olyhg Sulydwh Lqirupdwlrq dqg Lpshuihfw

Frpshwlwlrq%/ Wkh Mrxuqdo ri Ilqdqfh/ 7:/ 57:05:31

^44` N|oh D1 +4<;8,/ _Frqwlqxrxv Dxfwlrqv dqg Lqvlghu Wudglqj%/Hfrqrphwulfd/ 86/ 4648046681

^45` N|oh D1 +4<;<,/ _Lqiruphg Vshfxodwlrq zlwk Lpshuihfw Frpshwlwlrq%/ Uhylhz ri Hfrqrplf

Vwxglhv/ 89/ 64:06891

^46` N|oh D1 dqg I1 Zdqj +4<<:,/ _Vshfxodwlrq Gxrsro| zlwk Djuhhphqw wr Glvdjuhh= Fdq

Ryhufrq�ghqw Vxuylyh wkh Pdunhw WhvwB%/ Wkh Mrxuqdo ri Ilqdqfh/ 85/ 53:6053<31

^47` Pdgkdydq D1 +4<<5,/ _Wudglqj Phfkdqlvpv lq Vhfxulwlhv Pdunhwv%/ Wkh Mrxuqdo ri Il0

qdqfh/ 7:/ 93:09751

^48` Pdgkdydq D1/ G1 Sruwhu dqg G1Zhdyhu +5333, _Vkrxog Vhfxulwlhv Pdunhwv eh WudqvsduhqwB%

^49` Phgudqr O1 dqg [1 Ylyhv +4<<:,/ _Vwudwhjlf Ehkdylrxu dqg Sulfh Glvfryhu|%/ FHSU Glv0

fxvvlrq Sdshu 4:9;1

^4:` Phxoeurhn O1 +4<<5,/ Dq hpslulfdo dqdo|vlv ri lqvlghu wudglqj dqg wkh vwrfn pdunhw/ Mrxuqdo

ri Ilqdqfh/ 7:/ 49940<<1

^4;` R* Kdud P1 +4<<8,/ Pdunhw Plfurvwuxfwxuh Wkhru|/ Eodfnzhoo Sxeolvkhuv/ R{irug1

^4<` Sruwhu G1 dqg G1 Zhdyhu +4<<;,/ Wudqvsduhqf| dqg oltxlglw|= vkrxog X1V1 pdunhwv eh pruh

wudqvsduhqwB/ Zrunlqj Sdshu/ Pdutxhwwh Xqlyhuvlw|1

^53` Vslhjho P1 dqg D1 Vxeudkpdq|dp +4<<5,/ _Lqiruphg Vshfxodwlrq dqg Khgjlqj lq d Qrq0

frpshwlwlyh Vhfxulwlhv pdunhw%/ Uhylhz ri Ilqdqfldo Vwxglhv/ 5/ 63:065<1

^54` Ylyhv/ [1 +4<<8,/ _Wkh Vshhg ri Lqirupdwlrq Uhyhodwlrq lq d Ilqdqfldo Pdunhw Phfkdqlvp%/

Mrxuqdo ri Hfrqrplf Wkhru|/ 9:/ 4:;05371
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