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Abstract
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1 Introduction

Coordination poses challenges in highly uncertain environments. Consider retailers
that share the same manufacturer and choose marketing campaigns, as in co-op
advertising (Jorgensen and Zaccour, 2014). Innovative advertisement comes with
uncertainty about the brand image of the manufacturer. Moreover, retailers need
to coordinate their advertisements as well as succeed in distinct markets. Does
uncertainty lead to a unified brand image, and do the campaigns align with the
manufacturer’s interests? Coordination is also an important aspect of technological
innovation. For example, hospitals find it advantageous to select popular electronic
medical record vendors (Lin, 2023). Does uncertainty lead to innovation?

This paper studies coordination problems in the face of “incremental” uncer-
tainty, referred to as complexity, such that: the more innovative a decision, the
more uncertain its outcome.

In the model, every player wants the outcome of her action to be close to a tar-
get. The target of a player combines her fixed favorite outcome with the outcomes
of the other players, leading to a coordination-adaptation tradeoff. A given network
of players determines how a target weighs individual outcomes. Analogous coordi-
nation motives arise in organizations, oligopolies, and labor markets (Marschak and
Radner, 1972; Topkis, 1998; Diamond, 1982).

The complexity is modeled as uncertainty about how individual actions are
mapped to individual outcomes. There is an outcome function determining the
outcome of every single policy, and players independently choose policies. Players
know that the outcome function is the realized path of a Brownian motion. The
initial point of the Brownian motion represents the status quo: a known outcome
corresponds to the “initial” policy. Instead, different policies than the status quo
lead to outcome that are known only up to a noise. The more an outcome differs
in expectation from the status-quo outcome, the higher its variance; this approach
to modeling complex environments is introduced by Callander (2011).

This approach captures the idea that more innovative decisions lead to more
volatile outcomes. The uncertainty is summarized by a status quo and a covari-
ance structure. The status quo is an action inducing relatively low uncertainty
in the corresponding individual outcome. The covariance structure describes the
likelihood that two actions yield similar outcomes. Complexity is relevant when
deciding about the adoption of novel pricing strategies and how boldly to innovate
in new technologies. In these examples, the covariance structure is important due

to the strategic interaction ensuing from coordination motives, and the status quo



is, respectively, a tried-and-tested pricing rule, and a technology currently in place.

The interplay of coordination and complexity leads to a novel conformity phe-
nomenon. In particular, expected outcomes are closer across players than in an
environment without complexity.! This conformity occurs in addition to the status-
quo bias identified by Callander and the conformity merely due to coordination
motives. The equilibrium characterization separates the new conformity from pre-
viously studied phenomena, by decomposing expected outcomes in terms of two
elements: the equilibrium outcomes in a non-complex environment, and a new ef-
fect arising from the interplay between complexity and coordination (Proposition
2).

The new element in the equilibrium characterization arises from an endogenous
leader-follower relationship among players. Consider the two ways in which the
policy of a player influences the incentives of her opponents. First, the expected
target of a player is a function of the policies of her opponents. Second, the pol-
icy of a player determines the correlation between her individual outcome and her
opponents’ outcomes. The follower in a pair of players is the one with the closest
policy to the status quo. Given a pair of players with different policies, the only
player whose policy directly affects the covariance is the follower, not the leader. As
a result, the follower has an extra incentive to explore by choosing a policy in the
direction of the leader. The new incentive of the follower is the source of conformity:.
The leader-follower relationship induces an asymmetry among players that interacts
with the network of connections: the follower is pulled away from the status quo by
the leader, whereas the leader is pushed towards the status quo.

New coordination problems arise in complex environments. The source of equi-
librium multiplicity is the presence of endogenous “kinks” in payoffs. Intuitively,
there is a premium to choosing the same policy as another player because two in-
dividual outcomes are the same if the policies are the same. Hence, coordination
problems are linked to the leader-follower relationship: by choosing the same pol-
icy as an opponent, a player nullifies the asymmetry. The location of the kinks
is determined in equilibrium: a player’s payoff has a kink at every policy of an
opponent.

Complexity has implications for the management of organizations with decentral-
ized authority, which typically involve practices such as co-op advertising and multi-
branding. In a multi-division organization, each division manager faces a tradeoff
between coordinating other managers and adapting to idiosyncratic needs. More-

over, communication frictions create uncertainty in the implementation of man-

IThis observation is described in Section 3.



agerial instructions. I show that an organization with decentralized authority can
implement profit maximization in sufficiently complex environments (Proposition

4.) The result points to complexity as a rationale for decentralized organizations.

Related literature Callander (2011) introduces the model of complexity to study
a dynamic exploration-exploitation tradeoff. The main role of the covariance struc-
ture in the dynamic interaction is to discipline learning; see Bardhi and Callander
(2026) for a survey. Cetemen et al. (2023) study a similar complex environment,
in which discoveries are correlated over time and members of a team contribute
resources for joint exploration. I contribute to the complexity literature by study-
ing coordination motives: the model abstracts from intertemporal incentives and
learning, and focuses on coordination among players, each controlling an individual
uncertain outcome.?

Other work considers strategic interactions and Gaussian processes. In par-
ticular, the covariance structure has a direct role in Bardhi and Bobkova (2023)
and Bardhi (2024); in these models, a principal incentivizes agents to provide in-
formation about the outcome function. These authors study covariances that are
characterized by the “nearest-attribute” property, including the Brownian covari-
ance. I focus on the Brownian covariance because of two characteristics. First, the
Brownian covariance preserves the strategic complementarities of the coordination
game (Lemma 1). Second, this covariance contains the leader-follower asymmetry
that explains conformity in a simple way (Section 3). Other covariances are “asym-
metric” but not supermodular (e.g., squared-exponential covariance), and vice versa
(squared-polynomial).

The literature on coordination games with quadratic ex-post payoffs includes
models of oligopolistic competition, peer effects, and network games (Jackson and
Zenou, 2015). Complexity introduces coordination problems under the standard
upper bound on the strength of coordination motives. Moreover, complexity makes

best responses nonlinear, due to kinks in the expected payoffs.

2 Model

We study a coordination game played by n players.
The utility of player i € I = {1,...,n} from the profile of outcomes * =

2Garfagnini (2018) studies the rich welfare properties of the Brownian-motion structure for a
network game with a “degenerate” covariance: the decision-outcome mappings are player-specific
independent Brownian motions.



outcome (z1)

outcome (1)

(Po, X (po))

policy (p1) policy (p1)

(a) The outcome function X maps in- (b) In isolation, player 1 chooses a policy with
dividual policies to individual outcomes expected outcome d; + k, which solves her mean-
and is given by the realized path of a variance tradeoff, or the status-quo policy.
Brownian motion.

Figure 1. Panel (a) illustrates the outcome function; panel (b) illustrates the equilibrium
without coordination motives, that is, with g;; = 0.

(x1,...,2,) € R"is

ui(x) = — <dz~ + Z GijTj — xl-)Q,

jel

in which d; is the favorite outcome of player 7, and g;; > 0 determines how much the
target d; + Zje[ gi;x; weighs the outcome of opponent j, with g;; = 0if ¢ = 5. We
denote by G the matrix with i-j element g;;, by I the identity matrix, and assume
that I — G is invertible.

Every player i chooses a policy p; € P = [pg, 00), for a status-quo policy py. The
outcome corresponding to policy p is given by the outcome function X: R — R,
evaluated at p. The outcome function is the realized path of a Brownian motion

2 > 0, and starting point (pg, X (po)); see

with drift © < 0, variance parameter o
Figure la. Players do not observe X, but they know the underlying stochastic
process. Player i evaluates a policy profile p € P™ by its expected utility U;(p) =
E(u;(X(p))), letting X (p) denote the outcome profile (Xi(p1), ..., Xn(pn))-

We study the strategic-form game I' = (I, (P, U;);cr). The policy profile p is an

equiltbrium if it is a Nash equilibrium of T'.

Analysis The Brownian motion disciplines the uncertainty perceived by players.

If a player opts for the status-quo policy, then her outcome is the status-quo outcome



X (po) with certainty. If a player opts for a different policy than the status quo,
then she knows her outcome only up to a Gaussian noise. The drift parameter p
determines how the expected outcome E(X(p)) changes with the policy p. The
variance parameter o? determines how the variance of the outcome X (p) increases
with the distance of p from the status-quo policy pg. These relationships are linear

due to the Brownian motion:

E(X(p)) = X(po) + p(p — po) and Var(X(p)) = o*(p — po).

The complexity parameter k := o2 /2|u| captures how the uncertainty of an outcome
changes as its expected value moves away from the status quo.

The joint distribution of the outcomes in X (p) is Gaussian. This distribution is
determined by the expectation, variance, and covariance of outcomes as functions
of the policies. By the independent-increment property of the Brownian motion,
the covariance is the variance of the outcome with the closest policy to the status

quo,

Cov(X(p;), X (p;)) = o*(min{ps, p;} — po)-

If player ¢ chooses her policy in isolation, i.e., if g;; = 0 for all j, then she faces a
simple mean-variance tradeoff (Figure 1b). The solution is either the status quo or,
if uncertainty is not too overwhelming, the policy p; such that F(X(p;)) = d; + k.
The optimal policy reflects a status-quo bias. First, for high £, player i does not find
that decreasing the expected outcome below X (pgy) outweighs the cost Var(X (p;))
for any p; > po. Second, conditional on incurring uncertainty with a policy p; > po,
the mean-variance tradeoff is smooth, and is solved when the expected outcome of
p; is in between the favorite outcome and the status-quo outcome. Complexity k
captures the intensity of status-quo bias for isolated players that find it optimal to
incur some uncertainty. Specifically, let G be a matrix of zeroes. There exists a
unique equilibrium g € P", and q is such that E(X(¢;)) = min{X (po), d; + k} for
all 7. The one-period restriction of the dynamic model in Callander (2011) has these
features.

The second benchmark for the analysis is the game without complexity. The
unique equilibrium is described, e.g., in Ballester et al. (2006). The normal-form
game I :== (I; (u;(F(X(+))), P)ier) captures a game without uncertainty because
players perceive the outcome function as given by the drift line p — X (po) + u(p —
po). If I — G is invertible, then there exists a unique Nash equilibrium of T°. The

equilibrium is determined by the weighted centralities in the network of players



represented by G. Specifically, the unique equilibrium, if interior, is the policy
profile p such that E(X (p)) = 8 := (I — G)~'d. Hence, the equilibrium expected
outcomes and, a fortiori, the policies are determined by the weighted centralities.
In general, a given distance between the expected outcome of player ¢ and the
status quo is “inexpensive,” in terms of uncertainty, if it comes with high covariance
between player ¢’s own outcome and the outcomes of other players. For example,

the payoff of 1 in the two-player case is

Ur(p) = —(di + g12E(X (p2)) — E(X(p1)))* — Var(X (p1))
+ 2915 Cov(X (p1), X (p2)) — g1, Var(X (pa)).

Intuitively, the payoff increases with the covariance between outcomes, given that
g12 is nonnegative. However, the impact of player 1 on the covariance depends on the
relative position of the policies. Specifically, the policy of player 1 fully determines
the covariance if it is below po, and is irrelevant if it exceeds ps. For this reason,
the mean-variance tradeoff is kinked as a function of p;. The location of the kinks
is endogenous: the payoff of player 1 has a kink at the policy of player 2.

The covariance term Cov(X (p;), X (p;)) is concave as a function of the policies,

so an equilibrium exists by standard arguments.
Proposition 1. There exists an equilibrium.

The covariance of the Brownian motion exhibits increasing differences in the

pair of policies, so U; exhibits increasing differences.
Lemma 1. The payoff U; exhibits increasing differences in (p;, p—;).

Two observations explain this result. First, the utility from a profile of outcomes
u;(x) satisfies increasing differences in x; and z;, which implies that the utility from
a profile of expected outcomes u;(F (X (p))) satisfies increasing differences in p; and
p;. Second, the payoff U;(p) adds variance and covariance elements to u,;(E(X (p))),
so U;(p) exhibits increasing differences in p; and p;.

In Section 3, we analyze a two-player example. The analysis uses the increasing-
differences property to describe the equilibria the game.? In Section 4, I characterize

the equilibria using the intuitions from Section 3.

3 Any Gaussian process with a covariance function that satisfies increasing differences preserves
the sign of the strategic externality of the game; see the Supplemental appendix.



policy (p1)

outcome (z;)
E(X(p) + -
1
;
E B(X(p3)) f--=----7 .
| N :
: E(X(pY)) provrereemeeee g
: ' '
; : :
: ; ;
; E(X(pg)) 4. proceeeeeee proeeess rrneeeeeeen )
P2 =N pi vy P »3

policy (p2) policy (pi)

(a) The equilibrium in T is the intersection (b) In the equilibrium p! of I'!, players are closer

point of the dotted best responses (BRY); the to the status quo that in the equilibrium p° of

equilibrium in I'! is the intersection of the solid I'°. The introduction of pure noise shifts best

best responses (BR}). responses by the same amount, so the distance
between players is the same.

Figure 2. Panel (a) illustrates the best responses in the game without uncertainty I'° and
in the game with pure noise I'!, panel (b) illustrates the equilibria.

3 Two players

This section considers the case with n = 2. This case highlights the role of the
covariance structure. For simplicity, we assume that g = g2 = ¢21, and that
X(po) — k > dy > ds + 2gk. The latter restriction guarantees that player 1 is closer
to the status quo than player 2 in equilibrium, because: the favorite outcome d; is
sufficiently closer to the status quo than ds, and equilibrium policies are interior.
In the game I'Y without uncertainty, the best response of player ¢ to p; is the

policy p; such that
E(X(pi)) = di + gE(X (p;)). (1)

The equilibrium p is determined by the centralities as the unique policy profile
p such that F(X (p)) = (I — G)~'d. The equilibrium distance between players is
captured by D = E(X(p})) — E(X(p9)).

For the sake of intuition, we consider an intermediate scenario between the no-
uncertainty case in I'Y and the game I'. We consider the game I'" with “pure noise:”
the outcome Xi(p;) is independent of the outcome Xs(py) for every policy p; of
player 1 and py of player 2. Additionally, the variance and mean of outcomes are
the same as in I'. Formally, this structure of uncertainty arises from player-specific

independent Brownian motions, and is considered in the Supplemental appendix.



policy (p1)
y

policy (p2)

(a) The equilibrium in T'! is the intersection
point of the solid best responses, BR%, the equi-
librium in the principal game T if the intersec-
tion of the dash-dotted best responses, BR;. In
the gray region, best responses take into account
that player 1 is the leader.

outcome (z;)

— E(X(")
E(X(p%)) L=
E(X(p})) {+r
E(X () - demmme s \

i pT pl P3

policy (pi)

(b) In the equilibrium p* of T, players are more
distant from the status quo that in the equilib-
rium p' of I''. Correlation shifts only the best
response of the follower; this asymmetry implies
that the distance between the players is different
in the two case.

Figure 3. Panel (a) illustrates the best responses in the game with pure noise I'! and
in the principal game I' — the border between the gray and white regions is the main
diagonal; panel (b) illustrates the equilibria.

The best response of player 7 to p; is the policy p; such that

E(Xi(pi) = di + gE(X;(p;)) + k. (2)

Best responses shift inwards, with respect to the noiseless case, because of the
mean-variance tradeoff introduced by the variance of outcomes. The game I'! is of
strategic complements, because the utility function w; exhibits increasing differences
in the own outcome x; and the outcome of an opponent z;. Specifically, the game
without uncertainty I'° is a game of strategic complements, and the game I'! simply
adds a cost of moving away from py to each payoff function, without generating
externalities. Therefore, the equilibrium involves lower policies than the case of
no uncertainty. Because the best responses are linear, the equilibrium p' is deter-
mined as the unique policy profile p such that E(X(p)) = (I — G)~'(d + k1). By
direct computation, the distance between players is unchanged: D = E(X(p;)) —
E(X(p}).

The equilibrium in I'' features a magnified status-quo bias. The interaction
of noise and coordination motives makes players closer to the status quo than in
o
E(X(p})) is obtained by adding the positive amount ﬁk to the no-uncertainty

The status-quo bias is magnified because: the equilibrium expected outcome

10



outcome E(X(p)), that is

BIX () = BXG) + P
In the new term ﬁk:, the social multiplier ﬁ (Jackson and Zenou, 2015) multiplies
the status-quo bias k (Callander, 2011).

In the game I', the outcomes are correlated across players due to the common
outcome function X. By the independent-increment property, the covariance be-
tween outcomes is given by Cov(X (p1), X (p2)) = min; Var(X (p;)). So player 2 has
no control over the covariance locally to the policy profile p'. Hence, the best
response of player 2 to pi is unchanged from the case of pure noise (equation 2).
In contrast, player 1 has an extra exploration motive due to her control over the

covariance, so the best response to p} is the policy p; such that
E(Xi(p1)) = di + gE(Xa(py)) + k — 2gk. (3)

The best response of player 1 shifts upwards by the introduction of the covariance
in outcomes across players: the new term —2gk reflects an exploration motive.
The best-response shift depends on coordination motives and complexity. For fixed
k, the larger g, the more important the exploration motive relative to the status-
quo bias. Hence, the exploration motive of player 1 interacts with the strategic
complementarity of the game. In equilibrium, both players are farther away from
the status quo than with independent noise, and the equilibrium p* is given by the

unique policy profile p such that

E(X(p)=I-G)"! (d 1k <2zk>>

Hence, the exploration motive of player 1 acts against the magnified status-quo bias

that is due to pure noise. In fact, we have

BX () = {E(X (0}) = 272k (14 [ = 1152),

so both players are farther away from the status quo than with noise.* Because
correlation directly affects the follower’s incentives, the follower’s exploration motive
is stronger than the leader’s one.

Importantly, using the formula in 3 for the best response of player 1, and 2

4The Iverson bracket [i = 1] is 1 if i = 1 and 0 otherwise.

11



for player 2, presumes that player 1 is closer to the status quo than player 2 in
equilibrium. In what follows, if the policy of player 7 is higher than the policy of
player j, we refer to ¢ as the leader and to player j as the follower. In general,
the leader-follower structure is determined in equilibrium, so best responses are not
globally linear.

In equilibrium, the two players are closer together than in the previous cases.
In particular, the equilibrium distance between players is E(X (p})) — E(X(p})) =
D — 21%9]6, so that

E(X(p))) — E(X(p3)) < E(X(p1)) — E(X(py)) = E(X(p})) — E(X(p))-

Conformity increases in the complexity of the environment. The intuition for the
comparative statics follows from the leader-follower relationship: matching the out-
come of a leader becomes more “cost-effective” for a follower, relative to targeting
a favorite outcome, as complexity increases. This comparative statics is consistent
with findings in social psychology. Since Asch (1951), psychologists observe that
conformity “is far greater on difficult items than on easy ones.” The “difficulty” is
typically obtained by asking experimental subjects about their “certainty of judge-
ment” (Krech et al., 1962).

4 Equilibrium characterization

In this section, we characterize the equilibria of the game.

We define a matrix that keeps track of which player is a follower in every pair
of players. Given a policy profile p, a matrix F € [0, 1]"*" is a p-followership if:
pi < p; implies f;; = 1 and f;; = 0. The definition does not impose requirement
on a followership if p; = p;, and the multiplicity of values of f;; consistent with
the definition allows to characterize the equilibrium set. (The symbol o denotes

entry-wise multiplication.)

Proposition 2. The policy profile p is an equilibrium if and only if there exists a

p-followership F such that:
E(X(p)) < M(d+ k(I —2Go F)1),

and, for all i € I, p; > po only if E(Xi(pi)) = 3¢ mij(dj +k — 2k 37,0, gjefin)-

For intuition, consider an interior equilibrium p. Without any correlation among

the outcomes of players, the formula in the proposition reduces to E(X(p)) =

12



M (d + k1), in which the coordination motives interact with the status-quo bias
that arises from the variance in individual outcomes. This formula characterizes
the unique equilibrium in terms of the parameters of the game, and extends the
analysis of “pure noise” in Section 3.

The covariance structure introduces a new term, captured by the vector v =
(G o F)1. This vector collects “average” followership roles of players in the policy
profile p. In particular, v; = > ver Yiefie, in which fi, records whether i is a follower
in the pair of players (i,¢), and g; scales the followership by how much ¢ cares
about coordinating with /. Importantly, v is constructed from a p-followership, so
it is not a parameter of the model: the relative position of the policies is deter-
mined in equilibrium, for all player pairs. Put differently, the equilibrium equation
E(X(p)) = M(d+ k(1 — 2v)) is a fixed-point condition.

In a uniform network, a natural guess for the followership supporting an equi-
librium is given by making ¢ a follower of j if and only if favorite outcomes are
ranked this way. This condition holds for every equilibrium with this network,

which generalizes the observations in Section 3.

Corollary 1. Let g > 0 be such that g;; = g for alli and j # i, and p € (0,00)" be

an equilibrium. For all players i and j, p; < p; implies
E(Xi(pi) — X;(py)) < Bi — B;-

Moreover, if p1 < ps < ..., then

E(Xz(pz) - Xi+1(pi+1)) = /81 - 51’—&-1 — 2%]&

Symmetry among players brings about coordination problems in the sense of
equilibrium multiplicity. Moreover, the equilibrium set expands as complexity in-

creases if coordination motives are sufficiently strong.

Corollary 2. Let d; = 0 for all © € I and players have the same unweighted cen-
tralities given by uw .= (I — G)™'1. Then, p € (0,00)" is an equilibrium if and only
if:

E(X(p)) € [(21 — u)k, uk].

Moreover, uk is increasing k, and (2 —w;)k is increasing in k if and only if u; < 2.

The game admits a potential function (Monderer and Shapley, 1996). Specifi-

13



cally, consider the function V': P* — R, given by

1 9 1
Vip) = E( 3 diX(p) ~ 5(X(0)) + D 305X ()X (1))
el jel

and say that a p followership is skew-complementary if f;; + f;; = 1 for all (¢, ) €
I%2. The following result establishes existence and uniqueness of the potential max-
imizer.’

Proposition 3. If G is symmetric, then V is a potential for I, and there exists a
unique potential maximizer. Moreover, the policy profile p maximizes the potential

if and only if there exists a skew-complementary p-followership F such that:
E(X(p) < M(d+k(I—-2GoF)1),

and, for all i € I, p; > po only if E(X;i(pi)) = > ;ermij(dj +k — 2k 32, p gjefie)-

The characterization of the potential maximizer is important because the utilitarian-
maximal profile maximizes the potential of a modified game with twice the degree

of coordination motives.°

5 Centralization in organizations

This section considers a stylized model of an organization with multiple divisions.
The model and notation follow closely Alonso et al. (2015).

The firm consists of two divisions, each producing a different good. The inverse
demand for product 7 is g; — a; — %qi, in which b > 0 measures the price elasticity of
demand. The cost of division i is ¢;¢; — gg1g2, in which: ¢; is the quantity produced
by division 7, g > 0 measures the degree of cost externalities, and ¢; > 0. An
increase in the quantity produced by one division reduces the marginal cost of the
other division. This cost externality, together with the complexity introduced in

the following paragraph, generates strategic complementarity as per Lemma 1. The

SUniqueness of the potential-maximizer equilibrium obtains jointly with the multiplicity of
equilibria because the potential is not smooth. Specific nondifferentiable potentials are studied
as counterexamples to the results for smooth potentials (Radner, 1962; Neyman, 1997). These
articles show strictly concave nondifferentiable potentials that are consistent with multiple equi-
libria. Instead, in games with strictly concave and smooth potentials, the solution to a first-order
condition is the unique equilibrium of the game.

6This observation is known without complexity (Jackson and Zenou, 2015).

14



profit of division i given the quantity profile q is

Each division chooses a policy p; € P. The function X maps production policies
into quantities. The profits of division ¢ given the pair of policies p are II;(p) =
(X (p)). Divisions set production policies simultaneously and independently in the
production game ({1,2}, (P, E(m;(X(-))))ic(1,23)- The maximization of total profit,
W = II; 4+ Iy, is an important benchmark in organizational economics (Gibbons
et al., 2013). T assume that g < 1/b, so that the Hessian of W is negative definite.”

The following result investigates the compatibility of managerial incentives with
total-profit maximization, under the hyopothesis that the status quo is sufficiently

bad for the twe division managers.

Proposition 4. There exists a unique policy profile p© that mazimizes W. More-

over, if Xo > bal_bclglg(fzz)_bQH%, then there exists C' > 0 such that: p° is an

equilibrium of the production game if and only if k > C.

First, observe that total profit corresponds to the utilitarian welfare in the pro-
duction game, and the production game is best-response equivalent to I' if 2d; =
ba; — bc; and bg = 2g;;. Hence, I identify the profit-maximal policy profile by apply-
ing Proposition 3 to the modified production game in which cost externalities are
doubled.

Three observations follow from the two-player analysis in Section 3 and key for
the result. First, there are multiple equilibria only if players choose the same policy
(Figure 3a.) Moreover, because the profit maximizer is obtained by doubling the
coordination motives, profit is not maximized by an equilibrium if there exists a
unique equilibrium. Therefore, a necessary condition for profit to be maximized by
an equilibrium is equilibrium multiplicity.

The second observation is illustrated in Figure 4. Sufficiently high coordina-
tion motives induce equilibrium multiplicity, due to the leader-follower asymmetry
(Section 3.) Moreover, the cutoff value of k£ above which multiple equilibria arise
is decreasing in ¢g: coordination motives magnify the leader-followership asymme-
try. So, if there are multiple equilibria, then automatically players choose the same
policy under profit maximization.

Finally, consider an environment with multiple equilibria, and refer to Figure 4.

There exists a largest and smallest equilibrium by Lemma 1 (Milgrom and Roberts,

7Under this condition, the equilibrium set does not expand as o2 increases, so Proposition 4 is
not due to Corollary 2.
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Figure 4. There are multiple equilibria in T" if 02 > —,udlg%d? The functions L and U
are the smallest and largest equilibrium policy, respectively, defined if there are multiple
equilibria; the functions p3 and p] are the equilibrium policies of the leader and the follower,
respectively, defined if there exists a unique equilibrium. The functions r3 and r] are
the equilibrium policies, with double coordination motives, of the leader and the follower,
respectively, defined if there exists a unique equilibrium in the modified game. The function
r is the policy in the potential maximizer of the modified game, defined if there are multiple
equilibria in the modified game.

1990). Intuitively, “in” the largest equilibrium, players are exploring more and
so are more sensitive to complexity than in other equilibria. Hence, the largest
equilibrium, as a single policy, decreases in k faster than the potential-maximizer
equilibrium, which in turn decreases faster than the smallest equilibrium. Crucially,
the derivative of the potential maximizer with respect to o? does not depend on
g. In fact, the potential maximizer in a region of multiple equilibria is found by
treating the two players as a single agent who solves a mean-variance tradeoff. We
conclude that the profit maximizer, as a single policy, is decreasing in o? faster
than the smallest equilibrium and slower than the largest equilibrium, so the profit
maximizer is in the equilibrium set if o2 is sufficiently high.

A key reason for the presence of noise in the mapping from production processes
to quantities is frictions along the chain of command. Suppose that each division
manager communicates production instructions to lower-level managers, who in turn
interact with store managers, and so on. The division manager is uncertain about
how her instructions are transmitted along this chain and how they are ultimately
implemented. Complexity captures the noise perceived by the division manager:
for example, a longer chain of communication makes the outcome of the original
instructions less predictable.

A necessary and sufficient condition to for maximization of total profits to be

16



implemented in equilibrium is that complexity exceeds the threshold. Hence, cen-
tralized decision making is less desirable in the presence of coordination problems
induced by complexity. Instead, the management of a holding company can lever-
age the coordination problems to make the maximization of total profits a focal
point for subsidiary managers. This result complements the literature that studies
informational asymmetries within organizations (Dessein and Santos, 2006; Alonso
et al., 2008; Rantakari, 2008). This model favors centralization because I abstracts

from division managers’ private information.
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A  Proofs

The proofs of Lemma 1, Proposition 1, Proposition 2, Corollary 2, and Corollary 1

are in the Supplemental appendix.

Proof of Proposition 3. Consider the function v: @ — d'x — ia&'(I — G)x, and let
G be symmetric. The games (I, ((—oo, Xo|, u;)ier) and (I, ((—o0, Xo], v)ier) are
von-Neumann-Morgenstern equivalent (Morris and Ui, 2004). Thus, (I, (P, U;):er)
and (I, (P,V);er) are von-Neumann—Morgenstern equivalent. Specifically, 2V is an
exact potential (Monderer and Shapley, 1996) for (I, (P, U,)icr)-

Note that

V(p) = dE(X(p) ~ 3E(X(p))(I - G)E(X(p))~

—% Z Var(X;(p;)) + % Z 9i5 Cov(Xi(ps), X;(p;)),
(

i,j)€1?

and V is strictly concave because I —@G is positive definite and (p;, p;) — Cov(X;(p;), X;(p;))
is concave. Letting OV denote the superdifferential of V', by the rules of subdiffer-
ential calculus (Hiriart-Urruty and Lemaréchal, 2004): y € 9V (p) if and only if

there exists a skew-complementary p-consistent followership F' such that

for all i € I, y; = pdi — pBE(X (p2) + 1Y _ 95, E(X (p;)) ——0 2+ gi0” fi

Jel J€el

For all p > po, arg maxpep, pj» V (p) # 0; moreover, p maximizes V" on [pg, p|" if and

only if there exists a p-consistent skew-complementary followership F' such that

for all i € I, p; = py implies Xy < Zmij(dj +k—2 Zgjgk'fjg),

jeI el
pi € (po,p) implies E(X me (dj + k — 2Zg]gkfjg
jerI lel
p; = p implies E(X Z mij(d; +k —2 Zgjgkfjg
jel lel

Finally, define 7 = min;c; mingejg 1jnxn Zje] myi(dj+k—2%",c; 9jek fie) and p =
po—i-_iu (Xo—7)4. A potential maximizer exists in P" because Argmax,c, 1. V(p) =
Argmax,cpn V(p) for all p > p. QED

Proof of Proposition J. Suppose n = 2, G is symmetric, g := g12, I — G be invert-

18



ible, and define

( 1 <d1 Ad2) Xo 1 k
Tl T9 )t
gt \w DT e L U e g > dy o+ 20k,
1 (d_g_i_'\ﬁ) Xo | 1420k
&= =2\ 9% u 1+g p
|s € [L,U] ¢, if di < ds + 2gk,
s

\

if all equilibria are interior. By Proposition 3, the potential maximizer is

1 d ~\ d X 1k
g (5 + CO%) = 3+ b

— 1 (d ) _ Xo 1449 k
b ( F+(29) 1) W T e s

T, if di < d2—|—4gk‘,

if dy > dy + 4Gk,

if interior. A sufficient condition for interiority of the potential maximizer and all
equilibria is
di + 2gds + k

Xo >
0 1—2g

Observe that the potential is the utilitarian welfare of the game obtained from I’
only by replacing g2 with 2¢;5 (Jackson and Zenou, 2015). Without loss, consider
the case d; > dy. The utilitarian-maximal profile belongs to the equilibrium set if

and only if

R dig —d; — 3d d
k:ZC':'u( 19 A1 A29+ 2)
9(1—29)

. and d1 S dg + 2k§

The result follows from three observations. First, the production game admits
a potential with a maximizer found by Proposition 3, if 2d; = ba; — bc; and bg = 24.
Second, W is the potential of the production game in which cost externalities are

doubled. Third, the equilibrium set of the production game is characterized using
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Proposition 2, because the two games are best-response equivalent (Morris and Ui,
2004). QED
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B Supplemental appendix

Proposition 1 and 2 are implied by Proposition B.1, and Lemma 1 is implied by
Proposition B.2. I establish these results in a model that nests the model in the

main text as a special case.

B.1 Model

We consider an n-dimensional Gaussian process on P = [pg, 00), whose i-th dimen-
sion is denoted by X, and with the following restrictions, for parameters (1, . .., i) €
(—00,0)" and (0y;)ijerz € R¥". The mean of the i-th component is given by
E(X:(-): pi = Xo + pi(pi — po), the variance of the i-th component is given by
Var(X;(+)): pi = 04(pi—po), and the covariances are determined by Cov(X;(p;), X;(p;)) =
oy min{p; — po, p; — po}, for all (i,5) € I x I\ {i}.

We use the following notation: k;; = —oy;/(2u;). The vector-valued function
(p1y -+ yon) = (Xi(p1), ..., Xo(pn)) on P™ evaluated at p is denoted by X (p). The
profile with n outputs y € R" is also denoted by (yi,...,¥y,) and (y;,y_;), the
associated column vector is also denoted by y. The n-n matrix with g;; as its ¢-jth
entry is denoted by G. We denote by M the matrix (I — G)™!, if well defined, by
v;; and v; the i-j entry and the column vector corresponding to the ith row of a
matrix V', and by v; the ¢-th entry of the vector v.

We study the normal-form game I' = (I, (P, U;);c1), in which the payoff of player
i is given by U;: (p1,...,pn) — E(wi(X1(p1),- .., Xn(pn))). We make reference to
the game with bounded strategy spaces I', == (I, ([po, p, Ui)ier), for p € (po, 00),
and the game without uncertainty I'° := (I, (P, u;(E(X (+))))icr)-

Given a player i, an i-followership is a vector f € [0,1]"; given a policy profile
p , an i-followership f is p-consistent if: p; < p; implies f; = 1 and p; > p; implies
f; = 0. A followership is a matrix F' € [0, 1]"*" such that the i-th row of F' is an
i-followership. Given a policy profile p, a followership F' is p-consistent if: the i-th
row of F' is p-consistent for every i € I. A followership F' is skew-complementary
if: fi;=1— f;forall (¢,5) € I*.

B.2 Proof of Proposition 1 and 2

Lemma B.1. For all i € I, the payoff p; — U;((pi, p—:)) is strictly quasiconcave.
Moreover, if G o X is nonnegative, then p; — U;((p;, p—i)) is strictly concave.

Proof. Leti € I, pe P", Nt :={j €1I:gjo;; >0}, and N~ :={j €I: g0, <
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0}. The payoff of player ¢ from p equals

Ui(p) = wi(E(X (p))) — Var(X (pi)) — Var()_ g;X (p)))
jel
+2 Z 9504 min{p; — po, p; — po}-
jeI
We have that min{p;, — po, p; — po} is a concave and nondecreasing function of p;.
Hence, we have that 2 ZjeN+ gi;04; min{p; — po, p; — po} is a concave function of p;.
Therefore, u;(E(X (p)))—Var(X;(p:)) —Var(3_ e 95X (p;)+2 32 e n+ 91503 min{p;—
Do, Pj —Po} is a strictly concave function of p;, because u;(E(X (p))) — Var(X;(p;)) —
Var(d_,c; 9i5X;(p;)) is a quadratic function of p; with second-order derivative at p;
given by —2u?. Moreover, 2 ZjeN, gijoi; min{p; — po,p; — po} is a nonincreasing
function of p;. Hence, 2 ien- 9ij0ij min{p; — po, p; —po} is quasiconcave as a func-
tion of p;. Therefore, p; — U;(p) is strictly quasiconcave because it is the sum of a

quasiconcave function and a strictly concave function. QED

Lemma B.2. The policy p; is a best response to p_; € P"! if and only if there

exists a (p;, p—;)-consistent i-followership f; such that:
E(Xi(pi)) < di + ZgijE(Xj(pj)) + ki — 2 Zgijkijfij:
jel jer
with equality iof p; > po.

Proof. By Lemma B.1, p; is a best response to p_; if and only if there exists a

p-consistent i-followership f; such that
=211, (B(Xi(pi)) — di = Y _ 95 B(X;(p;))) — 00 + 2 910 fi < 0,
jel jeI

with equality if p; > po. Hence, p; is a best response to p_; if and only if there
exists a p-consistent i-followership f; such that

E(Xi(p) S di+ Y g5 BOXG(0) + ki — 2 gishisfiss

jel jel
with equality if p; > po. QED

Proposition B.1. Let I — G be invertible. There exists an equilibrium. More-

over, the policy profile p is an equilibrium if and only if there exists a p-consistent
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followership F such that:
E(X(p)) < M(d+ diag(K) —2(G o K o F')1),

and, for alli € I, p; > po only if E(Xi(pi)) = 325, mu(dj + ki — 2 4c s gjekjefie)-

Proof. Let I —G be invertible. By Lemma B.2, the policy profile p is an equilibrium

if and only if there exists a p-consistent followership F' such that:
E(X(p)) < M(d+ diag(K) —2(G o K o F')1),

and, for all i € I, p; > po only if E(X;(pi)) = > icp mij(d; + kjj — 23 e gickje fie)-
For all p > 0, there exists a Nash equilibrium in the game (I, (U;, [po, p])icr)) by
known arguments applying Brouwer’s fixed point theorem and Lemma B.1; more-
over, by Lemma B.1, p is a Nash equlibrium of the game I', if and only if: there

exists a p-consistent followership F' such that, for all i € I,

pi = po implies Xo < > mi;(d; +ky; =2 giekjefse),

Jjel tel
pi € (po.p) implies E(X(p:)) = Y muyj(d; + kjj — 2> giekijefje).
Jjel Lel
Pi =P implies E(Xz(p)) > Z mij(dj + /{ij -2 Zgjékﬂfﬂ)-
Jel tel

Let’s define T = min;e; minge jnxn Zje[ my;(dj + ki — 23 pe; 9jekjefie) and p =
po + = (Xo — T)4. For all p > p, the set of Nash equilibria of (1, (Uj, [po, p))ier))
is equal to the set of Nash equilibria of (I, (U;, P);cr)). Therefore, an equilibrium
exists. QED

B.3 Proof of Lemma 1

In this section, we consider X as an n-dimensional Gaussian process, with mean
function p and covariance function ¥ (Shreve, 2004). We assume that there exists
a 1-dimensional Gaussian process with covariance function k and a positive-definite
matrix S such that oy;(pi, pj) = si;k(ps, p;); this construction is known as intrinsic
correlation in statistics. We let k;; = s;;/(—2p). Lemma 1 is implied by Proposition

B.2.

Proposition B.2. Foralli € I, let g;; > 0. Then, U; satisfies increasing differences
if (pispj) — E(Xi(pi)X,;(pj)) satisfies increasing differences for all j € 1.
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PT’OOf. Let’s fix (p/17p17p/27p2) € P4 with p/l > and pl2 > P2, and (p?)a s 7pn) €

Pn—2. Lettlng d= Ul(p,17p,27 < ) - U1<p17p/27 . ) - Ul(pllap27 s ) + Ul(p17p27 i ')7
it holds that

d = 2912 E(X1(py) — X1(p1)) E(Xa(py) — Xa(p2))+
+ 2912 Cov(X1(p)) — Xa(p1), Xa(ph) — Xa(p2))
= 2012 E((X1(p}) — X1(p1))(Xa(py) — Xa(p2)))-

Thus, for fixed (ps, ...,p,) € P"2, we have that: d > 0 for all (p, p1, ph, p2) € P if
and only if F(X(p;)Xs(p2)) exhibits increasing differences in (py, ps) on P2, QED

Remark B.1. An example of a covariance function k that implies that U, sat-

isfies increasing differences and generalizes the Brownian motion has k(p;,p;) =

f[o 1 (v "_U)HZZ_(%{)_ W Q. T U; satisfies increasing differences, then there ex-

ists a Nash equilibrium in the game I',, for all p € P, by known results Milgrom
and Roberts (1990).

If the mean function has the same monotonicity in every direction, then a
sufficient condition for (d > 0 <= ¢12 > 0) is that the function (p1,ps) +—
Cov(Xi(p1), Xa(p2)) exhibits increasing differences. Let the function (pq,p2) +—
E(X1(p1)Xa(p2)) exhibit increasing differences. It holds that

d> 2912E(X1(p/1) - Xl(pl))E(X2(p/2) - X2(p2))
> uy (BE(X (py, P, ) — wr(E(X (p1, 1y -+ +)))
—u (E(X (P, p2,---))) + ua(E(X (p1,p2,--+))),

and the inequality is strict whenever gi5 > 0 and Cov(X;(p1) X2 (p2)) exhibits strictly

increasing differences.

B.4 Proof of Corollary 1 and 2

Proof of Corollary 1 . By computation of (I — G)™', we have that the diagonal

element is ( Log(n-Dtg , so that:

Tos(n=-D)(+9) and the off-diagonal element is: i

9
1-g(n—1))(1+g)

1
I-G'—-(IT-G): = —.
(TG = (=G =
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We have that, for every ¢, m € N and equilibrium p, by the preceding equality and

Proposition 2,

E(X(pi)) — E(X(pm)) = Bi — Bm + g (Z Qip — ZGWz) k

1+ 9 el el

g g
=i — Bm — 2k + Z Aie — Qe | K.
149 149 tel\{i,m}

QED

Proof of Corollary 2 . By Lemma 1, there exist a greatest and a least equilibrium,
respectively g and s (Vives, 1990; Milgrom and Roberts, 1990). It suffices to estab-
lish that:

EX(q) =8+ uk and EX(s)=p08+ 2k — uk.

Let ([p; < pj], ©,7 € N) and ([p; < p,], i,j € N) be two n-by-n matrices. We
define I'y (p) = G o ([pi < ps], 4,5 € I) and T_(p) = G o ([p; < pj], i,j € I). By
Proposition 2, the interior policy profile p is an equilibrium if and only if:

k(I =2T_(p)1 < (I - G)(EX(p) = B) < k(I — 2Ty (p))1.

Hence, for interior equilibrium p, we have

B+ (I—-G) I —2I_(p))1k = B+ 21k — uk,
B+ (I—-G) (I —-2Iy(p)lk =B+ 1k.

The result follows. QED
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