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1 Introduction

In this paper, we consider Multi-Leader-Multi-Follower games ([29], [14], [10], [11], [7],
[23],[2]...), MF for short, aimed to extend the investigation in [22], where we were con-
cerned with Multi-Leader-Common-Follower games, CF for short, i.e. two-stage games with
k players (leaders) at the first stage and one player (follower) at the second stage that replies
with a common response to all leaders. The known example given by Fukushima and Pang
in [29] shows that, even under good conditions, solutions of problems associated to CF games
may fail to exist, due to the lack of continuity and concavity [9] properties of the follower’s
solutions map. Thus, in [22], we introduced, among others, suitable approximate solution
concepts whose existence is guaranteed for the class of weighted potential CF games. More
specifically, we approximated the solution map of the single follower, which amounts to be
the optimal points map in this case, by considering the map of e-optimal points and then
we defined the concept of approrimate and viscosity solution for the problem associated to
weighted potential CF’s.

Here, we consider several approximations of the Nash equilibria map A at the second stage
and we obtain, under usual assumptions, appropriate continuity properties by considering
also a class of differentiable payoffs.

In detail, we first consider classical e-Nash equilibria maps, as defined in [5], [26], [27] and in
[20], and we present previous and new results related to these approximations also showing
their deficiencies. Then, to overcome these criticities, we approximate the second stage Nash
equilibrium problem via two types of parametric variational inequalities associated to it. In
[17] and [18], we already used approximation linked to classical variational inequalities ((VI)
for short) [3], for well-posedness purposes in the setting of One-Leader-One-Follower and
One-Leader-Multi-Follower games; in [15] and in [19], we also considered approximation of
Minty variational inequalities ((MVI) for short) [24] for existence and stability purposes in
Bilevel Optimization settings. Surprisingly, here we find that approximating (MVI)’s allows
to get all conditions required for a satisfactory concept of approximate and viscosity solution
for the pessimistic problem associated to weighted potential MF’s. Indeed, we prove that,
under not restrictive assumptions, the approximating (MVI)’s map is lower semicontinuous
and asymptotically approaches the Nash equilibrium map of the second stage, two basic
conditions for the existence of these approximate and viscosity solutions. On the contrary,
using approximation by classical (VI)’s leads to obtain results only for a more restricted class
of data.

Regarding the first stage game, we assume that all leaders have a cautious approach, so we
focus our attention only on MF games with pessimistic leaders and on weighted potential
MF games, as defined in Section 2, where are recalled definitions and results used in the
paper. Approximate solutions to variational inequalities and to Nash equilibria are respec-
tively analized in Section 3 and in Section 4. Finally, in Section 5 we define two types
of approximate and viscosity solutions for the pessimistic problem associated to weighted
potential MF’s also giving related existence results.



2 Setting, Preliminaries and Basic Results

First, we point out that for all definitions concerned with set valued maps, as well with set

convergences, we address to [1].

Let X; be a nonempty closed subset of Rl for i = 1,..., k, and let Y; be a nonempty closed

convex subset of R" for j = 1,...,m, where k > 1 and m > 1 are integers.

Weset Iy +..+ly =10, hi+..+hy=hsothat X = [] X;CRL,Y= []] Y; C R”.

i=1,..k j=1,.m

For any Z = (%1, ...,%x) € X and § = (%1, ....Yn) € Y, we denote respectively by Z_; and §_,

the points (Z1, ..., Ti—1, Tit1, .- Tk) € Xy = H X, and (71, v Yi—15 Y41, ey Um) € Y_; =
pF#i

I1 Y;, whereas (z;,Z_;) and (y;,9—;) indicate the points (Z1,,.., Zi—1, Zi, Tit1, ..., Tk) € X

q#]

and (yh [RRE) gj—h Yjs gj-‘rla (X2} gm) ey.

Let Lq,..., Ly, F1, ..., F,, be real-valued functions defined on X x Y and let Ky, ..., K,, be

set-valued maps from X to Y. Given & = (1, ..., ) € X, we assume that = corresponds to

a strategy profile of k leaders playing first non-cooperatively, and that the followers play the

non-cooperative normal form game

Qz) = {m, K1(z), ..., Kpn(z), Fi(z, ), ..., Fn(z, )} .

As reaction to a strategy profile  chosen by the leaders, the followers are assumed to answer
with a Nash equilibrium of the game Q(z) [28], that is a point y € K (z) such that

Fj(may) = zellgf(z) Fj(mvzjay—j)7 V] = 17"7m'

The best reply map

NizeXz3NE)=qye H Kj(x): Fj(x,y) = inf Fj(z,z;,y_;),Vj=1.,m

j=1,..,m 2 €K; (@)
(1)

could be set-valued and we assume throughout the paper that it is nonempty-valued.

The case where, instead of minimizing, the followers maximize the payoffs F1, .., F},, can be

described observing that

sup Fi(x,z;,y—;) = — inf —Fi(x,z;,y_,;),
z;€K;(z) (®:25:Y=)) z €K () i(®:25:9-4)

but, in this paper, we always consider the case where the followers minimize their payoffs.
The leaders, wishing to minimize their payoffs, can have a cautious approach by considering
the function
PoixeX - Pi(x)= sup Li(z,y), fori=1,..k (2)
yeN (z)

and modelizing the Nash Equilibrium Problem associated to the normal form game defined
by {k‘,Xl, ..,Xk,fPl, ..,ka}

find Z € X such that P;(Z) = inf P;(x;,Z_;) fori=1,..,k.

zr;, €X;



This choice leads to formulate the Pessimistic Multi-Leader-Multi-Follower Problem, (pes-
simistic) MF problem for short:

(PMF) find Z € X such that

sup L;(Z,y) = inf sup  Li(z;,Z_;,y) Vi=1,.,k. (3)
YEN (Z) i€ Xi ye N (2i,Z_;)
A solution to (PMF) is called a pessimistic solution to the MF game.
Such solutions may fail to exist: in [22, Example 2.1], we have shown that the functions P;
may not satisfy standard assumptions for the existence of Nash equilibria, even when the
functions L;’s are linear, there is only one common follower and the map N is single-valued.

So, as in [22], we restrict our analysis to the class of weighted potential games as below
defined.

Definition 2.1 A Multi- Leader- Multi- Follower game is said weighted potential if there ex-
ists a real-valued function w, defined on X XY and called a weighted MF-potential of the
game (weighted potential for short), and, for any i = 1,...,k, there exists B; € Ry such
that, for all (z,y) € X XY, one has:

Li(xiaxfiay> - Li(l‘;7$—iyy/) = B’L [ﬂ-(thfhy) - W(x;xfiayl)] V(;L';’y/) € XZ xY. (4)

The next characterization is in line with that given in [8, Theorem 2.1] for one stage potential
games in the sense of Monderer and Shapley [25].

Proposition 2.1 A Multi-Leader-Multi- Follower game is a weighted potential game if and
only if there exists a real-valued function II defined on X X Y, and, for any ¢ = 1,....k,
there exist B; € Ry4 and a real-valued function V;, defined on X_;, such that, for all
(z,y) € X XY, one has:

Li(z,y) = Bill(z,y) + Vi(z_;). (5)

Proof If MF is a weighted potential game, then, for any ¢ = 1, .., k, from (4) we infer condition
(5) by considering II = 7w and ¥; = L; — §;II. Conversely, from (5) we get (4) by considering
m =1L O

The above definition extends to MF games the definition given in [22, Definition 3.2] for CF
games and those given in [12, Definition 2.2] and in [13, Definition 3.2] for MF games.
However, as shown in [22, Example 3.2], also pessimistic problems (PMF) associated to
weighted potential MF games may fail to have exact equilibria even if there is only one
common follower and the leaders payoffs are linear. Thus, we aim to approximate the
followers equilibria map by appropriate maps which could help to obtain the existence of
approximate and viscosity solutions for (PMF).

To this end, the following well known result (e.g. [6, Theorem 3.1]) is crucial.

Proposition 2.2 Assume that for every x € X and j = 1,..,m the function Fj(z,-) is
differentiable with respect to y; on'Y. Then, any Nash equilibrium for the game Q(z) is a
solution to the variational inequality

find y € H K;(zx) such that (A(z,y),y—v) <0 Vove H Kj(x), (6)

j=1,..,m j=1,..,m



where the function A(z,-) associates to everyy € Y the element A(x,y) such that

e = 3 (G aw.). )

If, moreover, for every j =1,..,m and (z,y) € X x Y, the function F;(z, -, y_;) is pseudo-
convex on Yj, then the converse holds.

Now,

we outline definitions and properties that will be used in this paper

The lower limit of a sequence of sets (S, ),, S, C R", denoted by lim inf S,,, is the set
of the points y € R" such that y = lilgn Yy, where y,, € S, for n sufficiently large.

The upper limit of a sequence of sets (S,,)n, S, C R", denoted by limsup S,,, is the set
n

of the points y € R" such that y = lilgnynk where y,,, € Sy, for a subsequence (ng)y.

A set-valued map T from X C R! to Y C R" is lower semicontinuous over X if for
every £ € X, every sequence (&), converging to z in X and every y € T(z) there
exists a sequence (y, ), converging to y such that y, € T(z,) for n sufficiently large,
ie.
T(z) C liminf T, (x,);
n

A set-valued map T from X C R! to Y C R” is closed over X if for any £ € X and any
(xn)n converging to  in X, if (yx)x converges to y in Y and, for a subsequence (ny)x,
yr € T(x,, ) for any k € N, then we have that y € T(z), i.e.

limsup T, (z,,) C T'(x);

A set-valued map T from X C R to Y C R” is subcontinuous over X if for any x € X
and every (z,), converging to  in X, any (y, ), such that y,, € T'(z,), for any n € N,
has a convergent subsequence;

A function G : Y C R® — R” is monotone over Y if for any y € Y and any v € Y

(Gy) — G(v),y—v) >0;

A function G : Y C R" — R” is pseudomonotone over Y if for any y € Y and any
vey
(G(y),y —v) <0=(G(v),y —v) <O;

A function G : Y € R" — R” is hemicontinuous over Y if it is continuous over the
segments of line contained in Y.



From now on, we denote by K the set-valued map

K:zeX = K() = H K;(z)

j=1,.,m

and we recall that K is lower semicontinuous, closed and convex-valued over X if K; is lower
semicontinuous, closed and convex-valued over X for any j = 1,..,m.

As mentioned in the Introduction, in next section we will investigate the lower semiconti-
nuity property for various types of approximate solutions to parametric (VI)’s as well their
asymptotic behaviour.

3 Approximate solutions to parametric variational in-
equalities

In this section we consider X C R! and Y C R” and, for £ € X, the constrained parametric
variational inequality defined by A and K (see, for example, [3]), where A: X x Y — Y is
a function and K : X =2 Y is a set-valued map, which consists in finding

(VD) (z) ye K(z) st. (Alz,y),y—v) <0 Vve K(z) (8)
and we denote by S the solution map of (VI)(z)

S:zeX =z {ye Kx) st (Alz,y),y—v) <0 Vve K(z)}.
For two nonnegative real numbers €1, €5, consider € = (g1, e2) and define the maps
S zeX=S8)={yeY : dy,K(x)) <ez and (A(z,y),y —v) <& VveK(z)},
S :zeX =S80 ={yeY : dy,K(z)) <er and (A(z,y),y —v) <& Vv K(2)},
M zeX = M(z) = {yeY : dy,K()) <eyand (A(z,v),y —v) <e VveK(E)},
M zeX = M

that are the large and strict versions of suitable approximate solutions to (VI)(z) and to
the associated Minty variational inequality [24]

x)
z) = {yeY : dly,K(z)) < ey and (A(z,v),y —v)<e; YVveK(z)},
(MVI)(z) find y € K(z) such that (A(z,v),y —v) <0 Vv e K(x) (9)
whose solutions map is
M:zeX = {ye Kx) st (Alz,v),y—v) <0 Yve K(x)}.
Here, and throughout the paper, we assume that the maps S and M are nonempty-valued.

It is known [3] that:

o if the function A(z, ) is pseudomonotone over Y, then S(z) C M(z) for any z € X;



e if the function A(z,-) is hemicontinuous over Y, then M(z) C S(z) for any z € X;

)
e if the function A(z,-) is hemicontinuous and pseudomonotone over Y, then M(z) =
S(z), i.e. (VI)(z) and (MVI)(z) are equivalent problems, for any z € X.

However, even if the inclusion SE( ) C ME( ) holds whenever the function A(zx,-) is pseu-
domonotone over Y, the maps Me and S¢ do not coincide in general even if A(z,-) is
continuous and monotone, as shown by the following simple example in which the function
A(z, ) is even linear.

Example 3.1 Let m =1 =1, X = [0,+00[, Y = [0,1], A(z,u) = zu and K(z) = [0, 1]
for any z. Then, for any ¢ < 1/4, one checks that M®(z) = M=(z) = [0,1] if = € [0,4e],
Me(z) =[0,2 E/.’L‘] if 2 €)4e,1], M=(x) = [0, 2\/6/7 if  €]4e,1] SE( ) = 8(z) = [0,1]
if x €[0,¢], S 0\/5/7«1fo51 Se(z) = [0, \/e/z[ if z € Je

We start by analyzing the behavior of the above maps with respect to lower semicontinuity
property.

Proposition 3.1 If the function A is continuous over X x Y, the set-valued map K is
subcontinuous, lower semicontinuous and closed over X, then the map ME® is lower semi-
continuous over X.

If, in addition, the set Y is conver and the map Kis also conver-valued over X, then also
the map M€ is lower semicontinous over X and both M® and ME are convez-valued.

Proof Let & € X and (Z,), be a sequence converging to Z in X. Counsider g € Mvg(:i), ie.
d(y, K(Z)) < &g and (A(Z,v),§ —v) <e1 Vv e K(Z).

Let v € K(Z) such that ||§ — v|| < €2 and let (v,), be a sequence, existing since K is lower
semicontinuous over X, which converges to v such that v,, € K(Z,) for n sufficiently large.
Then, the sequence (¥, )n, defined by y,, = g for any n, converges to § and y,, € M (Z,,) for
n large since:

o limsupd(y,, K(Z,)) <d(@, K(Z)) < ||g —v|| <e2;

e if there exists an increasing sequence of integers (ny), and a sequence (vp), in Y
such that v, € K(Z,,) and (A(Z,,,Vh),Yn, —Vn) > €1 Vh € N, subcontinuity and closed-
ness assumptions imply that a subsequence of (vp,) should converge to a point ¥ € K(Z),
so, by continuity of A we infer (A(Z,9),§ — ¥) > €1 and we get a contradiction.

Now, we show that M*® is lower semicontinuous over X if we also assume that Y is convex
and K is convex-valued.
Let Z € X and (Z,), be a sequence converging to Z in X. From the proof above, we have

cl./\/ls( )Cd hmlnf./\/ls(xn) = lim inf MVE@n) C lim inf M*(z,,),

so, in order to get the result, it will be sufficient to prove that Me(z) C ¢l M= (z) for any
rzeX.



Assume that there exists a point Z € X such that M (&) Z ¢l M (%) and let § be a point in
ME (&) such that § ¢ clME(Z). Then, d(§, K(Z)) < €5 and (A(Z,v),§ —v) < &1 Vv € K(Z).
Let 2 € M(Z) be a solution to (MVI), so that d(z, K (Z)) < 2 and (A(Z,v),Z—v) < g1 VYV €
K(Z). For a sequence of positive integers («,, ), decreasing to 0 in ]0, 1], consider the sequence
(gn)n defined by ¥, = a,Z + (1 — a,,)y which converges to g. If we prove that g,, € M (Z),
we will get a contradiction with § ¢ cl M*(Z).

Since K (Z) is closed and convex, for any n € N we have:

A(@n, K(Z)) < and(Z, K(Z)) + (1 — a)d(@, K(Z)) < anea + (1 — an)es = &2
and
(A(Z,v),§n—v) = an(AZ,v),Z2—v)+(1—a) (AZ,v),T—v) < aper+(l—ay)er =1 Vv € K(F)

which imply that g, € M®(Z) and a contradiction.
If y, € M(z), y2 € M%(z) and A € [0,1] we have

d(Ay1 + (1 = Ny2, K(z)) < Ad(y1, K(z)) + (1 — N)d(y2, K(z)) < Aea + (1 — Nea = €2
(AZ,v), 1 + (1 = Ny2 —v) < de1 + (1 — Neg =1 Vo € K(Z),

so M¢ and M°® are convex-valued. O

Concerning §¢ we have:

Proposition 3.2 If the function A is continuous over X XY, the set valued map K is
subcontinuous, lower semicontinuous and closed over X, then the map S€ is lower semicon-
tinuous over X.

Proof The proof goes as in the first part of Proposition 3.1, so we omit it.

However, the map S¢, as well the map S, may fail to be lower semicontinuous and convex-
valued even in the case of affine data, as shown in the example below.

Example 3.2 Let [=h =1, X =[0,1], Y =[0,1], A(z,u) =14+ 2 —u and K(z) = [0, 1]
for any x. Then, for any € < 1/4, one can check that

S(z)={0,1} ifz =0,

S(z) = {0} if z €]0,1],

S(x) = [0 (x+1)/2—1/2\/m [( 1)/2 +1/2\/(x + 1)2 — e, }lfxe [0,¢],
Se(z) = o (x+1)/2—1/2\/m if v € e, 1],
§e(@) = 0.+ 1)/2—1/2 /T F 17 e |U] e +1)/2 4 172/ T P — d,1] it € [0,¢]
§e(z) = |0 0,(x+1)/2—1/2y/(z + 1)? — 4e ifz e [ 1],

so, the map S is not semicontinuous at = = 0, the map S¢ is not lower semicontinuous at
x = g, both of them are not convex-valued, but S¢ is lower semicontinuous over [0,1].



Nevertheless, we can obtain the lower semicontinuity of S€ if we consider a restricted class
of data to which funtion A in Example 3.2 does not belong but funtion A in Example 3.1
does belong.

Proposition 3.3 Under all assumptions of Proposition 3.1, if, for any x € X, the function
A(z,-) is affine and monotone over K(x), then the map S¢ is lower semicontinuous over X .

Proof Let Z € X, (Z,), be a sequence converging to Z in X. By Proposition 3.2 we have
that, similarly as in Proposition 3.1:

l 8¢(%) C ¢l liminf S¢(Z,,) = liminf S(Z,) C liminf S(Z,).
So, for the result, it is sufficient to prove that S¢(&) C clS¢(Z).
To this end, consider § € S¢(Z), a point Z € S(Z) (i.e. such that Z € K(Z) and (A(Z,2),Z —
v) <0 Vv € K(Z)) and the sequence (g, ), defined as g, = anZ + (1 — o)y, where (an)n
is a sequence of positive integers decreasing to 0 in |0, 1[. The sequence (¥y,), converges to
g in Y and we are going to prove that g, € S¢(Z) for any n € N, which will complete the
proof.
First, since K(Z) is convex, we have d(§,, K(Z)) < a,d(Z, K(Z)) + (1 — a,)d(y, K(Z)) < €2,
and the monotonicity of A(Z,-) over Y says that

z,
Since A(Z,-) is affine, for any v € K(Z) and n € N we have

3N
b
—
8
(]
:_/
N
|
=

<A(E7gn)7gn —’U> = an<A(‘ivz)vgn —’U> + (1 - an)<A(a_:7:’7)7gn —’U> =
+an(1 - an) [<A(£I_J,2),g - ’U> + <A(§7g)’2 - ’U>] + (1 - O‘n)2<A(£’g)7g - 'U>'

and
<A(E7:’7n)>gn —’U> < aigl + (1 - an)251 + an(l - an)251 = €1,

and we can conclude that g, € S¢ (). O

We remark that, in light of Example 3.2, the above proposition does not longer hold if we
weaken the assumptions by considering a pseudomonotone function A(zx, -).

Now, consider a sequence (g,),, = (g},¢2),,, where (¢l),, and (£2),, decrease to zero, in order

to analize the behaviour of &, -approzimating sequences.

Proposition 3.4 If the function A is continuous over X XY, the set valued map K is sub-
continuous, lower semicontinuous and closed over X, then for any x € X and any sequence
(&y)n converging to  in X, we have

limsup M (z,,) C limsup M°"(z,) € M(z) C S(z) (11)

n n



and
limsup 8" (z,) Climsup S (z,) C S(z) (12)
n n
Proof We only prove the first statement since (12) can be proved in exactly the same manner.
Consider y € limsup M®"(x,,), that is there exists a subsequence (ny), and a sequence (yp)p,

such that
li}rlnyh =y and y, € M (x,,) Vh e N.

Then, y € K(z) since d(y, K(z)) < limhinf dyn, K(z,,)) < lim ez, =0.

In order to prove that (A(z,v),y —v) < 0 Vv e K(z), consider v € K(); the lower semi-
continuity of K gives the existence of a sequence (vy,)y such that

lilrln'vh =v and v, € K(z,,)

for h sufficiently large.
So, being A continuous we get
<A(Z,’U),y - ’U> = h}ILn<A(xnh,»vh)ayh - 'Uh> S h}Ilnsgmh = Oa
soy € M(x) and, as observed at the beginning of this section, M(z) C S(z) due to continuity
of A.

The left inclusion in (11) is obvious since M*(z) C M?(z) for any € X and the proof is
completed. O

The above proposition says that both M® and 8¢ can be used to approximate S when &
tends to zero but, as observed in the Introduction, also the lower semicontinuity property
will play a crucial rule in the approximating scheme for MF games that we will present in
Section 5. In the next section we recall classical approximate equilibria for the second stage
games as well new approximations via variational inequalities.

4 Approximate Solutions to Parametric Nash Equilibria

Following notations in Section 2, for any £ € X, we consider the game
Qz) ={m, K1(z), ..., Kn(x), Fi(z,"), ..., Fp(z, )}

and the set of Nash equilibria N (z) which is assumed to be nonempty.

The map N: z € X = N(z) is closed if the payoffs are continuous and the constraint maps
are lower semicontinuous and closed over X [16], but, as well the map of optimal points in an
optimization problem, it may be not lower semicontinuous [26], [27], so, suitable approximate
maps which could be closed and lower semicontinuous have been considered in [26], [27], [18],
[20], and here, in line with the approximations considered in Section 3, we slightly enlarge
them by setting:

Ne:xeX= {y €Y :d(y,K(z)) < ey and Fj(zx,y) < i}réf( )Fj(a:,zj,y,j) +e1, Vji= 1,..7m}
z;eKj(x



m

m
NeizeX=z(yeY dy, K(z)) <ez and ZFj(z,y) inf Fi(z,zj,y—;) +¢e1
= zGK(m) —
It is easy to see that, for any £ € X, N¢(z) C N¢(z) C N"™(z), so, even if these maps do
not coincide in general, both of them can be used to approach the Nash equilibrium map N
when € goes to zero [18]. Indeed, for any sequence (g,,), = (g&,¢2),, where (g}),, and (2),
decrease to zero, the following proposition holds.

Proposition 4.1 If F} is continuous over X x Y, the map K; is lower semicontinuous,
closed and subcontinuous over X, for any j = 1,..,m, then N and N° are closed and
subcontinuous over X and, for any sequence (), converging in X to x, we have

limsup N*" (z,,) C limsup N°" (z,,) C N ().

Proof Properties of closedness and subcontinuity are easy to prove, so, let consider x € X
and (z,,), which converges to ¢ € X. Let y € limsup N°»(z,,), that isy = li}Ilnyh, where, for
h

any h € N, y;, € N°7n (2, ), and let us prove that y is a Nash equilibrium of the game Q(z).
If z € K(x), there exists a sequence (2j), converging to z such that z;, € K(x,,) for h
sufficiently large and we have:

Fj(z,y) = li’ILnFj(a:nh,yh) < lifrln (Fj(xnh,zi7y'1j) + E}Lh) =Fj(x,z;,y—;) Vi=1,..m

and
dly, K(z)) < limhinf dyn, K(z,,)) =0

due to the above assumptions. O

As shown in [26] and [27], both the maps N° and N'® may fail to be lower semicontinuous,
even if their strict versions, N¢ and ./\/ ¢, do are, in line with was observed in Section 3 for
variational inequalities approximations.

Proposition 4.2 If F; is continuous over X X Y, the map K; is lower semicontinuous,

closed and subcontinuous over X, for any j = 1,..,m, then the maps N° and N¢ are lower
semicontinuous over X .

Proof Let (Z,), be a sequence in X which converges to Z € X and let § € N*(Z), i.e.
d(y, K(Z)) <ezand Fj(z,y) < i[I}f( )Fj(.’l_:,zj,ﬂ_j) +e1 Vi=1,.,h (13)
z; €EK; (T

Let z € K(Z) such that ||§ — z|| < €2 and let (2,,), be a sequence, existing since K is lower
semicontinuous over X, which converges to z such that z,, € K(&,) for n sufficiently large.
Then, the sequence (F,,)n, defined by g, = g for any n, converges to § and §,, € N°(Z,,) for
n large since:

o limsupd(gn, K(Z,)) < d(@ K(Z)) <[[g —z[| < e
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e if there exist j € {1,..,m}, an increasing sequence of integers (n), and a sequence
(ZZ)h in }/J such that Z}]z € Kj(jnh) and Fj(fnmgnh) > Fj(inh’ziuy;g) + €1 for any h € N,
subcontinuity and closedness assumptions imply that a subsequence of (z,JZ) n converges to a
point z; € K,;(Z), so, by continuity of F; we have F}(Z,§) > F;(Z,z;,§—,) + €1 and we get
a contradiction with (13).

The proof for Ne goes similarly and is omitted. O

However, since we are interested in approximating the second stage of MF games, it is
important to deal with approximating set-valued maps which are closed-valued in order to
get the existence of approximating solutions to the problem (PMF). Thus, neither ¢ and
N¢ can be useful to this purpose. Nevertheless, in [26] and [27], Morgan and Raucci actually
proved the lower semicontinuity property of N¢ and N¢, but for restricted classes of payoffs
and when g5 = 0.
More precisely:
m
— in order to get that /¢ is lower semicontinuous over X, the function Y Fj(z,-) is assumed
j=1
to be convex on Y and Fj(z,-,y—;) is assumed to be concave over Y for every j =1,..,m;
— in order to get that N° is lower semicontinuous over X, the function Fj(x,-) is assumed
to be convex on Y and the function ing Fj(z,v;,-) is assumed to be concave over Y_; for
v €Y

every j =1,..,m.

However, the above conditions are not necessary, as shown by the next example.

Example 4.1 Let [ = 1, h =m = 2, X = [0,+00[, Y = [0,1] x [0,1], K(z) = Y and
Fi(z,y) = Fo(z,y) = zy; y2 for any x € X. One can check that A is not lower semicontin-
uous at = 0, but both N® and N¢ do are, even if Fy, Fy and F} + Fy are not convex over
Y.

Therefore, from now on, let us consider the class of payoffs that satisfy the following as-
sumptions:

H,) for any j =1,..,m and & € X, the payoff F}(z,-,y—;) is differentiable with respect
to y; on Y; and the map Kj is subcontinuous, lower semicontinuous and closed over X;

Hy) for any j = 1,..,m the set Y; is convex, the set valued map K is convex-valued over
X and, for any (z,y) € X x Y, the function Fj(x,-,y—;) is pseudoconvex over Yj.

Then, also the maps M*® and S¢, defined by
oF; |
v+

» :zr,v),ijj> <e VveK(x)
j

Meize X2 M (z)=(QyeY :dy K(x)) <e and Z<
j=1

SireX=8x)=(yeY:dy K(z)) <e and Z<(;zj(a:,y),yj—vj>§51 Vve K(z) p,
=1 !

are suitable approximations of the map A, as proved in the below proposition.
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Proposition 4.3 If assumptions Hy) and Hs) hold and o is continuous over X x Y,
J
for any j = 1,..,m, then, for any sequence (e,)n = (€L,€2)n, where (cl), and (¢2), are

decreasing to zero, any € X and any sequence (L), converging to x in X, we have

lim sup M*®"(z,,) ClimsupS*(z,) C S(z) = M(z) = N(z).

Proof Let # € X and let (z,), be a sequence converging to  in X. Under the given
assumptions, the set of Nash equilibria M (z) of the game Q(x) coincides with the solution
set S(x) to the variational inequality in (6) and to the solution set M(z) to the Minty
variational inequality in (9) (see, for example, [6]). Thus, the result follows from Proposition
3.4 applied to the function A defined in (7). O

The next result follows from Proposition 3.1.

Proposition 4.4 If assumptions Hy) holds and g—? is continuous over X XY, for any
J

j=1,..,m, then, the map M°® is lower semicontinuous over X.

If also assumption Hs) holds, then the map ME is lower semicontinuous over X and both

the maps M and ME are convex-valued.

Now, we are able to clarify why the above proposition is crucial for investigating MF games.
As observed in the Introduction, a really good approximation map of exact equilibria of the
second stage of an MF game should be closed-valued, lower semicontinuous and, simulta-
neously, it should asymptotically reach the exact equilibria, so, neither N¢ and N¢, as well
N¢€ and N, can be useful. Under differentiability assumption, both the maps S¢ and M¢,
defined before, allow to approach exact Nash equilibria of the second stage, but, as seen in
Section 3, §¢ may fail to be lower semicontinuous under non-restrictive assumptions. In the
case of Example 4.1, all approximations N°, A'¢, 8¢ and M* are lower semicontinuous, but
one has to explicitly check N°, N'¢, S€ in order to get their lower semicontinuity, whereas the
lower semicontinuity of M* follows from Proposition 4.4. Therefore, regularizing the equi-
libria map at the second stage by considering the map M seems to be the most suitable
approach.

5 Approximate and Viscosity Solutions in MF Games
via VI’s

In this section we consider the Pessimistic MF problem defined in (3) assuming that H;)

and the following hold:

H3) MF is a weighted potential game, in the sense of Definition 2.1, with IT as a weighted
potential and ; € R4, so that for the leader payoffs L; we have

Lz(may) = BZH(:E?:U) + \Pi(m*i% V(.’E,y) S X X Yv7 1= 17 7k

Then, in line with previous papers [20], [21], [22], we could introduce several concepts of
viscosity solutions in the class of weighted potential MF games, each of which linked to
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one of the approximations of the follower’s Nash equilibrium map considered in Section 4.
However, as already said above, we do not use here N'¢, N¢, N° and N¢, addressing to [26]
for results linked to such approximations in the case of only one leader.

Definition 5.1 Let the MF game be a weighted potential game with I as a weighted po-
tential. A point T € X is a (pessimistic) M-viscosity solution to the problem (PMF) if
for every sequence of couples of positive numbers decreasing to zero (gl,e2), = (en)n there
exists a sequence (Tp)n, T, € X for any n € N, such that:

Vi) a subsequence (Z,, )i converges towards ;

Va) for anyn € N, Z,, is a minimum point for the function

Prize X 5P(z) = sup Il(z,y)
yeMen (z)
i.e. Pen(Z,) <Pn(z) Vz € X;
Vs) lim P~ (%,) = inf sup I(z,y) = w.
" *EX yeN(2)

Definition 5.2 Let the MF game be a weighted potential game with I1 as a weighted poten-
tial. Then, the function

PPize X >P(z)= sup Il(z,y) (14)
YyEME ()

is called an e-M(pessimistic) weighted potential and any minimum point, if existing, for P¢
is said an e-M(pessimistic) solution to the problem (PMF).

An M-viscosity solution Z can be seen as the limit of a sequence of approximate solutions
to a two-stage game with one leader, having the weighted potential function IT as payoff,
and m followers playing the game Q(Z). Then, condition V3) is significant since it requires
that the values of those approximating sequences should converge to the security value of a
bilevel problem with Nash equilibrium constraint €(Z), so that Z can be seen as a security
strategy for a One-Leader-Multi-Follower game and we address to [4] for a deep review about
approximation in One-Leader games.

Proposition 5.1 If the set X is compact, F; € CHX xY) for any j = 1,..,m and the
weighted potential 1 is lower semicontinuous over X XY, then for any couple € = (1, €2)
there exists an e-M solution to the problem (PMF).

Proof The assumptions on the followers payoff F; imply that the function A in (7) is contin-
uous and by Proposition 3.1 the map M? is lower semicontinuous over X. Then the function
Pe is lower semicontinuous over X [1] and has a minimum point which is an e-M solution
to the problem (PMF). 0O

For notations simplicity, from now on, we denote by H) the set of assumptions Hy) + Ha) +
Hy).
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Proposition 5.2 Under the assumptions of Proposition 5.1, if, moreover, H) and the fol-
lowing hold:

i) for every @ € X there exists a sequence (x,), converging to € in X such that for every
y €Y and every sequence (Y,)n converging toy in'Y one has

limsup I(z,,y,) < I(z,y);
n

then, there exists an M-viscosity solution to the problem (PMF).

Proof Let (,€2),, = (e,)n be a sequence of couples of positive numbers decreasing to zero
and let (Z,,)n, &, € X for any n € N, be a sequence such that P~ (Z,) = min sup II(z,y).
zeX yEMen (z)

Since the set X is compact, a subsequence (Z,,, ), of (Z,), converges to Z € X. Let us show
that condition V3) is satisfied, so we could conclude that Z is an M-viscosity solution to the
problem (PMF).
In fact, since, for any n € N, N(Z) = §(&) = M(Z) C M (Z), the following inequalities
hold:

inf sup II(z,y) < liminf inf sup I(z,y) = liminfP*"(Z,).

reX Yy EN(z) n  zeX yeEMen (z) n
If there exists a real number ¢ such that inf sup TII(z,y) < ¢ < limsupP"(Z,), we can

rcX y EN(z) n

determine a point &’ € X and a subsequence (Z,, ) of (Z,), such that

sup I(z',y) < ¢ < P (Zy,,) (15)
yeN(z')

for any k € N. Moreover, condition ¢) implies that, corresponding to z’, there exists a
sequence (x),), converging to ' in X such that limsupIl(2],,y,) < I(z’,y) for any y € Y
n

n

and any sequence (y,), converging toy in Y.
Since P~ (Z,,) < P (z!)) for any n € N, right inequality in (15) implies that, for any k& € N,

c<P(z), ) = sup (x;,, ,y),
YEM "k (2], )

so there exists a sequence (¥}, )k, ¥;, € M (x;,, ), such that ¢ < II(z;,, ,y;) for any k € N. A

subsequence of (Y} )i, still denoted by (y}.)x, converges to a point ¢’ € Y and y’ € M (') due

to Proposition 3.4. Therefore, since our assumptions imply that M(z') = S(z’') = N (z'),

y' € N(z') and we get by 7) that ¢ <TI(z',y’) < sup II(z’,y), contradicting (15). O
yEN (@)

The above results have been obtained under non-restrictive assumptions on the data: for
instance, condition 4) holds if, for any & € X, the weighted potential II(z, ) is upper semi-
continuous over Y.
Now, for sake of completeness, we present also viscosity solutions obtained by using S¢(z),
instead of M*(x).
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Definition 5.3 Let the MF game be a weighted potential game with II as a weighted poten-
tial. A point T € X is a (pessimistic) viscosity solution to the problem (PMF) if for every
sequence of couples of positive numbers decreasing to zero (e,€2), = (en)n there exists a
sequence (En)n, Tn € X for any n € N, such that:

Vi) a subsequence (Z,, )i converges towards ;

Va) for any n € N, Z,, is a minimum point for the function

Perrx e X - P (x) = sup I(z,y)
yeSen (x)
i.e. P (Z,) <P (x) VX
Vs) lim P~ (Z,) = inf sup I(z,y) =w.
n zeX yeN (z)

Definition 5.4 Let the MF game be a weighted potential game with I as a weighted poten-
tial. Then, the function

P:zeX - P(x)= sup (z,y) (16)
yeSse(z)

is called e-(pessimistic) weighted potential and any minimum point, if existing, for Pe is said
an e-(pessimistic) solution to the problem (PMF).

Proposition 5.3 Assume that the set X is compact and F; € CHX xY) is a quadratic
function, for any j =1,..,m. If, moreover, for any x € X :

i1) the operator A(x,-) defined in (7) is monotone over Y ;

ii1) the weighted potential 11 is lower semicontinuous over X X Y;

then, for any couple € = (e1,¢e2) there exists an e-solution to the problem (PMF).

Proof Since F; € C'(X xY) and Fj(z, -) is quadratic, the function A in (7) is continuous over
X xY and A(z, -) is affine over Y. Then, Proposition 3.3 can be applied, so that the map S¢
is lower semicontinuous over X and, from 4ii) the function B¢ is lower semicontinuous over
X and has a minimum point which turns out to be an e-solution to the problem (PMF).
O

Therefore, by arguing as in Proposition 5.2, one proves the existence of viscosity solutions.

Proposition 5.4 Assume that the set X is compact and F; € CY(X x Y) is a quadratic
function, for any j = 1,..,m. If, moreover, H), i), i) and iii) hold, then, there exists a
viscosity solution to the problem (PMF).

Corollary 5.1 Assume that the set X is compact and F; € CY(X xY) is a quadratic
function, for any j = 1,..,m. If H), i) and iii) are satisfied and, for any € € X, the
followers game Q(z) is potential and has a convex potential, then, for any couple € = (€1, 2),
there exist e-solutions and viscosity solutions to the problem (PMF).
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Proof Since the game Q(x) has a convex potential, then the function A(z,-) is monotone
over Y [18], so, condition %) in Proposition 5.3 is satisfied. [

To complete this section, we show in the following example how simple is determining M-
viscosity solutions.

Example 5.1 Let [=h=2k=h=2,X; = Xy =[0,1],Y; = Y2 = [0, 1], and consider the
MF game defined by

Ki(z) = Ky(z) =[0,1], Fi(z,y) =z1y1 +22y2, Fo(x,y) =y (1 + x2),

1
Li(z,y) = x1 + 22 + Y1, Lay(z,y) = S(z1 +y1) — 21,

Then, the MF game is a weighted potential game and a weighted potential is II(z,y) = x1+y;
with 1 =1 and By = % One can check that

N(z)=[0,1] x [0,1] ifz; =0,
N(z) = {0} x [0,1] ifxy >0,
so that
Pi(z) = 1+ 2, Pa(z) = when 1 = 0,

1
2
:])1(23)1171 + 9, :PQ(Z):fg when 1 > 0.

Thus, the game (X7, X2, P1,P2) does not have Nash equilibria and problem (PMF) does
not have pessimistic solutions.
Since, for every &,y and v in [0, 1] x [0, 1], we have

(Al@,0).y =) = SH@0) (0 = v1) + 52 @,0) (12 — v2) = 21(3 — v1),

it is easy to check that

M= (z) =[0,1] x [0,1] ifz € [0,¢] x [0,1],

Mé(@) = [o, ﬂ «[0,1] ifzele1]x[0,1].
Therefore, for any sequence (g,,), decreasing to zero we have

Pr(z) = sup I(z,y)=x1+1 ifax; € [0,&,]
yeEMen ()

Pr(z) = sup I(z,y)= 21+ ifag € Jen, 1]
yEMen (z) z1

and the set of M-viscosity solutions, in this case, is {0} x [0, 1], since conditions V;) — V3)
are satisfied by these points. Indeed, for any x5 € [0, 1]:
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6

liin(\/aﬂCz) = (0,z2)
Pen(€n) = 2/, = inf sup Il(z,y)

zeX yeMen (z)

limPe~(\/e,) = 0 = inf sup I(z,y).
n X yeN (z)

Conclusions

Regularizing the follower’s Nash equilibria map by using approximate solutions to suitable
variational inequalities is here proven to be fruitful in investigating pessimistic problems
(PMF) associated to weighted potential Multi-Leader-Multi-Follower games. In fact, this
approach allows to define two types of approximate and viscosity solutions for such problems,
by using classical or Minty variational inequalities, whose existence is guaranteed under not
too restrictive assumptions. More precisely, existence of approximate and viscosity solutions
defined via Minty variational inequalities is assured for a larger class of followers payoffs and,
moreover, this type of approximation seems to be more handy and simple to determine.
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