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Abstract 
  
The paper compares the optimal financial contracts of a firm which has private information over its expost 
revenues when the finance can be provided by a single or by two groups investors. Costly monitoring can be 
carried out only by one group of investors. When they are the only investors we use a financial contract with 
non-contractible monitoring, in which the probabilities of cheating by the entrepreneur/firm and monitoring by 
investors are mutual best responses. The contract is written by the entrepreneur knowing that this equilibrium 
will subsequently occur. With a second group of investors who have no monitoring rights, cheating and 
monitoring probabilities are chosen in a similar way. The non monitoring investors learn the results of any 
monitoring for free. A main result is that without commitment there is a negative correlation between 
repayments to the two investor groups: the contract uses the non-monitoring group to smooth out the repayments 
of the entrepreneur optimally. This reduces his incentive to make false reports and mitigates the investor's 
incentive to monitor. A second result is that the two investor scenario is Pareto superior to the single investor 
model. A third result is that the possible extent of this smoothing depends on whether the investors have limited 
liability; it is found that in some circumstances investors should make repayments to the firm rather than receive 
them. A further result is that, by restricting to offers coming from the informed party, the three party contract is 
collusion-proof and renegotiation-proof. Last we show that under limited liability the share of finance provided 
by the two investors is strictly positive. 
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Lqwurgxfwlrq

Wkh frvwo| vwdwh yhul�fdwlrq olwhudwxuh +Wrzqvhqg ^56`/ Jdoh dqg Khoozlj ^;`,
prghov wkh irup ri ordq frqwudfw zkhq wkhuh duh h{0srvw dv|pphwu| ri lqiru0
pdwlrq dqg dxglwlqj srvvlelolwlhv1 Lq flufxpvwdqfhv zkhuh wkh frqwudfw fdq
frpplw wkh ohqghu wr yhuli| sduwlfxodu uhsruwhg vwdwhv/ wkh uhyhodwlrq sulqflsoh
lv dssolfdeoh dqg wkh rswlpdo frqwudfw zloo lqyroyh wuxwk whoolqj1 Exw w|slfdoo|
vxfk yhul�fdwlrq lv qrw rswlpdo iru wkh ohqghu h{0srvw +Erowrq dqg Vfkduivwhlq
^6`, vr wkdw vxfk frqwudfwv zloo qhyhu eh fduulhg rxw xqohvv wkhuh lv vrph dggl0
wlrqdo phfkdqlvp iru hqvxulqj wkdw wkh frqwudfw lv lpsohphqwhg vxfk dv d wklug
sduw| +Ghzdwulsrqw ^9`, ru d pxowl0shulrg vwuxfwxuh +Jdoh dqg Khoozlj ^<`,1 Wklv
lv wuxh iru erwk ghwhuplqlvwlf yhul�fdwlrq vfkhphv dqg udqgrplvhg yhul�fdwlrq
vfkhphv dv lq Prrnkhumhh dqg Sqj ^53`/ Odfnhu dqg Zhlqehuj ^49`1 Lq uhvsrqvh
wr wklv vhyhudo dxwkruv kdyh frqvlghuhg wkh qdwxuh ri rswlpdo frqwudfwv zlwk0
rxw frpplwphqw/ hlwkhu lpsrvlqj d vhtxhqwldo udwlrqdolw| frqvwudlqw wr hqvxuh
wkdw wkh ohqghu zloo dfwxdoo| shuirup wkh vwlsxodwhg prqlwrulqj +Mrvw ^43`,/ ru
uhprylqj prqlwrulqj iurp wkh frqwudfw sureohp ohdylqj lw wr eh ghwhuplqhg
qrq0frrshudwlyho| dw wkh vhfrqg vwdjh1 Khuh wkh frqwudfw sureohp lv vroyhg e|
edfnzdug lqgxfwlrq +Gdwwd ^8`/ Nkdolo ^44`/ Nkdolo dqg Sduljl ^46`/ Fkrh ^7`, dqg
jhqhudoo| udqgrplvhg ehkdylrxu lv rswlpdo dw wkh h{0srvw vwdjh1 Krzhyhu qrqh
ri wkhvh sdshuv wdnh dffrxqw ri wkh sureohp wkdw h{0srvw rqfh wkh �up uhdolvhv
lwv uhyhqxh/ hlwkhu wkh �up ru hlwkhu jurxs ri lqyhvwruv fdq sursrvh d fkdqjh
lq wkh whupv ri wkh frqwudfw +fkdqjlqj wkh uhsd|phqwv, wr dyrlg wkh prqlwrulqj
frvwv1 Zlwk mxvw d vlqjoh lqyhvwru jurxs Nudvd dqg Yloodplo ^48` vkrz wkdw xqghu
vrph flufxpvwdqfhv d sduwlfxodu vwdqgdug ghew frqwudfw lv uhqhjrwldwlrq surri1

Wkh olwhudwxuh lv lq wkh frqwh{w ri wzr sduwlhv= wkh �up zklfk lv sulydwho|
lqiruphg h{0srvw derxw lwv uhyhqxhv dqg d vlqjoh lqyhvwru1 Diwhu wkh frqwudfw kdv
ehhq r�huhg e| wkh �up dqg dffhswhg e| wkh lqyhvwru/ wkh �up*v uhyhqxhv duh
uhdolvhg dqg revhuyhg rqo| e| wkh �up1 Wkhq wkh �up dqg wkh lqyhvwru vlpxo0
wdqhrxvo| ghflgh wkhlu fkhdwlqj dqg prqlwrulqj vwudwhjlhv zklfk duh jhqhudoo|
pl{hg lq wklv hqylurqphqw1

Ri frxuvh w|slfdoo| �upv kdyh pxowlsoh lqyhvwruv1 Irupdo frqwudfw wkhru|
zlwk wkuhh sduwlhv hlwkhu orrnv dw d vlqjoh sulqflsdo frqwudfwlqj zlwk wzr djhqwv
dqg odujho| frqvlghuv txhvwlrqv ri rujdqlvdwlrqdo ghvljq +iru h{dpsoh wkh phulwv
ri klhudufklfdo rujdqlvdwlrqv duh glvfxvvhg e| Phodpxg/ Prrnkhumhh dqg Uh0
lfkhovwhlq ^4<`> Edurq dqg Ehvdqnr ^5`, ru/ zlwk wzr sulqflsdov dqg d vlqjoh
djhqw/ orrnv dw lvvxhv ri frooxvlrq dqg wkh phulwv ri pdlqwdlqlqj d vhsdudwlrq
ehwzhhq wkh wzr sulqflsdov wr dyrlg fdswxuh +Pduwlpruw ^4;`> Od�rqw dqg Pduwl0
pruw ^4:`,1 Wkhvh sdshuv gr qrw frqvlghu wkh vshfl�f flufxpvwdqfh ri d �up zlwk
sulydwho| revhuyhg udqgrp uhyhqxhv/ zklfk lv dfwlqj dv djhqw wr ydulrxv jurxsv
ri vkduhkroghuv1 Jhqhudoo| wkh| dovr gr qrw doorz iru wkh dxglwlqj srvvlelolwlhv
wkdw duh rshq wr gl�huhqw jurxsv ri vkduhkroghuv1

Lq wklv sdshu zh frqvlghu d ulvn qhxwudo �up uhtxlulqj �{hg ixqglqj e| wzr
ulvn qhxwudo lqyhvwruv wr �qdqfh dq lqyhvwphqw surmhfw/ zkrvh rxwfrph lv wkh
�up*v sulydwh lqirupdwlrq1 Ri wkh wzr lqyhvwruv/ rqo| rqh kdv wkh srvvlelolw|
ri frvwo| prqlwrulqj wkh uhyhqxhv ri wkh �up1 Wkh uhvxowv ri dq| dxglw e| wklv
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lqyhvwru duh pdgh sxeolf/ vr wkh vhfrqg qrq0prqlwrulqj lqyhvwru ohduqv wkh vwdwh
ri wkh �up iru iuhh1 Zh dovr vxssrvh wkdw wkh sduwlflsdwlrq frqvwudlqwv duh h{0
dqwh1 Zh wkhq frpsduh wkh rxwfrphv iru wkh wkuhh0sduw| frqwudfw zlwk wkrvh
ri d elodwhudo lqyhvwru �up frqwudfw/ zklfk kdyh douhdg| ehhq ghulyhg e| Nkdolo
dqg Sduljl ^46` +N)S khqfhiruwk,1

Rxu pdlq uhvxowv duh=

l1 kdylqj wzr lqyhvwruv lv vrfldoo| suhihudeoh wr kdylqj d vlqjoh lqyhvwru>

ll1 pd{lpxp sxqlvkphqw iru dxglwhg idovh uhsruwv lv jhqhudoo| ghvludeoh lq erwk
vfhqdulrv +wklv lv frqvlvwhqw zlwk Edurq dqg Ehvdqnr ^4`,>

lll1 zlwk uhodwlyho| orz revhuydwlrq frvw/ wkh frqwudfw zlwkrxw frpplwphqw lq0
yroyhv erwk udqgrplvhg yhul�fdwlrq e| lqyhvwruv dqg udqgrplvhg fkhdwlqj
e| wkh �up> sd|phqwv e| wkh �up duh vhw wr jlyh wkh �up }hur sur�w lq
wkh edg vwdwh ri wkh zruog exw uhqw lq wkh jrrg vwdwh> sd|phqwv e| wkh �up
wr wkh wzr lqyhvwruv duh qhjdwlyho| fruuhodwhg lq wkh vhqvh wkdw lq wkh kljk
vwdwh wkh prqlwrulqj lqyhvwru uhfhlyhv pruh dqg wkh qrq prqlwrulqj lq0
yhvwru ohvv wkdq lq wkh orz vwdwh1 Wkh lqwxlwlrq iru wkhvh uhvxowv lv wkdw wkh
vhfrqg lqyhvwru fdq eh xvhg e| wkh �up wr uhgxfh wkh yduldqfh ri wkh �upv
uhvrxufhv dfurvv vwdwhv1 Wklv uhgxfhg yduldqfh plwljdwhv wkh lqfhqwlyh iru
wkh �up wr fkhdw lq wkh kljk vwdwh dv zhoo dv wkh lqfhqwlyh wr prqlwru e|
wkh dxglwlqj jurxs ri lqyhvwruv1 Rq erwk wkhvh dffrxqwv/ wkh h{shfwhg
ohyho ri prqlwrulqj frvwv lv uhgxfhg e| wkh suhvhqfh ri wkh vhfrqg lqyhvwru1
Jlyhq wkdw wkh wrwdo lqyhvwphqw vl}h lv �{hg/ wkh ghyldwlrq iurp wkh �uvw
ehvw rxwfrph lv mxvw wkh vdylqj lq h{shfwhg prqlwrulqj frvw lqgxfhg e|
wkh uhgxfwlrq lq wkh suredelolw| ri prqlwrulqj/ dqg vr wkh wzr lqyhvwru
fdvh grplqdwhv wkh vlqjoh lqyhvwru fdvh1

ly1 rqh sureohp zlwk wkh N0S vroxwlrq frqfhsw lv wkdw lw grhv qrw doorz iru
dq djuhhphqw wr d fkdqjh lq wkh whupv ri wkh frqwudfw rqfh wkh �up kdv
ohduqhg lwv wuxh uhyhqxh vwdwh1 Li wkh �up nqrzv lw kdv kljk uhyhqxh lw frxog
sursrvh d ghdo wr wkh prqlwru wr vkduh wkh jdlq iurp qrw prqlwrulqj1 Li zh
dvvxph wkdw rqo| wkh �up fdq pdnh uhqhjrwldwlrq r�huv/ wkh wzr0lqyhvwru
frqwudfw lv erwk frooxvlrq0surri dqg uhqhjrwldwlrq0surri1

Wkh sodq ri wkh sdshu lv wr rxwolqh wkh prgho lq vhfwlrq 4> wr dqdo|vh lwv
frpsrqhqw sduwv lq vxevhfwlrqv> lq vhfwlrq 5 wr ghulyh wkh ydulrxv irupv ri
vhfrqg ehvw ehkdylrxu zlwk d vlqjoh lqyhvwru dqg zlwk wzr lqyhvwruv> lq vhfwlrq 6
wr ghulyh wkh vkduhv ri lqyhvwphqw surylghg e| hdfk lqyhvwru> lq vhfwlrq 7 wr r�hu
d zhoiduh frpsdulvrq ri wkh wzr rujdqlvdwlrqdo irupv/ lq vhfwlrq 8 wr lqwurgxfh
frooxvlrq dqg lq wkh odvw vhfwlrq wr frqfoxgh1

4 Wkh Prgho Dvvxpswlrqv

Wkh ulvn qhxwudo �up uhtxluhv d �{hg lqyhvwphqw vl}h G zklfk jlyhv lw dffhvv
wr d whfkqrorj| lq zklfk uhyhqxhv iurp ghew G dqg vwdwh v duh jlyhq e| | @
i+G> v, @ iv zlwk v 5 iK>Oj dqg iK A iO= Vwdwh v rffxuv zlwk suredelolw| s1
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Lqyhvwruv duh ulvn qhxwudo dqg kdyh dffhvv hlwkhu wr wkh ghew frqwudfw ri wkh
�up ru wr d vdih lqwhuhvw udwh ri u�4= Wkh ghew ri wkh �up G sd|v d uhwxuq ri Uv

wr wkh prqlwrulqj lqyhvwru dqg Sv wr wkh qrq prqlwrulqj lqyhvwru/ ghshqglqj rq
wkh vwdwh dqg rq zkhwkhu lw lv dxglwhg1 Zh gr qrw lpsrvh dq| vljq uhvwulfwlrqv rq
Uv> Sv= Lq sulqflsoh lqyhvwruv frxog uhfhlyh d qhjdwlyh sd|phqw iurp wkh �up lq
rqh ri wkh vwdwhv vr orqj dv ryhudoo hdfk jurxs ri lqyhvwruv hduqv d }hur h{shfwhg
sur�w iurp wkh frqwudfw1 Wkh ghew wkxv kdv wkh irup ri htxlw| zlwk xqolplwhg
oldelolw|1 Zh gr uhtxluh wkh �up wr eh vroyhqw lq hdfk vwdwh= iv�Uv�Sv � 3= Wkh
wrwdo lqyhvwphqw lv vkduhg ehwzhhq wkh wzr lqyhvwru jurxsv zlwk wkh prqlwrulqj
lqyhvwru surylglqj d vkduh � ri lw dqg wkh qrq prqlwrulqj lqyhvwru surylglqj
+4 � �,= Zkhq wkhuh lv dv|pphwulf lqirupdwlrq/ wkh prqlwrulqj lqyhvwru fdq
fkrrvh wr dxglw dq| vwdwh uhsruw ri wkh �up> dqg/ li vkh grhv vr/ vkh pxvw sd| dq
revhuydwlrq frvw ri !1 Zh doorz wkh prqlwrulqj lqyhvwru wr udqgrpo| prqlwru
zlwk dq hqgrjhqrxv suredelolw| p1 Lqyhvwphqw kdv wr eh dssolhg ehiruh wkh
udqgrp uhyhqxh ri wkh �up lv nqrzq dqg sd|phqwv wr lqyhvwruv duh pdgh rqfh
wkh xqfhuwdlqw| kdv ehhq uhdolvhg1 Li lw lv irxqg wkdw wkh �up kdv idovho| ghfoduhg
d orz vwdwh ri uhyhqxh lqvwhdg ri d kljk wuxh vwdwh wkhq/ dv zhoo dv sd|lqj wkh
uhwxuqv gxh lq wkh kljk vwdwh/ lw lv sxqlvkhg e| sd|lqj dq dprxqw wkdw lv vshfl�hg
lq wkh frqwudfw wr wkh prqlwrulqj lqyhvwruv1

Zh dvvxph wkdw wkh �{hg �qdqflqj uhtxluhphqw lv vxfk wkdw iO ? uG> rwkhu0
zlvh wkh �up frxog mxvw sd| d frqvwdqw uhsd|phqw wr wkh lqyhvwruv lq hdfk vwdwh
v dqg phhw wkhlu sduwlflsdwlrq frqvwudlqwv/ kdyh qr uhsruwlqj lqfhqwlyh sure0
ohp dqg idfh qr prqlwrulqj1 Xqghu wklv dvvxpswlrq/ wkh vhfrqg ehvw frqwudfw
zloo uhtxluh hlwkhu Uv ru Sv wr ydu| e| vwdwh/ zklfk lq wxuq lqgxfhv lqfhqwlyh
frqvwudlqwv rq wkh �up dqg rq wkh prqlwrulqj lqyhvwru1

5 Wkh Vhfrqg Ehvw Frqwudfw

514 Wkh Qr Frpplwphqw Frqwudfw Zlwk Rqh Lqyhvwru

Wklv fdvh kdv ehhq dqdo|vhg e| N)S ^46`> wkhuh lv d vlqjoh lqyhvwru zkr kdv
prqlwrulqj uljkwv1 Li wkh orz vwdwh rffxuv wkh �up ghfoduhv lw dqg sd|v UO wr
wkh lqyhvwru1 Li wkh kljk vwdwh rffxuv wkh �up fdq hlwkhu ghfoduh lw dqg sd|
UK wr wkh lqyhvwru ru fdq idovho| ghfoduh wkh orz vwdwh/ lq zklfk fdvh lw lv
prqlwruhg zlwk suredelolw| p= Li prqlwruhg dqg fdxjkw fkhdwlqj wkh �up sd|v
UKO @ UK . � wr wkh lqyhvwruv/ l1h1 zkdw vkh kdg d uljkw wr li d wuxwkixo uhsruw
kdg ehhq pdgh/ soxv wkh shqdow| iru plvuhsruwlqj> li qrw prqlwruhg/ wkhq djdlq
wkh �up sd|v UO=

4

Glvwlqjxlvklqj ehwzhhq wzr vwdjhv ri wkh jdph/ wkh wlph olqh lv wkh iroorzlqj=

� H{0dqwh vwdjh1 Dw wlph }hur d �qdqfldo frqwudfw lv r�huhg e| wkh hq0
wuhsuhqhxu vshfli|lqj wkh uhsd|phqwv gxh lq hdfk prqlwruhg ru qrq prql0

4N)S doorz iru wkh orz vwdwh uhsd|phqwv wr eh frqglwlrqhg rq wkh dfw ri prqlwrulqj1
Krzhyhu wkh| vkrz wkdw rswlpdoo| wkhuh lv qr jdlq wr eh kdg iurp xvlqj wklv lqirupdwlrq wr
d�hfw uhsd|phqwv1
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wruhg vwdwh1 Dw wlph rqh surgxfwlrq wdnhv sodfh dqg dw wlph wzr wkh vwdwh
ri qdwxuh lv uhdolvhg dqg revhuyhg e| wkh hqwuhsuhqhxu1

� H{0srvw vwdjh1 Dw wlph wkuhh wkh hqwuhsuhqhxu pdnhv d uhsruw dqg wkh
prqlwru ghflghv zkhwkhu wr yhuli| wkh uhsruw1 Wkhvh vwudwhjlhv duh fkrvhq
dv pxwxdo ehvw uhvsrqvhv1 Dw wlph 7/ frqglwlrqdo rq wkh uhsruwhg vwdwh
dqg rq wkh uhvxow ri prqlwrulqj/ li dq|/ wkh uhohydqw wudqvihuv duh pdgh1

Dw wkh h{0srvw vwdjh wkh ghflvlrq yduldeoh iru wkh �up lv wkh suredelolw| o
zlwk zklfk lw idovho| ghfoduhv wkh orz vwdwh zkhq wkh kljk vwdwh kdv rffxuuhg1 Iru
wkh prqlwrulqj lqyhvwru/ wkh ghflvlrq yduldeoh lv wkh suredelolw| p zlwk zklfk
vkh zloo dxglw wkh �up iroorzlqj d orz vwdwh uhsruw1 Dv vwdqgdug lq prghov ri
wklv w|sh +h1j1 lq N)S ^46`,/ zh dvvxph wkdw wkh �up qhyhu fkhdwv zkhq wkh
orz vwdwh rffxuv> dqg wkh lqyhvwru qhyhu prqlwruv zkhq d kljk vwdwh uhsruw lv
uhfhlyhg=

H�H mK @ +4� o,+iK �UK, . o^p+iK �UK � �, . +4�p,+iK �UO,`>+4,

H�UmaO @ p^
so

4� s. so
+UK . �, .

4� s

4� s. so
UO � !` . +4�p,UO= +5,

o>p duh vhohfwhg dv pxwxdo ehvw uhvsrqvhv1 N)S uhvwulfw dwwhqwlrq wr wkh fdvh lq
zklfk wkh Qdvk htxloleulxp lv lq pl{hg vwudwhjlhv dqg vkrz wkdw wklv lv gh�qhg
e|=

o @
+4� s,!

s+UK . � �UO � !,
>

p @
UK �UO

UK . � �UO

=

Wkhq 3 ? p ? 4 uhtxluhv UK . � A UK dqg UK A UO> 3 ? o ? 4 uhtxluhv
UK . � � UO � !@s A 31 Li wkh lqyhvwru0�up frqwudfw grhv qrw vdwlvi| wkhvh
frqglwlrqv/ wkhq qr lqwhulru pl{hg vwudwhj| Qdvk htxloleulxp lv srvvleoh1

Jlyhq wkhvh Qdvk htxloleulxp ydoxhv iru o dqg p> N)S vroyh wkh iroorzlqj
frqwudfw sureohp= fkrrvh Uv> G wr

pd{ s+iK �UK, . +4� s,+iO �UO, +6,

vw uG � s+4� o,UK . +4� s. so,UO +7,

iK �UK � � � 3 +8,

iO �UO � 3 +9,

o @
+4� s,!

s+UK . � �UO � !,
+:,

p @
UK �UO

UK . � �UO

+;,

zkhuh +7, lv wkh lqglylgxdo udwlrqdolw| frqvwudlqw iru lqyhvwruv/ +8, dqg +9, duh
wkh ihdvlelolw| frqglwlrqv/ +:, dqg +;, duh uhvshfwlyho| wkh suredelolw| ri o|lqj
dqg wkh suredelolw| ri prqlwrulqj ghwhuplqhg dw wkh h{0srvw vwdjh1
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Xqghu wkh dvvxpswlrq wkdw siK . +4� s,iK � uG � ! A 3> lw lv irxqg wkdw
wkh rswlpdo frqwudfw kdv wkh iroorzlqj surshuwlhv=

� pd{lpxp sxqlvkphqw= UKO @ UK . � @ iK >

� elqglqj orz vwdwh ihdvlelolw|= UO @ iO>

� uhqw wr wkh �up lq wkh kljk vwdwh=

UK @
uG+iK � iO � !,� iO+iK � iO,+4� s,

s+iK � iO,� !
? iK >

� srvlwlyh suredelolw| ri o|lqj e| wkh �up=

o @
+4� s,!

s+iK � iO � !,
>

dqg srvlwlyh suredelolw| ri prqlwrulqj e| wkh lqyhvwru=

p @
+uG � iO,+iK � iO � !,

^s+iK � iO,� !`+iK � iO,
>

� wkh h{shfwhg sd|r� wr wkh �up lv=

Hi � uG �
+4� s,!+uG � iO,

s+iK � iO,� !

Dv h{shfwhg/ wkh �up*v sd|r� lv ehorz wkh �uvw ehvw ohyho gxh wr wkh dv|p0
phwulf lqirupdwlrq1 Wkh orvv ghshqgv rq uG � iO> rq wkh ohyho ri revhuydwlrq
frvwv !> dqg rq wkh vsuhdg ri uhyhqxhv ri wkh �up ehwzhhq wkh wzr vwdwhv/ iK�iO1
Zh fdq phdvxuh lw e| wkh rswlpdo h{shfwhg revhuydwlrq frvw=

p+4� s. so,! @
!+4� s,+uG � iO,

s+iK � iO,� !

Zh wdnh wklv frqwudfw dv d ehqfkpdun wr phdvxuh wkh lpsdfw ri wkh lqwurgxfwlrq
ri wkh wklug sduw| lqwr wkh yhqwxuh1

515 Wkh Qr Frpplwphqw Frqwudfw Zlwk Wzr Lqyhvwruv

Zh dvvxph khuh wkdw wkh dprxqw ri �qdqfh uhtxluhg e| wkh hqwuhsuhqhxu fdq
eh surylghg e| wzr lqyhvwruv lq vkduhv wr eh ghwhuplqhg1 Glvwlqjxlvklqj djdlq
ehwzhhq wzr vwdjhv ri wkh jdph/ wkh wlph olqh iroorzv wkh vlqjoh lqyhvwru frqwudfw
dqg lv rqo| prgl�hg e| wkh hqwuhsuhqhxu r�hulqj d frqwudfw wr erwk lqyhvwruv
dqg fruuhvsrqglqj uhsd|phqwv frqwlqjhqw rq wkh uhsruwhg prqlwruhg ru qrq0
prqlwruhg vwdwhv1

Li wkh orz vwdwh rffxuv wkh �up ghfoduhv lw dqg sd|v UO> SO uhvshfwlyho| wr wkh
lqyhvwruv1 Li wkh kljk vwdwh rffxuv wkh �up fdq hlwkhu ghfoduh lw dqg sd| UK > SK

wr wkh lqyhvwruv ru fdq idovho| ghfoduh wkh orz vwdwh1 D orz vwdwh uhsruw fdq eh
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prqlwruhg zlwk suredelolw| p= Li prqlwruhg dqg fdxjkw fkhdwlqj wkh �up sd|v
UKO @ UK.�> SK uhvshfwlyho| wr wkh prqlwrulqj dqg qrq prqlwrulqj lqyhvwruv>
li qrw prqlwruhg/ wkhq djdlq wkh �up sd|v UO> SO1

Dw wkh h{0srvw vwdjh wkh ghflvlrq yduldeoh iru wkh �up lv wkh suredelolw| o
zlwk zklfk lw idovho| ghfoduhv wkh orz vwdwh zkhq wkh kljk vwdwh kdv rffxuuhg= Iru
wkh prqlwrulqj lqyhvwru wkh ghflvlrq yduldeoh lv wkh suredelolw| p zlwk zklfk
wkh lqyhvwru zloo dxglw wkh �up iroorzlqj d orz vwdwh uhsruw1 Lqwurgxflqj wkh
wklug sduw| zloo qrz fkdqjh wkh �up*v h{shfwhg sur�wv frqglwlrqdo rq d kljk
vwdwh kdylqj rffxuuhg +4, lq wkh iroorzlqj zd|=

H�HmK @ +4� o,+iK �UK � SK, . o^p+iK �UKO � SK, +<,

.+4�p,+iK �UO � SO,`

Lq olqh zlwk N)S/ zh uhvwulfw dwwhqwlrq wr wkh fdvh lq zklfk wkh Qdvk htxloleulxp
lv lq pl{hg vwudwhjlhv dqg vkrz wkdw wkhvh duh gh�qhg e|=

o @
+4� s,!

s+UKO �UO � !,
>

p @
UK . SK �UO � SO

UK . � . SK �UO � SO

=

Wkhq 3 ? p ? 4 uhtxluhv UK . � A UK dqg UK . SK A UO . SO> 3 ? o ? 4
uhtxluhv UK . � � UO � !@s A 31 Li wkh lqyhvwru0�up frqwudfw grhv qrw vdwlvi|
wkhvh frqglwlrqv/ wkhq qr lqwhulru pl{hg vwudwhj| Qdvk htxloleulxp lv srvvleoh1

Wkxv/ jlyhq d vxevhtxhqw pl{hg vwudwhj| htxloleulxp/ zh fdq zulwh wkh frq0
wudfw sureohp dv rqh ri fkrrvlqj Uv> Sv> � wr=

pd{ s+iK � SK �UK, . +4� s,+iO � SO �UO, +43,

vw �uG � s+4� o,UK . +4� s. so,UO +44,

+4� �,uG � +s� so . sop,SK . +4� s. so � sop,SO +45,

iK � SK �UK � � � 3 +46,

iO �UO � SO � 3 +47,

o @
+4� s,!

s+UK . � �UO � !,
+48,

p @
UK . SK �UO � SO

UK . � . SK �UO � SO

+49,

zkhuh wkh frqvwudlqwv kdyh wkh xvxdo phdqlqj= +44, dqg +45, duh wkh lqglylg0
xdo udwlrqdolw| frqvwudlqwv iru wkh prqlwru dqg iru wkh qrq prqlwrulqj lqyhvwru
uhvshfwlyho|/ +46, dqg +47, duh wkh ihdvlelolw| frqglwlrqv/ +48, dqg +49, duh uh0
vshfwlyho| wkh suredelolw| ri o|lqj dqg wkh suredelolw| ri prqlwrulqj ghwhuplqhg
dw wkh h{0srvw vwdjh1

Wkh fdvh lq zklfk � @ 4 lv ri lqwhuhvw= khuh wkh vhfrqg sulqflsdo sod|v
wkh uroh ri d sxuh lqvxudqfh frpsdq| wr wkh �up> lw doorzv wkh �up wr dowhu
wkh glvwulexwlrq ri lwv qhw uhyhqxhv dfurvv vwdwhv1 Zh frxog wkhq wklqn ri wkh
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sureohp dv rqh ri rswlpdo lqirupdwlrq uhyhodwlrq e| wkh �up zkhq lw idfhv
dxglwlqj lqyhvwruv dqg dq lqvxudqfh frpsdq|1 Lw fdq ghiudxg erwk e| fkhdwlqj
exw pd| eh sxqlvkhg iru wklv1 Vlploduo| zh fdq lqwhusuhw wkh fdvh ri � @ 3 dv
rqh zkhuh sduwlhv vshfldolvh= rqh dfwv dv vxshuylvru dqg rqh dv lqyhvwru1

Zh fdq ghulyh ydulrxv surshuwlhv ri wkh rswlpdo frqwudfw +wkh whfkqlfdo ghwdlov
duh lq wkh dsshqgl{,1

Sursrvlwlrq 4 Zlwk d vxevhtxhqw pl{hg vwudwhj|/ wkh rswlpdo frqwudfw xqghu
qr frpplwphqw kdv=

l1 lqyhvwruv jhwwlqj wkhlu uhvhuydwlrq xwlolw| ohyho>

ll1 pd{lpxp sxqlvkphqw= iK �UK � � � SK @ 3>

lll1 }hur uhqw wr wkh �up lq wkh orz vwdwh krzhyhu lw uhsruwv +iO @ UO�SO,/ exw
srvlwlyh uhqw lq wkh kljk vwdwh zlwk wuxwkixo uhsruwv +iK �UK � SK A 3,1

Uhvxow +l, lv qrw vxusulvlqj= vlqfh wkh �up lv zulwlqj wkh frqwudfw lw kdv qr
jdlq iurp ohdylqj dq| uhqw wr hlwkhu lqyhvwru= li lw glg/ lw frxog uhgxfh hlwkhu S
ru U lq d zd| wkdw ohdyhv wkh rwkhu frqvwudlqwv suhvhuyhg1

Pd{lpxp sxqlvkphqw uhgxfhv wkh lqfhqwlyh ri wkh �up wr fkhdw dqg vr wkh
iuhtxhqf| ri orz vwdwh uhsruwv dqg/ iru jlyhq p> wkh dprxqw ri prqlwrulqj wkdw
zloo eh xqghuwdnhq/ wkxv vdylqj rq prqlwrulqj frvwv1 Sxw voljkwo| gl�huhqwo|/
jlyhq wkdw wkhuh lv d pl{hg vwudwhj| htxloleulxp/ � rqo| hqwhuv wkh frqwudfw
sureohp yld wkh sduwlflsdwlrq frqvwudlqwv ri wkh lqyhvwruv wkurxjk o= Udlvlqj wkh
sxqlvkphqw uhgxfhv o dqg uhgxfhv wkh lpsdfw ri wkh sduwlflsdwlrq frqvwudlqw1

Elqglqj orz vwdwh ihdvlelolw| lv d frpprq uhvxow lq djhqf| sureohpv wkdw
dvvlvwv lq hqvxulqj lqfhqwlyh frpsdwlelolw|1

Jlyhq pd{lpxp sxqlvkphqw dqg elqglqj orz vwdwh ihdvlelolw|/ zh fdq vhw
UK . SK @ iK � �> dqg UO @ iO � SO= Xvlqj wkh prqlwrulqj lqyhvwru sduwlfl0
sdwlrq frqvwudlqw wr holplqdwh UK / wkh sureohp uhgxfhv wr fkrrvh SK > SO dqg
� wr

pd{ s� +4:,

vw �SK . +4� �,SO @ +4� �,uG +4;,

zkhuh � @ s� so . sop dqg

� @ iK � SK � iO . SO .
+iO � SO � �uG,

s+4� o,
= +4<,

Zh wkhq kdyh=

Wkhruhp 4 Dq| frqwudfw zklfk vxssruwv d pl{hg vwudwhj|/ wkdw kdv pd{lpxp
sxqlvkphqw dqg elqglqj orz vwdwh ihdvlelolw| kdv SK ? SO1

Dw �uvw vljkw wklv vhhpv vxusulvlqj> lw dulvhv ehfdxvh wkh �up zlvkhv wr pd{0
lplvh wkh qhw uhwxuq lw jhwv lq vwdwh K/ jlyhq wkdw lq vwdwh O lw jhwv qr uhqw= wkh
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frqwudfw uhtxluhv UK � UO lq rughu wr suhvhuyh wkh lqfhqwlyh iru prqlwrulqj>
e| lwvhoi wklv wkhq jlyhv dq lqfhqwlyh wr fkhdw exw wklv lqfhqwlyh fdq eh uhgxfhg
e| udlvlqj SO uhodwlyh wr SK = Qhjdwlyh fruuhodwlrq ehwzhhq wkh uhwxuqv ri wkh
wzr lqyhvwruv wkxv uhgxfhv wkh yduldqfh lq wkh �upv* uhvrxufhv1 Lw dulvhv ehfdxvh
wkh qrq0prqlwrulqj lqyhvwruv jhw fdxjkw xs lq wkh lqfhqwlyh sureohp= sduwo| wkh
uhsd|phqwv wkh| jhw d�hfwv wkh lqfhqwlyh frpsdwlelolw| ri prqlwrulqj> sduwo|
wkh| d�hfw wkh suredelolw| zlwk zklfk wkh kljk wudqvihu zloo eh pdgh1 Wkh prq0
lwrulqj lqyhvwru uhfhlyhv d kljk wudqvihu lq wkh kljk vwdwh/ exw dfwxdoo| pd| pdnh
d sd|phqw wr wkh �up lq wkh orz vwdwh1 Wkh qrq prqlwrulqj lqyhvwru uhfhlyhv
d orz vwdwh uhwxuq kljkhu wkdq wkdw uhfhlyhg lq wkh kljk vwdwh1 E| pdnlqj wkh
sd|phqwv qhjdwlyho| fruuhodwhg zlwk wkh sur�wv ri wkh �up dqg zlwk wkh uhsd|0
phqwv wr prqlwrulqj lqyhvwruv/ wkh vsuhdg lq wkh uhwdlqhg vxusoxv ri wkh �up
ehwzhhq wuxwkixoo| uhsruwhg kljk vwdwhv dqg qrq0prqlwruhg idovh uhsruwv ri orz
vwdwhv lv uhgxfhg1 E| uhgxflqj wkh yduldelolw| ri wkh qhw sur�w uhfhlyhg dfurvv
vwdwhv/ wkh �up uhgxfhv lwv lqfhqwlyh wr fkhdw zkhq wkh kljk vwdwh rffxuv dqg
plwljdwhv wkh lqyhvwru*v lqfhqwlyh wr prqlwru1 Wkhruhp 4 doorzv xv wr ghulyh wkh
iroorzlqj Fruroodu|1

Fruroodu| 4 Wkh htxloleulxp suredelolwlhv ri prqlwrulqj dqg o|lqj duh orzhu lq
wkh frqwudfw zlwk wzr lqyhvwruv wkdq lq wkh frqwudfw zlwk d vlqjoh lqyhvwru1

Wkh surri lv lq wkh dsshqgl{1 Wkhuh zh vkrz wkdw wkh juhdwhu wkh vsuhdg
SO �SK wkh orzhu lv p> wkh forvhu duh wkh pdujlqdo udwhv ri vxevwlwxwlrq ri wkh
�up dqg wkh qrq prqlwrulqj lqyhvwruv dqg wkh kljkhu lv wkh remhfwlyh ri wkh �up1
Wklv udlvhv wkh txhvwlrq ri zkdw duh wkh rswlpdo Sv dqg Uv frpelqdwlrqv1 Dv
wkh vsuhdg SO�SK frqwlqxdoo| ulvhv/ p dssurdfkhv }hur exw dv lw grhv/ ri frxuvh
wkh pl{hg vwudwhj| irup ri wkh vhfrqg shulrg htxloleulxp lv orvw1 Dovr dv SO

jhwv kljk/ wkhq vlqfh orz vwdwh ihdvlelolw| lv elqglqj/ UO ehfrphv qhjdwlyh1 Wklv
vhuyhv wr uhgxfh o dqg wkh lqfhqwlyh ri wkh �up wr fkhdw1 Zlwk ulvn qhxwudolw| dqg
qr olplw rq wkh vljqv ru vl}hv ri sd|phqwv Uv> Sv> wkh ihdvleoh vhw lv xqerxqghg
gxh wr wkh vwulfw lqhtxdolw|p A 3 dqg wkhuh lv qr rswlpxp= hdfk ixuwkhu lqfuhdvh
lq SO � SK udlvhv wkh �upv remhfwlyh1 Wkxv wkhuh lv qr rswlpdo vroxwlrq1

Dowhuqdwlyho| zh fdq lpsrvh olplwhg oldelolw| rq lqyhvwruv/ h1j1 wkdw doo uh0
sd|phqwv vkrxog eh qrqqhjdwlyh1 Wkhq/ jlyhq wkh qhjdwlyh fruuhodwlrq uhvxow
hvwdeolvkhg lq Wkhruhp 4/ wkh xsshu erxqg rq SO lv iO zlwk UO @ 3= Vlploduo|
wkh orzhu erxqg rq SK lv 3 zlwk UKO @ iK = Khqfh wkh rswlpdo frqwudfw kdv
UO @ SK @ 3 zlwk d vxevhtxhqw Qdvk htxloleulxp lq pl{hg vwudwhjlhv gh�qhg

e|= o @
+4� s,!

s+iK � !,
> p @

iK � iO � �

iK � iO
>zlwk � @ iK �

�uG

s+4� o,
Zh xvh wkh olplwhg oldelolw| vroxwlrqv wr ghulyh wkh vkduh ri lqyhvwphqw sur0

ylghg e| hdfk lqyhvwru dqg wkh zhoiduh dqdo|vlv ri wkh wkuhh0sduw| frqwudfw1

6 Wkh vkduh k

Vxssrvh wkdw zh doorz wkh �up wr fkrrvh wkh vkduhv ri lqyhvwphqw lq wkh frqwudfw
e| doorzlqj lw wr vhw �= Zh fdq vkrz wkdw 3 ? � ? 4=
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Iluvw vxssrvh � @ 3= Wkhq zlwk olplwhg oldelolw| vr wkdw rswlpdoo| UO @ 3>
+44, fdq eh zulwwhq dv=

s+4� o,UK � 3=

Vlqfh wkh prqlwrulqj lqyhvwru mxvw qhhgv dq h{shfwhg qrqqhjdwlyh sd|r�/ lq idfw
wkh �up fdq vhw sd|r�v htxdo wr }hur lq hdfk vwdwh1 Wklv zrxog ohdg wr d srrolqj
frqwudfw zkhuh wkh hqwuhsuhqhxu dozd|v olhv dqg wkhuh lv }hur prqlwrulqj1 Dv
SK @ 3 dqg SO @ iO/ S *v sduwlflsdwlrq ehfrphv +4 � s . so � sop,iO @ uG>
l1h1 iO @ uG1 Krzhyhu wklv lv lqihdvleoh dv lw lpsolhv wkdw wkh �up fdq d�rug d
vlqjoh uhsd|phqw frqwudfw/ zklfk zh kdyh uxohg rxw e| dvvxpswlrq1

Dq dqdorjrxv dujxphqw dssolhv li � @ 4= Lq wklv fdvh lw lv wkh qrq prqlwrulqj
lqyhvwru zkr h{lwv wkh frqwudfw1 Zlwk olplwhg oldelolw| vr wkdw rswlpdoo| SK @ 3
dqg SO @ iO> +45, fdq eh zulwwhq dv=

+4� s. so � sop,iO � 3=

Wkh frqwudfw lqyroyhv wkhq d vwulfwo| srvlwlyh wudqvihu wr wkh wklug sduw|/ zklfk
wkh �up fdq dyrlg e| vhwwlqj d sd|r� htxdo wr }hur lq hdfk vwdwh dqg wkxv
wxuqlqj wkh sureohp lqwr d N)S w|sh ri sureohp1 Zh zloo krzhyhu vhh lq wkh
qh{w vhfwlrq wkdw vxfk d frqwudfw lv grplqdwhg e| dq| rwkhu frqwudfw zklfk kdv
� vwulfwo| srvlwlyh1 Khqfh 3 ? � ? 4=

7 Lv rqh ru wzr lqyhvwruv ehvwB

Wr jhw d gluhfw frpsdulvrq zlwk wkh �up*v ydoxh ixqfwlrq zlwk rqh lqyhvwru/ zh
holplqdwh � dv iroorzv1 Wkh uhdfwlrq fxuyh ri wkh �up/ rewdlqhg xvlqj +<,/ whoov
xv wkdw=

�+iK �UK � SK, .p+iK �UK � � � SK, . +4�p,+iK �UO � SO, @ 3=

Zlwk pd{lpxp sxqlvkphqw/ elqglqj orz vwdwh ihdvlelolw| dqg SK @ 3/

UK @ iO .p+iK � iO,=

Rq wkh rwkhu kdqg iurp pd{lpxp sxqlvkphqw dqg SK @ 3> s� @ s+iK�UK, @
s+4�p,+iK � iO,= Li zh vxp wkh uhvhuydwlrq frqvwudlqwv iru wkh wzr lqyhvwruv
zh jhw=

s+4� o,+iO .piK �piO,� uG . +4� s. so � sop,iO @ 3=

Vroylqj wklv iru p> jlyhq wkdw o @
+4� s,!

s+iK � !,
> jlyhv=

p @
+uG � iO,+iK � !,

si5

K � iOsiK � !iK . iO!s
=

<



Sxwwlqj wklv lq wkh h{shfwhg sd|r� iru wkh �up |lhogv=

H�5 @ s� @ s+iK �UK,

@ s+iK � iO �
+uG � iO,+iK � !,+iK � iO,

si5

K � siOiK � !iK . iO!s
, +53,

Vlploduo|/ zlwk d vlqjoh lqyhvwru zh fdq zulwh wkh pd{lpxp sd|r� ri wkh �up
dv=

H�4 @ s+iK � iO �
+uG � iO,+iK � iO � !,

+s+iK � iO,� !,
= +54,

Frpsdulqj +53, dqg +54, |lhogv=

H�5 �H�4 @
siO!

5+uG � iO,+4� s,

+si5

K � iOsiK � !iK . iO!s,+s+iK � iO,� !,
A 3 +55,

wkxv vkrzlqj wkdw pxowlsoh surylvlrq ri ixqglqj lv suhihudeoh wr surylvlrq e|
d vlqjoh lqyhvwruv1 Lw dovr iroorzv wkdw li wkh frqwudfw zlwk olplwhg oldelolw|
grplqdwhv wkh N)S frqwudfw/ vr grhv wkh xqolplwhg oldelolw| frqwudfw zkhuh
uhsd|phqwv duh vxfk wkdw p $ 31

8 Frooxvlrq dqg uhqhjrwldwlrq

Vr idu/ zh kdyh qrw dqdo|vhg frooxvlrq sureohpv dulvlqj lq wklv vhwwlqj1 Jhqhu0
doo| wkh olwhudwxuh kdv irfxvhg rq wkrvh dulvlqj lq d sulqflsdo0vxshuylvru0djhqw
klhudufk| +Wluroh ^55`/ Nkdolo dqg Odzduuìh ^45`/ Nripdq dqg Odzduuìh ^47`/
Vwudxv} ^54`,1

Lq rxu iudphzrun d frooxvlyh djuhhphqw fdq rffxu ehwzhhq wkh �up dqg wkh
prqlwru/ exw qrw ehwzhhq wkh qrq prqlwrulqj lqyhvwruv dqg wkh �up dqg qru
ehwzhhq wkh wzr lqyhvwruv +wkh prqlwrulqj dqg wkh qrq prqlwrulqj rqh,1 D
frooxvlyh djuhhphqw ehwzhhq wkh qrq prqlwrulqj lqyhvwruv dqg wkh �up zrxog
eh kdupohvv dv lw zrxog qrw dowhu wkh ulvn ri wkh �up ri ehlqj dxglwhg1 Vlploduo|
dq djuhhphqw ehwzhhq wkh wzr lqyhvwruv zrxog qrw d�hfw wkh djhqw*v lqfhqwlyhv
wr plvuhsruw1

Wkh rqo| srvvlelolw| lv wkhq d frooxvlyh djuhhphqw rffxuulqj ehwzhhq wkh
�up dqg wkh prqlwru1 Zh fdq vkrz wkdw wkh qrq prqlwrulqj lqyhvwruv duh qrw
gdpdjhg e| vxfk dq djuhhphqw1 Vxssrvh wkdw/ kdylqj idovho| fodlphg wkh orz
vwdwh wr kdyh rffxuuhg/ wkh hqwuhsuhqhxu hqghdyrxuv wr suhyhqw wkh prqlwru
iurp yhuli|lqj/ e| eulelqj khu1 Ehfdxvh ri wkh uhvxow hvwdeolvkhg lq Wkhruhp 4
ri qhjdwlyh fruuhodwlrq ri uhsd|phqwv/ wkh qrq prqlwrulqj lqyhvwru zloo eh ehwwhu
r� dffhswlqj wkh orz uhsruw wkdq txhu|lqj lw dv vkh jhwv d sd|r� kljkhu wkdq wkh
rqh uhfhlyhg xqghu wuxwkixo uhsruwlqj1 Vr wkhuh lv qr srvvlelolw| iru wkh prqlwru
dqg wkh �up wr frooxgh djdlqvw wkh sdvvlyh lqyhvwruv1

Vlploduo| wkh �up frxog uhsruw wkh kljk vwdwh zkloh lq idfw wkh orz vwdwh
kdv rffxuuhg/ wkxv pdnlqj wkh orzhu uhsd|phqw wr wkh qrq prqlwrulqj lqyhvwru
dvvrfldwhg zlwk d kljk vwdwh uhsruw/ dqg r�hu wkh prqlwru d vlgh frqwudfw vr dv
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wr lqgxfh khu qrw wr prqlwru1 Iru wkh prqlwru wr dffhsw lw/ wkh euleh r�hu zrxog
kdyh wr eh vxfk wkdw=5

�uG � E3 ? UK > +56,

zkhuhdv iru wkh �up wr pdnh lw

iO � SK �E3 A iO � SO �UO= +57,

Xvlqj +56, dqg +57,/ zh ghgxfh wkdw wkh frqwudfw lv frooxvlrq surri l�=

iO � SK � �uG � 3>

zklfk fhuwdlqo| krogv1
Lw uhpdlqv wr vhh zkhwkhu wkh hqwuhsuhqhxu dqg wkh prqlwru jdlq dq| lqfuhdvh

lq xwlolw| e| hqjdjlqj lq d irup ri uhqhjrwldwlrq ehwzhhq wkhpvhoyhv1 Vxssrvh
wkdw diwhu d orz vwdwh uhsruw/ wkh �up r�huv d euleh wr wkh lqyhvwru wr lqgxfh
khu qrw wr prqlwru1 Wkh euleh r�hu zloo frqyh| vrph lqirupdwlrq wr wkh prq0
lwru/ zklfk zloo qrz frpsduh wkh sd|r� iurp prqlwrulqj zlwk wkh sd|r� iurp
dffhswlqj wkh euleh1 D euleh E4 zloo wkxv eh dffhswhg l�=

UO .E4 A UK . � � !=

Iurp wkh irup ri wkh rswlpdo frqwudfw zh nqrz wkdw wkhuh lv elqglqj orz vwdwh
ihdvlelolw| dqg pd{lpxp sxqlvkphqw/ vr wklv vlpsol�hv wr=

E4 A iK � SK � iO . SO � ! +58,

Rq wkh rwkhu kdqg wkh hqwuhsuhqhxu zloo rqo| r�hu eulehv wkdw vdwlvi|

iK �UO � SO �E4 A +4�p,+iK �UO � SO, .p+iK �UK � � � SK,>

zklfk vlpsol�hv wr=

E4 ? p+iK � iO,= +59,

Xvlqj +58, dqg +59,/ zh fdq ghgxfh wkdw wkh frqwudfw lv uhqhjrwldwlrq0surri l�=

� � !. SO � SK A 3>

zklfk fhuwdlqo| krogv xqghu wkh N)S dvvxpswlrq wkdw ��! @ Hi�uG�! A 316

Dqrwkhu uhqhjrwldwlrq srvvlelolw| frxog vwloo dulvh ehwzhhq wkh �up dqg wkh
prqlwru1 Vxssrvh wkh kljk vwdwh rffxuv dqg vxssrvh wkh �up dqqrxqfhv wkdw lw

5 Lq vxfk flufxpvwdqfhv wkh �up dqwlflsdwhv wkdw wkh wkh prqlwru frxog �uvw dffhsw dqg
wkhq/ diwhu wkh kljk uhsruw lv pdgh/ dvn wkh hqirufhphqw ri wkh ruljlqdo frqwudfw sd|lqj -M c

wkxv xqgrlqj wkh vlgh frqwudfw1 Krzhyhu/ zh vxssrvh wkdw h{ srvw vkh zloo kdyh qr srvvlelolw|
ri grlqj vr1

6Xvlqj +4;, dqg +4<,/ B 3 � fdq eh zulwwhq dv .s 3 o( 3 � 3 R,6E�M 3 �u�c l1h1/ xqghu
olplwhg oldelolw| .s 3 o( 3 �n R,6su�
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zloo pdnh d kljk vwdwh uhsruw li wkh sd|r�E5> zlwk �uG � E5 ? UK / lv dffhswhg/
wuljjhulqj wr uhsruw orz lq fdvh wkh uhqhjrwldwlrq r�hu zhuh qrw dffhswhg17 Lq
ghflglqj zkhwkhu wr dffhsw wkh euleh r�hu E5 � �uG> wkh prqlwru zloo frpsduh
lw zlwk wkh rqh vkh zrxog jhw li d orz uhsruw zdv pdgh dqg vkh kdg wr prqlwru
wr hqirufh khu uljkwv/ UK . � � != Vkh zloo wkxv dffhsw wkh euleh l�=8

E5 � �uG A UK . � � != +5:,

Rq wkh rwkhu kdqg wkh hqwuhsuhqhxu zloo rqo| r�hu eulehv wkdw vdwlvi|

iK � SK �E5 A +4�p,+iK �UO � SO, .p+iK �UK � � � SK,>

zklfk/ e| elqglqj orz vwdwh ihdvlelolw| dqg pd{lpxp sxqlvkphqw/ vlpsol�hv wr=

E5 ? iK � SK � +4�p,+iK � iO,= +5;,

Xvlqj +5:, dqg +5;,/ zh ghgxfh wkdw wkh frqwudfw lv uhqhjrwldwlrq0surri l�=

� � ! A 3>

zklfk dovr krogv xqghu wkh N)S dvvxpswlrq1 Wkxv hyhq lq wklv fdvh wkhuh lv qr
jdlq wr eh kdg iurp d uhqhjrwldwlrq ehwzhhq wkh prqlwru dqg wkh �up1

Frqfoxvlrqv

Lq wklv sdshu zh kdyh h{soruhg wkh rswlpdo �qdqfldo frqwudfw/ wrjhwkhu zlwk
lqfhqwlyh frpsdwleoh dqg rswlpdo uhsruwlqj dqg prqlwrulqj suredelolwlhv/ zkhq
wkh uhyhqxhv ri d surgxfwlrq surfhvv duh sulydwh lqirupdwlrq wr wkh �up dqg duh
uhyhdohg rqo| diwhu wkh ixqglqj qhfhvvdu| iru wkh surmhfw kdv ehhq udlvhg1 Wkh
dprxqw ri �qdqfh fdq eh surylghg e| wzr lqyhvwruv/ vd| d elj vkduhkroghu dqg
d jurxs ri vpdoo glvshuvhg vkduhkroghuv1 Frvwo| prqlwrulqj fdq eh fduulhg rxw
e| rqh jurxs ri lqyhvwruv zlwk wkh rwkhu jurxs ri lqyhvwruv ohduqlqj wkh uhvxowv
ri lw iru iuhh1 Wkh dprxqw ri prqlwrulqj lv qrw d yduldeoh wkdw fdq eh zulwwhq
lqwr wkh frqwudfw1

Jlyhq wkdw wkhuh lv d vxevhtxhqw pl{hg vwudwhj| Qdvk htxloleulxp lq wkh
suredelolwlhv ri prqlwrulqj dqg fkhdwlqj/ zh �qg wkdw wkh qrq prqlwrulqj lq0
yhvwruv kdyh d uroh lq fuhdwlqj fruuhfw uhsruwlqj lqfhqwlyhv iru wkh �up/ zklfk
ohdgv wr d qhjdwlyh fruuhodwlrq ehwzhhq wkh wuxh uhyhqxhv ri wkh �up dqg wkhlu
uhwxuq1 Wklv doorzv wkh �up wr ehwwhu vhoi0srolfh lwv lqfhqwlyh wr fkhdw dqg khqfh
wkh dprxqw ri vwdwh revhuydwlrq frvw wkdw lw pxvw xowlpdwho| ehdu iurp lwv uhvlg0
xdo sur�w1 Lw dovr glvfrxudjhv qrq prqlwrulqj lqyhvwruv iurp hyhu zlvklqj wr

7Dovr lq vxfk flufxpvwdqfhv wkh �up dqwlflsdwhv wkdw wkh wkh prqlwru frxog �uvw dffhsw
dqg wkhq/ diwhu wkh kljk vwdwh uhsruw lv uhfhlyhg/ dvn wkh hqirufhphqw ri wkh ruljlqdo frqwudfw
sd|lqj -M c wkxv xqgrlqj wkh vlgh frqwudfw1 Dovr iru wklv fdvh zh vxssrvh wkdw h{ srvw vkh
zloo kdyh qr srvvlelolw| ri grlqj vr1

8Qrwh wkdw vxfk sulydwh djuhhphqw ehwzhhq wkh �up dqg wkh prqlwru zloo qrw gdpdjh wkh
qrq prqlwrulqj lqyhvwru zkr jhwv wkh sd|r� vkh kdg d uljkw wr +�M,1
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prqlwru= lq wkh hyhqw ri idovh uhsruw e| wkh �up/ wkh| zrxog kdyh qr lqfhqwlyh
wr ryhuwxuq d orz vwdwh uhsruw vlqfh wkh| zrxog kdyh uhfhlyhg jhw d kljkhu uhwxuq
iurp wklv wkdq iurp d kljk vwdwh uhsruw1 Dv d frqvhtxhqfh ri wkh vprrwklqj rxw
ri uhsd|phqwv/ zh dovr �qg wkdw wkh wzr lqyhvwru vfhqdulr lv Sduhwr vxshulru wr
d vlqjoh lqyhvwru prgho ã od Nkdolo dqg Sduljl ^46`/ zlwk wkh h{whqw ri wkh jdlq
lq zhoiduh ghshqglqj rq wkh lqyhvwruv* ghjuhh ri olplwhg oldelolw|1 Li zh doorz iru
srvw0frqwudfw r�huv ehlqj pdgh rqo| e| wkh hqwuhsuhqhxu/ zh dovr �qg wkdw wklv
w|sh ri frqwudfw lv frooxvlrq0surri1 Rqh lpsolfdwlrq ri wklv uhvxow lv wkdw/ vlqfh
ehfdxvh ri qhjdwlyh fruuhodwlrq wkh qrq prqlwrulqj lqyhvwru fdqqrw vx�hu dq|
orvv lq xwlolw|/ wkh frqwudfw lv dovr uhqhjrwldwlrq0surri1

Rqh uhpdun frqfhuqv wkh fkrlfh ri wkh sduw| zkr zulwhv wkh frqwudfw1 Wklv
lv lq idfw d fuxfldo lvvxh lq wkh sureohp ri jlylqj wkh uljkw lqfhqwlyhv wr wkh �up
zkhq wkh xqlqiruphg sduw| fdqqrw frpplw wr dq dxglw srolf|1 Lqwxlwlyho|/ li wkh
xqlqiruphg sduw| zulwhv wkh frqwudfw/ vkh zloo wu| dqg h{wudfw doo wkh vxusoxv
iurp wkh lqiruphg rqh wkxv pd{lplvlqj klv lqfhqwlyh wr fkhdw1 Frqyhuvho|/ e|
ghvljqlqj wkh frqwudfw/ wkh lqiruphg sduw| fdq vhw wkh uhsd|phqwv vr dv wr nhhs d
uhqw iru fruuhfw uhsruwlqj +l1h1 lpsrvh d vxuh orvv iru plvuhsruwlqj,/ wkxv pdnlqj
fkhdwlqj ohvv dwwudfwlyh1

Dsshqgl{

Surri ri Sursrvlwlrq 41 Wkh surri surfhhgv dv iroorzv= zh �uvw suryh wkdw
wkhuh lv pd{lpxp sxqlvkphqw> wkhq wkdw wkh �up jhwv d srvlwlyh uhqw lq kljk
vwdwh dqg }hur uhqw lq orz vwdwh1 Lqvwhdg ri zrunlqj zlwk UKO dv d yduldeoh/ zh
xvh wkh sxqlvkphqw � @ UKO �UK =

Wr ghulyh surshuwlhv ri wkh rswlpdo frqwudfw zh irup wkh Odjudqjhdq

s+iK � SK �UK, . +4� s,+iO � SO �UO, .

.�4^s+4� o,UK . +4� s. so,UO � �uG` .

.�5^�SK . +4� �,SO � +4� �,uG` .

.�6+iK � SK �UK � �, . �7+iO �UO � SO,

zkhuh � @ s+4�o,.sop/ o @
+4� s,!

s+UK . � �UO � !,
> p @

UK . SK �UO � SO

UK . SK . � �UO � SO

dqg � lv wkh vkduh ri fdslwdo surylghg e| wkh prqlwrulqj lqyhvwru1 Zh wkhq xvh
wkh IRF*v=

CO

CUK

@ �s. �4+s� so.
so+UK �UO,

UK . � �UO � !
, .

.�5+SK � SO,^
so+4�p,

UK . � �UO � !
.

so+4�p,

UK . � �UO . SK � SO

`� �6 @ 3

CO

CUO

@ �+4� s, . �4+4� s. so �
so+UK �UO,

UK . � �UO � !
,�

��5+SK � SO,^
so+4�p,

UK . � �UO � !
.

so+4�p,

UK . � �UO . SK � SO

`� �7 @ 3
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CO

C�
@ �4

so+UK �UO,

UK . � �UO � !
. �5+SK � SO,^

so+4�p,

UK . � �UO � !
�

�
sop

UK . � �UO . SK � SO

`� �6 � 3

CO

CSK

@ �s. �5^�.
so+4�p,+SK � SO,

UK . � �UO . SK � SO

`� �6 @ 3

CO

CSO

@ �+4� s, . �5^+4� �,�
so+4�p,+SK � SO,

UK . � �UO . SK � SO

`� �7 @ 3

� Iurp
CO

CUK

.
CO

CUO

dqg
CO

CSK

.
CO

CSO

=

4 . �6 . �7 @ �4 +5<,

@ �5 +63,

zkhqfh zh ghgxfh wkdw �4 @ �5 A 4=

� Iru p ? 4/ � A 3 dqg
CO

C�
@ 31

� Wr suryh pd{lpxp sxqlvkphqw +�6 A 3,> zh xvh �4 @ �5 iurp +5<, dqg
+63, lq wkh IRF rq �/ dqg jhw=

�6 @ �4i
so+UK �UO,

UK . � �UO � !
. +SK � SO,^

so+4�p,

UK . � �UO � !
�

�
sop

UK . � �UO . SK � SO

`j

�6 @ �4soi
UK �UO . SK � SO

UK . � �UO � !
�p+SK � SO,^

4

UK . � �UO � !
.

.
4

UK . � �UO . SK � SO

`j

�6 @ �4

so

UK . � �UO � !
iUK �UO . SK � SO

�p+SK � SO,+4 .
UK . � �UO � !

UK . � �UO . SK � SO

,j

�6 @ �4

sop+UK . � �UO,

UK . � �UO � !
^4 .

UK . � �UO � !

UK . � �UO . SK � SO

`

zklfk lv fhuwdlqo| srvlwlyh1 Khqfh � @ iK �UK � SK =
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� Wkh qh{w vwhs lv wr suryh wkdw wkh orz vwdwh ihdvlelolw| frqvwudlqw elqgv=
UO . SO @ iO +�7 A 3,1 Xvlqj wkh IRF rq SO =

�7 @ �+4� s, . �5^+4� s. so � sop,�
so+4�p,+SK � SO,

UK . � �UO . SK � SO

`=

Wklv fdq dovr eh uhduudqjhg wr=

�7 @ +�5 � 4,+4� s, . �5

so+4�p,+UK . � �UO,

UK . � �UO . SK � SO

>

zklfk/ xvlqj +5<,/ lv fhuwdlqo| srvlwlyh1

Surri ri Wkhruhp 41 Jlyhq pd{lpxp sxqlvkphqw dqg elqglqj orz vwdwh
ihdvlelolw|/ zh fdq vhw UK . � @ iK � SK > dqg UO @ iO � SO= Wkh sureohp
khqfh uhgxfhv wr=

pd{
�>�>SO>SK

s�

vw s+4� o,+iK � SK � �, . +4� s. so,+iO � SO, @ �uG +64,

�SK . +4� �,SO @ +4� �,uG +65,

Iurp +64,

s+4� o,� @ s+4� o,+iK � SK, .
+4� s. so,+iO � SO,� �uG

4� o

s� @ s+iK � SK � iO . SO, .
iO � SO � �uG

4� o

@ s+iK � SK � iO . SO, .
s+iK � SK � iO . SO � !,

s+iK � SK � iO . SO,� !
+iO � SO � �uG,

@ s+iK � SK � iO . SO, .
iO � SO � �uG

4� o

Khqfh

pd{
�>SO>SK

s� +66,

vw �SK . +4� �,SO @ +4� �,uG +67,

zkhuh

� @ iK � SK � iO . SO .
iO � SO � �uG

s+4� o,
= +68,

Uhpdun 4 Qrwh khuh wkdw iO � SO � �uG ? 3= Vxssrvh qrw/ wkhq wkh hq0
wuhsuhqhxu frxog r�hu d vlqjoh uhsd|phqw frqwudfw wr wkh prqlwrulqj lqyhvwru/
dqg d vwdwh frqwlqjhqw frqwudfw wr wkh qrq prqlwrulqj rqh +lq sduwlfxodu zlwk
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SO ? SK,1 Wkh prqlwrulqj lqyhvwru zloo khqfh jlyh xs khu dxglw uljkwv +p @ 3,
wkxv pd{lplvlqj wkh hqwuhsuhqhxu*v lqfhqwlyh wr olh +o @ 4,= Xvlqj p @ 3 dqg
o @ 4 lqwr +67, zh ghgxfh wkdw SO @ +4 � �,uG> wkh qrq prqlwrulqj lqyhvwru
lv dovr r�huhg d vlqjoh uhsd|phqw frqwudfw1 Exw wklv lpsolhv wkdw iO � uG A 3>
wkxv pdnlqj d vlqjoh uhsd|phqw frqwudfw lpsohphqwdeoh hyhq xqghu dv|pphwulf
lqirupdwlrq/ d frqwudglfwlrq1

Xvlqj d vlplodu dujxphqw/ lw fdq eh vkrzq wkdw wklv krogv iru dq| 3 � � � 4=
Vxssrvh � @ 3= Lq wklv fdvh wkh wzr xqlqiruphg sduwlhv vshfldolvh= rqh dv wkh
lqyhvwru dqg rqh dv wkh vxshuylvru1 Li iO �SO � 3> wkhq wkh hqwuhsuhqhxu frxog
r�hu d vlqjoh uhsd|phqw frqwudfw wr wkh rqo| lqyhvwru ohiw +vd| SVU @ uG, dqg
d vwdwh frqwlqjhqw frqwudfw wr wkh vxshuylvru zlwk UK A 3 dqg UO ? 3 +vr dv
wr krog khu grzq wr khu uhvhuydwlrq xwlolw|/ zkloh vwloo lqgxflqj khu wr prqlwru,1
Krzhyhu/ UO ? 3 dqg elqglqj orz vwdwh ihdvlelolw| +iO � UO � SVU @ 3, lpso|
wkdw iO � SVU ? 3/ d frqwudglfwlrq1

Zrunlqj rxw wkh IRF*v

CO

CSK

= s
C�

CSK

@ ��

�
��

so+4�p,+SK � SO,

iK � SK � iO . SO � !
�

so+SK � SO,

iK � iO

C�

CSK

�
+69,

CO

CSO

= s
C�

CSO

@ ��

�
4� �.

so+4�p,+SK � SO,

iK � SK � iO . SO � !
�

so+SK � SO,

iK � iO

C�

CSO

�
+6:,

CO

C�
=

uG

4� o
@ �uG

�
4 .

o+SK � SO,

+4� o,+iK � iO,

�
+6;,

CO

C�
= s+4� o,SK . +4� s. so,SO .

so+SK � SO,

iK � iO
^SK � SO �

iO � SO � �uG

s+4� o,
` @

@ +4� �,uG +6<,

zkhuh
C�

CSK

@ �4.
o+iO � SO � �uG,

+4� o,+s+iK � SK � iO . SO,� !,
>

C�

CSO

@ 4�
4

s+4� o,
�

o+iO � SO � �uG,

+4� o,+s+iK � SK � iO . SO,� !,
=

� Iru d pl{hg vwudwhj| zh pxvw kdyh p @
iK � � � iO
iK � iO

A 3 lpso|lqj zh

qhhg iK � � � iO A 3> l1h1 � ? iK � iO= Vxevwlwxwlqj rxw � @ iK � SK �

iO . SO .
iO � SO � �uG

s+4� o,
lq wkh lqhtxdolw|/ zh �qg wkdw=

SO � SK .
iO � SO � �uG

s+4� o,
? 3= +73,

Wklv krogv dw dq| SO> SK > � zklfk vxevhtxhqwo| kdv p A 3= Xvlqj +65,

SO @ �+s� so . sop,+SK � SO, . +4� �,uG=

Vxevwlwxwlqj rxw lq +73,/ jlyhv

sop+SO � SK, A iO � uG= +74,
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Ohppd 4 PUVH ? PUVS l� +73, krogv1 Vr dw dq| SK > SO> � vdwlvi|lqj wkh
frqglwlrqv ri wkh wkhruhp zh kdyh PUVH ? PUVS =

Surri1 Vxssrvh qrw1 Wkhq/ orrnlqj dw wkh pdujlqdo udwhv ri vxevwlwxwlrq ri
wkh hqwuhsuhqhxu +PUVH, dqg wkh qrq prqlwrulqj lqyhvwru +PUVS ,=

PUVH @ �

C�

CSK

C�

CSO

> +75,

PUVS @ �

��
so+4�p,+SK � SO,

iK � SK � iO . SO � !
�

so+SK � SO,

iK � iO

C�

CSK

4� �.
so+4�p,+SK � SO,

iK � SK � iO . SO � !
�

so+SK � SO,

iK � iO

C�

CSO

> +76,

zkhuh

C�

CSK

@ �4 .
o+iO � SO � �uG,

+4� o,+s+iK � SK � iO . SO,� !,
>

C�

CSO

@ 4�
4

s+4� o,
�

o+iO � SO � �uG,

+4� o,+s+iK � SK � iO . SO,� !,
=

Dvvxplqj dq lqwhulru vroxwlrq wr h{lvw +PUVH @ PUVS , =

�

C�

CSK

C�

CSO

@ �

��
so+4�p,+SK � SO,

iK � SK � iO . SO � !
�

so+SK � SO,

iK � iO

C�

CSK

4� �.
so+4�p,+SK � SO,

iK � SK � iO . SO � !
�

so+SK � SO,

iK � iO

C�

CSO

�
C�

CSK

�
4� �.

so+4�p,+SK � SO,

iK � SK � iO . SO � !
�

so+SK � SO,

iK � iO

C�

CSO

�
@

�
C�

CSO

�
��

so+4�p,+SK � SO,

iK � SK � iO . SO � !
�

so+SK � SO,

iK � iO

C�

CSK

�

�
C�

CSK

�
4� �.

so+4�p,+SK � SO,

iK � SK � iO . SO � !

�
@

�
C�

CSO

�
��

so+4�p,+SK � SO,

iK � SK � iO . SO � !

�

�
C�

CSK

@ �

�
��

so+4�p,+SK � SO,

iK � SK � iO . SO � !

�
+
C�

CSK

.
C�

CSO

,=

C�

CSK

.
C�

CSO

@ �
4

s+4� o,

4�
o+iO � SO � �uG,

+4� o,+s+iK � SK � iO . SO,� !,
@

4

s+4� o,

�
��

so+4�p,+SK � SO,

iK � SK � iO . SO � !

�
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�s+4� o, .
so+iO � SO � �uG,

s+iK � SK � iO . SO,� !
@ ��.

so+4�p,+SK � SO,

iK � SK � iO . SO � !

+iO � SO � �uG,

s+iK � SK � iO . SO,� !
@ �p.

+4�p,+SK � SO,

iK � SK � iO . SO � !
= +77,

Xvlqj
iK � SK � iO . SO � !

s+iK � SK � iO . SO,� !
@

4

s+4� o,
lq +77, jlyhv

iO � SO � �uG

s+4� o,
@ �p+iK � SK � iO . SO � !, . +4�p,+SK � SO,

@ �p+iK � iO � !, . +SK � SO,

@ �
iK � iO � �

iK � iO
+iK � iO � !, . +SK � SO,= +78,

Xvlqj � iurp +68, lq +78, jlyhv=

+iO � SO � �uG,+iK � iO,

s+4� o,
@ �+SK � SO �

4

s+4� o,
+iO � SO � �uG,, �

�+iK � iO � !, . +iK � iO,+SK � SO,

+iO � SO � �uG,+iK � iO,

s+4� o,
@

+iO � SO � �uG,,+iK � iO � !,

s+4� o,
. +SK � SO,!

3 @ �
+iO � SO � �uG,

s+4� o,
!. +SK � SO,!

SO � SK @ �
+iO � SO � �uG,

s+4� o,
> +79,

zklfk lv d frqwudglfwlrq1

Ohppd 5 Iru dq| �{hg SK > SO> � zklfk jlyh wkh �up d qrqqhjdwlyh h{shfwhg
xwlolw| lq d frqwudfw ohdglqj wr d vxevhtxhqw pl{hg vwudwhj| zkhuh wkh uhsd|phqwv

kdyh ehhq rswlpdoo| fkrvhq/
CH�H

CSO

? 3=

Surri1 Zh fdq zulwh
CH�H

CSO

dv=

�
+4� s,^+{K � {O � !,+s+{K � {O,� !, . !+s{K . +4� s,{O � �uG � !,,`

+4� o,+{K � {O � !,+s+{K � {O,� !,
=

zklfk lv qrq srvlwlyh li

F @ s+{K � {O � !,+s+{K � {O,� !, . s!+s{K . +4� s,{O � �uG � !, A 3>
+7:,

4;



zkhuh {K @ iK � SK dqg {O @ iO � SO=
Zh fdq vkrz wkdw vr orqj dv wkh �up rqo| r�huv frqwudfwv |lhoglqj qrqqhj0

dwlyh h{shfwhg xwlolw| wr lw wkhq wklv frqglwlrq lv vdwlv�hg1 Wkh remhfwlyh ixqfwlrq
ri wkh �up lv=

s+iK � SK �UK, @ s+{K �UK,= +7;,

Wkh lqyhvwruv sduwlflsdwlrq frqvwudlqw lv=

�uG @ s+4� o,UK . +4� s. so,{O

@ sUK . +4� s,{O � +UK � {O,
+4� s,!

+{K � {O � !,

@ sUK . +4� s,{O � +UK � {O,
+4� s,!

+{K � {O � !,
+7<,

@ sUK . +4� s,{O � +UK � {O,
+4� s,!

+{K � {O � !,
>

zkhuh UO @ {O � SO ehfdxvh ri elqglqj orz vwdwh ihdvlelolw|1 Vroyh +7<, iru UK

dqg vxevwlwxwh lqwr +7;,=

H� @ s{K . +4� s,{O � �uG �
+4� s,!

s+{K � {O,� !
+�uG � {O,

@
s+s{5

K � 5{Ks{O � {K!. {K{O � {5

O . s{5

O � �uG+{K � {O � !,

s+{K � {O,� !
+83,

Vxewudfw +7:, iurp +83, wr jhw

H� � F @ �s+{K � {O � 5!,+�uG � {O, ? 3 +84,

Khqfh li H� A 3 wkhq F A 3=
Vxssrvh wkdw zh wdnh dq| �{hg ydoxhv ri SK > SO dqg � wkdw vdwlvi| wkh qrq

prqlwrulqj lqyhvwru sduwlflsdwlrq frqvwudlqw=

+s� so . sop,SK . +4� s. so � sop,SO @ +4� �,uG=

Jlyhq wkhvh �{hg ydoxhv/ frpsxwh wkh Qdvk htxloleulxp o>p dqg wkhq vroyh wkh
frqwudfw sureohp iru rswlpdo ydoxhv ri Uv frqglwlrqdo rq wkhvh �{hg ydoxhv ri
Sv= Wkh uhvxowlqj pd{lpdo xwlolw| ohyho ri wkh �up lv jlyhq e| +83,1 Krzhyhu wklv
frqwudfw zlwk d vxevhtxhqw pl{hg vwudwhj| zloo eh r�huhg e| wkh �up rqo| li H�

jlyhq e| +83, lv srvlwlyh dqg khqfh rqo| li F A 3 dqg vr zloo lqyroyh
CH�H

CSO

? 3=

Ohppd 6 Iurp dq| srlqw SK > SO vdwlvi|lqj wkh frqglwlrqv ri wkh wkhruhp wkh
�up lv ehwwhu r� uhgxflqj SK dqg udlvlqj SO xqwlo d pl{hg vwudwhj| idlov wr krog1

Surri1 Wr vhh wklv ydu| wkh uhsd|phqwv wr S dffruglqj wr=

gSO @ PUVSgSK =

4<



Wkh qrq prqlwrulqj lqyhvwru*v xwlolw| lv wkhq frqvwdqw=

g�S @
C�S

CSK

gSK .
C�S

CSO

gSO @
C�S

CSO

^�PUVSgSK . gSO` @ 3> +85,

wkh hqwuhsuhqhxu*v fkdqjh lq xwlolw| lv

gH�H @
CH�H

CSO

gSO .
CH�H

CSK

gSK

@ ^
CH�H

CSO

PUVS .
CH�H

CSK

`gSK

@
CH�H

CSO

^PUVS �PUVH`gSK >

zklfk lv srvlwlyh li gSK ? 3 vlqfh PUVS �PUVH A 3>
CH�H

CSO

? 3=

Zh fdq looxvwudwh wkh qhjdwlyh fruuhodwlrq uhvxow xvlqj d gldjudp zkhuh zh
kdyh wkh uhsd|phqwv wr S rq wkh d{lv iru dq| jlyhq �= Zh vhh wkdw wkh �up*v
lvrsur�w frqwrxu lv vwhhshu wkdw wkh lqyhvwru*v1 E| kroglqj wkh lqyhvwru*v xwlolw|
frqvwdqw/ lw lv wkhq srvvleoh wr ydu| wkh uhsd|phqwv vr dv wr lqfuhdvh wkh �up*v
sur�wv e| vkliwlqj lwv sur�w ixqfwlrq wr wkh ohiw1 Lw lv wkhq rswlpdo wr vhw SK ?
SO=

EπP

Lq rughu wr ghwhuplqh wkh vkduh ri lqyhvwphqw surylghg e| hdfk lqyhvwru/
zh erxqg wkh uhsd|phqwv wr eh qrq qhjdwlyh1 Wkh �up*v sur�w ixqfwlrq zloo
wkxv vkliw wr wkh ohiw xqwlo lw klwv wkh yhuwlfdo d{lv zkhuh SO @ iO dqg SK @ 3=
Xvlqj wkh olplwhg oldelolw| uhsd|phqwv lqwr wkh �uvw rughu frqglwlrq iru � +6<,
dqg vroylqj wklv iru � jlyhv=

� @
^uG � +4� s,iO`+iK � iO,� soiKiO
uG^+iK � iO,+siK � !,� +4� s,!iO`

+siK � !,=

Surri ri Fruroodu| 41 Xqghu wkh frqglwlrqv ri wkh Wkhruhp wkh qxphu0
dwru ri p fdq eh zulwwhq dv= iK � iO � � @ s+iK � iO, � H�H= Iru Ohppd
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6 wklv lv lqfuhdvlqj lq SK dqg ghfuhdvlqj lq SO=
9 Dqdorjrxvo|/ xqghu wkh vdph

frqglwlrqv/ o @
+4� s,!

s+iK � iO . SO � SK � !,
> zklfk lv ghfuhdvlqj lq wkh vsuhdg

ehwzhhq SO dqg SK = Wklv wkhq lpsolhv wkdw wkh htxloleulxp suredelolwlhv ri
prqlwrulqj dqg o|lqj duh orzhu lq wkh frqwudfw zlwk wzr lqyhvwruv wkdq lq wkh
frqwdfw zlwk d vlqjoh lqyhvwru1
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