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This paper studies the properties of adaptive learning as a device to select amongst the rational expectations 
equilibria of a monetary overlapping generations model. It extends previous contributions by introducing 
monopolistic competition and improves upon them by analyzing learning in a model with a well-defined 
temporary equilibrium map, a coherent informational setup, and properly specified microfoundations. The main 
result is that adaptive learning is a robust selection mechanism that independent from the degree of imperfect 
competition always selects the same equilibrium. The indeterminate steady state and the non-stationary 
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depending on how agents forecast, stability is found to be related to observable characteristics of the economy. 
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4 Lqwurgxfwlrq

Lq pdq| pdfurhfrqrplf prghov udwlrqdo h{shfwdwlrqv duh qrw srzhuixo hqrxjk wr gh0

olyhu d xqltxh htxloleulxp suhglfwlrq1 Prqhwdu| ryhuodsslqj jhqhudwlrqv prghov duh

shukdsv wkh zlghvw0nqrzq prgho fodvv looxvwudwlqj wkh zhdnqhvv ri udwlrqdo h{shfwd0

wlrqv dorqj wklv glphqvlrq1

Wr vkdushq wkh suhglfwlrqv ri udwlrqdo h{shfwdwlrqv lw lv 0e| qrz0 vwdqgdug wr vwxg|

wkh vwdelolw| ri wkh htxloleuld xqghu dgdswlyh ohduqlqj vfkhphv +h1j1 Pdufhw dqg Vdu0

jhqw +4<;<e,/ Hydqv dqg Krqndsrkmd +5334,,1 Frqvlvwhqw zlwk h{shulphqwdo hylghqfh

+Pdulprq dqg Vxqghu +4<<6,/ +4<<7,, lw lv zlgho| eholhyhg wkdw htxloleuld zkrvh h{shf0

wdwlrqv fdq eh dftxluhg yld vlpsoh dgdswlyh ohduqlqj vfkhphv frqvwlwxwh pruh sodxvleoh

prgho suhglfwlrqv wkdq htxloleuld wkdw zrxog uhtxluh pruh vrsklvwlfdwhg frruglqdwlrq

ghylfhv1

Wklv sdshu h{dplqhv wkh vwdelolw| ri udwlrqdo h{shfwdwlrqv htxloleuld xqghu dgdswlyh

ohduqlqj vfkhphv lq d prqhwdu| ryhuodsslqj jhqhudwlrqv +ROJ, prgho dqg frqwulexwhv

wr wkh h{lvwlqj olwhudwxuh lq wkh iroorzlqj zd|1

Iluvwo|/ wkh sdshu h{whqgv wkh vwdqgdug ROJ prgho zlwk  h{leoh sulfhv dqg shu0

ihfw frpshwlwlrq wr d vhwwlqj zlwk vwlfn| sulfhv dqg prqrsrolvwlf frpshwlwlrq +Gl{lw

dqg Vwljolw} +4<::,,1 Vwlfn| sulfhv duh zlgho| eholhyhg wr eh dq lpsruwdqw lqjuhglhqw

wr hpslulfdoo| sodxvleoh pdfurhfrqrplf prghov +h1j1 Jdoð dqg Jhuwohu +4<<<,,1 \hw/

wkhlu lpsolfdwlrqv iru ohduqlqj edvhg htxloleulxp vhohfwlrq kdyh qhyhu ehhq dqdo|}hg1

Fkhfnlqj iru wkh urexvwqhvv ri wkh htxloleulxp vhohfwlrq zlwk uhvshfw wr gl�huhqw sulfh

vhwwlqj dvvxpswlrqv lv wkhuhiruh ri lqwhuhvw1

Vhfrqgo|/ wkh fxuuhqw prgho lpsuryhv xsrq suhylrxv zrun rq htxloleulxp vhohfwlrq

lq vwdqgdug prqhwdu| ROJprghov e| dqdo|}lqj ohduqlqj lq d prgho zlwk d zhoo0gh�qhg

whpsrudu| htxloleulxp pds/ d frkhuhqw lqirupdwlrqdo vhwxs/ dqg surshuo| vshfl�hg pl0

furirxqgdwlrqv1 Dv h{sodlqhg ixuwkhu lq vhfwlrq 5 ehorz/ suhylrxv zrun zdv idoolqj vkruw

rq dw ohdvw rqh ri wkhvh glphqvlrqv1 Lw hlwkhu odfnhg ixoo| vshfl�hg plfur0irxqgdwlrqv

+Gx�| +4<<7,,/ dvvxphg d vrphzkdw lqfrqvlvwhqw lqirupdwlrqdo vhwxs +Pdufhw dqg

Vdujhqw +4<;<e,,/ ru kdg wr ghdo zlwk pxowlsolflwlhv lq wkh whpsrudu| htxloleulxp pds

+Ohwwdx dqg ydq ]dqgw +4<<<,,1

Rqh fdq eurdgo| vxppdul}h wkh uhvxowv dv iroorzv1 Dgdswlyh ohduqlqj vfkhphv ur0

exvwo| vhohfw wkh vdph htxloleulxp lqghshqghqw iurp wkh ghjuhh ri lpshuihfw frpsh0
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wlwlrq1 Lq olqh zlwk Pdufhw dqg Vdujhqw +4<;<e, wkh ghwhuplqdwh prqhwdu| vwhdg|

vwdwh lv wkh xqltxh ohduqdeoh htxloleulxp1 Wkh lqghwhuplqdwh vwhdg| vwdwh dqg wkh qrq0

vwdwlrqdu| htxloleuld wxuq rxw qrw wr eh ohduqdeoh1 Wkhvh uhvxowv duh rewdlqhg dowkrxjk

prqh| ghpdqg lq wkh suhvhqw prgho ghshqgv rq fxuuhqw hqgrjhqrxv yduldeohv/ l1h1 fxu0

uhqw sulfhv/ zklfk lv d ihdwxuh wkdw kdv ehhq vkrzq wr eh frqgxflyh wr wkh ohduqdelolw|

ri lqghwhuplqdwh htxloleuld +h1j1 Gx�| +4<<7,/ Hydqv dqg Krqndsrkmd +5334,/ fkdswhu

45,1

Pruh suhflvho|/ wkh sdshu vwduwv rxw e| dqdo|}lqj d ghwhuplqlvwlf prgho dqg vwxglhv

wkh ohduqdelolw| ri wkh prqhwdu| dqg qrq0prqhwdu| vwhdg| vwdwhv xqghu frqvwdqw dqg

ghfuhdvlqj jdlq ohduqlqj uxohv1 L �qg wkdw erwk w|shv ri ohduqlqj uxohv dozd|v vhohfw wkh

vdph htxloleulxp14 Pruhryhu/ wkh ghwhuplqdwh orz lq dwlrq vwhdg| vwdwh lv wkh xqltxh

ohduqdeoh htxloleulxp1

Krzhyhu/ vwdelolw| ri wkh ghwhuplqdwh vwhdg| vwdwh lv qrw zduudqwhg dqg lv uhodwhg

wr revhuydeoh fkdudfwhulvwlfv ri wkh hfrqrp|1 Lq sduwlfxodu/ wklv htxloleulxp ehfrphv

xqvwdeoh zkhq wkh hodvwlflw| ri oderu vxsso| idoov ehorz rqh0kdoi1 Zkhq wklv lv wkh fdvh

L vkrz krz ghpdqg vkrfnv ghvwdelol}h wkh htxloleulxp1

Wklv ihdwxuh lpsolhv wkdw wkh ghjuhh ri lpshuihfw frpshwlwlrq pd| lq xhqfh wkh

vwdelolw| ri wkh orz lq dwlrq vwhdg| wkurxjk lwv lq xhqfh rq htxloleulxp rxwsxw dqg lwv

h�hfw rq wkh hodvwlflw| ri oderu vxsso| dw wkh qhz rxwsxw ohyho1 Iru sodxvleoh dvvxps0

wlrqv rq wkh hodvwlflw| ri oderu vxsso|/ lqfuhdvlqj frpshwlwlrq ehwzhhq hqwuhsuhqhxuv

fdq hyhq fdxvh d suhylrxvo| vwdeoh vwhdg| vwdwh wr ehfrph xqvwdeoh1

Wkh sdshu wkhq frqvlghuv wkh ohduqdelolw| ri vwdwlrqdu| dqg qrq0vwdwlrqdu| htxloleuld

xqghu ghfuhdvlqj jdlq ohduqlqj uxohv lq d vwrfkdvwlf hqylurqphqw1 L �qg djdlq wkdw wkh

orz lq dwlrq vwhdg| vwdwh lv wkh xqltxh vwdeoh udwlrqdo h{shfwdwlrqv htxloleulxp1 Qhlwkhu

wkh lqghwhuplqdwh kljk lq dwlrq vwhdg| vwdwh qru dq| ri wkh qrq0vwdwlrqdu| htxloleuld

duh ohduqdeoh1

Lqwhuhvwlqjo|/ lq wkh vwrfkdvwlf prgho wkh orz lq dwlrq vwhdg| vwdwh wxuqv rxw wr eh

vwdeoh luuhvshfwlyh ri wkh hodvwlflw| ri oderu vxsso|1 D vwrfkdvwlf vshqglqj frpsrqhqw

suhyhqwv wkh prqh| vwrfn iurp vhwwolqj grzq wr lwv ghwhuplqlvwlf vwhdg| vwdwh ydoxh1

Lq frqwudvw wr wkh ghwhuplqlvwlf vhwxs/ wklv irufhv djhqwv wr frqglwlrq wkhlu lq dwlrq

iruhfdvwv rq wkh hfrqrp|*v prqh| vwrfn wr dftxluh udwlrqdo h{shfwdwlrqv1 Frqglwlrq

rq wklv dgglwlrqdo yduldeoh uhqghuv wkh orz lq dwlrq vwhdg| vwdwh vwdeoh zlwk uhvshfw wr

wkh ghpdqg vkrfnv wkdw ghvwdelol}h lw lq wkh ghwhuplqlvwlf vhwxs1

4Wklv frqwudvwv wr wkh uhvxowv ri Ohwwdx dqg ydq ]dqgw +4<<<,1
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Wkh sdshu lv rujdql}hg dv iroorzv1 Lw vwduwv rxw lq vhfwlrq 5 e| glvfxvvlqj wkh wudgh0

r� ehwzhhq lqirupdwlrqdo frqvlvwhqf| dqg zhoo0gh�qhg whpsrudu| htxloleulxp pdsv

wkdw dulvhv lq prqhwdu| ROJprghov zlwk  h{leoh sulfhv dqg vkrzv krz vwlfn| sulfhv fdq

eh wkrxjkw ri dv uhvroylqj wklv lqfrqvlvwhqf|1 Vhfwlrq 6 wkhq lqwurgxfhv wkh ROJ prgho

zlwk lpshuihfw frpshwlwlrq1 Vhfwlrq 7 ghwhuplqhv lwv udwlrqdo h{shfwdwlrqv htxloleuld

dqg vkrzv wkdw wkhvh dssurdfk wkh rqhv ri wkh frpshwlwlyh prgho dv wkh ghjuhh ri

lpshuihfw frpshwlwlrq ydqlvkhv1 Vhfwlrq 8 dqdo|}hv ohduqlqj ri wkh vwhdg| vwdwhv lq

wkh ghwhuplqlvwlf prgho dqg vhfwlrq 9 frqvlghuv wkh ohduqdelolw| ri vwdwlrqdu| dqg qrq0

vwdwlrqdu| htxloleuld lq d vwrfkdvwlf yhuvlrq ri wkh prgho1 Wkh dsshqgl{ frqwdlqv prvw

ri wkh whfkqlfdo ghwdlov dqg surriv1

5 Frqvlvwhqf| dqg Pxowlsolflw|

Wklv vhfwlrq vkrzv wkdw lq prqhwdu| prghov zkhuh uhdo prqh| ghpdqg ghshqgv rq

h{shfwhg ixwxuh lq dwlrq wkhuh h{lvwv d wudgh0r� ehwzhhq d prgho irupxodwlrq zlwk

ohduqlqj wkdw dfklhyhv dq lqirupdwlrqdoo| frqvlvwhqw vhwxs dqg d irupxodwlrq wkdw dyrlgv

pxowlsolflw| lq wkh whpsrudu| htxloleulxp pds1

Vxssrvh uhdo prqh| ghpdqg 6_
| ghshqgv qhjdwlyho| rq h{shfwhg ixwxuh lq dwlrq

�e
|n�=

6_
| ' 6_E�e

|n�� +4,

Prqh| ghpdqg ixqfwlrqv ri wklv irup fdq eh ghulyhg iurp dq ROJ prgho/ vhh vhfwlrq

6/ exw dovr dsshdu lq Fdjdq +4<89, dqg Vdujhqw dqg Zdoodfh +4<;:,1 Djhqwv zkr zlvk

wr krog wkh uhdo txdqwlw| 6_
| kdyh wr sxw

6_
|�|

qrplqdo xqlwv ri fdvk lqwr wkhlu srfnhwv1 Wkxv/ dvvxplqj wkdw djhqwv fdq krog wkh

ghvluhg ohyhov ri uhdo edodqfhv lpsolhv wkdw wkhvh djhqwv pxvw revhuyh fxuuhqw sulfhv15

Lq prghov zklfk frqvlghu ohduqlqj wkh h{shfwdwlrqv �e
|n� duh ghwhuplqhg wkurxjk

dq h{solflw xsgdwlqj phfkdqlvp +h1j1 Pdufhw dqg Vdujhqw +4<;<e,,1 Frqvlvwhqf| eh0

wzhhq wkh prgho vhwxs dqg wkh ohduqlqj vhwxs wkhq uhtxluhv wkdw �e
|n� pxvw eh doorzhg

wr ghshqg rq �|1 Rwkhuzlvh/ djhqwv zrxog ljqruh fxuuhqw sulfhv zkhq ghwhuplqlqj

5Wklv lv mxvw dqrwkhu zd| ri vd|lqj wkdw prqh| lv d qrplqdo dvvhw1
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wkh ghvluhg ohyho ri uhdo prqh| edodqfhv exw vxgghqo| uhfdoo wkhp zkhq lw frphv wr

lpsohphqwlqj wkh uhdo edodqfhv wkurxjk dssursuldwh dprxqwv ri qrplqdo prqh| eloov1

D sureohp dulvlqj zlwk djhqwv xvlqj fxuuhqw sulfhv �| wr xsgdwh �e
|n� lv wkdw lw jhq0

hudwhv pxowlsolflw| lq wkh whpsrudu| htxloleulxp ri wkh prgho ehfdxvh pdunhw fohdulqj

sulfhv �| dqg h{shfwdwlrqv �e
|n� duh wkhq ghwhuplqhg vlpxowdqhrxvo|1

Wr looxvwudwh wklv srlqw vxssrvh wkdw djhqw xsgdwh dffruglqj wr wkh iroorzlqj uxoh

�e
|n� ' �e

| n �E�| ��e
| �

zkhuh �e
|n� duh wkh wlph | h{shfwdwlrqv ri | n � lq dwlrq dqg zkhuh � lv d sdudphwhu

ghwhuplqlqj krz idvw h{shfwdwlrqv duh xsgdwhg lq uhvsrqvh wr sdvw iruhfdvw huuruv1

Pruhryhu/ vxssrvh wkdw uhdo prqh| vxsso| lv jlyhq e|

6|3�

�|

n }

zkhuh 6|3� ghqrwhv wkh vwrfn ri uhdo edodqfhv lq |�� dqg } ghqrwhv wkh wlph | lqfuhdvh

lq wkh uhdo prqh| vwrfn16 Fohdulqj ri wkh wlph | prqh| pdunhw lpsolhv wkdw �| vroyhv

6|3�

�|

n } ' 6_
| E�

e
| n �E�| ��e

| ��

Vlqfh prqh| vxsso| dqg prqh| ghpdqg erwk ghfuhdvh zlwk wkh lq dwlrq udwh/ wklv

htxdwlrq pljkw kdyh pxowlsoh vroxwlrqv1 Iljxuh 4 looxvwudwhv wklv vlwxdwlrq iru wkh fdvh

ri d olqhdu prqh| ghpdqg ixqfwlrq17 Jlyhq wkh | � � h{shfwdwlrqv �e
| wkhuh h{lvw wzr

lq dwlrq udwhv wkdw fohdu wkh wlph | prqh| pdunhw1

Lq wkh oljkw ri wkh wudgh0r� ehwzhhq lqirupdwlrqdo frqvlvwhqf| dqg zhoo0gh�qhg whp0

srudu| htxloleulxp pdsv wkh olwhudwxuh kdv w|slfdoo| rswhg iru doorzlqj djhqwv wr xvh

rqo| odjjhg hqgrjhqrxv yduldeohv wr xsgdwh h{shfwdwlrqv/ zklfk holplqdwhv wkh vlpxo0

wdqhlw| ehwzhhq sulfhv dqg h{shfwdwlrqv +h1j1 Pdufhw dqg Vdujhqw ++4<;<e,,/ Hydqv dqg

Krqndsrkmd +5334, fkdswhu 4316,18 \hw/ wklv lv d gholfdwh rshudwlrq ehfdxvh xqfkdqjhg

vwdelolw| surshuwlhv duh rqo| zduudqwhg li h{shfwdwlrqv edvhg rq frqwhpsrudqhrxv gdwd

gr qrw fuhdwh pxowlsolflw|/ vhh Pdufhw dqg Vdujhqw +4<;<d, dqg Ohwwdx dqg ydq ]dqgw

6Iru j @ 3 wkh uxoh vshfl�hv d �{hg qrplqdo vxsso| ri prqh| 1
7Wkh �jxuh dvvxphv pg+�h

w.4, @ d � e�h
w.4 zlwk d @ 6/ e @ 41 Wkh rwkhu sdudphwhuv duh j @ =8/

dqg � @ 3=51
8Fohduo|/ wklv lv prwlydwhg e| wkh ghvluh wr dyrlg dg0krf dvvxpswlrqv derxw wkh uhohydqfh ri wkh

uhvshfwlyh pdunhw fohdulqj sulfhv/ zklfk zrxog eh dq hyhq pruh xqsohdvdqw ihdwxuh jlyhq wkdw wkh jrdo

lv htxloleulxp vhohfwlrq1

7
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Iljxuh 4= Pxowlsoh pdunhw fohdulqj sulfhv

+4<<<, 1 Dv �jxuh 4 vkrzv/ ROJ prghov zlwk ohduqlqj edvhg rq frqwhpsrudqhrxv gdwd

hdvlo| jhqhudwh vxfk pxowlsolflwlhv1 Wklv fdvwv grxewv rq wkh urexvwqhvv ri vhohfwlrq

uhvxowv zklfk duh edvhg rq odjjhg gdwd1

Wkh suhvhqw sdshu ryhufrphv wkh pxowlsolflw| dqg lqfrqvlvwhqf| sureohpv e| lq0

wurgxflqj sulfh vhwwlqj hqwuhsuhqhxuv wkdw frpplw wr sulfhv dw wkh ehjlqqlqj ri hdfk

shulrg1 Wklv fdxvhv frqwhpsrudqhrxv lq dwlrq wr eh d suhghwhuplqhg yduldeoh1 Wkhuh0

iruh/ djhqwv fdq irupxodwh wkh h{shfwdwlrqv wkdw hqwhu wkh prqh| ghpdqg ixqfwlrq

edvhg rq frqwhpsrudqhrxv sulfhv zlwkrxw fuhdwlqj pxowlsolflw|1

6 ROJ0Prgho zlwk Lpshuihfw Frpshwlwlrq

L frqvlghu d vlpsoh ryhuodsslqj jhqhudwlrqv prgho zkhuh hdfk jhqhudwlrq ri djhqwv

olyhv iru wzr shulrgv/ zrunv zkhq |rxqj/ frqvxphv zkhq rog/ dqg pd| wudqvihu zhdowk

dfurvv wlph yld �dw prqh|1 Wkhuh lv dovr dq lq�qlwho| olyhg jryhuqphqw wkdw �qdqfhv

d frqvwdqw uhdo gh�flw wkurxjk vhljqrudjh1 Wklv lv hvvhqwldoo| wkh vhwxs ri Vdujhqw dqg

Zdoodfh +4<;:,1

Lq hdfk wlph shulrg d qhz jhqhudwlrq ri djhqwv lv eruq1 Lq frqwudvw wr vwdqgdug

prghov L dvvxph wkdw djhqwv ri d jlyhq jhqhudwlrq duh hlwkhu eruq dv zrunhuv ru dv

hqwuhsuhqhxuv1 Wkh qhz jhqhudwlrq frqvlvwv ri d xqlw pdvv ri zrunhuv dqg d xqlw0pdvv

ri hqwuhsuhqhxuv19

9Dq| qxpehuv frxog eh fkrvhq dv orqj dv wkh| duh frqvwdqw wkurxjk wlph1
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Zrunhuv duh krprjhqhrxv dqg r�hu wkhlu oderu irufh dw d frpshwlwlyh oderu pdunhw

lq uhwxuq iru d zdjh lqfrph1

\rxqj hqwuhsuhqhxuv duh lq prqrsrolvwlf frpshwlwlrq zlwk hdfk hqwuhsuhqhxu � 5

dfc �o surgxflqj d jrrg wkdw lv gl�huhqwldwhg iurp wkh jrrgv ri rwkhu hqwuhsuhqhxuv

+Gl{lw dqg Vwljolw} +4<::,,1 Hqwuhsuhqhxuv/ wkhuhiruh/ hduq prqrsrolvwlf sur�wv1

D frpshwlwlyh vhfwru dvvhpeohv wkh gl�huhqwldwhg jrrgv lqwr dq djjuhjdwh frqvxps0

wlrq jrrg dffruglqj wr wkh iroorzlqj surgxfwlrq ixqfwlrq

S '

3
EC ]
�Mdfc�o

�
^�
��3j

4
FD

�

�3j

zlwk � : j � f

zkhuh ^� ghqrwhv wkh lqsxw iurp hqwuhsuhqhxu �1 Wkh sdudphwhu j ghwhuplqhv wkh

ghjuhh ri vxevwlwxwdelolw| ehwzhhq wkh gl�huhqw surgxfwv1 Li j ' f/ jrrgv duh shuihfw

vxevwlwxwhv dqg hqwuhsuhqhxuv duh lq shuihfw frpshwlwlrq1 Dv j lqfuhdvhv jrrgv ehfrph

ohvv dqg ohvv vxevwlwxwdeoh dqg frpshwlwlrq ehwzhhq hqwuhsuhqhxuv ghfuhdvhv1

Wkh wlplqj ri hyhqwv lv dv iroorzv1 Dw wkh ehjlqqlqj ri hdfk shulrg/ |rxqj hq0

wuhsuhqhxuv frpplw wr d sulfh dw zklfk wkh| duh zloolqj wr vhoo wkh surgxfw1 Wkhq rog

djhqwv/ l1h1 rog zrunhuv dqg rog hqwuhsuhqhxuv/ vshqg doo wkhlu prqh| kroglqjv wr rughu

jrrgv1 Dw wkh vdph wlph/ wkh jryhuqphqw rughuv jrrgv iru jryhuqphqw frqvxpswlrq1

Ilupv dffhsw dq| dprxqw ri rughuv dw wkh sulfh wkh| srvwhg1 Zkhq doo rughuv duh

pdgh/ �upv kluh wkh zrun irufh wkdw lv qhfhvvdu| wr surgxfh wkh rughuhg txdqwlwlhv dw d

frpshwlwlyh oderu pdunhw1 Wkh oderu pdunhw fohduv dqg surgxfwlrq wdnhv sodfh1 \rxqj

zrunhuv duh sdlg wkhlu zdjh/ |rxqj hqwuhsuhqhxuv uhwdlq wkhlu sur�wv/ dqg wkh surgxfhg

jrrgv duh gholyhuhg wr wkh rog djhqwv iru frqvxpswlrq1 Wkhq d qhz shulrg vwduwv1

Ohw � �
| ghqrwh wkh sulfh srvwhg iru jrrg � dw wkh ehjlqqlqj ri shulrg |1 Sur�w

pd{lpl}dwlrq e| wkh frpshwlwlyh vhfwru lpsolhv wkdw wkh sulfh �| iru wkh frpsrvlwh

jrrg lv jlyhq e|

�| '

�]
dfc�o

�
� �
|

�j3�
j gl

� j
j3�

+5,

Ohw �| ghqrwh wkh vwrfn ri qrplqdo prqh| dw wkh hqg ri shulrg | dqg ohw 6| '
�|

�|

ghqrwh lwv uhdo ydoxh +lq whupv ri wkh djjuhjdwh jrrg,1 Vlqfh rog djhqwv glh zlwk

fhuwdlqw| diwhu wkhlu vhfrqg shulrg ri olih/ 6| lv khog e| wkh |rxqj djhqwv dw wkh hqg

ri shulrg |/ zlwk |rxqj zrunhuv kroglqj dprxqw 6�
| dqg |rxqj hqwuhsuhqhxuv kroglqj

dprxqw 6e
| / zkhuh 6| ' 6�

| n6e
| 1

9



Wkh jryhuqphqw �qdqfhv d frqvwdqw uhdo h{shqglwxuh } : f wkurxjk vhljqrudjh1

Uhdo edodqfhv wkhuhiruh hyroyh dffruglqj wr

6| '
6|3�

�|

n } +6,

zkhuh �| '
�|

�|3�
lv wkh lq dwlrq idfwru iurp |� � wr |1

614 Zrunhuv

Wkh uhsuhvhqwdwlyh zrunhu zkr lv eruq lq shulrg | pd{lpl}hv

4@ 
?|cS|n�

.W

|

�
��E?|� n q�ES�|n��

�
vxemhfw wr

6�
| ' ?|�|

S�|n� �
6�

|

�|n�

zkhuh �E?|� uhsuhvhqwv wkh glvxwlolw| ri vxsso|lqj ?| krxuv ri zrun lq shulrg | dqg

�ES�|n�� uhsuhvhqwv wkh xwlolw| iurp frqvxplqj S�|n� xqlwv ri wkh frpsrvlwh jrrg lq shulrg

|n�1 q 5 Efc �� lv wkh glvfrxqw idfwru/ �| lv wkh wlph | krxuo| uhdo zdjh/ dqg 6
�
| duh wkh

zrunhu*v hqg ri shulrg | uhdo prqh| kroglqjv1 Wkh xwlolw| ixqfwlrqv �E�� dqg �E�� duh

wzlfh frqwlqxrxvo| gl�huhqwldeoh zlwk ��E�� : f/ ���E�� � f dqg ��E�� : f dqg ���E�� 	 f1

Qrwh wkdw djhqwv pd{lpl}h xwlolw| zlwk uhvshfw wr vrph +srwhqwldoo|, vxemhfwlyh

h{shfwdwlrqv rshudwru .W

| wkdw lv edvhg rq wkh lqirupdwlrq vhw

M| ' jE�|c�|3�c � � � (6|c6|3�c � � � �

zklfk frqwdlqv sdvw dqg fxuuhqw ydoxhv ri sulfhv dqg uhdo prqh| edodqfhv1 Zrunhuv*

h{shfwdwlrqv wkhuhiruh ghshqg rq fxuuhqw sulfhv/ dv uhtxluhg iru dq lqirupdwlrqdoo|

frqvlvwhqw vhwxs1

Wkh �uvw rughu frqglwlrqv ri wkh xwlolw| pd{lpl}dwlrq sureohp lpsolflwo| gh�qh wkh

zrunhuv* oderu vxsso| dv d ixqfwlrq ri wkh fxuuhqw uhdo zdjh dqg h{shfwhg lq dwlrq=

?E�|c .
W

| E�|n��� +7,

Dowhuqdwlyho|/ wkh �uvw rughu frqglwlrqv gh�qh d uhdo zdjh ixqfwlrq

�E?|c .
W

| E�|n��� +8,

:



wkdw ghwhuplqhv wkh uhdo zdjh wkdw kdv wr eh sdlg wr lqgxfh wkh uhsuhvhqwdwlyh zrunhu

wr vxsso| ?| xqlwv ri oderu zkhq khu lq dwlrq h{shfwdwlrqv duh jlyhq e| .W

| E�|n��1 Wkh

ixqfwlrq �E�c �� lv frqwlqxrxvo| gl�huhqwldeoh iru .W

| E�|n�� : f dqg doo ihdvleoh ohyhov ?|1

L uhtxluh wkdw wkh vxevwlwxwlrq h�hfw ri d uhodwlyh sulfh fkdqjh ehwzhhq oderu dqg

frqvxpswlrq grplqdwhv wkh lqfrph h�hfw/ l1h1

Frqglwlrq 4

���ES� � S

��ES�
: �� ;S � f

Frqglwlrq 4 lqvxuhv wkdw djhqwv* oderu vxsso| +7, lv vwulfwo| lqfuhdvlqj lq zdjhv dqg

vwulfwo| ghfuhdvlqj lq wkh h{shfwhg lq dwlrq wd{ .W

| d�|n�o1 Lw dovr lqvxuhv wkdw wkh uhdo

zdjh ixqfwlrq +8, lv lqfuhdvlqj lq erwk dujxphqwv1

Ilqdoo|/ L lpsrvh wkh iroorzlqj wzr frqglwlrqv rq wkh oderu vxsso| ixqfwlrq +7,=

Frqglwlrq 5 ?E� � jc �� : f dqg < �� 5 E�c4� r�|� ?E�� jc�� ' f

Wkh �uvw sduw ri frqglwlrq 5 uhtxluhv zrunhuv wr r�hu srvlwlyh dprxqwv ri oderu

zkhq wkh uhdo zdjh lv htxdo wr ��j dqg zkhq wkh h{shfwhg lq dwlrq idfwru lv htxdo wr

�1 Wklv lv vlpso| d qhfhvvdu| frqglwlrq iru d prqhwdu| htxloleulxp wr h{lvw iru vrph

srvlwlyh ohyho ri jryhuqphqw h{shqglwxuhv1 Wkh vhfrqg sduw uhtxluhv wkdw wkhuh lv d

�qlwh uhodwlyh sulfh ri frqvxpswlrq lq whupv ri oderu dw zklfk rswlpdo ehkdylru lpsolhv

}hur frqvxpswlrq1: Wklv lv d vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d kljk lq dwlrq

vwhdg| vwdwh1

615 Hqwuhsuhqhxuv

Dw wkh ehjlqqlqj ri hdfk wlph shulrg |rxqj hqwuhsuhqhxuv vlpxowdqhrxvo| ghflgh derxw

wkhlu sulfhv1 Sur�w pd{lpl}dwlrq e| wkh frpshwlwlyh vhfwru lpsolhv wkdw wkh ghpdqg

fxuyh idfhg e| hqwuhsuhqhxu � lv jlyhq e|

^�| ' 6|

�
�|

� �
|

� �

j

+9,

:D vx!flhqw frqglwlrq lv jlyhq e| x
3

+3, ?41

;



Zlwk d surgxfwlrq whfkqrorj| wkdw lv olqhdu lq oderu dqg surgxfw ghpdqg ehlqj jlyhq

e| +9,/ hqwuhsuhqhxu � pd{lpl}hv=

4@ 
�
�
|

.W

|3�

%
6|

�
�|

� �
|

� �

j �
� �
| � �|�|

�&
+:,

zkhuh

6| '
6|3�

�|

n } +;,

�| ' �E?|c�|n�� +<,

Qrwh wkdw hqwuhsuhqhxuv pd{lpl}h zlwk uhvshfw wr vrph +srwhqwldoo|, vxemhfwlyh h{0

shfwdwlrqv rshudwru .W

|3� wkdw lv edvhg rq wkh lqirupdwlrq vhw M|3�/ zklfk grhv qrw

frqwdlq wkh ydoxhv ri wlph | yduldeohv1 Wkhuhiruh/ rxwvlgh htxloleulxp/ hqwuhsuhqhxuv

fkrrvh sulfhv zlwkrxw nqrzlqj wkh djjuhjdwh sulfh ohyho �|1
;

Zlwk wkh lqirupdwlrq vhw jlyhq e| M|3� hqwuhsuhqhxuv pxvw irupxodwh iruhfdvwv ri

�|/ 6|/ dqg �|1 L uhtxluh wkdw wkhvh iruhfdvwv duh frqvlvwhqw zlwk wkh prgho vwuxfwxuh/

hyhq zkhq h{shfwdwlrqv duh vxemhfwlyh1 Pruhryhu/ L uhtxluh wkdw vxemhfwlyh h{shfwdwlrqv

ixo�oo wkh odz ri lwhudwhg h{shfwdwlrqv1 Dv vkrzq ehorz/ wkhvh dvvxpswlrqv kdyh wkh

frqyhqlhqw lpsolfdwlrq wkdw wkh iruhfdvwv ri �|/6|/ dqg �| fdq eh h{suhvvhg dv ixqfwlrqv

ri wkh lq dwlrq iruhfdvw .W

|3� d�|o dqg .W

|3� d�|n�o dqg yduldeohv zklfk duh sduw ri M|3�

dqg/ wkxv/ nqrzq wr wkh hqwuhsuhqhxu1

Iluvw/ frqvlghu wkh iruhfdvw .W

|3� d�|o1 Fohduo|/

.W

|3� d�|o ' .W

|3�d�|o�|3� +43,

Vhfrqg/ frqvlghu wkh iruhfdvw .W

|3� d6|o1 Xvlqj htxdwlrq +;, rqh rewdlqv=<

.W

|3�d6|o '
6|3�

.W

|3� d�|o
n } +44,

Ilqdoo|/ frqvlghu wkh iruhfdvw .W

|3� d�|o1 Iurp htxdwlrq +<, dqg wkh odz ri lwhudwhg

h{shfwdwlrqv iroorzv

.W

|3� d�|o ' �
�
.W

|3� d?|o c .
W

|3� d�|n�o
�

+45,

;Krzhyhu/ lq d shuihfw iruhvljkw htxloleulxp zkhuh H�

w�4 @ Hw�4 wkh ixwxuh sulfh ohyho Sw lv nqrzq

dqg hqwuhsuhqhxuv dfw fruuhvsrqglqjo|1
<Iroorzlqj wkh ohduqlqj olwhudwxuh L dvvxph wkdw djhqwv kdyh srlqw h{shfwdwlrqv1

<



AIurp wkh olqhdulw| ri wkh surgxfwlrq whfkqrorj| dqg htxdwlrq +9, lw iroorzv wkdw oderu

ghpdqg fdq eh h{suhvvhg dv

?| '

]
^�|gl

' 6| E�|�
�

j

#] �
�

� �
|

� �

j

gl

$
+46,

Wr vlpsoli| pdwwhuv/ L lpsrvh wkh uhvwulfwlrq wkdw hqwuhsuhqhxu � h{shfwv doo rwkhu

hqwuhsuhqhxuv wr vhw wkh vdph sulfh1 E| htxdwlrq +5, wklv dvvxpswlrq lpsolhv � �
| ' �|

+iru doo � 9' �, dqg htxdwlrq +46, vlpsol�hv wr

?| ' 6| +47,

Frpelqlqj wklv zlwk htxdwlrqv +45, dqg +44, gholyhuv wkh �qdo uhvxow

.W

|3� d�|o ' �

�
6|3�

.W

|3� d�|o
n }c.W

|3� d�|o

�
+48,

Vxevwlwxwlqj +43,/ +44,/ dqg +48, lqwr wkh remhfwlyh ixqfwlrq dqg wdnlqj wkh ghulyd0

wlyh zlwk uhvshfw wr � �
| gholyhuv wkh iroorzlqj h{suhvvlrq iru wkh sur�w pd{lpl}lqj sulfh=

� �
| '

�

� � j
.W

|3�E�|�|� +49,

'
�

� � j
.W

|3�d�|o�|3��E
6|3�

.W

|3� d�|o
n }c.W

|3� d�|n�o� +4:,

Wklv lv wkh idploldu uhvxow wkdw wkh rswlpdo sulfh � �
| lv d pdun0xs ryhu h{shfwhg frvwv

zkhuh wkh pdun0xs idfwru ghshqgv rq wkh ghjuhh ri lpshuihfw frpshwlwlrq j1

7 Udwlrqdo H{shfwdwlrqv Htxloleuld

Wklv vhfwlrq fkdudfwhul}hv wkh prgho*v udwlrqdo h{shfwdwlrqv htxloleuld +UHH, dqg vkrzv

wkdw wkh htxloleuld ri wkh prgho zlwk lpshuihfw frpshwlwlrq dssurdfk wkh rqhv ri wkh

frpshwlwlyh prgho dv wkh ghjuhh ri lpshuihfw frpshwlwlrq j ydqlvkhv1

Htxdwlrq +49, wrjhwkhu zlwk wkh idfw wkdw doo �upv fkdujh wkh vdph sulfh lpsolhv

wkdw fxuuhqw lq dwlrq fdq eh h{suhvvhg dv

�| '
�

�� j
.|3�d�|�|o +4;,

43



Lpsrvlqj udwlrqdo h{shfwdwlrqv gholyhuv wkh htxloleulxp uhdo zdjh

�| ' �� j +4<,

Qh{w/ vxevwlwxwh +47, lqwr +6,/ lpsrvh wkh pdunhw fohdulqj frqglwlrq ?| ' ?E�|c�|n��

dqg xvh uhvxow +4<, wr vxevwlwxwh wkh zdjh1 Wklv gholyhuv d vlqjoh htxdwlrq fkdudfwhul}lqj

UHH=

?E�� jc�|n�� '
?E� � jc�|�

�|

n } +53,

Udwlrqdo h{shfwdwlrqv htxloleuld fdq qrz eh jhqhudwhg e| fkrrvlqj dq lqlwldo lq dwlrq

udwh �f dqg e| lwhudwlqj htxdwlrq +53, iruzdug143

Wkh UHH lq wkh frpshwlwlyh yhuvlrq ri wkh prgho duh fkdudfwhul}hg e| dq htxdwlrq

vlplodu wr +53, exw zlwk wkh htxloleulxp uhdo zdjh jlyhq e| �| ' �1 Vlqfh ?E�c �� lv frq0

wlqxrxvo| gl�huhqwldeoh dqg vlqfh wkh lq dwlrq udwhv lq d UHH pxvw olh lq wkh erxqghg

lqwhuydo dfc��o/ wkh UHH ri wkh prgho zlwk lpshuihfw frpshwlwlrq zloo dssurdfk wkh

rqhv ri wkh shuihfwo| frpshwlwlyh prgho dv wkh ghjuhh ri lpshuihfw frpshwlwlrq j ds0

surdfkhv }hur144

Iluvw/ frqvlghu vwdwlrqdu| UHH1 Lpsrvlqj vwhdg| vwdwh frqglwlrqv dqg } ' f rq

htxdwlrq +53, rqh �qgv wzr vroxwlrqv/ vhh frqglwlrq 51 Wkhuh lv d orz lq dwlrq vwhdg|

vwdwh �, zkhuh prqh| lv ydoxhg dqg d kljk lq dwlrq vwhdg| vwdwh �� zkhuh prqh| kdv

qr ydoxh=45

�, ' � @?_ �� : �

Vlqfh Y��E}�
Y}

	 f prqh| vwduwv wr ehfrph ydoxhg lq wkh kljk lq dwlrq vwhdg| vwdwh iru

vpdoo srvlwlyh ohyhov ri vhljqrudjh }1 Wkh vwhdg| vwdwh ydoxhv ri uhdo edodqfhv 6, dqg

6�/ zklfk duh htxdo wr wkh vwhdg| vwdwh ydoxhv ri uhdo rxwsxw dqg oderu lqsxw/ duh jlyhq

e|

6, ' ?E� � jc�,E}�� : 6� ' ?E�� jc��E}��

43Wkh dujxphqw lpsolflwo| dvvxphv wkdw htxdwlrq +53, kdv d vroxwlrq iru doo w1 Dv L zloo vkrz ehorz/

wklv lv wkh fdvh iru pdq| lqlwldo lq dwlrq udwhv �31
44Pruh suhflvho|= iru dq| lqlwldo ydoxh �3 ohw �

�
w ghqrwh wkh sdwk ri lq dwlrq jhqhudwhg e| lwhudwlqj

+4<, iruzdug zlwk zw @ 4 � �/ wkhq iru dq| % A 3 wkhuh h{lvwv d � A 3 vxfk wkdw iru doo �3 =

vxsw
�
���

w ��3
w

�
� ? %1

45Dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp wr +53,/ rqh fdq vkrz wkdw dw j @ 3= C�o+j,
Cj

A 3 dqg
C�k+j,

Cj
? 31

44



1+Π t

tΠlΠ hΠ

Iljxuh 5= Udwlrqdo H{shfwdwlrqv Sdwkv

Dv lv hdvlo| yhul�hg/ wkh orz lq dwlrq vwhdg| vwdwh E�,c6,� Sduhwr grplqdwhv wkh kljk

lq dwlrq vwhdg| vwdwh E��c6��1

Qh{w/ frqvlghu qrqvwdwlrqdu| UHH1 Dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp wr htxd0

wlrq +53,/ rqh �qgv wkdw _�|n�

_�|
: � dw wkh orz lq dwlrq vwhdg| vwdwh dqg _�|n�

_�|
	 � dw wkh

kljk lq dwlrq vwhdg| vwdwh1 Wklv lpsolhv wkdw wkhuh h{lvw lqlwldoo| qrq0vwdwlrqdu| UHH

zkhuh �| hlwkhu lqfuhdvhv ru ghfuhdvhv ryhu wlph dqg zkhuh lq dwlrq dv|pswrwlfdoo|

dssurdfkhv ��/ vhh �jxuh +5, iru dq looxvwudwlrq ri wkh vlwxdwlrq1

8 Vwdelolw| ri Vwhdg| Vwdwhv xqghu Dgdswlyh Ohduq0

lqj

Wklv vhfwlrq dqdo|}hv wkh vwdelolw| ri wkh vwhdg| vwdwh htxloleuld xqghu dgdswlyh ohduqlqj

vfkhphv1 Wkh dqdo|vlv ri qrq0vwdwlrqdu| UHH lv ghihuuhg wr vhfwlrq 91

Lw lv dvvxphg wkdw djhqwv iruhfdvw ixwxuh lq dwlrq udwhv dffruglqj wr wkh iroorzlqj

vlpsoh dgdswlyh uxoh zkhuh ohiw0kdqg vlgh vxevfulswv ghqrwh wkh wlph dw zklfk h{shf0

wdwlrqv duh iruphg dqg uljkw0kdqg vlgh vxevfulswv wkh gdwh iru zklfk wkh yduldeoh lv

iruhfdvwhg=

|�
e
|n� ' |3��

e
| n �|E�| � |3��

e
| � +54,

45



Wkh qhz lq dwlrq iruhfdvw lv htxdo wr wkh suhylrxv iruhfdvw soxv �| wlphv wkh sdvw

iruhfdvw huuru/ zklfk lv jlyhq e| wkh whup lq wkh eudfnhwv1 Qrwh wkdw wkh fxuuhqw

lq dwlrq udwh �| hqwhuv lqwr wkh iruhfdvw pdgh dw wlph |/ dv uhtxluhg1

Wkh jdlq sdudphwhu �| 5 Efc �� ghwhuplqhv krz idvw h{shfwdwlrqv dgdsw wr wkh

iruhfdvw huuruv1 Wzr nlqgv ri jdlq vhtxhqfhv zloo eh frqvlghuhg= frqvwdqw jdlq ohduqlqj

uxohv zkhuh

�| ' � iru doo |

dqg ghfuhdvlqj jdlq ohduqlqj uxohv zkhuh

*�4
|<"

�| ' f dqg[
|

�| '4

Dq h{dpsoh iru d ghfuhdvlqj jdlq ohduqlqj uxoh lv jlyhq e| �| '
�
|
1 Zlwk wklv uxoh

wkh iruhfdvw �e
| htxdov wkh dyhudjh ri sdvw lq dwlrq udwhv/ zklfk lv wkh ohdvw vtxduhv

hvwlpdwh ri wkh vwhdg| vwdwh lq dwlrq udwh1

Hqwuhsuhqhxuv pxvw dovr iruhfdvw lq dwlrq udwhv wzr shulrgv dkhdg/ vhh htxdwlrq

+4:,1 Wkh iruhfdvw |�
e
|n2 lv rewdlqhg e| zulwlqj +54, iru |n��

e
|n2 dqg e| wdnlqj wlph |

h{shfwdwlrqv rq erwk vlghv/ zklfk uhvxowv lq

|�
e
|n2 ' |�

e
|n�

Ohduqlqj uxoh +54,/ wkxv/ lpsrvhv vwdwlrqdulw| rq djhqw*v lq dwlrq h{shfwdwlrqv/ zklfk

vhhpv uhdvrqdeoh li djhqwv eholhyh wkdw wkh| kdyh wr ohduq d vwhdg| vwdwh1

814 Wkh Jhqhudo +Lq0,Vwdelolw| Uhvxow

Wklv vhfwlrq ghulyhv wkh surshuwlhv ri vwhdg| vwdwh htxloleuld wkdw jxdudqwhh wkdw dq

hfrqrp| wkdw lv srsxodwhg e| djhqwv zkr iruhfdvw lq dwlrq dffruglqj wr uxoh +54, zloo

frqyhujh wr wkh vwhdg| vwdwh1

Wr ghulyh wkhvh frqglwlrqv L kdyh wr lpsrvh wkh iroorzlqj uhjxodulw| frqglwlrqv/

zklfk lqvxuh wkdw ydulrxv pdwulfhv duh ri ixoo udqn dqg wkdw wkhlu hljhqyhfwruv gr qrw

olh uljkw rq wkh xqlw flufoh=

46



Frqglwlrq 6 Dw d vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxloleulxp +�c6,

��

�� j

6

�2
9'

�2

� � j

�� �

�
��

�� j

6

�2
9'

�n �

�

�| 9'
6

�2

��

�� j
�

�

�
; |

zkhuh

�� '
Y�

B?
E6c�� dqg �2 '

Y�

Y |3��e
|n�

E6c��

Wkh iroorzlqj sursrvlwlrq vwdwhv wkh pdlq uhvxow ri wklv vhfwlrq1 Wkh surri fdq eh

irxqg lq wkh dsshqgl{1

Sursrvlwlrq 4 Frqvlghu d vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxloleulxp E�c6� dqg dv0

vxph frqglwlrqv 4/ 5/ dqg 6 krog1 Li dw wkh vwhdg| vwdwh

�2

� � j
E�� �� 	

��

�� j

6

�
	 �n � +55,

wkhq wkhuh h{lvwv d � : f vxfk wkdw wkh vwhdg| vwdwh lv orfdoo| dv|pswrwlfdoo| vwdeoh

41 iru doo frqvwdqw jdlq ohduqlqj uxohv zlwk dgdswdwlrq udwhv f 	 � 	 ��

51 iru doo ghfuhdvlqj jdlq ohduqlqj uxohv1

Li +55, grhv qrw krog/ wkhq wkhuh h{lvwv d � : f vxfk wkdw wkh vwhdg| vwdwh lv xqvwdeoh

41 iru doo frqvwdqw jdlq ohduqlqj uxohv zlwk dgdswdwlrq udwhv f 	 � 	 ��

51 iru doo ghfuhdvlqj jdlq ohduqlqj uxohv1

Wkh lqhtxdolw| rq wkh uljkw0kdqg vlgh ri +55, lqvxuhv wkh vwdelolw| ri wkh vwhdg| vwdwh

zlwk uhvshfw wr ghpdqg vkrfnv zkloh wkh ohiw0kdqg vlgh lqhtxdolw| lqvxuhv wkh vwdelolw|

zlwk uhvshfw wr vkrfnv lq lq dwlrq h{shfwdwlrqv1

Iluvw/ frqvlghu ghpdqg vkrfnv1 Wkh whup lq wkh plggoh ri +55, fdq eh lqwhusuhwhg

dv wkh hodvwlflw| ri wkh uhdo zdjh zlwk uhvshfw wr wkh | � � prqh| vwrfn 6|3�146 Gxh

wr pdun0xs sulflqj e| hqwuhsuhqhxuv wklv hodvwlflw| lv lghqwlfdo wr wkh hodvwlflw| ri wkh

lq dwlrq udwh zlwk uhvshfw wr 6|3�1 Iurp �� : f lw wkhq iroorzv wkdw lq dwlrq zloo

46Uhphpehu wkdw wkh htxloleulxp uhdo zdjh lv jlyhq e| 4� �1
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ulvh lq uhvsrqvh wr srvlwlyh ghpdqg vkrfnv1 Lq sulqflsdo/ wklv vwdelol}hv wkh hfrqrp|

ehfdxvh lw ghydoxdwhv wkh h{fhvvlyh ydoxh ri wkh prqh| vwrfn dqg wkhuhe| sxvkhv wkh

hfrqrp| edfn wrzdugv wkh vwhdg| vwdwh1 \hw/ li wkh lq dwlrq uhdfwlrq lv wrr vwurqj wkhq

d ghpdqg vkrfn pljkw fuhdwh dq hyhq odujhu ghpdqg vkrfn ri wkh rssrvlwh vljq lq wkh

vxevhtxhqw shulrg dqg wkh v|vwhp pljkw vwduw wr rvfloodwh zlwk lqfuhdvlqj dpsolwxgh

durxqg wkh htxloleulxp1 Wkh whup rq wkh yhu| uljkw ri +55, lv d erxqg rq wkh pd{lpxp

lq dwlrq uhdfwlrq zklfk suhyhqwv wklv iurp kdsshqlqj1

Qh{w/ frqvlghu lq dwlrq h{shfwdwlrqv vkrfnv dqg wkh iroorzlqj lqhtxdolw|

�2 	 ��
6

�2
+56,

zklfk lv d vx!flhqw frqglwlrq iru wkh lqhtxdolw| rq wkh ohiw0kdqg vlgh ri +55, wr krog1

D srvlwlyh vkrfn wr djhqwv* lq dwlrq h{shfwdwlrqv kdv wzr rssrvlqj h�hfwv rq lq dwlrq1

Iluvwo|/ lw fdxvhv �upv wr dqwlflsdwh orzhu surgxfw ghpdqg ehfdxvh lq dwlrq ghydo0

xdwhv rog djhqwv* uhdo prqh| edodqfhv1 Wklv fdxvhv d idoo lq h{shfwhg oderu ghpdqg dqg

h{shfwhg zdjhv/ zklfk gxh wr pdun0xs sulflqj sxwv grzqzdug suhvvxuh rq lq dwlrq1

Wklv pryh grzq wkh oderu vxsso| ixqfwlrq lv fdswxuhg e| wkh whup rq wkh uljkw ri

+56,/ zklfk lv wkh ghulydwlyh ri wkh uhdo zdjh zlwk uhvshfw wr oderu ghpdqg wlphv wkh

ghulydwlyh ri uhdo prqh| 6| +zklfk lv lghqwlfdo wr oderu ghpdqg ?|, zlwk uhvshfw wr �|1

Vhfrqgo|/ kljkhu h{shfwhg lq dwlrq wd{hv pryh wkh oderu vxsso| vfkhgxoh xszdugv

ehfdxvh zrunhuv kdyh wr eh frpshqvdwhg zlwk d kljkhu uhdo zdjh wr r�hu dq| jlyhq

dprxqw ri oderu1 Wklv h�hfw sxwv xszdug suhvvxuh rq lq dwlrq dqg lv fdswxuhg e| wkh

whup rq wkh ohiw ri +56,1

Li wkh �uvw h�hfw grplqdwhv wkh vhfrqg/ wkhq uhdo zdjhv zloo ghfuhdvh lq uhvsrqvh wr

dq lqfuhdvh lq lq dwlrq h{shfwdwlrqv1 Wkh sulfh vhwwlqj htxdwlrq +4;, wkhq lpsolhv wkdw

uhdol}hg lq dwlrq zloo zh orzhu wkdq h{shfwhg lq dwlrq1 Iurp wkh ohduqlqj uxoh lw wkhq

iroorzv wkdw lq dwlrq h{shfwdwlrqv zloo uhwxuq ryhu wlph wr wkh vwhdg| vwdwh ydoxh147

815 Ohduqlqj wkh Kljk Lq dwlrq Vwhdg| Vwdwh

Wklv vhfwlrq dssolhv sursrvlwlrq 4 wr vwxg| wkh vwdelolw| ri wkh kljk lq dwlrq vwhdg|

vwdwh xqghu dgdswlyh ohduqlqj1

47Zkhq htxdwlrq 56, grhv qrw krog wkhq wkh vwhdg| vwdwh lv qrw qhfhvvdulo| xqvwdeoh/ vhh htxdwlrq

+55,1 Wkh uhdvrq iru wklv lv wkdw h{shfwdwlrqv ihhg dovr edfn rq ixwxuh h{shfwdwlrqv dqg wkhuhe| dowhu

wkh h{shfwhg prqh| vwrfn dqg ixwxuh lq dwlrq udwhv1 Wklv lv d fkdqqho zklfk kdv ehhq ljqruhg lq wkh

suhylrxv dujxphqw dqg wkdw lv fdswxuhg e| wkh dgglwlrqdo whup rq ohiw ri htxdwlrq +55,1
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Wkh iroorzlqj ohppd vkrzv wkdw wkh kljk lq dwlrq vwhdg| vwdwh lv xqvwdeoh zkhq

djhqwv iruhfdvw lq dwlrq dffruglqj wr htxdwlrq +54,=

Fruroodu| 4 Iru } vx!flhqwo| forvh wr }hur frqglwlrq +55, qhyhu krogv iru wkh kljk0

lq dwlrq vwhdg| vwdwh1

Surri Iru frqwudglfwlrq vxssrvh wkdw wkh ohiw0kdqg vlgh ri +55, krogv1 Wklv uhtxluhv

�2�
2 � �2�� ��6 	 f

Zlwk �2 : f/ d qhfhvvdu| frqglwlrq iru wklv lv

� 	
�

2
n

u
�

e
n
��

�2

6

Dv } $ fc � $ �� dqg 6 $ f 1 Vlqfh �2 : f dqg �� : f dw E�c6� ' E��c f�/

wklv frqglwlrq erlov grzq wr � 	 �/ zklfk frqwudglfwv �� : ��

Lpsruwdqwo|/ lqvwdelolw| lv rewdlqhg lqghshqghqwo| iurp wkh ghjuhh ri lpshuihfw

frpshwlwlrq lq wkh surgxfw pdunhw1 Pruhryhu/ fruroodu| 4 gholyhuv wkh vwdelolw| surs0

huwlhv iru wkh lqghwhuplqdwh vwhdg| vwdwh dv uhsruwhg e| Pdufhw dqg Vdujhqw +4<;<e,

iru d frpshwlwlyh hfrqrp| zlwk odjjhg lqirupdwlrq1 Krzhyhu/ wkh uhvxow frqwudvw zlwk

wkh rqhv uhsruwhg e| Ohwwdx dqg ydq ]dqgw +4<<<, iru d frpshwlwlyh hfrqrp| dqg

frqwhpsrudqhrxv lqirupdwlrq zlwk pxowlsolflwlhv lq wkh whpsrudu| htxloleulxp148 Wklv

48Wr vhh zk| wkh vwdelolw| surshuwlhv ri htxloleuld pljkw gl�hu lq wkh wkuhh vhwxsv rqh kdv wr frpsduh

wkh htxdwlrqv wkdw ghwhuplqh wkh lq dwlrq udwhv= Lq Pdufhw dqg Vdujhqw +4<;<e, lq dwlrq vroyhv

q+zw> w�4�
h
w.4, @

pw�4

�w

. j

zkhuh wkh uhdo zdjh lv jlyhq e| whfkqrorj|/ l1h1 zw � 41

Lq Ohwwdx dqg ydq ]dqgw +4<<<, lq dwlrq vroyhv

q+zw> w�
h
w.4, @

pw�4

�w

. j

zkhuh dovr zw � 41

Wkh fruuhvsrqglqj htxdwlrq lq wkh fxuuhqw prgho fdq eh rewdlqhg e| vroylqj htxdwlrq +4;, iru w�4z
h
w

dqg e| dsso|lqj wkh lghqwlw| q+z+{> |,> |, � { =

q+w�4z
h
w > w�4 �

h
w.4, @

pw�4

w�4�h
w

. j zlwk

w�4z
h
w �

�w

w�4�h
w

+4� �,

Dv lv dssduhqw/ wkhuh duh lpsruwdqw wlplqj gl�huhqfhv ehwzhhq wkh wkuhh vhwxsv/ wkdw gr qrw glvdsshdu

dv wkh ghjuhh ri lpshuihfw frpshwlwlrq ydqlvkhv1
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vxjjhvwv wkdw zhoo0gh�qhg whpsrudu| htxloleuld vkrxog eh dq hvvhqwldo lqjuhglhqw wr

ohduqlqj prghov1

816 Ohduqlqj wkh Orz Lq dwlrq Vwhdg| Vwdwh

Dsso|lqj sursrvlwlrq 4 wr wkh orz lq dwlrq vwhdg| vwdwh gholyhuv wkh iroorzlqj uhvxow=

Fruroodu| 5 Iru jryhuqphqw h{shqglwxuhv } forvh hqrxjk wr }hur/ wkh vwdelolw| frqgl0

wlrq +55, krogv dw wkh orz lq dwlrq vwhdg| vwdwh li dqg rqo| li

0?c� :
�

2
+57,

zkhuh 0?c� lv wkh uhdo zdjh hodvwlflw| ri oderu vxsso| dw E�c6� ' E�c ?E�� jc ���1

Surri Doo wkh whupv lq +55, duh frqwlqxrxv lq }1 Wkhuhiruh/ zkhq +55, krogv iru } ' f/

lw zloo dovr krog iru vx!flhqwo| vpdoo exw srvlwlyh }1 Dw } ' f/ rqh kdv � ' � dqg

6 ' ?E��jc �� : f1 Iru wkhvh ydoxhv �n�
�

' 2 dqg �2
�3j

�3�
�

' f1 Vlqfh �� : f dqg

6 : f/ wkh lqhtxdolw| lq wkh ohiw ri +55, krogv1 Vlqfh � ' � � j lq htxloleulxp/

wkh whup lq wkh plggoh ri +55, lv htxdo wr 0�c? '
�

0?c�
/ zklfk hvwdeolvkhv wkh fodlp1

Wkh hodvwlflw| frqglwlrq +57, lqvxuhv wkh vwdelolw| ri wkh htxloleulxp zlwk uhvshfw

wr ghpdqg vkrfnv1 Li oderu vxsso| lv lqhodvwlf +0?c� 	 �
2
, wkhq lq dwlrq uhdfwv wrr

vwurqjo| wr ghpdqg vkrfnv dqg fdxvhv wkh hfrqrp|*v uhdo prqh| vwrfn wr rvfloodwh zlwk

lqfuhdvlqj dpsolwxgh durxqg wkh htxloleulxp ydoxh/ dv ghvfulehg lq vhfwlrq 8141

Fohduo|/ wkh ghjuhh ri lpshuihfw frpshwlwlrq pljkw qrz kdyh dq lpsdfw rq wkh

vwdelolw| ri wkh vwhdg| vwdwh ehfdxvh d fkdqjh lq wkh ghjuhh ri frpshwlwlrq zloo dowhu

�upv* pdunxs ryhu frvwv dqg wkhuhe| d�hfw wkh htxloleulxp rxwsxw dqg wkh htxloleulxp

oderu vxsso|1

Zkhq oderu vxsso| glvsod|v d frqvwdqw hodvwlflw|/ wkhq wkh ghjuhh ri lpshuihfw frp0

shwlwlrq kdv qr lpsdfw rq wkh vwdelolw| ri wkh orz lq dwlrq vwhdg| vwdwh1 Krzhyhu/ li wkh

hodvwlflw| ri oderu vxsso| lv ghfuhdvlqj lq wkh dprxqw ri vxssolhg oderu/ zklfk vhhpv qrw

dq xquhdvrqdeoh dvvxpswlrq/ wkhq lqfuhdvlqj wkh frpshwlwlrq ehwzhhq hqwuhsuhqhxuv

fdq fdxvh wkh orz lq dwlrq htxloleulxp wr ehfrph xqvwdeoh1 Rq wkh rwkhu kdqg/ li wkh

hodvwlflw| ri oderu vxsso| zdv lqfuhdvlqj/ wkhq pdnlqj wkh hfrqrp| pruh frpshwlwlyh

zrxog nhhs wkh orz lq dwlrq htxloleulxp vwdeoh ru hyhq fdxvh lw wr ehfrph vr1 Ilqdoo|/

qrq0prqrwrqlf oderu vxsso| hodvwlflwlhv pd| jhqhudwh qrq0prqrwrqlf uhodwlrqvklsv eh0

wzhhq wkh ghjuhh ri lpshuihfw frpshwlwlrq dqg wkh vwdelolw| ri wkh orz lq dwlrq vwhdg|

vwdwh1

4:



9 D vwrfkdvwlf prgho

Wklv vhfwlrq frqvlghuv d vwrfkdvwlf yhuvlrq ri wkh prgho zlwk d jryhuqphqw h{shqgl0

wxuh vkrfn1 Vxfk d vhwxs idflolwdwhv wkh vwdelolw| dqdo|vlv ri qrq0vwdwlrqdu| udwlrqdo

h{shfwdwlrqv htxloleuld1

Jryhuqphqw vhljqrudjh lv qrz frpsrvhg ri d �{hg dqg d udqgrp frpsrqhqw

}| ' } n �|

zlwk �| ehlqj d phdq }hur udqgrp glvwxuedqfh zlwk vpdoo erxqghg vxssruw1 Uhdo

prqh| qrz hyroyhv dffruglqj wr wkh iroorzlqj vwrfkdvwlf odz ri prwlrq

6| '
6|3�

�|

n } n �| +58,

Wr ghwhuplqh wkh UHH olqhdul}h +4;, dqg +58, durxqg wkh ghwhuplqlvwlf vwhdg| vwdwhv

E�?c6?� zlwk ? ' ,c � wr rewdlq=49#
�|

6|

$
' k? n q?f.|3�

%#
�|

6|

$&
n q?�.|3�

%#
�|n�

6|n�

$&

n B?

#
�|3�

6|3�

$
n

#
f

�|

$
+59,

Dv lv vkrzq lq wkh dsshqgl{/ doo udwlrqdo h{shfwdwlrqv vroxwlrqv wr +59, kdyh d plqlpxp

vwdwh yduldeoh uhsuhvhqwdwlrq dv dq DU+4, surfhvv#
�|

6|

$
' @n�

#
�|3�

6|3�

$
zlwk +5:,

@ '

#
@�

@2

$
dqg � '

#
K�� K�2

K2� K22

$
+5;,

zkhuh K�2 9' f1 Vlqfh wkh uhdo prqh| vwrfn lv shupdqhqwo| vkrfnhg/ udwlrqdo h{shfwd0

wlrqv uhtxluh wkdw djhqwv frqglwlrq wkhlu lq dwlrq iruhfdvwv rq wkhvh prqh| edodqfhv1

Dv lv dovr vkrzq lq wkh dsshqgl{/ wkhuh duh wzr UHH lq wkh qhljkerukrrg ri wkh

ghwhuplqlvwlf orz lq dwlrq vwhdg| vwdwh= d vwrfkdvwlf vwhdg| vwdwh zlwk frh!flhqwv

E@,c�c � ,c�� dqg d qrq0vwdwlrqdu| vroxwlrq zlwk frh!flhqwv E@,c2c �,c2� wkdw glyhujhv iurp

wkh orz lq dwlrq vwhdg| vwdwh1 Vlploduo|/ lq wkh qhljkerukrrg ri wkh ghwhuplqlvwlf kljk

lq dwlrq vwhdg| vwdwh wkhuh h{lvwv d vwrfkdvwlf vwhdg| vwdwh zlwk frh!flhqwv E@�c�c ��c��

dqg dq lqlwldoo| qrq0vwdwlrqdu| vroxwlrq zlwk frh!flhqwv E@�c2c ��c2� wkdw dssurdfkhv

wkh kljk lq dwlrq vwhdg| vwdwh14:

49Wkh olqhdul}dwlrq frh!flhqwv duh vwdwhg lq wkh dsshqgl{1
4:Wkh kljk lq dwlrq vwhdg| vwdwh +dk>5> Ek>5, h{lvwv rqo| iru j A 31 Vhh wkh dsshqgl{ iru ghwdlov1
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914 Ohduqlqj Vwdwlrqdu| dqg Qrq0Vwdwlrqdu| UHH

Lq wklv vhfwlrq L vxssrvh wkdw ohduqlqj fdq eh prghohg e| ohdvw vtxduhv hvwlpdwlrq14;

Lq sduwlfxodu/ L dvvxph wkdw djhqwv hvwlpdwh wkh frh!flhqwv E@c�� ri htxdwlrq +5:,

e| ruglqdu| ohdvw vtxduhv hvwlpdwlrq1 Vlqfh wklv htxdwlrq ghqrwhv wkh plqlpxp vwdwh

yduldeoh vroxwlrq ri wkh prgho/ lw lv wkh vlpsohvw htxdwlrq wkdw djhqwv frxog hvwlpdwh

zlwk wkh krsh wr dftxluh udwlrqdo eholhiv lq wkh orqj uxq1

Zkhq djhqwv kdyh lqirupdwlrq M|/ wkh fruuhvsrqglqj sdudphwhu hvwlpdwhv duh gh0

qrwhg e| @| dqg �|1 Wr irup wkhlu lq dwlrq h{shfwdwlrqv/ djhqwv xvh wkhvh hvwlpdwhv wr

lwhudwh +5:, lqwr wkh ixwxuh1 Wkxv/ wkh |� � iruhfdvw ri �| lv jlyhq e|

�e
| ' @�|3� n K��|3��|3� n K�2|3�6|3�

dqg wkh |� � iruhfdvw ri �|n� e|

|3��
e
|n� ' @�|3� n K��|3� �

e
| n K�2| 6e

|

zkhuh

6e
| ' @2|3� n K2�|3��|3� n K22|3�6|3�

Zkhwkhu wkh ohdvw vtxduhv hvwlpdwhv E@|/�|� orfdoo| frqyhujh wr wkh ydoxhv ri wkh

udwlrqdo h{shfwdwlrqv vroxwlrq lv jryhuqhg e| wkh vr0fdoohg H0vwdelolw| fulwhulrq/ vhh

Hydqv dqg Krqndsrkmd +5334, fkdswhu 431 Dv wkh iroorzlqj sursrvlwlrq vkrzv wkh orz

lq dwlrq vwhdg| vwdwh lv wkh xqltxh vwdeoh udwlrqdo h{shfwdwlrqv htxloleulxp1 Wkh surri

fdq eh irxqg lq wkh dsshqgl{1

Sursrvlwlrq 5 Wkhuh h{lvwv d ohyho ri jryhuqphqw h{shqglwxuhv } : f vxfk wkdw iru doo

ohyhov f � } 	 } wkh iroorzlqj krogv1 Dw wkh orz lq dwlrq htxloleulxp

� wkh vwrfkdvwlf vwhdg| vwdwh E@,c�c� ,c�� lv H0vwdeoh/

� wkh qrq0vwdwlrqdu| UHH E@,c2c � ,c2� lv H0xqvwdeoh/

Dw wkh kljk lq dwlrq htxloleulxp

� wkh vwrfkdvwlf vwhdg| vwdwh E@�c�c ��c�� lv H0xqvwdeoh/

4;L uhvwulfw frqvlghudwlrq wr ghfuhdvlqj jdlq ohduqlqj uxohv vlqfh frqvwdqw jdlq ohduqlqj uxohv pd|

jhqhudwh *hvfdsh g|qdplfv*/ vhh Fkr dqg Vdujhqw +4<<<,1
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� wkh qrq0vwdwlrqdu| UHH E@�c2c��c2� lv H0xqvwdeoh1

Lq wkh vwrfkdvwlf prgho wkh orz lq dwlrq vwhdg| vwdwh lv H0vwdeoh uhjdugohvv ri hodv0

wlflw| ri oderu vxsso| dw wkh vwhdg| vwdwh1 Wkh lqwxlwlrq iru wklv uhvxow lv vwudljkwiruzdug=

lq wkh vwrfkdvwlf vwhdg| vwdwh E@,c�c � ,c�� wkh lpsdfw ri sdvw prqh| rq fxuuhqw lq dwlrq

lv jlyhq e| K�2 ' �
6, 1 Wkhuhiruh/ vkrfnv wr 6|3� ohdg wr d fruuhvsrqglqj lqfuhdvh lq

lq dwlrq h{shfwdwlrqv wkdw lpsolhv wkdw ixwxuh uhdo edodqfhv duh h{shfwhg wr eh edfn dw

wkhlu vwhdg| vwdwh ydoxh1 Dv d uhvxow/ �upv gr qrw h{shfw dq lqfuhdvh lq oderu ghpdqg

lq uhvsrqvh wr sdvw ghpdqg vkrfnv/ zklfk pdnhv wkh oderu vxsso| hodvwlflw| luuhohydqw

iru hqwuhsuhqhxu*v sulfh vhwwlqj ehkdylru1

Wkxv/ wkh idfw wkdw djhqwv frqglwlrq wkhlu lq dwlrq h{shfwdwlrqv rq sdvw prqh|

edodqfhv lpsuryhv wkh vwdelolw| ri wkh ghwhuplqdwh vwhdg| vwdwh1

: Frqfoxvlrqv

Wkh suhvhqw sdshu frqvlghuhg d prqhwdu| ryhuodsslqj jhqhudwlrqv prgho zlwk lpshu0

ihfw frpshwlwlrq dqg vwxglhg wkh vwdelolw| ri lwv udwlrqdo h{shfwdwlrqv htxloleuld xqghu

dgdswlyh ohduqlqj1

Dgdswlyh ohduqlqj kdv ehhq irxqg wr eh d srzhuixo wrro wr vhohfw ehwzhhq wkh udwlrqdo

h{shfwdwlrqv htxloleuld ri wkh prgho1 Iluvw/ rxw ri wkh pxowlwxgh ri htxloleuld dw prvw

rqh htxloleulxp wxuqhg rxw wr eh vwdeoh1 Vhfrqg/ wkh lqvwdelolw| ri wkh qrq0vwdwlrqdu|

htxloleuld dqg ri wkh lqghwhuplqdwh kljk lq dwlrq vwhdg| vwdwh kdv ehhq irxqg wr eh

lqghshqghqw iurp wkh ghjuhh ri lpshuihfw frpshwlwlrq ehwzhhq hqwuhsuhqhxuv1 Wklug/

ghfuhdvlqj jdlq ohduqlqj uxohv dqg frqvwdqw jdlq ohduqlqj uxohv zlwk vpdoo jdlq sd0

udphwhu dozd|v vhohfwhg wkh vdph htxloleulxp1 Iruwk/ dowkrxjk prqh| ghpdqg frxog

ghshqg rq frqwhpsrudqhrxv sulfhv wkh vwdelolw| surshuwlhv ri wkh htxloleuld duh yluwxdoo|

xqfkdqjhg frpsduhg wr wkh fdvh ri odjjhg lqirupdwlrq1

Wkhvh uhvxowv vkrxog jlyh ixuwkhu frq�ghqfh wr wkh xvhixoqhvv ri dgdswlyh h{shfwd0

wlrqv dv dq htxloleulxp vhohfwlrq ghylfh1
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; Dsshqgl{

;14 Dsshqgl{ wr Vhfwlrq 8

Surri 7 +Surri ri Sursrvlwlrq 4=, Vxevwlwxwh +4;, lqwr +54,=

|�
e
|n� ' |3��

e
| n �| E� E|3��

e
| c6|3��� |3��

e
|� zlwk +5<,

� E|3��
e
| c6|3�� � |3��

e
|

�
�

6|3�

|3��e
|
n }c |3��e

|

�
� � j

+63,

Wkh deryh htxdwlrq ghvfulehv wkh qhz lq dwlrq h{shfwdwlrqv dv d ixqfwlrq ri sdvw h{0

shfwdwlrqv dqg sdvw uhdo prqh| kroglqjv1 Uhdo prqh| hyroyhv dffruglqj wr

6| '
6|3�

�E|3��e
| c6|3��

n } +64,

Olqhdul}lqj +5<, dqg +64, durxqg d vwhdg| vwdwh E�c6� |lhogv#
w�c|

w2c|

$
' �E�|�

#
w�c|3�

w2c|3�

$
n

#
�|o�c|

o2c|

$
+65,

zkhuh

w�c| ' |�
e
|n� ��

w2c| ' 6| �6

duh wkh ghyldwlrqv iurp wkh htxloleulxp ydoxhv/ wkh o�c| duh vhfrqg rughu dssur{lpdwlrq

huuruv/ dqg �E�|� lv d 5{5 pdwul{ jlyhq e|

�E�|� '

#
� n �|E��E�c6�� �� �|�2E�c6�

� 6
�2��E�c6� �

�
� 6

�2
�2E�c6�

$

zkhuh �� lv wkh sduwldo ghulydwlyh ri � zlwk uhvshfw wr wkh �0wk dujxphqw1

Wkh hljhqydoxhv ri �Ef� duh jlyhq e|

b� ' �

b2 '
�

�
�

6

�2

/�

E�� j�

dqg wkh hljhqydoxhv ri �E�|� e|

b�c| ' b� n
Yb�
Y�

�| n�E�2| � +66,

b2c| ' b2 n
Yb2
Y�

�| n�E�2| � +67,
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zkhuh wkh odvw whupv duh vhfrqg rughu dssur{lpdwlrq huuruv1

Li frqglwlrq +55, krogv/ wkhq mb2m 	 �1 Wkh uhjxodulw| frqglwlrq 6 lpsolhv
���Yb2
Y�

��� 	4

dw � ' f1 Wkxv/ mb2c|m 	 � iru vpdoo hqrxjk �|1 Qh{w/ frqvlghu wkh hljhqydoxh b�c|1

Xvh wkh fkdudfwhulvwlf sro|qrpldo ri �E�|� dqg dsso| wkh lpsolflw ixqfwlrq wkhruhp wr

rewdlq Yb�
Y�

dw � ' f G

Yb�
Y�

' �
Y� E�E���*Y�

Y� E�E���*Yb

'
�

�3j

�
�2E�� ��� ��

6
�

�
�� b2

Frqglwlrq +55, lpsolhv wkdw Yb�
Y�

	 f dqg wkhuhe| mb�c|m 	 � iru vpdoo hqrxjk �|1 Wkxv/

+55, lpsolhv wkdw erwk hljhqydoxhv ri �E�|� duh zlwklq wkh xqlw flufoh iru �| vx!flhqwo|

vpdoo1 Rwkhuzlvh/ dw ohdvw rqh hljhqydoxh olhv rxwvlgh wkh xqlw flufoh1 Wklv hvwdeolvkhv

wkh vwdelolw| dqg lqvwdelolw| fodlpv iru wkh frqvwdqw jdlq ohduqlqj uxohv1

Wkh uhpdlqlqj sduw ri wkh surri frqvlghuv ghfuhdvlqj jdlq ohduqlqj uxohv1 Wkh ixqf0

wlrq �E�c �� dv gh�qhg lq +63, lv frqwlqxrxvo| gl�huhqwldeoh lq erwk dujxphqwv lq d

qhljkerukrrg ri w ' Efc f�1 Wkhuhiruh/ iru doo frqvwdqwv g� : f dqg g2 : f zlwk g�

dqg g2 duelwudulo| vpdoo wkhuh h{lvwv d qhljkerukrrg wr Efc f� zkhuh wkh devroxwh ydoxhv

ri wkh dssur{lpdwlrq huuruv lq +65, duh erxqghg e|

mo�c|m � g� Emw�c|3�mn mw2c|3�m� +68d,

mo2c|m � g2 Emw�c|3�mn mw2c|3�m� +68e,

Qh{w/ frqvlghu wkh hljhqyhfwruv e� dqg e2 ri �Ef� fruuhvsrqglqj wr wkh hljhqyhfwruv b�

dqg b2/ uhvshfwlyho|=

e� '

#
e��

�

$
'

3
C �3 �

�
n 6

�2
�2

3
6

�2
��

�

4
D

e2 '

#
e2�

�

$
'

#
f

�

$

Wkh hljhqyhfwruv e�c| dqg e2c| ri �E�|� fruuhvsrqglqj wr wkh hljhqydoxhv b�c| dqg b2c|/
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uhvshfwlyho|/ duh jlyhq e|

e�c| '

#
e��c|

�

$
'

3
C b�c|3

�

�
n 6

�2
�2

3
6

�2
��

�

4
D

e2c| '

#
e2�c|

�

$
'

3
C b2c|3

�

�
n 6

�2
�2

3
6

�2
��

�

4
D

Qrz frqvlghu wkh yhfwru edvh frqvlvwlqj ri wkh hljhqyhfwruv Ee�c|c e2c|� ri �E�|�1 Ohw wkh

yhfwru Ew�c w2� kdyh uhsuhvhqwdwlrq E4�c 42��| zlwk wklv qhz edvh/ l1h1#
w�

w2

$
' Ee�c|c e2c|�

#
4�

42

$
�|

+69,

zkhuh wkh vxevfulsw �| lqglfdwhv wkh edvh wr zklfk wkh frruglqdwhv uhihu1 Wkhq iurp +65,#
4�c|

42c|

$
�|

'

#
b�c| f

f b2c|

$#
4�c|3�

42c|3�

$
�|

n

#
r�c|

r2c|

$
�|

+6:,

zkhuh wkh dssur{lpdwlrq huuruv duh jlyhq e|#
r�c|

r2c|

$
�|

'

#
�

e��c|3e2�c|
E�|o�c| � e2�c|o2c|�

�
e��c|3e2�c|

E��|o�c| n e��c|o2c|�

$
�|

Xvlqj +68d,/ +68e,/ dqg +69, wkh dssur{lpdwlrq huuruv fdq eh erxqghg dv iroorzv=

mr�c|m �
�

me��c| � e2�c|m
E�| mo�c|mn me2�c|m mo2c|m�

�
�

me��c| � e2�c|m
E�|g� n me2�c|mg2� EEmw�c|3�mn mw2c|3�m��

'
�

me��c| � e2�c|m
E�|g� n me2�c|mg2�E

��4�c|3�e��c| n 42c|3�e2�c|
��n ��4�c|3� n 42c|3�

���
�

�

me��c| � e2�c|m
E�|g� n me2�c|mg2�E

��4�c|3��� Eme��c|mn �� n
��42c|3��� Eme2�c|mn ���

Vlqfh *�4|<" me��c| � e2�c|m : f/ me2�c|m � �E�|�c dqg vlqfh g� dqg g2 fdq eh pdgh

duelwudulo| vpdoo lw iroorzv wkdw

mr�c|m � �|g
�

�E
��4�c|3���n ��42c|3���� +6;,

iru vrph g �

� : f wkdw fdq dovr eh pdgh duelwudulo| vpdoo e| frqvlghulqj d vx!flhqwo|
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vpdoo qhljkerukrrg durxqg wkh vwhdg| vwdwh1 Vlploduo|/

mr2c|m �
�

me��c| � e2�c|m
E�| mo�c|mn me��c|m mo2c|m�

�
�

me��c| � e2�c|m
E�|g� n me��c|mg2�E

��4�c|3��� Eme��c|mn �� n
��42c|3��� Eme2�c|mn ���

� g �

2E
��4�c|3���n ��42c|3���� +6<,

iru vrph g �

2 : f duelwudulo| vpdoo1

Dq lqfrqyhqlhqw ihdwxuh ri +6:, lv wkdw wkh frruglqdwhv duh h{suhvvhg lq whupv ri d

gl�huhqw yhfwru edvh iru hdfk �|1 Wkhuhiruh/ L uhzulwh +6:, zlwk frruglqdwhv iurp wkh

yhfwru edvh Ee�c e2�1 Wklv edvh lv doprvw lghqwlfdo wr wkh edvh Ee�c|c e2c|� iru vpdoo �|1

Ohw E4�c 42��| kdyh uhsuhvhqwdwlrq Ek�c k2�f zlwk edvh Ee�c e��/ l1h1#
k�

k2

$
f

'

#
@��c| @�2c|

@2�c| @22c |

$#
4�

42

$
�|

' Ee�ce2�
3� Ee�c|c e2c|�

#
4�

42

$
�|

'

#
e��c|
e��

e2�c|
e��

�� e��c|

e��
�� e2�c|

e��

$#
4�

42

$
�|

+73,

ru frqyhuvho| #
4�

42

$
�|

'

#
K��c| K�2c|

K2�c| K22c|

$#
k�

k2

$
f

'

#
e��3e2�c|
e��c|3e2�c|

� e2�c|
e��c|3e2�c|

e��c|3e��

e��c|3e2�c|

e��c|

e��c|3e2�c|

$#
k�

k2

$
f

+74,

Rqh fdq h{suhvv wkh erxqg rq wkh dssur{lpdwlrq huuru lq +6;, lq qhz frruglqdwhv

mr�c|m � �|g
�

�EmK��c|k�c|3� n K�2c|k2c|3�mn mK2�c|k�c|3� n K22c|k2c|3�m�

� �|g
�

� EEmK��c|mn mK2�c|m� mk�c|3�mn EmK�2c|mn mK22c|m� mk2c|3�m�

� �|g
��

� Emk�c|3�mn mk2c|3�m� +75,

iru g ��

� : f dqg duelwudulo| vpdoo iru d vx!flhqwo| vpdoo qhljkerukrrg1 Vlploduo| iru

wkh erxqg lq +6<,

mr2c|m � g ��

2 Emk�c|3�mn mk2c|3�m� +76,
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zlwk g ��

2 : f/ duelwudulo| vpdoo1 Iurp +6:,/ +73,/ dqg +74,

k�c| ' @��c|4�c| n @�2c|42c|

' @��c|
�
b�c|4�c|3� n r�c|

�
n @�2c|E

�
b242c|3� n r2c|

�
' @��c| Eb�c| EK��c|k�c|3� n K�2c|k2c|3�� n r�c|�

n @�2c| Eb2c| EK2�c|k�c|3� n K22c|k2c|3�� n r2c|�

' E@��c|b�c|K��c| n @�2c|b2c|K2�c|�k�c|3�

n E@��c|b�c|K�2c| n @�2c|b2c|K22c|�k2c|3� n @��c|r�c| n @�2c|r2c| +77,

dqg vlploduo|

k2c| ' E@2�c|b�c|K��c| n @22c|b2c|K2�c|�k�c|3�

n E@2�c|b�c|K�2c| n @22c|b2c|K22c|�k2c|3� n @2�c|r�c| n @22c|r2c| +78,

Xvlqj +75,/ +76,/ dqg +77, rqh fdq frqvwuxfw xsshu dqg orzhu erxqgv iru mk�c|m G

mk�c|m � mE@��c|b�c|K��c| n @�2c|b2c|K2�c|�m mk�c|3�m

n mE@��c|b�c|K�2c| n @�2c|b2c|K22c|�m mk2c|3�mn m@��c|m mr�c|mn m@�2c|m mr2c|m

� EmE@��c|b�c|K��c| n @�2c|b2c|K2�c|�mn �| m@��c|mg
��

� n m@�2c|mg
��

2 � mk�c|3�m

n EmE@��c|b�c|K�2c| n @�2c|b2c|K22c|�mn �| m@��c|mg
��

� n m@�2c|mg
��

2 � mk2c|3�m

Qrwh wkdw wkh whupv @�2c|/ K�2c|c dqg K2�c| duh ri rughu �E�|�1 Pruhryhu/ xvlqj d Wd|oru

vhulhv h{sdqvlrq

@��c|b�c|K��c| '

�
� n �

Yb�
Y�

�| n�E�2| �

��
� n

Yb�
Y�

�| n�E�2| �

��
�� �

Yb�
Y�

�| n�E�2| �

�

' � n
Yb�
Y�

�| n�E�2| �

Wkhuhiruh

mk�c|m � E� n �|T��� mk�c|3�mn �|T�2 mk2c|3�m

zkhuh T�2 : f dqg T�� ri wkh vdph vljq dv Yb�
Y�
1 Dovr T�� dqg fdq eh pdgh duelwudulo|

forvh wr Yb�
Y�

e| fkrrvlqj d vx!flhqwo| vpdoo qhljkerukrrg1

D orzhu erxqg iru mk�c|m lv jlyhq e|

mk�c|m � mE@��c|b�c|K��c| n @�2c|b2c|K2�c|�m mk�c|3�m

� mE@��c|b�c|K�2c| n @�2c|b2c|K22c|�m mk2c|3�m � m@��c|m mr�c|m � m@�2c|m mr2c|m

� EmE@��c|b�c|K��c| n @�2c|b2c|K2�c|�m � �| m@��c|mg
��

� � m@�2c|mg
��

2 � mk�c|3�m

� EmE@��c|b�c|K�2c| n @�2c|b2c|K22c|�mn �| m@��c|mg
��

� n m@�2c|mg
��

2 � mk2c|3�m

� E� n �|`��� mk�c|3�m � �|`�2 mk2c|3�m
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zlwk `�2 : f dqg `�� ri wkh vdph vljq dqg duelwudulo| forvh wr Yb�
Y�
/ e| wkh vdph

dujxphqwv dv deryh1

Qh{w xvh +75,/ +76,/ dqg +78, wr jhw erxqgv iru mk2c|m G

mk2c|m � EmE@2�c|b�c|K��c| n @22c|b2c|K2�c|�mn �| m@2�c|mg
��

� n m@22c|mg
��

2 � mk�c|3�m

n EmE@2�b�c|K�2c| n @22c|b2c|K22c|�mn �| m@2�c|mg
��

� n m@22c|mg
��

2 � mk2c|3�m

Vlqfh @2�c|c K�2c|/ dqg K2�c| duh ri rughu �E�|�

mk2c|m � T2� mk�c|3�mn T22 mk2c|3�m

zlwk T2� : f/ T22 : f1 Pruhryhu/e| fkrrvlqj d vx!flhqwo| vpdoo qhljkerukrrg dqg d |

odujh hqrxjk rqh fdq fkrrvh T2� duelwudulo| forvh wr }hur1 Dovr/ vlqfh

*�4 @22c| ' *�4 K22c| ' �

rqh fdq fkrrvh T22 	 � zkhq mb2m 	 � dqg T22 : � zkhq mb2m : � iru doo | vx!flhqwo|

odujh dqg doo vx!flhqwo| vpdoo qhljkerukrrgv1

D orzhu erxqg iru mk2c|m lv jlyhq e|

mk2c|m � � EmE@2�c|b�c|K��c| n @22c|b2c|K2�c|�mn �| m@2�c|mg
��

� n m@22c|mg
��

2 � mk�c|3�m

n EmE@2�c|b�c|K�2c| n @22c|b2c|K22c|�m � � | m@2�c|mg
��

� � m@22c|mg
��

2 � mk2c|3�m

� �`2� mk�c|3�mn`22 mk�c|3�m

zlwk `2� : f/ `22 : f1 E| wkh vdph dujxphqwv dv deryh/ iru | vx!flhqwo| odujh dqg d

vx!flhqwo| vpdoo qhljkerukrrg `22 	 � li mb2m 	 � dqg `22 : � li mb2m : �1

Froohfwlqj wkh suhylrxv erxqgv zh kdyh

`|

#
mk�c|3�m

mk2c|3�m

$
�

#
mk�c|m

mk2c|m

$
� T|

#
mk�c|3�m

mk2c|3�m

$
+79,

��eoe `| '

#
� n �|`�� ��|`�2

�`2� `22

$

T| '

#
� n �|T�� �|T�2

T2� T22

$

zkhuh wkh lqhtxdolwlhv vkrxog eh lqwhusuhwhg frpsrqhqw0zlvh1 Qrz fkrrvh d wlph |W dqg

d qhljkerukrrg L vxfk wkdw rqh fdq fkrrvh `22 	 � +`22 : �,/ dqg T22 	 � ET22 : ��

li mb2m 	 � Emb2m : ��1
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L qrz dvvxph +55, krogv dqg zloo suryh wkh vwdelolw| sduw iru ghfuhdvlqj jdlq ohduqlqj

uxohv1 Iluvw/ frqvwuxfw d pdwul{ qrup n�n
�
dqg d frpsdwleoh yhfwru qrup m�m

�
vxfk wkdw

m7%m� � n7n� m%m� +7:,

iru doo 2� 2 pdwulfhv 7 dqg 2� � yhfwruv %1 Gh�qh wkh pdwul{ qrup dv iroorzv

n7n
�
'
��(�7(

3�
�

��
4@ 

zlwk

(� '

#
�2 f

f �

$

zkhuh n�n4@ lv wkh pd{lpxp devroxwh qrup gh�qhg e| n�n4@ ' 4@ �c� m��c� m1 D

frpsdwleoh yhfwru qrup lv jlyhq e| +vhh Kruq dqg Mrkqvrq +4<;8,/ s15<: ,

m%m
�
' nE%c %�n

�

zkhuh E%c %� lv wkh pdwul{ zkrvh froxpqv frqvlvw ri wkh yhfwruv %1

Zlwk wkhvh gh�qlwlrqv zh kdyh

nT|n� '

�����
#

� n �|T�� �|�T�2

�3�T2� T22

$�����
4@ 

Qrz fkrrvh � odujh hqrxjk vxfk wkdw

�3�T2� 	 T22

dqg d wlph |WW � |W odujh hqrxjk vxfk wkdw iru doo | � |WW

�|�T�2 	 T22 	 � n �|T��

Wkhq iru | � |WW

nT|n� ' � n �|T��

dqg e| +7:, �����T| �
#
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� E� n �|T���

�����
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+7;,

Vlqfh wkh yhfwru qrup m�m
�
lv devroxwh/ l1h1
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�
' m m%m m

�
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lw iroorzv +iurp Kruq dqg Mrkqvrq +4<;8,/ s15;8, wkdw lw lv prqrwrqh1 Iurp +79, dqg

+7;, zh wkhuhiruh kdyh wkdw�����
#
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mk2c|3�m
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+7<,

Vlqfh T�� 	 f zkhq +55, krogv/ mk|m lv d vwulfwo| ghfuhdvlqj srvlwlyh vhtxhqfh1 Wklv

lpsolhv wkdw lw kdv d olplw kW � f1 L qrz vkrz wkdw kW ' f1 Vxpplqj wkh ohiw0 dqg

uljkw0kdqg vlgh ri htxdwlrq +7<, iru | wr |n r |lhogv�����
#
mk�c|nrm

mk2c|nrm
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�

� T��

r[
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�����
#
mk�c|3�n�m

mk2c|3�n�m
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�

�

�����
#
mk�c|3�m

mk2c|3�m
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�

Qrz dvvxph kW : f1 Wkhq zh fdq glylgh wkh suhylrxv h{suhvvlrq e| wkh qrup ri

mk|nr3�m� zklfk wrjhwkhu zlwk wkh idfw wkdw mk|m� lv ghfuhdvlqj |lhogv�����
#
mk�c|nrm

mk2c|nrm

$�����
������

#
mk�c|3�nrm

mk2c|3�nrm
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r[
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�����
#
mk�c|3�m

mk2c|3�m

$�����
������

#
mk�c|3�nrm

mk2c|3�nrm

$�����
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Vlqfh
S

|
�| '4 wkh ohiw0kdqg vlgh zloo lqfuhdvh zlwkrxw erxqg dv r lqfuhdvhv1 Exw wkhq

m@|3�nrm� pxvw frqyhujh wr }hur/ d frqwudglfwlrq1 Wkhuhiruh/ *�4|<" mk|m� ' kW ' f1

Wklv hvwdeolvkhv wkdw wkhuh h{lvwv d qhljkerukrrg L ri k ' Efcf� vxfk wkdw li k| 5 L

dw d wlph | � |WW/ wkhq k| $ Efc f�1 E| frqwlqxlw| ri ��E�c �� dqg wkh idfw wkdw +65,

kdv d �{hg srlqw dw Efc f� iru doo �|/ k| uhpdlqv lq L iru | � |WW li wkh lqlwldo ydoxhv kf

duh fkrvhq iurp dqrwkhu vx!flhqwo| vpdoo qhljkerukrrg L � � L 1 Wklv hvwdeolvkhv wkh

dv|pswrwlf vwdelolw| uhvxow iru ghfuhdvlqj jdlq ohduqlqj uxohv1

L qrz surfhhg zlwk wkh lqvwdelolw| sduw ri wkh sursrvlwlrq1 Zkhq +55, grhv qrw krog

wkhq Yb�
Y�

: f/ ru mb2m : �/ ru erwk1

Iluvw vxssrvh mb2m : �� Wkhq `22 : � iru | � |W1 Frqvlghu wkh frqh �q '

iEk�c k2�m mk2m � q mk�mj1 L zloo vkrz wkdw wkhuh h{lvwv d �qlwh wlph |WW � |W dqg d

qhljkerukrrg L � � L vxfk wkdw li k| 5 �q _ L � dw d wlph | � |WW/ lw iroorzv wkdw

k|n� 5 �q1 Lq rwkhu zrugv/ k| pxvw ohdyh L � ehiruh lw fdq ohdyh �q1

AIurp +79, zh kdyh wkdw iru k| 5 �q dqg q odujh hqrxjk

mk2c|n�m � mk2c|m � E�
`2�

q
n`22 � �� mk2c|m ' ~ mk2c|m +83,

5;



Iru q odujh hqrxjk ~ : f1 Dovr iurp +79,

mk�c|n�m � mk�c|m � �|n� ET�2 mk�c|mn T22 mk2c|m�

� �|n�E
T�2
q

n T22� mk2c|m

Fkrrvlqj |WW odujh hqrxjk vxfk wkdw iru doo | � |WW

q�|n�E
T�2
q

n T22� 	 ~

zh kdyh

q Emk�c|n�m � mk�c|m� � mk2c|n�m � mk2c|m

AIurp k| 5 �q zh kdyh

q mk�c|m � mk2c|m

Dgglqj xs wkh odvw wzr htxdwlrqv lpsolhv k|n� 5 �q1

Qrz qrwh wkdw iurp +83, lw iroorzv wkdw iru | � |WW dqg dq| k| 5 �q _ L � zlwk

k2c| 9' f wkh vhtxhqfh ik|n�j
"

�'� zloo ohdyh L
� lq �qlwh wlph1

Lw uhpdlqv wr vkrz wkdw iru dq| vpdoo qhljkerukrrg L �� � L � wkhuh lv d srlqw kf 5 L ��

wkdw lv pdsshg lq d �{hg qxpehu ri vwhsv |WW lqwr d qrq0}hur srlqw k|WW 5 �q _ L �1

Wkh pdsslqj �E�c6� dv gh�qhg lq +63, lv frqwlqxrxvo| gl�huhqwldeoh iru � : f1

Ixuwkhupruh/ �E�c6� : f iru � : f1 Vlqfh lq dq| vwdwlrqdu| udwlrqdo h{shfwdwlrqv

htxloleulxp E�c6� zlwk } � f zh kdyh � � �/ +65, lv frqwlqxrxvo| gl�huhqwldeoh lq d

qhljkerukrrg ri k ' Efc f�1 E| wkh uhjxodulw| dvvxpswlrqv/ wkh pdwulfhv �E�|� duh qrq0

vlqjxodu1 Wkh pdsslqj +65,/ wkhuhiruh/ ixo�oov wkh dvvxpswlrqv ri wkh lqyhuvh ixqfwlrq

wkhruhp +vhh h1j1 Kluvfk dqg Vpdoh +4<:7,/ s166:,1 Pruhryhu/ wkh| kdyh d �{hg srlqw

dw Efc f� iru doo |1 Wkhuhiruh/ wkh |WW0lwhudwlyh pds dovr ixo�oov wkh dvvxpswlrqv ri wkh

lqyhuvh ixqfwlrq wkhruhp dqg kdv d �{hg srlqw dw Efc f�1 Qrz �{ dq duelwudu| L �� � L �

dqg fkrrvh d k|WW 5 �q _ L �� zlwk mk�c|Wm dqg mk2c|W m vx!flhqwo| vpdoo1 Wkhq e| wkh

frqwlqxrxv gl�huhqwldelolw| ri wkh |WW0lwhudwlyh pds dqg wkh �{hg srlqw surshuw|/ wkh

suh0lpdjh Ewfc 4f� pxvw eh lq L ��1 Exw L kdyh vkrzq wkdw iurp |WW rqzdugv rqh rewdlqv

d glyhujhqw wudmhfwru|1

Qh{w/ vxssrvh Yb�
Y�

: � dqg zlwkrxw orvv ri jhqhudolw| mb2m 	 �1 Wkhq `�� : f dqg

T22 	 � iru | � |W1 Gh�qh wkh frqh � �q ' iEk�c k2�m mk�m � q mk2mj1 Zlwk k| 5 �q _ L

5<



htxdwlrq +79, lpsolhv iru | � |W

mk�c|n�m � mk�c|m �
�
�|n�`�� mk�c|m � �|n�`�2 mk2c|m

�
� �|n�

�
`�� �

`�2

q

�
mk�c|m +84,

Vlploduo|/ +79, lpsolhv

q Emk2c|n�m � mk2c|m� � q ET2� mk�c|mn ET22 � ��� mk2c|m

� EqT2� n ET22 � ��� mk�c|m +85,

Qrz fkrrvh d q vxfk wkdw �
`�� �

`�2

q

�
: f +86,

Wklv lpsolhv wkdw mk�c|m lv lqfuhdvlqj lq � �

q _ L 1

Uhvwulfwlqj frqvlghudwlrq wr d vx!flhqwo| vpdoo qhljkerukrrg L � � L rqh fdq fkrrvh

T2� duelwudulo| forvh wr }hur dqg T22 duelwudulo| forvh wr mb2m 	 �1 Zlwk d vx!flhqwo|

vpdoo L � lw krogv wkdw

EqT2� n ET22 � ��� 	 f

dqg mk2c|m lv ghfuhdvlqj lq �
�

q _L
�1 Wklv lpsolhv wkdw k|n� 5 � �q zkhqhyhu k| 5 �

�

q _L
�

iru | � |W1 Dv ehiruh/ k| pxvw ohdyh L � ehiruh lw fdq ohdyh �
�

q1 Dw wkh vdph wlph

+84,/+86,/ dqg wkh idfw wkdw
S

�| '4 lpso| wkdw k| zloo ohdyh L
� lq �qlwh wlph1 Wkhq

fkrrvlqj dq k|W 5 �
�

q _ L �� vx!flhqwo| forvh wr }hur zloo lqvxuh wkdw wkh suh0lpdjh kf

ri k|Wzloo eh iurp dq| duelwudulo| vpdoo qhljkerukrrg L �� � L �1 Exw iurp |WW rqzdugv

zh zloo jhw d glyhujhqw wudmhfwru|1
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;15 Dsshqgl{ wr Vhfwlrq 9

;1514 Olqhdul}dwlrq Frh!flhqwv

Iru } ' f/ wkh frh!flhqw pdwulfhv iru wkh olqhdul}dwlrq durxqg wkh orz lq dwlrq htxl0

oleulxp +�,c6,, duh jlyhq e|

k, '

#
�

�,
2

�3j

6,E� n �,
2

�3j
�

$
+87d,

q ,
f '

#
�� 6,��

�3j
f

�6, n
�
6,
�2 �,

�

�3j
f

$
+87e,

q ,
� '

#
�,
2

�3j
f

�6, �,
2

�3j
f

$
+87f,

B, '

#
f �,

�

�3j

f ��6, �,
�

�3j

$
+87g,

zkhuh

�,
� '

Y�

Y?|
E6,c�,� dqg �,

2 '
Y�

Y.|3�d�|o
E6,c�,�

Vlploduo|/ wkh frh!flhqwv iru wkh kljk lq dwlrq htxloleulxp +��c6�, dw } ' f duh jlyhq

e|

k� '

#
�
�
��
�2 ��

2

�3j

f

$
+88d,

q�f '

#
� f

f f

$
+88e,

q�� '

#
�� ��

2

�3j
f

f f

$
+88f,

B� '

#
f ��

�

�3j

f �
��

$
+88g,

zkhuh

��
� '

Y�

Y?|
E6�c��� dqg ��

2 '
Y�

Y.|3�d�|o
E6�c���

;1515 Plqlpxp Vwdwh Yduldeoh Vroxwlrqv

Frqvlghu d vwrfkdvwlf olqhdu h{shfwdwlrqdo gl�huhqfh htxdwlrq ri wkh irup

%| ' & n�f.|3� d%|o n��.|3� d%|n�o n(%|3� n �| +89,
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zlwk %|c �|c & 5 -?c �fc ��c( 5 -?f?c dqg �� 9' fc ( 9' f1 Wkh plqlpxp vwdwh yduldeoh

vroxwlrqv ri +89, wdnh wkh irup

%| ' @n�%|3� n �|

surylghg wkhuh h{lvwv d uhdo vroxwlrq wr wkh pdwul{ txdgudwlf htxdwlrq

���
2 � E�f � U�� n( ' f +8:,

vhh fkdswhu 43 lq Hydqv dqg Krqndsrkmd +5334,1 Wkhq @ lv jlyhq e|

EU ��f ���E� n���@� & ' f +8;,

Wkh plqlpxp vwdwh yduldeoh udwlrqdo h{shfwdwlrqv vroxwlrqv fdq eh fdofxodwhg e|

vroylqj wkh pdwul{ htxdwlrqv +8:, iru � dqg wkhq xvlqj +8;, wr fdofxodwh @ zkhuh

&c��c �2/ dqg ( duh jlyhq e| wkh olqhdul}dwlrq frh!flhqwv fdofxodwhg lq dsshqgl{ ;15141

Vrph ohqjwk| dojheud vkrzv wkdw durxqg wkh orz lq dwlrq vwhdg| vwdwh E�,c6,� wkhuh

duh wzr DU+4, udwlrqdo h{shfwdwlrqv vroxwlrqv jlyhq e|#
�|
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$
' @,c� n� ,c�
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�|3�

6|3�

$
n

#
f
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#
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#
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f f
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$
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#
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�|

$

dqg#
�|

6|

$
' @,c2 n� ,c2

#
�|3�

6|3�
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6,
�2 ��
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�2,

$
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#
f ���
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�2,

f � n6, ��
,

�2,

$#
�|3�

6|3�

$
n

#
f

�|

$

Durxqg wkh kljk lq dwlrq vwhdg| vwdwh E��c6�� wkhuh lv d vlqjoh DU+4, udwlrqdo h{shf0

wdwlrqv vroxwlrq jlyhq e|#
�|

6|

$
' @�c2 n��c2

#
�|

6|

$
n

#
f

�|

$

'

#
��

f

$
n

#
f �

�,
�

�,
2

f �
��

$#
�|3�

6|3�

$
n

#
f

�|

$

Wkh idfw wkdw wkhuh lv rqo| d vlqjoh vroxwlrq vkrzv wkdw wkh olqhdul}dwlrq durxqg wkh

kljk lq dwlrq vwhdg| vwdwh pxvw eh ghjhqhudwh iru } ' f/ ehfdxvh htxdwlrqv +8:, dqg
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+8;, jhqhulfdoo| srvvhvv wzr vroxwlrqv1 Iru } : f rqh kdv wkh iroorzlqj olqhdul}dwlrq

frh!flhqwv durxqg E��c6��=

k� '

#
�
�
��
�2 ��

2

�3j

6� n 6��2
E�3j�

$
+8<d,
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f '
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3
C f
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f �
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6���
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E�3j�

4
D +8<g,

Lw lv hdv| wr fkhfn wkdw iru wkh deryh frh!flhqwv wkh iroorzlqj lv wkh vhfrqg udwlrqdo

h{shfwdwlrqv vroxwlrq=#
�|

6|

$
' @�c� n��c�

#
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$
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#
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Lw h{lvwv rqo| iru } : fc qrw iru } ' f1

;1516 Surri ri Sursrvlwlrq 5

Djhqwv kdyh d shufhlyhg odz ri prwlrq#
�|

6|

$
' @|3� n�|3�

#
�|3�

6|3�

$

zkhuh @|3� dqg �|3� uhsuhvhqw wkh djhqwv* ohdvw vtxduhv hvwlpdwhv edvhg rq lqirupdwlrq

M|3�1 Vxevwlwxwlqj wkh shufhlyhg odz ri prwlrq lqwr +59, |lhogv wkh dfwxdo odz ri prwlrq

jlyhq e| #
�|

6|

$
' Ekn qf@|3� n q�@|3� n q��|3�@|3��
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D udwlrqdo h{shfwdwlrqv vroxwlrq E@Wc �W� lv H0vwdeoh +H0xqvwdeoh, li wkh iroorzlqj gli0

ihuhqwldo htxdwlrq lv dv|pswrwlfdoo| vwdeoh +xqvwdeoh, dw E@Wc �W�=#
Y@
Y�

Y �eS�
Y|

$
'

#
A @E@c��

�eS A KE��

$
�

#
@

�eS�

$

zkhuh �eS lv wkh yhfwrul}dwlrq rshudwru1 Fohduo|/ wklv gl�huhqwldo htxdwlrq lv dv|pswrw0

lfdoo| vwdeoh dw E@Wc �W� li doo wkh hljhqydoxhv ri

Y

#
A @E@c��

�eS A KE��

$

Y E@c �eS��

duh vpdoohu wkdq rqh1 Vlqfh Y �eS A KE��
Y@

' f/ wklv lv wkh fdvh li wkh hljhqydoxhv ri Y �eS A KE��
Y �eS�

dqg YA @E@c��
Y@

duh vpdoohu wkdq rqh1 Wkh iroorzlqj wdeoh olvwv wkh hljhqydoxhv ri wkhvh wzr

pdwulfhv iru wkh uhvshfwlyh udwlrqdo h{shfwdwlrqv vroxwlrqv dw } ' f=4<

UH0Vroxwlrq HY*v ri Y �eS A KE��
Y �eS�

HY*v ri YA@E@c��
Y@

@,c�c � ,c� b� ' b2 ' fc b� ' be ' ��
�,
2

�3j
�6, �,

�

�3j
bD ' fc bS ' ��6, �,

�

�3j

@,c2c � ,c2 b� ' b2 ' fc b� ' �c be ' � n
�,
2

�3j
n6, �,

�

�3j
bD ' fc bS ' � n �,

2

@�c�c��c� b� ' b2 ' fc b� ' be ' � bD ' fc bS ' � n E�� � ��
��
2

�3j

@�c2c��c2 b� ' b2 ' fc b� ' �c be ' � n
��
2

�3j
bD ' fc bS ' � n �� ��

2

�3j

Vlqfh �?
� : f/ �?

2 : f iru ? ' ,c � dqg �� : �/ lw iroorzv wkdw wkh udwlrqdo h{shfwdwlrqv

vroxwlrq E@,c�c � ,c�� lv H0vwdeoh dqg wkh vroxwlrqv E@,c2c �,c2�/ E@�c�c ��c�� dqg E@�c2c ��c2�

duh H0xqvwdeoh1

Uhihuhqfhv

Fdjdq/ S1/ Wkh Prqhwdu| G|qdplfv ri K|shu0Lq dwlrq/ lq Plowrq Iulhgpdq +hg1,/

%Vwxglhv lq wkh Txdqwlw| Wkhru| ri Prqh|%/ Xqlyhuvlw| ri Fklfdjr Suhvv/ 4<891

Fkr/ Lq0Nrr dqg Wkrpdv M1 Vdujhqw/ �Hvfdslqj Qdvk Lq dwlrq/� 4<<<1 suhvhqwhg

dw wkh Frqihuhqfh rq *H{shfwdwlrqv/ Hf1 Wkhru| dqg Hf1 Srolf|* dw VDELGD/

Shuxjld/ Lwdo|1

4<Iru wkh vroxwlrq +dk>4>Ek>4, lw olvwv wkh olplwv ri wkh hljhqydoxhv iru j $ 31
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Gl{lw/ Dylqdvk N1 dqg Mrvhsk H1 Vwljolw}/ �Prqrsrolvwlf Frpshwlwlrq dqg Rswl0

pxp Surgxfw Glyhuvlw|/� Dphulfdq Hfrqrplf Uhylhz/ 4<::/ 9:/ 5<:�63;1

Gx�|/ Mrkq/ �Rq Ohduqlqj dqg wkh Qrqxqltxhqhvv ri Htxloleulxp lq dq Ryhuodsslqj

Jhqhudwlrqv Prgho zlwk Ildw Prqh|/� Mrxuqdo ri Hfrqrplf Wkhru|/ 4<<7/ 97/

874�8861

Hydqv/ Jhrujh dqg Vhssr Krqndsrkmd/ Ohduqlqj dqg H{shfwdwlrqv lq Pdfurhfr0

qrplfv/ Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv/ 53341

Jdoð/ Mrugl dqg Pdun Jhuwohu/ �Lq dwlrq G|qdplfv= D Vwuxfwxudo Hfrqrphwulf

Dqdo|vlv/� Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 4<<</ 77/ 4<8�5551

Kluvfk/ Pruulv dqg Vwhskhq Vpdoh/ Gl�huhqwldo Htxdwlrqv/ G|qdplfdo V|vwhpv/

dqg Olqhdu Dojheud/ Qhz \run= Dfdghplf Suhvv/ 4<:71

Kruq/ Urjhu dqg Fkduohv Mrkqvrq/ Pdwul{ Dqdo|vlv/ Fdpeulgjh= Fdpeulgjh Xql0

yhuvlw| Suhvv/ 4<;81

Ohwwdx/ Pduwlq dqg Wlprwk| Ydq ]dqgw/ �Urexvwqhvv ri Dgdswlyh H{shfwdwlrqv

dv dq Htxloleulxp Vhohfwlrq Ghylfh/� 4<<<1 Qruwkzhvwhuq Xqlyhuvlw| Glvfxvvlrq

Sdshu1

Pdufhw/ Doehuw dqg Wkrpdv M1 Vdujhqw/ �Frqyhujhqfh ri Ohdvw Vtxduhv Ohduqlqj

Phfkdqlvpv lq Vhoi Uhihuhqwldo Olqhdu Vwrfkdvwlf Prghov/� Mrxuqdo ri Hfrqrplf

Wkhru|/ 4<;</ 7;/ 66:�69;1

dqg Wkrpdv Vdujhqw/ �Ohdvw Vtxduhv Ohduqlqj dqg wkh G|qdplfv ri K|shu0

lq dwlrq/� lq M Jhzhnh Z1 Eduqhww dqg N1 Vkhoo/ hgv1/ M Jhzhnh Z1 Eduqhww dqg

N1 Vkhoo/ hgv1/ Fdpeulgjh Xqlyhuvlw| Suhvv 4<;</ ss1 44<�46:1

Pdulprq/ Udprq dqg Vk|dp Vxqghu/ �Lqghwhuplqdf| ri Htxloleuld lq d K|shulq0

 dwlrqdu|Zruog= H{shulphqwdo Hylghqfh/� Hfrqrphwulfd/ 4<<6/ 94+8,/ 43:6�443:1

dqg / �H{shfwdwlrqv dqg Ohduqlqj xqghu Dowhuqdwlyh Prqhwdu| Uhjlphv=

Dq H{shulphqwdo Dssurdfk/� Hfrqrplf Wkhru|/ 4<<7/ 7/ 464�4951

Vdujhqw/ Wkrpdv M1 dqg Qhloo Zdoodfh/ �Lq dwlrq dqg wkh Jryhuqphqw Exgjhw

Frqvwudlqw/� lq Dvvdi Ud}lq dqg Hiudlp Vdgnd/ hgv1/ Hfrqrplf Srolf| lq Wkhru|

dqg Sudfwlfh/ Pdfploodq 4<;:1
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