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Abstract 
Two-player Stackelberg games may have multiple Subgame Perfect Nash Equilibria 
(henceforth SPNEs), especially when the best reply correspondence of the follower is not a 
single-valued map. Aim of the paper is to investigate the issue of selection of SPNEs in two-
player Stackelberg games by exploiting perturbations of the payoff functions of the game. To 
achieve such a goal, since the limit of “perturbed" SPNEs is not necessarily an SPNE of the 
initial game even for classic perturbations, first we show how to produce an SPNE starting 
from a sequence of SPNEs of perturbed games. This result allows to define a general 
selection method for SPNEs that can accommodate various behaviors of the players. More 
precisely, under mild assumptions on the data of the game we prove that perturbations relying 
on a Tikhonov regularization, on an adverse-to-move behaviour and on an altruistic behaviour 
fit the general method and we present the specific selection results associated to such 
perturbations. On the one hand, as regards to the Tikhonov regularization and the adverse-to-
move behaviour, we extend or recover the results showed by Morgan and Patrone [Advances 
in Dynamic Games, (2006), pp. 209-221] and by Caruso, Ceparano and Morgan [Dyn. Games 
Appl., 9 (2019), pp. 416-432]. On the other hand, concerning the altruistic behaviour, we 
present a new specific selection method for SPNEs based on the slightly altruistic approach 
introduced by De Marco and Morgan [J. Optim. Theory Appl., 137 (2008), pp. 347-362] for 
simultaneous-move games. Finally, we illustrate by examples that the general method carried 
out under the three different “behaviours" just mentioned can select different SPNEs. 
 
Keywords: Subgame perfect Nash equilibrium; selection; two-player Stackelberg game; 
Tikhonov regularization; adverse-to-move behaviour; slightly altruistic behaviour.  
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1 Introduction

Two-player Stackelberg games (originally introduced in an economic setting by H. von Stackelberg

in [54]) describes the interactions between two players, called leader and follower, who make their

decisions non-cooperatively in a sequential way. In the first stage, the leader chooses an action

trying to forecast the future decision of the follower; in the second stage, the follower observes what

the leader has played and chooses an action that is optimal for himself. The solution concept we

consider in this framework is the traditional game-theoretical solution for extensive-form games,

that is the subgame perfect Nash equilibrium (introduced in [48], see also for example [20, 40];

henceforth SPNE), well-known refinement of the Nash equilibrium solution concept used to rule

out possible irrational behaviours of the players. The situation originally investigated by von

Stackelberg concerns a sequential duopoly where the follower has a unique optimal reaction to any

choice of the leader and the game has a unique SPNE. However, in general, a Stackelberg game

could have many subgame perfect Nash equilibria, especially if the follower has not a unique optimal

reaction to any choice of the leader. Hence, a key-issue in such a case is how selecting an SPNE, or

at least how reducing the amount of SPNEs. Since a Stackelberg game is an extensive-form game

with perfect information, we point out that it would be useless to consider any of the selection

concepts introduced for imperfect information games (as for example [47, 43, 22, 51], see also [52]).

In this perfect information framework, two ways to select an SPNE are connected to the solu-

tions of widely investigated problems reflecting the two “extreme” possible beliefs that the leader

can have about how the follower chooses an action among his optimal reactions. More precisely, if

the leader thinks that the follower will choose the worst action for him then he faces the so-called

weak Stackelberg problem (or pessimistic bilevel optimization problem; see [41, 23, 49, 5, 30, 34,

28] and also [3] for first results on existence, approximation and algorithms), whose solution induces

an SPNE selection motivated by the pessimistic behaviour of the leader.

Instead, if the leader believes that the follower will choose the best action for him then he deals

with the so-called strong Stackelberg problem (or optimistic bilevel optimization problem; see [4,

13, 44, 38, 53, 55, 27] and also [14] for first investigations on existence, approximation, optimality

conditions and algorithms), whose solution induces an SPNE selection justified by the optimistic

attitude of the leader. For further discussion on how the SPNEs are “induced” by weak and strong

Stackelberg solutions see [7, Section 4.2.5].

Furthermore, when the leader has not the above described extreme beliefs on the follower’s be-

haviour but he has a more general belief that attributes probabilities to all the optimal reactions,

any solution of the so-called intermediate Stackelberg problem (introduced in [37], see also [35] and

[36] for an application to oligopolistic markets) leads to an SPNE selection that reflects the belief

hold by the leader.

Although behaviourally motivated, these ways of selection bring along the crucial issues of the

mathematical problems to which they are connected. For instance, the solutions and the values

of both the weak and the strong Stackelberg problem are not stable in general with respect to

perturbations of the payoff functions (see [30, 28] and [27, Example 4.1]) and moreover weak and

intermediate Stackelberg problems are not guaranteed to have a solution even under compactness

of the action sets and continuity of the payoff functions (for weak Stackelberg problem see [3, Re-
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mark 4.3] and for intermediate Stackelberg problem see [35, Example 3.5]). Such crucial issues have

been overcome by the introduction of “surrogate” solutions (in weak Stackelberg problems see [30,

32, 31, 28] for approximate solutions and [26] for viscosity solutions, in intermediate Stackelberg

problems see [35] for approximate solutions, in strong Stackelberg problems see [27] for approximate

solutions; see also [7, Section 4.4] for a comprehensive discussion). Let us point out that, if the

follower has a unique optimal reaction, the weak and the strong Stackelberg problems coincide and

collapse in the so-called Stackelberg problem and existence and stability results of the solutions

hold under mild conditions (see [29] and also [7, Section 4.3.1]).

If the players are not involved in the situations previously described, a way to select an SPNE is

to construct particular sequences of perturbed two-stage Stackelberg games where the second-stage

problem has a unique solution, that are well manageable from both theoretical and numerical points

of view. Recently two situations have been investigated when the follower payoff function is convex

with respect to his own variable. First, in [42] an SPNE has been obtained by perturbing the

follower payoff function via the Tikhonov regularization ([50]), one of the most used regularization

techniques in optimization. Afterwards, in [6] an SPNE selection method has been introduced

which, besides the uniqueness of the solution to the perturbed second-stage problem, presents an

interesting behavioural interpretation reflecting the players’ aversion to pay the costs of deviating

from a current action to another one. The perturbation is obtained by exploiting the proximal

regularization (an optimization technique connected to the Moreau-Yosida regularization, see [39,

46]) of both the leader and the follower payoff functions. Finally, perturbations motivated according

to the “costs of change” have been considered in [18] both in simultaneous-move games and in

Stackelberg games.

Since each of the last described selection methods also exhibit a constructive (meaning algorith-

mic) procedure to select an SPNE, a natural issue is trying to define a general method (possibly

in a non-convex setting) for constructing an SPNE which, on the one hand, includes the methods

proposed in [42, 6] and, on the other hand, allows us to produce new behaviourally motivated

selection methods. For this purpose, first we consider a general sequence of perturbed two-player

Stackelberg games obtained by perturbing the players payoff functions of the original game and

we take into account a related sequence of SPNEs (that is, one SPNE for each perturbed game).

Unfortunately, such a sequence does not necessarily converge to an SPNE even for nice data of

the game and perturbations, as shown by counterexamples. However, under suitable reasonable

conditions, by means of an associate sequence we are able to produce an SPNE from the limit of the

sequence of “perturbed” SPNEs and to define a general selection method. Finally, we show which

kinds of perturbations satisfy these conditions and hence we provide specific selection methods for

SPNEs, possibly motivated by particular players’ behaviours. More precisely, we will extend or re-

cover the selection methods based on Tikhonov regularization and on “adverse-to-move” behaviour

introduced in [42] and [6], and we will define a new selection method relying on the “slightly altru-

istic” behaviour introduced in [11] to define a Nash equilibrium refinement in simultaneous-move

games.

The paper is organized as follows. In Section 2 we discuss preliminary results on the conver-

gence of SPNEs of perturbed Stackelberg games. More precisely, when the follower best reply

correspondence is single valued then the limit of SPNEs of perturbed games is an SPNE of the
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original game; instead this is no longer true when the follower best reply correspondence is not sin-

gle valued, as shown by a counterexample. In Section 3 the main result of the paper is presented:

we prove how to generate an SPNE from the limit of SPNEs of perturbed games and we define a

general selection method for SPNEs. In Section 4 we illustrate different kinds of perturbations that

fit the general selection method and we state the corresponding specific selection results. Indeed,

perturbations relying on the Tikhonov regularization, on an adverse-to-move behaviour and on an

altruistic behaviour are examined in Section 4.1, Section 4.2 and Section 4.3, respectively. Finally,

in Section 4.4 the SPNEs achievable via the three specific selection methods are compared via

examples.

2 Preliminaries on the convergence of SPNEs

In the whole paper we deal with a two-player Stackelberg game Γ. The action sets of the leader

and the follower are denoted by X and Y and are assumed to be subsets of two Euclidean spaces

X and Y, respectively; the payoff functions of the leader and the follower are denoted by l and f ,

respectively, and are real-valued functions defined on the set of action profiles X × Y . Since the

action sets do not change throughout the paper, the game Γ is also referred to as (l, f). Let us

denote with B the best reply correspondence of the follower, that is the set-valued map defined on

X by

B(x) := Arg max
y∈Y

f(x, y) = {y ∈ Y | f(x, y) ≥ f(x, z) for any z ∈ Y } ⊆ Y, (1)

and with Y X the set of strategies of the follower, that is Y X := {ϕ | ϕ : X → Y }. In this setting,

an SPNE is defined as follows.

Definition 2.1 ([48]) A strategy profile (x̄, ϕ̄) ∈ X × Y X is a subgame perfect Nash equilibrium

of Γ if the following conditions hold:

(SPE1) ϕ̄(x) ∈ B(x) for any x ∈ X,

(SPE2) x̄ ∈ Arg maxx∈X l(x, ϕ̄(x)).

To introduce our general method for SPNE selection, in this section we illustrate some remark-

able facts regarding the convergence of SPNEs of two-player Stackelberg games under perturbations.

Let us consider a general sequence of perturbed games (Γn)n obtained from Γ by perturbing only

the players’ payoff functions. More precisely, let

Γn := (ln, fn) for any n ∈ N,

that is, Γn is a two-player Stackelberg game whose action sets are X and Y and the leader and

follower payoff functions are ln and fn, respectively, with ln and fn real-valued functions defined

on X ×Y . Associated to (Γn)n, let (x̄n, ϕ̄n)n ∈ X ×Y X be a sequence of strategy profile such that

(x̄n, ϕ̄n) is an SPNE of Γn for any n ∈ N. In light of Definition 2.1, this means, for any n ∈ N

ϕ̄n(x) ∈ Arg max
y∈Y

fn(x, y) for any x ∈ X and x̄n ∈ Arg max
x∈X

ln(x, ϕ̄n(x)).
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Now, it is natural to ask if the sequence (x̄n, ϕ̄n)n of SPNEs related to the perturbed games (Γn)n
converges to an SPNE of the original game Γ. The answer depends on the uniqueness of the optimal

reaction of the follower.

The follower’s optimal reaction is unique. When the follower’s optimal reaction is unique,

that is the best reply correspondence of the follower B is single valued, the limit of the sequence

(x̄n, ϕ̄n)n is an SPNE of Γ. Such a result immediately follows from the arguments used to prove

propositions 3.1 and 3.2 in [29], where a general perturbation scheme for two-player Stackelberg

games with uniqueness of the follower’s optimal reaction is investigated.

Proposition 2.1. Assume that

• the set Y is compact;

• the map B in (1) is single-valued;

• the sequences (ln)n and (fn)n continuously converge to l and f , respectively

(i.e. limn→+∞ ln(xn, yn) = l(x, y) and limn→+∞ fn(xn, yn) = f(x, y)

for any sequence (xn, yn)n ⊆ X × Y converging to (x, y)).

Let (x̄n, ϕ̄n) be an SPNE of Γn for any n ∈ N and (x̄, ϕ̄) be the limit of (x̄n, ϕ̄n)n,

(i.e. x̄ = limn→+∞ x̄n and ϕ̄(x) = limn→+∞ ϕ̄n(x) for any x ∈ X).

Then

(i) the sequence (ϕ̄n)n continuously converges to ϕ̄;

(ii) the strategy profile (x̄, ϕ̄) is an SPNE of Γ.

Remark 2.1 We point out that assumption (iii) in Proposition 2.1 can be replaced with the weaker

conditions used in [29] (for further discussion on the connections between such conditions and

existing notions of convergence, see [29, Remark 2.3]). We preferred to make stronger assumptions

only for reasons of readability.

The follower’s optimal reaction is not always unique. When the follower has not a unique

optimal reaction to any choice of the leader, that is the map B is not single valued, the limit of the

sequence (x̄n, ϕ̄n)n is not necessarily an SPNE of Γ. This is shown in the following counterexample

inspired by [33, Example 2.1 and Remark 3.1], where the Tikhonov regularization is used for

perturbing Γ.

Example 2.1 Let X = Y = [−2, 2], Γ = (l, f) with l(x, y) = x + y and f(x, y) = −xy, and

Γn = (ln, fn) with ln(x, y) = l(x, y) and fn(x, y) = −xy − y2/n for any n ∈ N.

Each perturbed game Γn has a unique SPNE, namely the strategy profile (x̄n, ϕ̄n) defined by

x̄n = −4/n and ϕ̄n(x) =


2, if x ∈ [−2,−4/n[

−nx/2, if x ∈ [−4/n, 4/n]

−2, if x ∈]4/n, 2].
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Denoted by x̄ the limit of (x̄n)n and by ϕ̄ the pointwise limit of (ϕ̄n)n, we have

x̄ = 0 and ϕ̄(x) = lim
n→+∞

ϕ̄n(x) =


2, if x ∈ [−2, 0[

0, if x = 0

−2, if x ∈]0, 2].

Note that the condition (SPE1) in Definition 2.1 is satisfied, since

ϕ̄(x) ∈ B(x) =


{2}, if x ∈ [−2, 0[

[−2, 2], if x = 0

{−2}, if x ∈]0, 2]

whereas, the condition (SPE2) in Definition 2.1 does not hold, as

l(x, ϕ̄(x)) =


x+ 2, if x ∈ [−2, 0[

0, if x = 0

x− 2, if x ∈]0, 2],

and Arg max
x∈X

l(x, ϕ̄(x)) = ∅.

Therefore, the pair (x̄, ϕ̄) is not an SPNE of Γ.

We highlight that the convergence of the sequence (x̄n, ϕ̄n)n towards an SPNE of Γ is guaranteed

if the continuous convergence of (ϕ̄n)n is assumed, as illustrated in the following result.

Proposition 2.2. Assume that the sequences (ln)n and (fn)n continuously converge to l and f ,

respectively.

Let (x̄n, ϕ̄n) be an SPNE of Γn for any n ∈ N and let x̄ = limn→+∞ x̄n.

If the sequence (ϕ̄n)n continuously converges to ϕ̄, then (x̄, ϕ̄) is an SPNE of Γ.

Proof. Condition (SPE1) in Definition 2.1 follows from [32, Proposition 4.1]. Condition (SPE2)

holds by applying [18, Theorem 5.1].

However, the continuous convergence of (ϕ̄n)n could be a demanding requirement. Indeed,

such a condition could be not satisfied even under nice data of the game Γ and for nice types of

perturbations, as shown in [33, Remark 3.1], where the Tikhonov regularization is investigated for

the approximation of weak Stackelberg equilibria, and in the following example.

Example 2.2 Let Γ and (Γn)n be the games defined as in Example 2.1. The sequence (ϕ̄n)n does

not continuously converge. In fact, considering the sequence (xn)n = (1/n)n which converges to

x = 0, we have

lim
n→+∞

ϕ̄n(xn) = lim
n→+∞

ϕ̄n(1/n) = −1/2 6= 0 = ϕ̄(0) = ϕ̄(x).

Note that the sequences (ln)n and (fn)n continuously converge to l and f , respectively.

Nevertheless, the continuous convergence of (ϕ̄n)n holds, for instance, in the degenerate case

where f and fn are functions of the follower variable only.
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3 Main result and general selection method

The previous section emphasized two issues:

• when the best reply correspondence of the follower is single valued, the limit of a sequence

(x̄n, ϕ̄n)n of SPNEs of perturbed two-player Stackelberg games (Γn)n is ensured to be an

SPNE of the original game Γ under mild assumptions (Proposition 2.1);

• when the best reply correspondence of the follower is not single valued, in general the limit

of (x̄n, ϕ̄n)n is not guaranteed to be an SPNE of Γ (Example 2.1), unless the demanding

continuous convergence requirement of (ϕ̄n)n is assumed (Proposition 2.2).

The following key-result show how an SPNE of Γ can be generated without assuming either the

single-valuedness of B or the continuous convergence of (ϕ̄n)n. In particular, we will assume only

the pointwise convergence of (ϕ̄n)n, which is less demanding than the continuous one.

Theorem 3.1. Let (x̄n, ϕ̄n) be an SPNE of Γn for any n ∈ N. Assume that:

(H1) the sequences (ln)n and (fn)n continuously converge to l and f , respectively;

(H2) the sequence (ϕ̄n)n pointwise converges to ϕ̄ : X → Y .

If the sequence (x̄n, ϕ̄n(x̄n))n ⊆ X × Y converges to (x̄, ȳ) and

ϕ̂(x) :=

{
ϕ̄(x), if x 6= x̄

ȳ, if x = x̄
(2)

then the strategy profile (x̄, ϕ̂) is an SPNE of Γ.

Proof. We start by proving that ϕ̂(x) ∈ B(x) for any x ∈ X. Let x ∈ X \ {x̄} and y ∈ Y . By

definition of ϕ̂, assumptions (H1) and (H2)

f(x, ϕ̂(x)) = f(x, ϕ̄(x)) = lim
n→+∞

fn(x, ϕ̄n(x))

≥ lim
n→+∞

fn(x, y) = f(x, y),

where the inequality follows from (SPE1) in Definition 2.1 applied to Γn. Hence, ϕ̂(x) ∈ B(x)

for any x ∈ X \ {x̄}. Now, let x = x̄ and y ∈ Y . In light of the definition of ϕ̂ and (x̄, ȳ) and

assumption (H1)

f(x̄, ϕ̂(x̄)) = f(x̄, ȳ) = lim
n→+∞

fn(x̄n, ϕ̄n(x̄n))

≥ lim
n→+∞

fn(x̄n, y) = f(x̄, y),

where the inequality comes from (SPE1) in Definition 2.1 applied to Γn. So ϕ̂(x̄) ∈ B(x̄) and the

function ϕ̂ satisfies condition (SPE1) in Definition 2.1.
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Let us show that x̄ ∈ Arg maxx∈X l(x, ϕ̂(x)). As ϕ̂(x̄) = ȳ, it is sufficient to prove that l(x̄, ȳ) ≥
l(x, ϕ̄(x)) for any x ∈ X \ {x̄}. By the definition of (x̄, ȳ), assumptions (H1) and (H2)

l(x̄, ȳ) = lim
n→+∞

ln(x̄n, ϕ̄n(x̄n))

≥ lim
n→+∞

ln(x, ϕ̄n(x)) = l(x, ϕ̄(x)),

for any x ∈ X \ {x̄}, where the inequality holds since (x̄n, ϕ̄n) is an SPNE of Γn. Therefore, (x̄, ϕ̂)

satisfies condition (SPE2) in Definition 2.1.

Remark 3.1 According to Theorem 3.1, in order to obtain an SPNE of Γ from a sequence of

SPNEs (x̄n, ϕ̄n) of perturbed games, one has perhaps to modify the pointwise limit of (ϕ̄n)n at a

point.

More precisely, consider the two limits

lim
n→+∞

ϕ̄n(x̄n) and lim
n→+∞

ϕ̄n(x̄),

where x̄ is the limit of (x̄n)n and ϕ̄ is the pointwise limit of (ϕ̄n)n.

• If the limits coincide, then ϕ̂ ≡ ϕ̄, where ϕ̂ is defined in (2), and (x̄, ϕ̄) is an SPNE of Γ.

• If the limits do not coincide, then (x̄, ϕ̄) is not necessarily an SPNE of Γ; while (x̄, ϕ̂), where

ϕ̂ and ϕ̄ differ at x̄, actually is an SPNE.

The following example provides an instance of the latter situation.

Example 3.1 Let Γ and (Γn)n be the games defined as in Example 2.1. We have

lim
n→+∞

ϕ̄n(x̄n) = 1 6= 0 = lim
n→+∞

ϕ̄n(x̄).

Hence, in light of Theorem 3.1, the strategy profile (x̄, ϕ̂) where

x̄ = 0 and ϕ̂(x) =

{
2, if x ∈ [−2, 0]

−2, if x ∈]0, 2].

is an SPNE of Γ. In fact, ϕ̂(x) ∈ B(x) for any x ∈ X and

0 ∈ Arg max
x∈X

l(x, ϕ̂(x)) where l(x, ϕ̂(x)) =

{
x+ 2, if x ∈ [−2, 0]

x− 2, if x ∈]0, 2],
,

so both condition (SPE1) and (SPE2) in Definition 2.1 are satisfied. Recall that in this case (x̄, ϕ̄)

is not an SPNE of Γ, as shown in Example 2.1.

In summary, Theorem 3.1 shows when and how a general sequence of SPNEs of perturbed games

produces an SPNE of the original game, where “when” means assuming (H1), (H2) and “how”

means taking into account the adjusted function ϕ̂. By considering different kinds of perturbations,

such a result paves the way to define a general method for selecting an SPNE in a two-player
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Stackelberg game. The method consists in choosing a perturbation of the original game motivated

by the behaviour that depict the players, applying Theorem 3.1 and generating a specific SPNE

selection that reflects the above mentioned behaviour.

Types of perturbations (and their associated players’ behaviours) which accommodate the general

selection method and the connected SPNE selection results are illustrated in the next section.

4 Specific selection methods

In this section we exhibit different SPNE selection results deriving from choosing specific pertur-

bations of Γ in the general selection method, possibly motivated by specific players’ attitudes.

To achieve such a goal, we consider the following assumption on the original game Γ:

(A)


X is compact and Y is compact and convex;

l is continuous on X × Y ;

f is continuous on X × Y and f(x, ·) is concave on Y for any x ∈ X.

This assumption will be used to define three specific SPNE selection methods, respectively associ-

ated to perturbations relying on a Tikhonov regularization, on an adverse-to-move behaviour and

on an altruistic behaviour. We emphasize that all the specific selection methods have two common

features: they circumvent the possible non-uniqueness of the follower’s optimal reaction by produc-

ing sequences of perturbed games where the follower’s best reply correspondence is single valued

and they relieve the leader of knowing the best reply correspondence of the follower.

In particular, for each kind of perturbation we show that the related sequence of perturbed SPNEs

is well-defined and that the assumptions of Theorem 3.1 are satisfied. Finally, we generate the

corresponding SPNE selection of Γ motivated according to any involved perturbation.

4.1 Tikhonov regularization

Firstly, we deal with the perturbation of Γ based on the Tikhonov regularization. Let us define for

any n ∈ N
Γ
T
υn

:= (l
T
αn
, f
T
βn),

where υn = (αn, βn) with αn ≥ 0, βn > 0 and limn→+∞ αn = limn→+∞ βn = 0, and

l
T
αn

(x, y) := l(x, y)− αn‖x‖2X and f
T
βn(x, y) := f(x, y)− βn‖y‖2Y,

that is, l
T
αn

and f
T
βn

are the functions obtained by perturbing l and f via the Tikhonov regularization

with respect to the player’s variable only.

Each of the quadratic functions appearing in l
T
αn

and f
T
βn

represents a penalty term that increases

as the size of the player’s variable increases; for example, in pollution models it can be interpreted

as the demage caused by emissions or a discomfort occurring from consumption. The presented

approach (in the case where the perturbation involves only the follower’s payoff function) has been

introduced in [33] to regularize the second stage of the bad-behaved weak Stackelberg problem and

then employed in [12] to investigate algorithms for approximate solutions to strong Stackelberg
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problems and in [42] to select SPNEs in Stackelberg games with one leader and one or more

followers.

In the following result we show that the sequence of Tikhonov-perturbed Stackelberg games (Γ
T
υn)n

fits the general SPNE selection method.

Proposition 4.1. Assume (A). Then

(i) the sequence of strategy profiles (x̄
T
n , ϕ̄

T
n )n where

{ϕ̄Tn (x)} = Arg max
y∈Y

f
T
βn(x, y) and x̄

T
n ∈ Arg max

x∈X
l
T
αn

(x, ϕ̄
T
n (x)). (3)

is well-defined and (x̄
T
n , ϕ̄

T
n ) is an SPNE of Γ

T
υn for any n ∈ N;

(ii) the sequences (l
T
αn

)n, (f
T
βn

)n and (ϕ̄
T
n )n satisfy the assumptions (H1) and (H2) in Theorem 3.1

with the pointwise limit of the sequence (ϕ̄
T
n )n defined by

{ϕ̄T (x)} = Arg min
y∈B(x)

‖y‖Y, (4)

where B is the follower’s best reply correspondence, as defined in (1).

Proof. By assumption (A), the function f
T
βn

(x, ·) is continuous and strictly concave over the compact

set Y for any x ∈ X and n ∈ N, so it has a unique maximizer on Y and ϕ̄
T
n in (3) is well-defined.

Moreover, since f
T
βn

is continuous and Y is compact, the Berge maximum theorem guarantees that

ϕ̄
T
n is a continuous function. Thus, in light of assumption (A) the function l

T
αn

(·, ϕ̄Tn (·)) is continuous

over the compact set X, so x̄
T
n in (3) is well-defined. Furthermore, (x̄

T
n , ϕ̄

T
n ) is an SPNE of Γ

T
υn by

definition of SPNE. So (i) is proved.

The sequences (l
T
αn

)n and (f
T
βn

)n satisfy the assumption (H1) in Theorem 3.1 since l and f are

continuous, limn→+∞ αn = limn→+∞ βn = 0 and the action sets are compact. In light of well-

known results on the Tikhonov regularization, the sequence (ϕ̄
T
n )n satisfies the assumption (H2) in

Theorem 3.1 and its pointwise limit is defined as in (4) (note that the function ϕ̄
T

is well-defined

since the set-valued map B has closed and convex values, by (A)). Hence (ii) holds.

Therefore, by applying Theorem 3.1 we obtain the following SPNE selection result concerning

the selection method based on the Tikhonov regularization.

Theorem 4.1. Assume (A). Let (x̄
T
n , ϕ̄

T
n )n be the sequence of SPNEs of Γ

T
υn defined in (3).

If the sequence (x̄
T
n , ϕ̄

T
n (x̄

T
n ))n ⊆ X × Y converges to (x̄

T
, ȳ
T

) and

{ϕ̂T (x)} :=

Arg min
y∈B(x)

‖y‖Y, if x 6= x̄
T

{ȳT }, if x = x̄
T

then the strategy profile (x̄
T
, ϕ̂
T

) is an SPNE of Γ.

Remark 4.1 If αn = 0 for any n ∈ N, that is the perturbation involves the follower’s payoff

function only, we recognize the SPNE selection result proposed in [42, Theorem 3.1].
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For the investigation on SPNE’s selection via Tikhonov regularization in the case of Stackelberg

games with more followers we refer to [42]. Furthermore we mention that, in simultaneous-move

games, approximation methods for Nash equilibria based on the Tikhonov regularization has been

proposed in [2, 24] for zero-sum games and in [21, 8] for general N -player games.

4.2 Adverse-to-move behaviour

Second, we present the perturbation of Γ based on an adverse-to-move behaviour of the players.

Let (x̄0, ȳ0) ∈ X × Y , υn = (αn, βn) with αn ≥ 0, βn > 0, limn→+∞ αn = limn→+∞ βn = 0, and set

ϕ̄
M
0 (x) = ȳ0 for any x ∈ X and x̄

M
0 = x̄0.

We recursively define for any n ∈ N the game Γ
M
υn

:= (l
M
αn
, f
M
βn

) where

l
M
αn

(x, y) := l(x, y)− αn‖x− x̄
M
n−1‖2X and f

M
βn (x, y) := f(x, y)− βn‖y − ϕ̄

M
n−1(x)‖2Y,

with x̄
M
n−1 and ϕ̄

M
n−1 defined by

{ϕ̄Mn−1(x)} = Arg max
y∈Y

f
M
βn−1

(x, y) and x̄
M
n−1 ∈ Arg max

x∈X
l
M
αn−1

(x, ϕ̄
M
n−1(x))

(provided that x̄
M
n−1 and ϕ̄

M
n−1 are well-defined, as it will be shown in Proposition 4.2 under the

assumption (A)).

By definition of l
M
αn

and f
M
βn

, each player chooses his current action taking explicitly into account

his previous action. More precisely, when the follower chooses ϕ̄
M
n (x), he finds an action that

compromises between maximizing f(x, ·) and minimizing the distance from his previous action

ϕ̄
M
n−1(x), and analogously for the leader who chooses x̄

M
n having in mind to be near to his previous

choice x̄
M
n−1. This way of doing captures the general idea that moving from an action to a better

one or simply changing actions carries some (physical and/or psychological) costs and so players are

against to move away from a given action. Therefore the quadratic terms in l
M
αn

and f
M
βn

actually

reflect the players’ adversity in changing their previous actions; in particular the coefficients αn
and βn represent the per unit of distance costs to move of the leader and the follower, respectively

(see [1, 6] for further discussion). Such a perturbation based on adverse-to-move behaviour has

been introduced in [6] in order to construct a learning method for selecting an SPNE in Stackelberg

games and investigated also in [18, Section 5].

The next proposition, relying on results proved in [6], shows that the sequence of adverse-to-move-

perturbed Stackelberg games (Γ
M
υn)n fits the general SPNE selection method.

Proposition 4.2. Assume (A). Then

(i) the sequence of strategy profiles (x̄
M
n , ϕ̄

M
n )n where

{ϕ̄Mn (x)} = Arg max
y∈Y

f
M
βn (x, y) and x̄

M
n ∈ Arg max

x∈X
l
M
αn

(x, ϕ̄
M
n (x)) (5)

is well-defined and (x̄
M
n , ϕ̄

M
n ) is an SPNE of Γ

M
υn for any n ∈ N;

(ii) the sequences (l
M
αn

)n, (f
M
βn

)n and (ϕ̄
M
n )n satisfy the assumptions (H1) and (H2) in Theorem 3.1.
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Proof. The well-definiteness of the sequence (x̄
M
n , ϕ̄

M
n )n follows from [6, Proposition 1]; the fact

that (x̄
M
n , ϕ̄

M
n ) is an SPNE of Γ

M
υn immediately comes from the definition of SPNE. So (i) is proved.

Since the sequences (l
M
αn

)n and (f
M
βn

)n satisfy the assumption (H1) (by the arguments used in

Proposition 4.1) and the sequence (ϕ̄
M
n )n satisfies the assumption (H2) (by [6, Proposition 2]),

then (ii) holds.

Remark 4.2 The proof of the pointwise convergence of (ϕ̄
M
n )n is based on the convergence of the

so-called proximal point methods, a class of widely-used optimization techniques (introduced in [39,

46]) which have been also employed for the approximation of Nash equilibria in simultaneous-move

games (see [39, 46] for zero-sum games, [19] for N -player games, and [1] for two-player weighted

potential games).

By applying Theorem 3.1 we deduce the SPNE selection result based on the adverse-to-move

behaviour and we recover Theorem 1 in [6].

Theorem 4.2. Assume (A). Let (x̄
M
n , ϕ̄

M
n )n be the sequence of SPNEs of Γ

M
υn defined in (5).

If the sequence (x̄
M
n , ϕ̄

M
n (x̄

M
n ))n ⊆ X × Y converges to (x̄

M
, ȳ
M

) and

ϕ̂
M

(x) :=

 lim
n→+∞

ϕ̄
M
n (x), if x 6= x̄

M

ȳ
M
, if x = x̄

M

then the strategy profile (x̄
M
, ϕ̂
M

) is an SPNE of Γ.

We refer to [6] for further discussion on the selection method above presented, especially re-

garding the dependence of the SPNE selected on the action profile (x̄0, ȳ0) fixed at the beginning

of the method and the connections with the SPNEs selected via Tikhonov regularization.

4.3 Slightly altruistic behaviour

Finally, we present a perturbation of Γ based on an altruistic behaviour of the players, new in the

framework of SPNE selection in Stackelberg games.

Let us define for any n ∈ N
Γ
A
υn

:= (l
A
αn
, f
A
βn),

where υn = (αn, βn) with αn ≥ 0, βn > 0 and limn→+∞ αn = limn→+∞ βn = 0, and

l
A
αn

(x, y) := l(x, y) + αnf(x, y) and f
A
βn(x, y) := f(x, y) + βnl(x, y),

that is, l
A
αn

and f
A
βn

are the functions obtained by adding to l and f a “small” proportion of the

other player payoff function.

The definitions of l
A
αn

and f
A
βn

bring out a kind of reciprocal altruism scenario: each player does not

care only about himself, but he takes into account also the other player. In fact, when choosing his

own action, both the leader and the follower make a compromise between maximizing their original

payoff functions (l and f) and slightly maximizing the payoff function of the other player. The

proposed approach follows the idea of the slightly altruistic behaviour described in [11], where a

11



refinement concept of Nash equilibrium (called slightly altruistic equilibrium) based on reciprocal

altruism is introduced in normal-form games (see also [10] for connections with another concept of

altruistic behaviour and [9] for an application to social networks).

In simultaneous-move games, we mention that the use of weighted sums of the players’ payoff

functions to model altruistic behaviour have been also exploited in particular in [45, 25, 15, 16]. For

discussion on the suitability of such approaches see [17] (and references therein), where experimental

evidence is shown.

The following result shows that the sequence of Slightly-altruistic-perturbed Stackelberg games

(Γ
A
υn)n fits the requirements of the general SPNE selection method described in Section 3.

Proposition 4.3. Assume (A) and l(x, ·) strictly concave on Y for any x ∈ X. Then

(i) the sequence of strategy profiles (x̄
A
n , ϕ̄

A
n )n where

{ϕ̄An (x)} = Arg max
y∈Y

f
A
βn(x, y) and x̄

A
n ∈ Arg max

x∈X
l
A
αn

(x, ϕ̄
A
n (x)) (6)

is well-defined and (x̄
A
n , ϕ̄

A
n ) is an SPNE of Γ

A
υn for any n ∈ N;

(ii) the sequences (l
A
αn

)n, (f
A
βn

)n and (ϕ̄
A
n )n satisfy the assumptions (H1) and (H2) in Theorem 3.1

with the pointwise limit of the sequence (ϕ̄
A
n )n defined by

{ϕ̄A(x)} = Arg max
y∈B(x)

l(x, y), (7)

where B is the follower’s best reply correspondence, as defined in (1).

Proof. The assumptions and Berge’s maximum theorem imply that ϕ̄
A
n in (6) is well-defined and is

a continuous function. Hence, in light of assumption (A), the function l
A
αn

(·, ϕ̄An (·)) is continuous

over the compact set X and even x̄
A
n in (6) is well-defined. So (i) holds.

By assumtpion (A), the sequences (l
A
αn

)n and (f
A
βn

)n continuously converge to l and f , respectively,

hence assumption (H1) in Theorem 3.1 is satisfied.

Now let us show that the sequence (ϕ̄
A
n )n pointwise converges to the function ϕ̄

A
defined in (7).

Firstly, note that the function ϕ̄
A

is well-defined since the set-valued map B has compact and

convex values and the function l(x, ·) is continuous and strictly concave over Y for any x ∈ X. Fix

x ∈ X and consider a subsequence (ϕ̄
A
nk

(x))k of (ϕ̄
A
n (x))n converging to ȳ ∈ Y , whose existence is

guaranteed by the compactness of Y . On the one hand, in light of the definition of ϕ̄
A
n we have

f(x, ȳ) = lim
k→+∞

f
A
βnk

(x, ϕ̄
A
nk

(x)) ≥ lim
k→+∞

f
A
βnk

(x, y) = f(x, y),

for any y ∈ Y . So ȳ ∈ B(x) and the definition of ϕ̄
A

implies that

l(x, ȳ) ≤ l(x, ϕ̄A(x)). (8)

On the other hand, we get

f(x, ϕ̄
A
nk

(x)) + βnk
l(x, ϕ̄

A
nk

(x)) = f
A
βnk

(x, ϕ̄
A
nk

(x)) ≥ fAβnk
(x, ϕ̄

A
(x))

= f(x, ϕ̄
A

(x)) + βnk
l(x, ϕ̄

A
(x)) ≥ f(x, ϕ̄

A
nk

(x)) + βnk
l(x, ϕ̄

A
(x)).
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Since (βn)n ⊆]0,+∞[, it follows that l(x, ϕ̄
A
nk

(x)) ≥ l(x, ϕ̄
A

(x)) which, taking the limit as k goes

to +∞, implies

l(x, ȳ) ≥ l(x, ϕ̄A(x)). (9)

In light of the uniqueness of the maximizer of l(x, ·) over B(x), from inequalities (8) and (9), it

necessarily follows that ȳ = ϕ̄
A

(x). Since this holds for any convergent subsequence of (ϕ̄
A
n (x))n in

the compact set Y , then limn→+∞ ϕ̄
A
n (x) = ϕ̄

A
(x). Hence, the sequence (ϕ̄

A
n )n pointwise converges

to ϕ̄
A

and (ii) is proved.

Therefore, by applying Theorem 3.1 we obtain the SPNE selection result concerning the selection

method based on the slightly altruistic behaviour.

Theorem 4.3. Assume (A) and l(x, ·) strictly concave on Y for any x ∈ X.

Let (x̄
A
n , ϕ̄

A
n )n be the sequence of SPNEs of Γ

A
υn defined in (6).

If the sequence (x̄
A
n , ϕ̄

A
n (x̄

A
n ))n ⊆ X × Y converges to (x̄

A
, ȳ
A

) and

{ϕ̂A(x)} :=

Arg max
y∈B(x)

l(x, y), if x 6= x̄
A

{ȳA}, if x = x̄
A

then the strategy profile (x̄
A
, ϕ̂
A

) is an SPNE of Γ.

Remark 4.3 Looking at the strategy of the follower in the SPNE selected according to Theo-

rem 4.3, i.e. the function ϕ̂
A

, at least for all the leader’s actions other than x̄
A

the follower will

choose the best action for the leader among his own optimal reactions (which is consistent with the

altruistic attitudes of the players underlying the considered perturbation).

In Theorem 4.3 we assumed the strict concavity of the function l(x, ·) in order to define the

sequence (x̄
A
n , ϕ̄

A
n )n of slight-altruistic-perturbed SPNEs in (6) and the function ϕ̄

A
in (7). We can

lighten such an assumption by combining the slightly altruistic perturbation illustrated before with

the Tikhonov regularization. In the remaining part of this section we deal with this situation.

Let us define for any n ∈ N
Γ
AT
υn

:= (l
A
αn
, f
AT
βn ),

where υn = (αn, βn) with αn ≥ 0, βn > 0 and limn→+∞ αn = limn→+∞ βn = 0, and

l
A
αn

(x, y) := l(x, y) + αnf(x, y) and f
AT
βn (x, y) := f(x, y) + βn

[
l(x, y)− ‖y‖2Y

]
.

Note that the perturbed games Γ
AT
υn differ from Γ

A
υn only on the follower payoff function.

By arguing as in the proof of Proposition 4.3, the assumption (A) and only the concavity of l(x, ·)
over Y guarantee that the sequence of strategy profiles (x̄

AT
n , ϕ̄

AT
n )n where

{ϕ̄ATn (x)} = Arg max
y∈Y

f
AT
βn (x, y) and x̄

AT
n ∈ Arg max

x∈X
l
A
αn

(x, ϕ̄
AT
n (x)) (10)

is well-defined and that (x̄
AT
n , ϕ̄

AT
n ) is an SPNE of Γ

AT
υn for any n ∈ N. Moreover the sequences

(l
A
αn

)n, (f
AT
βn

)n and (ϕ̄
AT
n )n satisfy the assumptions (H1) and (H2) in Theorem 3.1 with the pointwise
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limit of the sequence (ϕ̄
AT
n )n defined by

{ϕ̄AT (x)} = Arg max
y∈B(x)

[
l(x, y)− ‖y‖2Y

]
. (11)

Therefore, the sequence of Tikhonov-slightly-altruistic-perturbed Stackelberg games (Γ
AT
υn )n fits the

general SPNE selection method and one obtains the following SPNE selection result.

Theorem 4.4. Assume (A) and l(x, ·) concave on Y for any x ∈ X.

Let (x̄
AT
n , ϕ̄

AT
n )n be the sequence of SPNEs of Γ

A
υn defined in (10).

If the sequence (x̄
AT
n , ϕ̄

AT
n (x̄

AT
n ))n ⊆ X × Y converges to (x̄

AT
, ȳ
AT

) and

{ϕ̂AT (x)} :=

Arg max
y∈B(x)

[
l(x, y)− ‖y‖2Y

]
, if x 6= x̄

AT

{ȳAT }, if x = x̄
AT

then the strategy profile (x̄
AT
, ϕ̂
AT

) is an SPNE of Γ.

We emphasize that, if on the one hand the use of Tikhonov regularization allowed to weaken

the strict concavity assumption of l(x, ·), on the other hand the altruistic attitude of the players

becomes less prominent in the strategy of the follower in the selected SPNE (comparing ϕ̂
T

in

Theorem 4.3 and ϕ̂
AT

in Theorem 4.4).

4.4 Illustrative examples

We highlight that, in general, the selection methods relying on the Tikhonov regularization (Sec-

tion 4.1), on the adverse-to-move behaviour (Section 4.2) and on the slightly altruistic behaviour

(Section 4.3) generate different SPNEs, as shown in following examples. In the first one we com-

pare the selections obtained via Theorems 4.1 to 4.3, Theorem 4.2 and Theorem 4.3; whereas in

the second one we compare the selection obtained via Theorems 4.1, 4.2 and 4.4.

Example 4.1 Let X = [1/2, 2], Y = [−1, 1] and Γ = (l, f) with

l(x, y) = −(x− y)2 and f(x, y) =

{
0, if x ∈ [1/2, 1]

(1− x)y, if x ∈]1, 2].

The follower’s best reply correspondence B is given by

B(x) =

{
[−1, 1], if x ∈ [1/2, 1]

{−1}, if x ∈]1, 2].

Note that Γ has infinitely many SPNEs: in fact, any couple (x̄, ϕ̄) where ϕ̄ is a continuous selection

of the set-valued map B above and x̄ is a maximizer of the continuous function l(·, ϕ̄(·)) over the

compact set X is an SPNE of Γ. Set αn = 0 and βn = 1/2n for any n ∈ N.
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• The selection method based on the Tikhonov regularization generates the sequence of strategy

profiles (x̄
T
n , ϕ̄

T
n )n defined by

x̄
T
n = 1/2 and ϕ̄

T
n (x) =


0, if x ∈ [1/2, 1]

n(1− x), if x ∈]1, 1 + 1/n]

−1, if x ∈]1 + 1/n, 2]

for n sufficiently large. So the SPNE selected according to Theorem 4.1 is (x̄
T
, ϕ̂
T

) where

x̄
T

= 1/2 and ϕ̂
T

(x) =

{
0, if x ∈ [1/2, 1]

−1, if x ∈]1, 2].

• The selection method based on the adverse-to-move behaviour generates the sequence of strategy

profiles (x̄
M
n , ϕ̄

M
n )n defined by

x̄
M
n = 1 and ϕ̄

M
n (x) =


1, if x ∈ [1/2, 1]

−cnx+ cn + 1, if x ∈]1, 1 + 2/cn]

−1, if x ∈]1 + 2/cn, 2]

for n sufficiently large, where the sequence (cn)n is recursively defined by c1 = 1 and cn+1 =

cn + n+ 1 for any n ≥ 1. Hence, the SPNE selected according to Theorem 4.2 is (x̄
M
, ϕ̂
M

) with

x̄
M

= 1 and ϕ̂
M

(x) =

{
1, if x ∈ [1/2, 1]

−1, if x ∈]1, 2].

• The selection method based on the slightly altruistic behaviour generates a sequence of strategy

profiles (x̄
A
n , ϕ̄

A
n )n such that

x̄
A
n ∈ [1/2, 1] and ϕ̄

A
n (x) =


x, if x ∈ [1/2, 1]

n− (n− 1)x, if x ∈ [1, 1 + 2/(n− 1)]

−1, if x ∈]1 + 2/(n− 1), 2]

for n sufficiently large. Therefore, setting for example x̄
A
n = a ∈ [1/2, 1] for any n ∈ N, the SPNE

selected according to Theorem 4.3 is (x̄
A
, ϕ̂
A

) where

x̄
A

= a and ϕ̂
A

(x) =

{
x, if x ∈ [1/2, 1]

−1, if x ∈]1, 2].

Example 4.2 Let X, Y and f as in Example 4.1 and l(x, y) = −x− y.

Note that the follower’s best reply correspondence B is the same as in Example 4.1 and the game

Γ has infinitely many SPNEs. Set αn = βn = 1/2n for any n ∈ N.
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• The selection method based on the Tikhonov regularization generates the sequence of strategy

profiles (x̄
T
n , ϕ̄

T
n )n defined by

x̄
T
n = 1 + 1/n and ϕ̄

T
n (x) =


0, if x ∈ [1/2, 1]

n(1− x), if x ∈]1, 1 + 1/n]

−1, if x ∈]1 + 1/n, 2]

for n sufficiently large. So the SPNE selected according to Theorem 4.1 is (x̄
T
, ϕ̂
T

) where

x̄
T

= 1 and ϕ̂
T

(x) =

{
0, if x ∈ [1/2, 1[

−1, if x ∈ [1, 2].

• The selection method based on the adverse-to-move behaviour generates the sequence of strategy

profiles (x̄
M
n , ϕ̄

M
n )n defined by

x̄
M
n = 1 + 2/cn and ϕ̄

M
n (x) =


1, if x ∈ [1/2, 1]

−cnx+ cn + 1, if x ∈]1, 1 + 2/cn]

−1, if x ∈]1 + 2/cn, 2]

for n sufficiently large, where the sequence (cn)n is recursively defined by c1 = 1 and cn+1 =

cn + n+ 1 for any n ≥ 1. Hence, the SPNE selected according to Theorem 4.2 is (x̄
M
, ϕ̂
M

) with

x̄
M

= 1 and ϕ̂
M

(x) =

{
1, if x ∈ [1/2, 1[

−1, if x ∈ [1, 2].

• The selection method based on the slightly altruistic behaviour generates the sequence of strategy

profiles (x̄
AT
n , ϕ̄

AT
n )n defined by

x̄
AT
n = 1/2 and ϕ̄

AT
n (x) =


−1/2, if x ∈ [1/2, 1]

n(1− x)− 1/2, if x ∈]1, 1 + 1/2n]

−1, if x ∈]1 + 1/2n, 2]

for n sufficiently large. Therefore the SPNE selected according to Theorem 4.4 is (x̄
AT
, ϕ̂
AT

)

where

x̄
AT

= 1/2 and ϕ̂
AT

(x) =

{
−1/2, if x ∈ [1/2, 1]

−1, if x ∈]1, 2].
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