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1 Introduction

We consider a pure exchange economy with a finite number of commodities and
households, in which preferences are affected by the welfare of others, measured in
terms of wealth, and households are allowed to transfer resources to one another. Our
goal is to prove the existence of equilibria under more general and realistic assump-
tions than those adopted in the literature.

The importance of consumption externalities has long been recognized in the literature
on other-regarding preferences in a general equilibrium framework, starting with the
well-known textbook by Arrow and Hahn (1971). Several contributions have followed;
see Laffont and Laroque (1972), Borglin (1973), Shafer and Sonnenschein (1975),
Florenzano (2003), Del Mercato (2006), and Balasko (2015). On the other hand, some-
what surprisingly, only a relatively small strand of the literature on other-regarding
preferences in general equilibrium acknowledges an obvious implication of such prefer-
ences: the possibility of transferring resources to individuals one cares about. A classic
example arises when parents care about their children’s well-being after they move
out. Another important example is philanthropic giving to the nonprofit sector, which
has a significant economic impact by enabling organizations to sustain activities in
areas such as education and healthcare, where the for-profit sector may fail to provide
adequate coverage.

To the best of our knowledge, the only existing papers that consider other-regarding
preferences in terms of wealth together with the possibility of transfers are the sem-
inal contribution by Kranich (1988) and the paper by Donato et al. (2025), which
identifies and partially resolves some important issues in both the setup of the model
and the existence proof presented by Kranich. See also Mercier Ythier (2000) and
Donato et al. (2026) for models in which welfare is measured in terms of consumption.

We now briefly describe the above-mentioned issues, how they have been addressed
in the literature, and how we deal with them in the present paper. To begin with, we
note the following. To obtain our existence result, we apply a standard and powerful
theorem based on a fixed-point argument reformulated in terms of a generalized
game, following the seminal work of Debreu (1952)! : see Theorem 4. To apply this
theorem, some key ingredients are required: quasi-concavity of households’ utility
functions and compactness of the strategy sets of all players, namely, compactness
of the price set and of the set of physically feasible consumption and transfers.
Compactness conditions are naturally satisfied in the standard exchange economy:
quasi-concavity is a reasonable assumption, and compactness of consumption sets
follows from resource constraints. However, matters are more complicated in models
with other-regarding preferences.

While quasi-concavity in goods and in “the wealth of people we like” is widely
accepted and reasonable, this is not the case for bads and for the wealth of people
we dislike. Hence, some work is required to address the tension between “needed

1Se also Kreps (2013) for a particularly clear exposition of statement and proof of that theorem.



assumptions” and “realistic assumptions.” While Kranich does not address this
problem, the main idea in Donato et al. (2025) is as follows. If an individual dislikes
someone, then she transfers nothing to that person; therefore, there is no loss of
generality in ignoring the part of the utility function related to disliked households.
Given this observation, it suffices to assume (quasi-)concavity in the wealth of those
one likes in order to obtain (quasi-)concavity with respect to each household’s choice
variables. Thus, no unreasonable concavity assumption is required for the wealth of
those one dislikes, since that wealth does not depend on one’s own choice variables.
In the present paper, we follow this approach.

Another difficulty concerns compactness. In many existence proofs, one temporarily
imposes an upper bound on consumption, greater than total resources, and then,
using a standard argument, shows that this bound is never binding at equilibrium.
Hence, an equilibrium with an upper bound on consumption is also an equilibrium
without such a bound. This argument does not extend to transfers, for which no
natural physical upper bound exists. Indeed, the presence of transfers may generate a
form of “insatiable altruism,” leading to a loss of compactness of households’ choice
sets. As a consequence, robust examples of economies without equilibrium can be
constructed (see again Donato et al. (2025)). Following Kranich, Donato et al. (2025)
establish existence by imposing an artificial upper bound on transfers.

A further difficulty arises from the potential emptiness of the constraint set in the
household maximization problem. For many values of the variables taken as given by
a household, the constraint set may be empty. For instance, if a household expects
others to transfer more than their own wealth, it may find itself with insufficient
resources to guarantee strictly positive consumption to them, rendering the constraint
set empty (see Section 2.2.4 in Donato et al. (2025)). Kranich does not address this
issue. To address this issue, Donato et al. (2025) introduce a fictitious utility function
defined on the entire Euclidean space containing the original domain, thereby allowing
for negative wealth and consumption. They then construct a game associated with
the original economy endowed with the extended utility function, prove the existence
of an equilibrium for this game, and show that it corresponds to an equilibrium of the
original economy. However, this approach comes at a cost: it requires a substantial
strengthening of the assumptions on households’ utility functions. Standard existence
proofs only require continuity and quasi-concavity, but it is generally impossible to
extend a function while preserving these properties (see De Bernardi and Vesely
(2023)). Instead, much stronger assumptions, such as Lipschitz continuity and con-
cavity, are needed to ensure extendability (again, see De Bernardi and Vesely (2023)).

Our strategy addresses both problems in a more realistic way, without imposing
the strong assumptions proposed in Donato et al. (2025). We assume that the total
amount a household can transfer to others is bounded above by the value of its initial
endowment. This assumption (i) restores compactness and (ii) avoids the need to
extend utility functions, allowing us to work under standard assumptions of continuity
and quasi-concavity. There are several ways to formalize this upper bound, depending



on how transfers are measured—for instance, in units of a numeraire good or as
vectors of commodities (see Appendix A.1 for details). However, these formulations
do not yield a compact set of transfers when prices lie in the simplex, as required by
our proof strategy. Our approach is to model transfers as proportions of the value of a
household’s endowment: since proportions lie in the simplex, compactness is ensured.
This formulation has several advantages. First, it restores compactness, enabling
the use of standard existence proofs. Second, since each household expects others
to satisfy this requirement, excessively high expectations of transfers cannot arise,
and the emptiness problem is avoided. Third, it is not necessary to extend utility
functions to the entire Euclidean space, an extension that would require imposing
quite strong assumptions. Fourth, the different ways of modeling transfers mentioned
above are shown to be equilibrium-equivalent (see Propositions 16 and 17). Fifth,
the assumption is economically realistic, as we explain below with reference to legal
regulations on donations in several countries. In Italy, according to Article 769 of
the Italian Civil Code, a donation is a contract by which a donor enriches another
party by disposing of a right belonging to the donor or by assuming an obligation.
Article 771 further provides that donations of future goods are null. Taken together,
these provisions imply that the object of a valid donation must consist of assets over
which the donor has current legal ownership. Although there is no unified European
civil code, the principles of European private law (e.g., PECL and DCFR?) require
that the object of a patrimonial transfer be under the legal control of the transferring
party at the time of transfer. In addition, EU rules on creditor protection presuppose
that individuals cannot dispose of resources they do not own. In U.S. law, a valid
gift requires donative intent, delivery, and acceptance, and the delivery requirement
presupposes effective control over the transferred asset.

Our approach yields strictly more general results than those currently available. Both
in the present paper and in Donato et al. (2025), existence of equilibrium is established
for both nonseparable utility functions and a specific class of separable utility func-
tions.? In the nonseparable case, we assume continuity and quasi-concavity instead of
Lipschitz continuity and concavity. In the separable case, we assume quasi-concavity
instead of concavity for the selfish component, and continuity and quasi-concavity
instead of Lipschitz continuity and concavity for the altruistic component; naturally,
we maintain quasi-concavity of the overall utility function.*

Our existence result provides a useful foundation for the analysis of equilibrium regu-
larity and welfare (see Lombardi et al. (2026)). In particular, the equivalence among
different equilibrium concepts allows the model to be studied in terms of normalized
prices (and numeraire transfers), which is the standard framework for regularity
analysis in general equilibrium theory.

2PECL: Principles of European Contract Law; DCFR: Draft Common Frame of Reference.

3The specific utility functions used imply that the two specifications are logically independent (see the
end of Section 2).

4 Assumptions not mentioned in the above comparison coincide across the two models.



The remainder of the paper is organized as follows. To set the stage, Section 2, intro-
duces the model and some basic assumptions. Section 3 introduces the equilibrium
concept for separable utility functions and proves existence of an equilibrium, while
Section 4 extends the result to the nonseparable case. Appendix A establishes an equiv-
alence result among different equilibrium concepts. Furthermore, it also provides some
properties of the altruistic part of the utility functions we use. Appendix B collects
additional technical results.

2 Set up of the model

We describe an economy in which households, denoted by h € {1,..,H} := H,
exchange goods (or commodities), denoted by ¢ € {1,...,C}, in order to maximize
their well-being. Each household h is described by a consumption set X, C R¢
with generic element zj, = (zf,)cec € RC, where x5, € R is the consumption of good
¢ by household h and by an endowment set included in R® with generic element
en, = (€§)cec € RY, where e§ € R is the amount of good ¢ owned by household h.
The total resources of the economy are denoted by 7 := 3, 4, €n.

Commodities can be exchanged with other commodities at exchange ratios described
by a price vector p belonging to a price set contained in R®. Without loss of generality,
we restrict prices to belong to the set

SZ{pERE:pT:l}.

Each household h can also choose to transfer resources to other households; the
transfer vector is denoted by 7, = (Thn/)nen\(ny € Ry , where 755,/ is the proportion
of the endowment of household h transferred to household h’. Assuming 73/ is non-
negative formalizes the idea that households are not allowed to “steal ”goods and
must comply with this institutional requirement.

Household A’s utility function depends upon her own consumption and anyone else’s
wealth. Denoting by 6, € © C R the household h’s wealth, § := (0;)ncx € O and
O\n = (O )hrerr(ny € O, we define the utility function

Uy : Xp, % ef-1 R, (xh,G\h) = Uh(xh,ﬁ\h).

Assumptions 1. For any h € H, ep, € R$+5.

It is well known that the quasi-concavity of utility functions is key for standard
existence theorems, but it fails when the utility function includes “bads”like disliked
individuals’ consumption. We thus introduce an assumption to address this lack of
quasi-concavity. To this aim, we denote by Bj, and B}\L the sets of individuals that
household & likes and dislikes, respectively, and assume the following.

5Using a standard “survival assumption”, we endow households with a strictly positive vector of goods.



Assumptions 2. For any h € H, there exists an exogenously given partition® of
H\{h} in the two sets Bj and B}\l such that Uy is strictly increasing in 6/ for any
h' € By, and decreasing in 0y, for any h' € B}\L.

We then define a new equilibrium concept in which each household “ignores” those
individuals he dislikes, so that households exogenously disliked by i do not receive
transfers from h by construction. This new equilibrium is equivalent to the original
one (see Donato et al. (2025)). Since we assume that each household’s utility is
increasing in its own consumption bundle, if household & dislikes household &', then
the optimal transfer 7,5/ is necessarily zero. The distinction is thus purely formal:
in the original equilibrium 75, = 0, whereas in the new equilibrium the variable
Thy does not appear in the model (see Donato et al. (2025) for further details).
Moreover, we define B_,;, = {h' € H : h € By}, as the set of households who like h

and B',, = {h' € H : h € B),}, as the set of households who dislike h; Bj, = #Bj,,
B =Y 4es Bu, By = #B), B, = #B_,;, and B\, = #B",,,.
As explained in the introduction, a crucial assumption of our model is the legal restric-
tion that households cannot transfer more than the value of the owned endowment,
as formalized below.
Assumptions 3. For any h € H and b/ € By, 7, € Ay := {1 € ]R_E:h D hen, Thit <
1}.

Moreover, we denote by pep + Zh”EBHh/ Thone - (pepr) — Zh"eBh, Thene - (pens),
the relative” net wealth of household A/, i.e., the value of her endowment, plus the
value of the transfers she receives, minus the transfers she gives away.

As a consequence of the monotonicity assumption on the utility function, at any max-
imizing choice, relative net wealth is equal to the value of consumption and therefore
it takes values between zero and one. Indeed, if the consumption may be zero, then
endpoints of the interval are included; if consumption belongs to RE 4, since p € S,
then endpoints are excluded. In our analysis, we present two different specifications of
each household h utility function. The first one is

Un iR x (0,)771 5 R, (@, 00) = un (zn) + > vnw(On),
h'eH\{h}

and the second one is
/U\h : Rﬁz x [0, 1]H_1 — R, (.’L‘h,e\h) — f]\h(l‘h, e\h),

where definition and assumptions on each utility function presented above are pre-
sented and discussed in Section 3 and 4, respectively. The main goal of the paper is to
provide an existence results in the two versions of the model with the presented above
utility functions.

SWe allow the possibility that either By or B,\L may be empty. We also use the standard convention that

> ez =0.
7“Relative” means with respect to the total wealth of the economy which is pr = 1.



3 Model with separable utility functions

In this Section, we analyze the case of separable utility functions: the setting in
which the utility function is composed of a selfish component and an other-regarding
component. The assumptions on both components are presented below.
Assumptions 4. Selfish preferences of each household h € H are described by the
utility function uy, : ]RE 4+ — R which is: ul. continuous; u2. strictly increasing; u3.
quasi-concave; u4. for any a € R, Clge{x}, € R$+ sup(xp) > a} C Rg_ﬁ.
Assumptions 5. For any h € H and &' € By, relative wealth-based altruistic prefer-
ences are described by the function vy : (0,1) — R which is: v1. vy is continuous;
v2. vy is strictly increasing; v3. vpp is bounded.

Observe that a strictly increasing function from an open set of R to R is strictly
quasi-concave.

For any h € H, let U}, denote the set of utility functions wuj, satisfying Assumption 4,
and Vy, the set of utility functions (vpn ) en, satisfying Assumption 5.
Assumptions 6. For any h € H, and for any (up, (Van )neB, ) € Un X Vi, the function

up + Z v RYL % (0,1)P" - R, (@h, (On)nres,) = un(zn) + Z Vnn (Onr)
h'EB, h'EB),

is quasi-concave.
For any h € H, let W), denote the set of utilities functions (upn, (Van )nen,) € Un X Vi
that satisfy Assumption 6.

Defined, the economy
E = (ens un,(Vnn )wes, Jhen € xnen(RY, x W) :=E,
and, for any h € 7‘[, A\h = Xh’eH\{h}Ah/7 Nh = (Th/)hle}[\{h} S A\h and A =
XnenAn, T = (Th)pey € A, we present the definition of equilibrium.
Definition 1. The vector (z*,7*,p*) € Rgf x RE x S is an equilibrium for the

economy € € E if
i. for any h € H, for given £ € E, p* € S, T{kh € Ay, (z5,717) € R$+ x RB» solves

MaX(z),,m,)ERY , xRER

U}L(llL)+E;L/€5h Uhh/(p*eh/""Thh/'(p*eh)"rzh”eg_yh,\{h} TZ//h/'(P*eh”)_zh”ezsh, T;:/h//'(p*eh/))
subject to (xp, ) € Fh(p*,r\*h) =

! ! C Bp .« * * * *
{ (’th,Th) S R++ x RPh - p e;ﬁ»Zh/eBHh T (P eh/)fzhlesh T}/Lh,~(p ep)—p*x} >0,
/ /
1- Zh/eBh Thp =0, 7, >0}

8Under Assumptions 4u4, u;, is unbounded below. Suppose there exists k such that up(zp) > k for any
zp,. Take (L)nen, with 1 = (1,...,1) € R®. So, {1 : n € N} is included in {z; € RS, : up(zs) > k} and 0
belongs to Clyc {zn € ]Ri+ sup(zp) >k} C R$+. This is a contradiction.



. Y pew (27, —en) = 0.

The reason for which the above definition contains no “market clearing conditions for
transfers” is explained in the simple result below.

Proposition 1. For any 71 € R1B pec S and e € Rff,

D> wn-ew) =D D> Taw - (pen). (1)

heH h'eB_p, heH h'€By,

Proof. The proof is the same as in Proposition 1, in Donato et al. (2025), identifying
thh’ with Thh'! * (peh) and th’h with Th'h * (peh/). O

Remark 1. Usually, the requirement that choice variables belong to the domain of
the objective functions is not “repeated” in the constraint set. In some of the literature
on the model we are analyzing, that convention lead to ignoring that requirement. We
therefore include them explicitly, so the constraint set becomes:

{ (¢}, 74) € RE x R : p*ey + dones, Thn - (PFen) = D pien, Tha - (P7en) —p ) >0,
55 0, L= S, thar 2 0. 7 20

for any h' € By,

pren + Thn - (PYen) + Dpiep, \(ny Thew - (PT€r7) = Xopieg,, T - (P7en) >0,

pren + Thn - (P*€n) + Xopren A qny Then - (PT€rn) = Xpiep,, Thnr - (D) <1}

It is difficult to show that the above set is closed and it is likely not, which hinders the
existence strategy we wish to follow. We proceed as follows: (1) we extend the functions
Upp to functions Vi defined on [0,1]; (2) we establish the existence of fictitious equi-
libria defined using this extension; and (3) we show that fictitious equilibria coincide
with equilibria.

Proposition 2. If vy : (0,1) — R is continuous, strictly increasing and bounded,
then there exists an extension Vi on [0,1] of v which is continuous, strictly increasing
and bounded.

Proof. See Proposition 18 in Appendix A.2. O

We observe that, by Assumption 6 and by the continuity of functions Vjj/, for any
h' € By, the function

un+ Y Vi :RE < 0,17 5 R, (@, (On)wes,) = un(@n) + Y Vi (6n)
h'eBp h'€eBp,

is quasi-concave (see Proposition 19 in Appendix A.2).

Based on the above observations, we introduce the following definition.
Definition 2. The vector (z*,7*,p*) € Rff x RE x S is an extended utility equilib-
rium for the economy &€ € E if



i. for any h € H, for given £ € E, p* € S, T{kh € Ay, (z5,717) € R$+ x RB» solves

MaX g, ,r),)eRC xREA

uh(l’hH‘Zh/eBh th’(p*eh’+7—hh"(p*eh)J”Zh”eB%h,\{h,} T;Hh,/'(P*eh")*z;,,”egh, Tpipr (P enr))

subject to (x5, 7,) € T (", 7)) =

{ @h ) €RC X R p en+ 3o yep, T (Pew) = Xprep, Thwe * (0"en) —p*a),
zy, >>0,1=3 0 cp Th =0, 73, >0,

for any h' € By,

pen + Th - (pTen) + Zh”egahl\{h} Thon - (P enr) — Zh”EBh/ T - (P7en) <0,
pens + T (0en) + Sess oy T - (0°e) = e, T @en) 1)

.Y pey (@) —en) =0.
To get compactness of the constraint set, as in the existence proof we presented in
Donato et al. (2025), we need to add an “innocuous” constraint, based on the simple

observation that (£%,0) € '}, (p*, Th)-

Definition 3. The vector (z*,7%,p*) € R{H x RE x S is an extended utility with
additional constraint equilibrium for the economy & € E if
i. for any h € H, for given £ € E, p* € S| T\*h € Ay, (z5,717) € RC x RB" solves

MaXz, 7,)eRC xRBA

un(@Zn)+2pren, Vh,h’(p*eh,’+Thh/'(p*eh)+2h//584>h/ \{r} T;"h"(p*e”'”)izh/%Bh’ Thrwr (PTenr)
subject to (zp, ) € F}L(P*W\*h) =

09(p*,75,) N { (%), 75) € RS x RP» ;

un(@n)+ 2 en), Vin (P en +Tan - (PTen) 2 pmep | \ny Thne (T e ) =Zpren, , Thiper (07 ens))2
Iz

41}}1)4"»2}1/68}1’ th’(P*eh’+0'(P*eh)+zh//egﬂh,\{h} T;//h/'(P*eh”)*zh//esh, Torpr (P enr)) }

Un

1. Zhe% (xf —en) =0.
Proposition 3. The mazimization problem presented in Definition 2 and the one in
Definition 3 have the same solution sets.

4H>

Proof. The desired results follows from (£2,0) € '}, (p*, 73) and Lemma 72 in Section
9.2 of Chapter 8 in Villanacci et al. (2002), page 253-254. O

We finally introduce the following definition of equilibrium, where a standard upper
bound on consumption is imposed, namely k. :=r+ 1¢ € RE 4

Definition 4. The vector (z*,7*,p*) € Rgf X Rf x S is a fictitious equilibrium for
the economy &€ € E if



i. for any h € H, for given £ € E, p* € S| T\*‘h € Ay, (z5,717) € RY x RB» solves

max(wh,Th)ERCXRBh
uh(Ih)+Zh/€Bh th,/(p*eh/ +Thh,"(p*ehr)+zh”654>h,\{h} T;:”h"(p*eh")izh”EBh/ T;:/h//'(p*eh/))

subject to (zp,7) € I‘,Ql(p*,T{*h) = I‘}L(p*,T\*h) N{ (x},7) €RE xRBr 1 k. — 2, >0}
(2)

.Y pew (27, —en) = 0.
Remark 2. For any (zp, 1) € Fi(p*,T\*h), we have (xp,Th) € I‘}L(p*,T\*h) and thus,

up(n) >

uh(%}}HEh/eBh th’(p*eh/+0'(p*eh)+zh”el§_)h,\{h} T;://h/'(p*eh”)_Zh”eﬁh/ Torpi (D" €pr))+

- Eh’eB;L th(p*ehﬂrmu~(p*6h,)+2h~esﬂh,\{h} ”'Z//h/'(p*eh”)—zh”esh, "';/h//'(P*eh’))Z

un (%) + e, Van (0) = Vi (1)) := ugjy o

3
where the second inequality follows from the fact that Vip is (strictly) increasing and
the domain of Vipp is [0,1].
We now define the generalized game associated with an economy £. To this aim, we
recall the definition of generalized game, the related concept of Nash equilibrium and
the classical existence result.
Definition 5. (Kreps (2013), page 339) Given n € N, an n-player generalized game
is a triple G = {A;, C;,m;}—,, where for any i € {1,...,n},
1. A; is a set of strategies or actions with generic element a;;
2. Ci i Ay = Xjeqr, an(itdj == Ai,  avi = (a;)2 = C; (ay;) is a constraint
set-valued function;
3. mit A= Xieq, 3 Ai = R, a = u; (a) is a utility or payoff function.
Definition 6. A Nash equilibrium for the generalized game G = {A;,C;, m;}1_, is an
n-tuple of actions a* := (a});_, € A such that for any i € {1,...,n}, a solves the
S A\w

following problem. For given a(i = (a;f)je{lw’n}\{i}

max (ai, a<i) subject to a; € C; (a’\‘i) .
Theorem 4. (Debreu (1952). See also Kreps (2013), page 340) Let a generalized
game G = {A;,Ci,m;}i, be given. If for any i € {1,...,n},
1. there exists n; € N such that A; is a nonempty, compact, convex subset of R™i;
2. C; is a non-empty valued, convexr valued, lower hemicontinuous and upper hemi-
continuous set-valued function;
3. m; s a continuous function and for any a\; € A\;, the function m;(-,a\;) : A; — R,
a; = mi(a;, a\;) s quasi-concave,
then G has a Nash equilibrium.

We define, for any h € H, Xj, := {ap € R$+ sup(xp) > uf, and xp < ki)
Remark 3. From Remark 2, we have Im(T'?) C Xj, x Ay,.
According Definition 5, the generalized game associated with an economy & is so
defined.

10



Definition 7. Let n =1+ H be players. For each player h € {0,1..., H},

1. Set of actions are

Ap =S CRC

Ap = X, x A, CRETBe for any h € H;

2. Constraint set-valued functions® are:

Co: (Xpenu(Xn x Ap)) »— S (z,7) »— S

Ch oS x (Xpep\ny(Xnr X Apr)) == Xp X Ay (P, (Tn, Th))wrern (ny) = F;Ql(p,T\h);
3. Utility functions are:

70+ S X (Xnen(Xn x Ap)) = R (p, (Tn, Th)hen) =p- > hen(Th —en)

w2 S X (Xpen(Xn X Ap)) = R (p, (@, Tn)nen) = Un(p, (h, Th)nen)

where  Un(p, (Tn, Tn)nen) = un(®n) + Dpep, Van (e + Thn - (pen) +
Zh”eBﬂ,ﬂ\{h} Thorne - (penr) _Zh”eB,L/ T - (penr)). The generalized game is given by

((S, (Xn x An)), (Co, (Crh)nen), (mo, (Un)nen))-

Definition 8. A Nash equilibrium for the generalized game associated with £ € E, is
a vector (p*, (x}, T ) hen) € S X (Xnpen(Xn x Ap)) such that
i. for given (z}, 7/ )hen € Xnen(XnxAp), p* solves'®  max,esp- D, cq (X5 — €n),

ii. for any h € H, for given p* € S, (x5, T )wenm\{ny € Xnem\{ny(Xn X Aw),
(a3, 1) solves

max(z, ryex,xan Un(0* (@ ), (X5, T ) nerngn})
(4)

subject to (an, ) € Ch(p*, (@ 770 Dwer (ny) = TE(0775)-

Remark 4. By definition of Uy, for any € € E, p* € S, ((zn, mh), (@5, Th )her\{hy) €
(Xn x Ap) X (Xpep\ny (Xn X Apr)), we have Up(p*, ((xh, Th), (X5, T ) ner\(hy)) =
un(en) + Ypep, Van (P + Thne - (p7en) + Xpiep,\qny Thew o (PTenr) —
Zh”eBh/ Tron - (P enr)), i.e., the objective function in the mazimization problem for
player h € H in the generalized game and the objective function in the mazximization
problem for player h € H in the fictitious equilibrium assume the same values.
Lemma 1. For any (p*,7;,) € § X Ay, F%(p*,T\*h) N (X x Ap) = Fi(p*ﬁ{kh).

Proof. Clearly, T';(p*, 7)) N (Xn x Ap) C TE(p*, 7). It remains to prove that
Fi(p*ﬂ'\*h) C F%(p*,T\*h) N (Xp x Ap). Take (zp,7) € F%(p*m{kh), we have to show
that (zpn, 1) € Xp X Ap. From (zy, ) € T% (p*, T\*h), we have that 7, € Ay, and, from
Remark 2, up(xp) > uf,, then z;, € Xj,. Hence, (zp, ) € Xp X Ay, O
Proposition 5. The solution set to the mazimization problem for household h in the

fictitious equilibrium coincides with the solution set to the mazimization problem for
household h in the generalized game.

90bserve that C}, is well-defined because Fi (p, 'r\h) C X x Ay, from Remark 3.

10 An interpretation of the above condition is that player 0, usually called the auctioneer, wants to choose
prices in order to minimize the value of resources which are not consumed, i.e., she wants to solve the
problem minyes pr —p Y-, cqy Th-
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Proof. 1t follows from Remark 4 and Lemma 1. O

Below, we show that the generalized game admits a Nash equilibrium. To this aim,
we apply Theorem 4. First, we need the following definition and result.

Definition 9. The set-valued function Fff SX A o= RE x RBr s defined as 2
with weak inequalities substituted by strict inequalities.

Lemma 2. For any h € H, the set-valued function T3 : S x Ay —— RE x RB»
18: 1. non-empty valued; 2. conver valued; 3. closed; 4. compact valued; 5. lower
hemicontinuous; 6. upper hemicontinuous.

Proof. To get the desired result, it is enough to check that the Assumptions of Propo-
sition 22 in the Appendix, about the function f used to define I's and F?f are indeed
satisfied. First of all, notice that F? is non-empty valued. Indeed, it is enough to

consider
~ (73

- 1
Thi= 5 > 0 and for any b’ € By, Thi = — > 0

2H
Then,

pren+ (Cwes, Tin 07 ew)) = Zies, Thn - (Pen) = p*Tn > pren(l — H5E) > 0;
T = ot LT <L ks

~ 1 H-1 .
1= wen, T =1 =Y pep, ar 21— 57 > 0;

/ * ~ * * * * *
for any h' e Bh7 pren +Thp (P eh)+2h~€5_>h,\{h} Torrpr (P eh”)_zh”eBh/ Th/h//'(p epr)>
Thr - (P*en) = Bt >0

for any h' € Bh, p*eh'+7~—hh/'(p*eh)+2h”68*>h/\{h} T;;”h/.(p*eh'”)izhlleb’h/ T;:/hll'(p*eh’)g
i - (P7en) + Dnreriny(PTenn) <p'r

Uh(p*v ((%}7 ﬁlBh% (z}h, Tﬁ/)he%\{h})) > Uh(p*, ((ZT’L}’ 03, ), (T}, Tﬁ/)he%\{h}))

2. and 3b. are clearly satisfied!!.
4a. Taken an arbitrary (p*, T\*h), we are going to show that I'? (p*, T<‘h) is sequentially

compact. Let (z},77),en be a sequence of elements in I'7 (p*ﬂ'{kh). Then, up to a
subsequence, we have (z7,7") = (%1, 71) € [0c, k] X Ap. We are left with showing
that T, >> 0. Since, for any n € N, (z},77) € I‘,%(p*,T{“h), from Remark 2, then
xp € {zp € Rir D up(xp) > uf}. Since z X 7y, then T, € Clge ({zh, € R% :
up(zp) > u§}) which is contained in RY, by Assumptiond.ud, as desired. All the
remaining constraints describing F% (p*, T{kh) are trivially satisfied, since they are affine

in (iL’h,Th). O

1 Observe that given an arbitrary differentiable function f : O C R™ — R, = — f(z), if Df > 0, or
Df <0, then f is locally nonsatiated.
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Proposition 6. For any economy £ € E | the generalized game

((S, (Xn x An)), (Co, (Ch)nen), (mo, (Un)nen))

has a Nash equilibrium (p*,z*,7*).

Proof. We show that the Assumptions of Theorem 4 are verified.

1. there exists n; € N such that A; is a nonempty, compact, convex subset of R™:.
Ag =85 = {p € Rf Lpro= 1} satisfies the needed assumptions. To show that Aj, has
the desired properties, we show that both Xj, and Ay do so. For any h € H, A}, satis-
fies the needed assumptions by definition. To show that X} is nonempty, it is enough
to notice that 26—]’;, € X2, The compactness of X, is verified below. We want to show
that X}, is sequentially compact. Since X} is bounded below by O« and above by k.,
up to a subsequence, L7, € [0, k] C RE. We are left with showing that Z;, >> 0.
Since for any n € N, 2} € Xj,, then z} € {xh € REJF sup (xh) > gi} Since 5z,
then 7, € Clge ({xh € R$+ sup (zp) > g‘;}) which is contained in R$+ by Assump-
tion 4.u4, as desired. Convexity of X} follows from Assumption 4.u3.

2. C; is a non-empty valued, convex valued, lower hemi-continuous and upper hemi-
continuous set-valued function. By definition of S and since Cy : (Xpen (Xn X Ap)) —
S, (x,7) = S, then it continuous by definition of upper and lower hemi-continuity.
Verification of the needed properties for Cj, goes through two steps: (i) If '} has the
desired properties, then C} has the desired properties. This is an immediate conse-
quence of Lemma 4 in the Appendix B; (ii) '} has the desired properties (see Lemma
2).

3. m; is continuous and for any a\; € A;, the function m;(-,a\;) @ A — R,
a; = mi(a;,a\;) is quasi-concave. For given (z4)ne, mo is linear in p and therefore
concave and quasi-concave. U}, is continuous because it is sum and composition of
continuous functions. We are left with showing that for any (p, (xn, Tn )i en\(n}) €

S x (Xperiny(Xnr x Aw))y Un(@hs s (0, (@0, T ) e gny)) o= Un(zn, ) is
quasi-concave. The quasi-concavity of Up(xp,7,) is a direct consequence of of the
quasi-concavity of up + ), e, Vhn - Indeed, for any h' € By, define

aw =pew + Y, Twwpen) = D Twar(pen) and wy = pen.
heB_, i \{h} h'EBy,

Then, Uy, (Th, Tn) = un (n) + D _prep, Van (an + Thwws). Take any (27, 73,) , (2}, 77)
and any A € [0, 1], we have

Un((1 = M@}, ) + Mg, 7))

up((1 = A)zy, + Azy) + 3 pep, Van (L= A)(an + wntyy) + Man + with),))
min{up () + 2 ep, Van (an + WnThp ), un(@h) + 2 pep, Vin (an +wpthhy )}
min{,U\h (x;z’ T}/I)v /U\h(x;zl’ T}/zl)}

vl

(>0)
Indeed, & < ki = r+ 1. Moreover, up (55) > up (&) — (ZChres, V(1) = V(0)) := uj, with thewith
equality holding if B, = 9.
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where the first inequality follows from the quasi-concavity of u, + ;¢ g, Ven- O

Proposition 7. If (z*,p*,7*) is a Nash equilibrium for the generalized game, then
P* - Dpen(ay —en) =0.

Proof. Using the strict monotonicity of the utility function with respect to x5 and the
fact that p* € S, it is easy to show that budget constraints hold as equalities. Then
summing up with respect to households and using Proposition 1, we get the desired
result. Suppose our claim does not hold, i.e.,

pay, <pren+ Y T (Tew) — Y Tiw - (PTen) == wa(p*,T7) (5)
h'eB_p h'eBy,

Since p* € S, then we can define C* := {c € C : p*® > 0} # . We then distinguish
the following two cases: Case a. There exists ¢ € CT such that z}¢ < r¢ + 1; Case b.
For any c € Ct, 2}¢ =r°+ 1.

Case a. Define z;* = (2}*°)cec such that

*C . +
mh ) lf cc C \{E}
*KC w¢ 1 - {wh p T )—p*xy *E} *C _ =~
;=< x smin { <+ 1—=x xre if c=c¢
h h’ + 2 p*v + h > h '
x7¢ otherwise

The strictly inequality follows from the fact that wy(p*,7*) — p*a}, (i) 0 and r° +
1 — ¢ > 0. Since (2}*,77), (2},77) € I‘,%(p*,T{*h) and z;* > xj >> 0, we have
Un*, (@3 m), (@, Th ) her\(ny)) > Un(p*, (25, 75 )nren). This is a contradiction
since (z},7;) is a solution to household A’s maximization problem in Definition 8.

Case b. This case cannot hold. Assume it does. Then, by definition of wy,(p*,7*),
we get wy(p*,7) < pren + e, Thn - (PTen) < p*r = 1. Hovewever, by (5),

(5) o X
wi(p*,7F) > pUa), = D e PO+ 1) =D e p™(rC + 1) = pir 3 o™ > 1
which is the desired contradiction. D

Proposition 8. If (z*,p*,7*) is a Nash equilibrium for the generalized game, then it
s a fictitious equilibrium with p* > 0.

Proof. By definition of Nash equilibrium, each player is maximizing. Therefore, for
player h = 0, we have that

foranype S, p* Z 5 —€n) Z(xZ—eh). (6)

heH heH

From Proposition 5, (x} ), 7 solves the household h’s maximization problem (2) at p*
and 77;,. So, we are left with checking market clearing. Since (z7},7;) € P%(p*ﬁ(‘h),
we get that for any h € H

0>pz;, —pen — Z (P en) + Z Thn (D en).
h'eB_p h'eBy,
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Summing up with respect to h € H, we get

0> ZP*(xi*L—@h)— Z Z T (P en) + Z Z T (D ern) = Zp*(x;;—eh)’

heH heH h'€Byy, heH h'eBy, heH
(7)
where last equality follows from Proposition 1. Then, for any p € .S,

(M . . (6) ) (8)
0>p 'Zhe?—[(xh —en) > p'ZheH(xh —en).

For any ¢ € C, define p(c) = (p(¢)¢)wec such that

1 : /

/ — ifd =c
c . re

ple)” { 0 otherwise.

Clearly, p(c) € S. Then, from (8), we get 0 > r% Zheﬂ(x;‘fl — ¢, and hence 0 >

Y ohen (mff/ — ef;). Repeating the same argument for any ¢, we get

> (xh —en) 0. (9)

heH

Let’s now show that p* > 0. Suppose our claim is false and without loss of generality,
assume that p*! = 0. Then, from strict monotonicity of uy, in zj, (and since z} € dom
up,), we would have for any h € H, 23t = r'+1. Then, >, 5 (23t —e)) = > e (r' +
1) —r' > 0, contradicting (9). From Proposition 7, we have p*>", _, (x5 —en) = 0.
Since p* >> 0, from (9), we also have ), ., (z}; —ex) = 0. O

Proposition 9. For any economy, a fictitious equilibrium is an extended utility
equilibrium.

Proof. From Proposition 3, any extended utility with additional constraint equilibrium
is an extended utility equilibrium. Therefore, it is enough to show that any fictitious
equilibrium is an extended utility with additional constraint equilibrium according
Definition 3'3. Let (z*, 7%, p*) be a fictitious equilibrium. We want to show that if

(a) (}, 7)) € T3(p",753,). and

— — 10
(b) for any (zp, 1) € F%(p*,T{"h), Un(zy, ) > Un(xh, ), (10)

then
(1) (z3,7) € F}L(p*,T\*h), and ()
(2) for any (xp, ) € I‘,ll(p*,T{“h), Un(xy, 1) > Un(zh, ).
Before proceeding to the proof of the desired result, observe that, by market clearing,
for any h € H, 0 << 23 <>, cq enr << 1+ 1. Since {(wn, ) € RY, x RP» 2 <<

13The proof is quite standard. See for example, Theorem 49 in Donato and Villanacci (2023).
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k,} is an open set which contains (z},,7;), then there exists 6* € R such that

N (x5, 17) == {(zn, ) € R$+ x RBw . d((z5, 7)), (xn, ™)) < 6}
C {(zp, ™) € REJF x RBr ;g << kr}.

Then,
N (25, m7) N (R, x Ap) € (0,k,] x A, (12)
Let’s now proceed to the proof of the desired result. Since I'Z (p*, T{kh) C T} (p*, T{‘h),

conclusion (11.1) follows from condition (10.a). Now suppose conclusion (11.2) does
not hold, i.e.,

3 @, 7n) € Th(" w,)\T3 (0", 7)) such that Uy (Fn,74) > Un(a, 77)- (13)

Then
(Tn, Tn) 7# (€h: 1) (14)
Since (z},77), (T, Th) € T}, (0", 7,) and I‘}L(p*,T\*h) is convex, then

YA€ (0,1), (z3,73) = (1= A)(2},, 7)) + A(@n, Tn) € T} (0", 75,)- (15)
From (13) and semistrict quasi-concavity of f]\h, we have'*

YAE(0,1),  Un(z), 7)) > Un(zt, 7). (16)

A A * % Def. (55277;?) * % ~ o~ % s .
Now, [(zp, ) — (@4, )l = Xy, m5) — (@h,Th)|| < 0* if and only if
A< m € Ryy, where ||(z},77) — (Zp, Tn)|| > 0 from (14). Then, for any

Ae (0 ), and using (15), we have that

é
(@57 )= (@ns )l
(@h, ) € TR (", mn) N NG (2, ) N (RY 4 x Ap), (17)

where the last intersection follows from the fact that the constraints z, >> 0 and
Th € Ay, are part of the definition of I'}, (p*, T\*h). Observe that

L7 (p* ) = Th(0",75,) 0 (0, K] x Ap). (18)
Then,

(12) 1 * * (18) 2 * *
- Fh(p 7T\h)m((oakr] XAh) = Fh(p 7T\h)'

(19)

Dh(p*, 73,) NNG- (25, 730) N (RS, x Ap)

146h = ﬁh(g (p, (JJh/,Th/)h/EH\{h})) : Xp X Ap — R is continuous and Locally nonsatiation by Points
ul. and u.2 of Assumption 4 and Assumption 2. Furthermore, it is is quasi-concave by of Proposition 19 in
Appendix A.2. Therefore, by Proposition 20 in Appendix B, Uy, is semistrictly quasi-concave.
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From (17) and (19), we have

(@h, ) € TR (p", 7n)- (20)

(20) and (16) contradict assumption (10.b). O

Remark 5. From Propositions 8 and 9, in any extended utility function equilibrium,
we have p* € RE—H Ty, € REJF, and xj, << r. Therefore, for any h € H, we do have
0< ]; —b <1 and an extended utility equilibrium is indeed an equilibrium.

We can then get the desired result of the section.
Theorem 10. For any economy &, an equilibrium (z*,p*,7*) € Rgf X S X A exists

and p* >> 0.

«
Zh
pors

Proof. From Proposition 6, a generalized Nash equilibria exists; from Proposition 8, a
fictitious equilibrium exists; from Proposition 9, and Remark 5 an equilibrium exists.
O

4 Model with nonseparable utility functions

In this section we deal with the version of the model with nonseparable utility functions
defined as follows. For any h € H,

Tn i RS x [0,1]%% x (0,17 — R, (24, 05,,0) = Un(@n, 08,0, ).  (21)
h

B,\L)

Assumptions 7. For any h € H, the utility function f]\h is: Ul. continuous; U2.
strictly increasing in xp,; U3. strictly increasing in 0y, for any h' € B, and decreasing
in 0y, for any h' € B,\L; U4. quasi-concave in (zp, 03, ).

We denote by ﬁh the set of functions satisfying Assumption 7.

As defined in Donato et al. (2025) (see Section 3, page 11), we describe the vector of
“wealth” of individuals household h does not like.
Definition 10. For any h € H and any b’ € B,\L, the wealth function of individuals

that household h dislikes is qp : S X A\, — RBf\L,

qn(psT\n) = (peh' +0+ Z Thon (pen) — Z Th' ! (Peh’))

heB)
heB_,\{h} hEB, n

Defined, the economy & = (eh7/U\h)h€H € xpen(RY, x ﬁh) := [, we present the
definition of equilibrium.
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Definition 11. (z*,7%,p*) € RgH x A x S is an equilibrium for the economy Eeck
if a. for any h € H, for given £ € E, p* € S and T\*h € Ay, (z5,17) € RC x A}, solves

max(xh 77—I1)€R$ xRBR

Uh(arh, (p*ell/+7-hh’(p*eh)'i_Zh”eB_)h/\{h} T;//h/(p*eh//)—zh//egh/ T;’h”(p*eh’))h/eﬁh7 Q;L(P*,Tfh))

subject to(zn, ) € I} (p*, 733,) =

{ (z},7]) € RE x RBr : p*e), + Zh’el@wl T, (D en) — Zh'eBh Thw (P en) —pray >0,
z, >0, 1— Zh,egh T >0, 7, >0}

b Y o hen(x), —en) =0.

To show existence of the above equilibrium, also in this case, we need to introduce
the upper bound k, on the consumption.
Definition 12. (z*,7%,p*) € REH X A x S is an equilibrium with upper bound on
consumption for the economy\é\g E if
a. for any h € H, for given £ € E, p* € S and T\*‘h € Ay, (x7,717) € RE X Ay, solves

MAX (2, m,) ERY xRBR

Un (s (0" ens 7m0 )+ onres_, o\ qny Troone 0" en)=Spies, , T 0 en)nreny,» an@™m0)
subject to(xy, 1) € Fﬁ(p*,r\*h) =
03 (", 75,) N { (2, 77) € RY x RP" -k —a, >0,
pen + Thn (P7en) + Zh“eBH,ﬂ\{h} Thon (P enr) — Zh”eBh/ T (P enr) € 0,1] }5

b Y o pen(w) —en) =0.

In this model, taking into account Definition 5, the generalized game associated
with an economy & is defined as follows.
Definition 13. Given n = 14 H players, indexed by h € {0,1,..., H}, the generalized
game is the triple

((S, (Xn % An)nen)s (Co, (Crlnen), (70, (Un)nen)),

where 1. the sets of actions are Ag = S and, for any h € H, A = X\h X Ap with
Xh:{$h€RC:0§l'h§kr};

2. the constraint set-valued functions are Co(z,7) = S and é\h(p, (T Th ) nrem\{n}y) =
Fi(l% T\h);

3. the wtility functions are mo(p, (Th,Th)nen) = D = Dpen(®n — en) and
Th (P, (T, Th)nen) = Un(p; (Th, Th)hen) =
Un(zn, (pen + Thi (Pen) + 2onreB_ A\ (ny Thw (Penr) -

Y wres,, T (Pen))weBn, an (P, T\n))-
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Definition 14. A Nash equilibrium for the generalized game associated with Eekis
a vector (p*, (x}, T ) hen) € S X (Xnen(Xn x Ap)) such that,
i. for given (x3, 7)) h e\ {h}, P solves maxyesp - >, (@) —en),
ii. and for any h € H, for given p*, (x},, Th ) er\{ny, (T, 77 ) solves
MAX (4, ) EXn x A

f]\lz(rln(p*eh’"""—}L}L’(p*eh)""Zh”eB_;h/\{h} Thorps (07 en )= prren, , Thipn (P e Dnsen,, an (P™7))
. - 14
subject to (wn,Th) € Cr(p™, (¥}, Th ) en\iny) = I‘h(p*,T\*h).

Lemma 3. For any h € H, the set-valued function Fi s non-empty valued; convex
valued; closed; compact valued; lower hemi-continuous; and upper hemi-continuous.

Proof. Defined the set-valued map I‘ff e AV RE x RB» as 't with
weak inequalities substituted by strict inequalities, the desired result follows from
Proposition 22 in Appendix B. Fff is nonempty valued, since (Zp,7p) € F;lf, with
Tp = 5 > 0 and for any b/ € By, Thn = ﬁ > 0. Trivially, all constraint func-
tions satisfy the desired assumption because they are either affine and not constant or
concave and also locally nonsatiated. Moreover, by definition I‘fl is closed valued and
Im(T}) C )?h X Ay, where 5(\;1 x Ay, is a compact set, and closed subsets of compact
sets are compact. Hence all assumptions of Proposition 22 hold true, then I’;ll satisfies
the desired properties. O

Proposition 11. For any economy EcE , the generalized game

((S, (Xn % An)), (Co, (Ch)nen)s (70, (Un)nen))

has a Nash equilibrium (p*,z*,7*).

Proof. The desired result is obtained by applying Theorem 4 and the proof closely
follows that of Theorem 6. N

1. Ag = S and for any h € H, Ay = Xj, X Ap, are nonempty, compact and convex sets.
2. Cy = S and, for any h € H, C), = I'} are nonempty and convex valued, lower and
upper hemicontinuous set-valued function.

3. For given (zn)hew, To = P D _pepy (Th —en) is quasi-concave and continuous and, for
any h € H, m, = Uy, is continuous. We prove that for any (p, (zn, 7o/ )hren\(n}) € S X
(Xnrern fpy (Xnr X Anr)), Un(@h, Thy (P, (The, The )b e\ fh})) 18 quasi-concave in (2p, 71),
ie., for any (z},77), (x},7/)) and any X € [0, 1], we have

Uh((l — )\).'L'Ih + )\.T%, (1 — )\)T;’L + )\71/1/7 (p, (l’h/, Th’)h’e?‘-[\{h})) >

min{ Uy (<), T, (B, (21 Th Yo eans () Un (@5 7o s (B (@, T Yo ny) -
For any h’ € H\{h}, define

CLh/ = peh/ + Z Th//h/(peh//) _ Z Th/h// (peh/),

h'eB_, , \{h} h'"eBy,
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Take any (z),,7},), (z}, 7)) and any X € [0, 1], we have

Def.iﬁh

Un((1 = N, + Az, (1= Nrh + Mfl (0, (@ne, T ) weno (ny)
—~ ﬁh quasi-concave
Un((1 = Naj, + Azyy, (1= A)(an + (pen)Thy) + Man + (pen) Ty ))nes, » an(p; 1)) >

min{gh(‘r;m (ah’ + (peh)TAh’)h’GBh/ >y 4h (B» T\h))7 Uh (iflé, (ah/ + (peh)T}IL/h’)h’GBh/ »dh (p7 T\h)} =
min{Uh(x;w Ti/w (pv (xh’v Th')h/e?-t\{h})); Uh(aj;;’ T}Izlv (p’ (mh’a Th’)h’e?—t\{h}))}-

O

Proposition 12. If (z*,p*,7*) is a Nash equilibrium for the generalized game, then
P* - Dhen(ay —en) =0.

Proof. The proof follows the same argument as the proof of Proposition 7, with only
minor adjustments to the details. O

Proposition 13. If (z*,p*,7*) is a Nash equilibrium for the generalized game, then
it is an equilibrium with an upper bound on consumption and p* > 0.

Proof. The proof proceeds along the same lines as the proof of Proposition 8. O

Proposition 14. For any economy, an equilibrium with upper bound on consumption,
is such that (x*,p*,7*) € I‘%(p*,T\*h) and for any (zp, ™) € Ff’L(p*,T{"h),

—~

Un(@y, (aw+ " en)Thn )weB,, a0, k) > Un(@n, (an +(p"en)Thn Jnresy, s an(p™ ™3))

where ff’l(p*, ) = F%(p*,T\*h) N{(z},,7) € R® x RB» :

p*eh/ —|— Thh' (p*eh) + Z T}t//h/ (p*ehu) — Z T;;’h” (p*eh/) S [O, 1]}
heB_, i \{h} hEB,,

Proof. The proof is standard and follows the same steps as the proof of Proposition 9,
with the appropriate adjustments concerning the utility functions and the constraint
sets. O

We can then get the desired result of the section.
Theorem 15. For any economy &, an equilibrium (x*,p*,7*) € R?LH x S x A exists
and p* >> 0.

Proof. From Proposition 11, a generalized Nash equilibria exists; from Proposi-
tion 13, an equilibria with upper bound on consumption exists; from Proposition
14 and taking into account that p*en + 7, (p*en) + Zh“esﬁh/\{h} T (D enr) —
Eh”eBh/ Trp (p*ens) € 10, 1], then an equilibrium exists. O
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Appendix A

A.1 Equivalent definitions of equilibria

Preliminary definitions.

> B
{t\h,::((th’h”)h”etﬁh/)h’eH\{h,}eR h'€H\{h} Th’ 5t\h,20 and VhIG'H\{h}, pl Zh”eBh/ tprpr <peps}

vec J—
\h (p) =
cy B
{t\h::((th’h”)h”eBh/)h’e%\{h}eR h'eH\{h} Zh’ t\ >0 and Vh/EH\{h}, pzh”EBh/ tyrpr <peps}.

Remark 6. In equilibrium p' > 0. That is a simple consequence of strict monotonicity
of the utility function.

A.1.1 The case of separable utility functions

Definition 15. The vector (x*,t*,p*) € Rgf x RE x S is a numeraire equilibrium
for the economy £ € E if
i. for any h € H, for given £ € E, p* € S, t?h € A{L;L‘m(p*)

MAX (2, ) ERT , xRER
1 1 1
Uh(xh) + Zh/EB;L Vhh' (p*eh/ + p* thh/ + p* Z}LHEBHFL/\{}L} t;kl”h’ - p* Zh“eBh/ t;;/h//)

subject to (zp,tn) € TR (p", 1)) =

{(xn,tn) € R$+ x RPr 2 p*ep +p*! Zh/eBﬁh th, — 0! Zh’eBh thwr —p*ap 20
for any h' € Bn, tanr >0, p*en — Y pep, P thn > 0}

iy pen(Th —en) = 0.

Definition 16. The vector (z*,t*,p*) € Rff X RgB x S is a vector equilibrium for
the economy & € E if

i. for any h € 1, for given £ € E, p* € S,t];, € Afff(p*)

max(mh,th)€R$+ xREBn
un(wn) + X prep, Vhie (P (en + thw + X pnep_, \ny Show — 2nres,, b))

subject to (zp,tn) € T}%(p", t,) =

{(ﬂjh,th) S R$+ X RCBh : p*eh +p* Zh/eBﬁh t;.:/h - p* Zh/eBh thh/ —p*l‘h Z 0
for any h' € Bp, thn >0, p*en — 3 picp, P thn > 0}

i ) pen(Th —en) =0.
Proposition 16. Definition 1, 15 and 16 are equivalent, i.e., the following statements
hold true.
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la. If (z*,7%,p*) € Rgf x RE x S is an equilibrium for the economy € € E, then
(z*,t*,p*) € RCH X RB x S is a numeraire equilibrium for the economy £ € E | where

for any h € H and h' € By, we have t},, = W;

1b. If (z*,t*,p*) € ]RCH X RB X S is a numeraire equilibrium for the economy € € E,
then (x*,7*,p*) € Rcf X RB x S is an equilibrium for the economy & € E |, where for
any h € H and b/ € By, we have 1), = pplte"h’“

2a. If (z*,7%,p*) € RCH x RE x S is an equilibrium for the economy € € E, then

(z*,t*,p*) € Rf RBC x S is a vector equilibrium for the economy & € E , where
for any h € H and I/ € By, we have t},, = (W)cec;

2b. If (z*,t*,p*) € RCH X RBC x S is a vector equilibrium for the economy € € E,
then (z*,7*,p*) € RCH X RB x S is an equilibrium for the economy & € E , where for
p*t*, ’
p*gs :

any h € H and h' € By, we have 7/, =

Proof. For all statements the market clearing conditions are clearly satisfied.

la. For any h € H, for given £ € E, p* € S and 77, = (Th ) her\gny € Ayn, (25, 77)
solves the maximization problem of Definition 1. We want to prove that, for any
h € H, for given € € E, p* € S and 7, = ((M)h”eBh/)h’eH\{h} € A""’”(p ),

pxl
(xp,t; = (%)h/egh) solves the maximization problem of Definition 15. First of

all, we have to verify that (z},t; = (W)h/egh) satisfies the constraint set in

Problem of Definition 15 at t},,, = % for any b’ € H\{h} and any h” € By, .

Indeed, (7,1, = (B2 ), 0, ) € Tpom (p* ,173,), because

px*l
* * * Def. 1
* *1 Th'nP_Cn’ *1 Thh!PCh *
pep+p Zh’EBHh T = — Zh’eBh prT . D Th > 0
€
for any h/ € By, tpyn = %lh) >0,
* Def. 1

* %l T};/(p en) _ o x _ *
pren =P Ypen, Moa— =pPen(l = Xpep, i) = 0

We assume, by contradiction, that there exists (z}*,t;*) such that (a}*,t;*) €
e (p*, t\h) and it glves a higher utility than («},t}). Then we get

. Ly
i (xh Y = (pp L )h eBh) belongs to 'y (p* ,T\h)

ii. it gives a higher utility in the maximization problem of Definition 1 than (z}, 77)
where i. and ii. contradict the definition of (x}, 77).
i From (7", ¢3) € TR (p*, 1;,), we get

* *1 * *1 ok WKk * * ok * PR
0<p™en+pP™ Xnrep ,, thn=P Znies, thn ~P TR =P ent e, Thin (PTen)=2Xnicg, Thn(PTen)—p T

for any h' € By, 0 < tj}, = BB op 7o > 0;

0<pien— Y pltin =@ en)1— Y mi) or (1= Y i) > 0.

h'€By, h'’€By h'€By,
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That is (23", 7;%) € Tn(p", 1)
ii. From the fact that («}*,¢;*) gives a higher utility than (z7,t}), we get

’Ulh(.’IJZ*) + Z Vhh' (p*eh/ —‘y—p*ltzz/ +p*1 Z t;i//h/ — p*l Z t;:’h”) >

h'€By, ' €B_,\{h} h By
up () + E Uhh (p*eh' +p g+ E thp — 0" E t;'h”)
neB, WreB L\ (k) WiEB,

that becomes, from definition of ¢;7},

up(zp*)+ Z Vi (p*eh/—l—r}f;*t,-(p*eh)—i— Z Trop (P enr)— Z Thop (D eh/)>

h'€By, h"EB_, I \{h} W' EB,,

up(z})+ Z Uhh (p*eh/—&-T;fh/-(p*eh)—F Z Thnpr (D eprn)— Z T;Lk,h//-(p*eh/)>

h'€By, h'€B_,,\{h} ' €B)
contradicting the definition of (z7, 7).

1b. For any h € H, for given £ € E, p* € S and t\h € A(L}L‘m( p*), (z5,t) €

rpwm(p*, t\ ») solves the maximization problem of Definition 15, we want to prove that,

. . *1t*/ .
for any h € H, for given £ € E, p* € S and T\*h = ((pp*#)hﬁegz)heﬂ\{h} € A,
(z}, 7 = ((pp teh )hen, ) solves the maximization problem of Definition 1. First of

p*lt;h/
B p*en
1y

% for any h' € H\h and any h” € By, . Indeed, we have

all, notice that (z, 77 = (( Jnen, ) belongs to the constraint set of problem of

Definition 1 at 7, =

1y
(x;kL,T;L‘ = ((pp*ehhh'/ YheB,) € Fh(p*,r\*h), because

i . Def. 15
1 2% 1 179%)
pren+p" Ypen.,, oy Pren) = Ypep, pii (ven) —ptan = 0
w1t
for any b/ € By, Thi = pp Phhh' >0,

p*lt* , 1 . Def. 15
. £ _"hh' — _ .
1 Zh’eB;L Pen =pren —p° Zh’eBh U =

We assume, by contradiction, that there exists (z}*,7;*) such that (z}*,77*) €
Ty (p*, T\*h) and it gives a higher utility than (z}, 7). Then we get

Loty = (7’1“;}@ DY pe 5,) belongs to Ip™ (p*, 7%, );

ii. it gives a higher utility in the maximization problem of Definition 15 than (zj,t}),
where i. and ii. contradict the definition of (7, t}).

L From (2}, 7;%) € Th(p™, 73,), we get

* * * - * Kk %1 * %1 * ok o kk
0<p eh"'_Eh’EB*}h Thrp (P eh/)—Zmesh Thn (P en)—p* @} =p en+p E;L/ezﬁh thip =P Zh’eBh U =P TR
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’ _ ™ .
for any h' € By, 0 < 7757, = ’p’*eh or tyy, > 0;

™ 1
0<1— Z T =1— Z prh or pFep — Zp th >

h'€By h'€Bn h'€Bn

That is (57, 1) € D™ (0", £5,)-
ii. From the fact that (z}*,7/*) and it gives a higher utility than (z}, 1), we get

un (@i )+ D van (p*eh'JrTﬁZ/'(p*@h)Jr S meren)— Y T (p eh'))

W EB heB_, i \{h} h'E€By

up(x})+ Z Uhh (p*eh/+7';£h/~(p*eh)+ Z Thpe (D eprr) Z Tropr (D eh/))

h'EBy, heB_\{h} hEBy
that becomes, from definition of 7},

Uh(mz*) + Z Vhh! (p*eh/ +p*1t22/ +p*1 Z t;//h/ 7p*1 Z t;’h”) >

h'EB,, h€B_, \{h} h€Byy
un(xy) + E Uhh (P*eh’ +p gy + 0 E th — ™ E t;’h”)v
h' By, h€B_, \{h} h By

contradicting the definition of (z7},t}).
2a. For any h € H, for given € € E, p* € S and 77, = (75 )wen\(n} € Dn, (2, 7;)
solves the maximization problem of Definition 1. We want to prove that, for any h € H,

for given & € E, p* € S and t7, = (((W)Cec)h”em/)h/eﬂ\{h} € Aqic(p*%
(a:;, ro= ((W)cd)h’em) solves the maximization problem of Definition 16.
First of all, we show that (x;;, t) = ((%)cec)hzegh) belongs to the constraint set

of problem of Definition 16 at t{, = (((W)Cec)h“e&”)h'eH\{h} Ai’i‘( p*).
Indeed,

* *e Tarn(P7enr) *e Tow (Pen) wow
pen+ 2 cec P Xen.,, o docec P Yo pen, Moy prE, =

Def. 1
pren+ Ynen, TinP en) — Y en, Tin (PTen) —pa) >

T (pxen)\C
for any h' € By, t}),, = (M'C(pi*ch)cﬂ >0,

*e _Z *CZ T;h,’(p*eh) _ *e (1_2 7_* )Dei 10
bén cecP heB, ~ Cpe P €h heBy Thh') =

We assume, by contradiction, that there exists (z}*,t;*) such that (z}*,t;*) €
yec(p*, t\h) and it gives a higher utility than (z7,t}). Then we get
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i. (IZ*,T;* = (%)hlegh) belongs to Fh(p*,T\*h);
ii. it gives a higher utility in the maximization problem of Definition 1 than (x}, 77),
where i. and ii. contradict the definition of (x}, 77).

i From (2}, t") € T}°°(p™, £7,), we get

0 < p'ep+p* E th,—p* g ty, —p Tn =pien+ E T;'h'(p*eh’)_i Thne (D en)—pray’;
h'eB_p h'€eBy, h'eB_p h'eBp

for any h' € By, andcéC,OStZ’}‘ﬁzWorThh,>0

0<pren— Y Ptiy=@en)l= Y mih) or 1= > i >

h'eBy, h'eBy, h'eBy,

That is (x}*, 72*) € T (p*, uv ).
ii. From the fact that (z}*,t;*) gives a higher utility than (z},t}), we get

Uh(.'lf;l*) + Z Vhh' (p*(ehl +t22/ + Z tZ//h/ — Z tZ/h//)) >

h'eBy, h'"eB_,\{h} h'"eBy,,
Uh(x;;*) + E Vhh' <p*(eh/ + t;kLh’ + E t;kl”h’ - E t;kL/h//)>,
h’'eBy, heB_, i \{h} h"€By,

that becomes, from definition of t}},

Uh(x;*)+ Z Vhh' (p*eh/+7}t;/'(p*eh)+ Z T;://h/ p eh// Z Th’h” p @h/))

h By, heB_, i \{h} b EB),

un(@i)+ Y vnw (P*eh'+Tﬁhf'(P*€h)+ > e ®ren)— Y T (p 6h’)>
h'€Bn h"eB_, \{h} h' €By,

contradicting the definition of (z7, 7).

2b. We assume that for any h € H, for given £ € E, p* € S and tih = (t} ) nen\(ny €

U (p*), (@}, t},) solves the maximization problem of Definition 16. We want to prove

that, for any h € H, for given £ € E, p* € S and

* p*t*/ 2
T\h = (( L)

€ Ay, Al
p*eh/ hNGBh,)h’E’H\{h} \h ( )

* * P*t*/ /
(@h 7 = (G
all, we show that (z},7;) belongs to the constraint set of problem of Definition 1 at

)wes, ) solves the maximization problem of Definition 1. First of
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* p*t*, "
T\h - (( P*};h}t )h,,GBh«’)h’GH\{h} € A\h Indeed’

g x g x
p*eh + Zh’inB‘,h 1;)*6};:? (p*eh/) — Zh/EBh pp*Z:/ (p*eh) — p*IZ =

Def. 16
* * * * * * Lk
pen +0" Y wins, thn =P Dwes, thw —PTTh >

for any k' € By, 175, = (2 thh') >0

pren =
p*t}th’ . N Def. 16
1 - Zh/EBh p*en =p eh(l -p Zh'EBh thh') 2

We assume, by contradiction, that there exists (z}*,7;*) such that (z}*,7;*) €
Ty (p*, T{kh) and which gives a higher utility than (z};, 7). Define
wx . ((Tai (P"en)
th T (( Cp*c )cEC)h/eBh’ (AQ)

where the equilibrium price p*¢ of commodity c is strictly positive by the monotonicity
assumption. Notice that, from (A2)

kg kok C* T**’ (p*eh) kK *
P thy = ZP hhci*c = Thr (D"en), (A3)
ceC p
and from (A1)
p*t;kL/h = T;;/h(p*eh/). (A4)

We want to show that i. (z}*,t7*) € I‘}’fc(p*,t<h) and ii. it gives a higher utility in
the maximization problem of Definition 16, than (z},t}), as verified below.
i. From (x3*, 7*) € T (p*, tih) and taking into account (A3) and (A4), we get

* * * ok * k% * * * ok ok
0<p eh+2h/es Ty (P eh/)_Zh’eB Thh/'(P en)—p zL =p en+p Zh’eB thip—P Zh’EB Chn —P TR
—h h —h h

for any A’ € By, and ¢ € C, t55 = BT > 0 or 17, > 0;

0<1— Z Thhy =1 — Z ]D*Th that is, 0 < p¥ep — Z Pt
h’'€By, h'€By, h'eBy,
that is (z},",t3") € I'}°(p”, £7,,)-
ii. From the fact that (x}*, 7/*) gives a higher utility than (z}, ), we get

’U,h(l';kl*)+ Z Vhh' (p*eh/+T;}t/~(p*eh)+ Z T;://h/'(p*6h//)— Z ’T;;/h//'(p*eh/)> >

W eB, hreB_, i \{h} W' E€By
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up (x})+ Z Vph (p*eh/—&—T;:h,-(p*eh)—i— Z Thop (D epr)— Z Thoper (D eh/))

h'E€By, n'eB_, i \{h} hE€By,

that becomes, from 777, = pp Ll for any h € H,h' € By, and 77, = w , for any
W e H\{h},h" € By,

p*ey
'U,h(]j;;*) + Z Vhh' (p* (eh/ —|—t;?;l/ + Z tZuh/ - Z t;kl'h”)) >

h’eBy h'"eB_ ,/\{h} h' €By/
'U/h(aj;;*) + Z Vhh' (p* (B}L/ =+ t;h/ + Z t;;//h/ — Z t;'h//))'
h'EBy, heB_, i \{h} W' EBy
contradicting the definition of (z7,t}). O

A.1.2 The case of nonseparable utility functions

For any h € H and any h' € B,\l, we define

an"" (P, tn) == (peh'+0+p1 S tww—pt Y th’h")h, g Y t) € SXAG™ (p)
h'eB_,,\{h} W' eB,, €Bh
and

a, " (p, t\p) = (peh'+0+p S tww—p Y. th’h”)h/ g V(P t) € SXATE(P).
h'eB_,\{h} h'' EB, €5

Definition 17. The vector (x*,t*,p*) € REH X Rf x S is a numeraire equilibrium

for the economy Eck if
i. for any h € H, for given £ € E, p* € S, t L € A"“m( *)

maX(Z;L,th)ERCXRBh
Un(ens (0" ens + 0" w4+ 0™ e\ pny oo = 9™ Siwves,, o) 5" (07 15)

subject to (wn,tn) € I3 (p", 17,)

.Yy pey(Th —en) = 0.
Definition 18. The vector (z*,t*,p*) € REH X REB x S is a vector equilibrium for

the economy EcE if
i. for any h € H, forgwené’eﬂi p*es, t\hEA”"“( ")

maX(Th ;th)ERY XRCEn

Un(an, (0" (en + tns + 2onreB iy S = 2onnen,, thone)) G2°C (075 83,))

subject to (x5, ts) € I}(p™, t7;,)
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i Y pew(@h —en) = 0.

Proposition 17. Definition 11, 17 and 18 are equivalent, i.e., the following state-
ments hold true. L

la. If (z*,7%,p*) € REH x RE x S is an equilibrium for the economyAE EAE, then
(x*,t*,p*) € REH X RE x S is a numeraire equilibrium for the economy £ € E |, where

for any h € H and h' € By, we have t},, = W,’

1b. If (x*,t*,p*) € REH X Rf X S is a numeraire equilibrium for the economy e ]/E\,
then (z*,7*,p*) € RCH x RE x S is an equilibrium for the economy € € E, where for
+ +

p*lt;«lhl
p*en ° =R =R

2a. If (z*,7*,p*) € RYH x RE x S is an equilibrium for the economy £ € E, then

+ +
z*,t*,p*) € RCH x REC x S is a vector equilibrium for the economy £ € E, where
+ +
for any h € H and h' € By, we have t},, = (W)CGC"
2b. If (z*,t*,p*) € REH X Rfc x S is a vector equilibrium for the economy € € E,

then (x*,7*,p*) € REH X ]Rf X S is an equilibrium for the economy EcE , where for

any h € H and h' € By, we have 7, =

any h € H and b/ € By, we have 7, = ppf’;}h' .
Proof. The proof is a simple adaptation of the proof of Proposition 16. O

A.2 The extension of the functions vy
Proposition 18. If a function v : (0,1) — R is continuous, strictly increasing and

bounded, then there exists an extension V of v on [0,1], so defined, V : [0,1] — R,

lim,_,o+ v(x) if z =0,
= { v(x) if z € (0,1),
lim, ;- v(z) if z = 1.
which is continuous, strictly increasing and bounded.

Proof. This proposition represents a simpler case of the one already described in
Proposition 23 of Donato et al. (2025). Moreover, the boundedness of function V'
follows directly from the boundedness of function v. O

Proposition 19. Under the maintained assumptions, for any h € H, the function
up + Y e, Van RY, x [0,1]B» — R is continuous and quasi-concave.

Proof. Continuity follows immediately. The proof of quasi-concavity involves some
notational complexity and it is presented below. We have to show that, for any h € H,
W' € By, for any (z,,w},), (), w},) € RY, x [0,1]5 and for any A € (0,1),

up((1 = Nz, + Axy)) + Zh,egh Vi (1 = Nw),, + Awy,) >

min{un(2}) + Spreg, Vi (h), un(af) + e, Vi (i)}
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For any w = (wp/)peg, € [0,1]5%, define BY) (w) = {h' € By, : wyy = 0}, B," (w) =
{1 € By :wp € (0,1)}, Bi(w) = {h' € By, : wy = 1}, we have

Bh = Uic(0,u,, 1) Bh(w). (A5)

For any U‘)/‘: (w;L')h’EB@7w// = (w%/>h/68h € [Oa 1]Bh7 i € {wa;ua l}a J € {O,UJZ/, l}a
defined B;? (w',w") = Bj,(w') N B}, (w"), we can prove that

Bfl(w') = UjE{O,w” 1}B2j(w’, w”). (AG)

h!?

Them from (A5) and (A46), we get that for any w’,w” € [0,1]5",

B = Uie(0,u,,.1} Yje (o, 13 By (w',w'"). (AT)

R

and, moreover, >,z Vi (') =

Zh’GBg(w) th/(O) + Zhleg;i’h’ (w) th’(wh’) + Zh’EB}l(w) Vi (].) =
2w, g a1y B Gty Ve (0) 422, 5 oy VP CROT (g

/7 7 1"
€Yje(0,wy, 1B w'w')

Zh‘leuje{o,w;/, ‘1}8}1;1 (w/)w//) th/ (1)

For a lighter notation, we drop the term (w’,w”) in the symbols Bib’j (w',w"). From
(A7), for any w',w"” € [0,1]B",

Zh/eBh th’((l - )\)w;l/ + /\’LUZ/) -

S0 Vinr (1=N0ORAFE o, Vi (L= N0+M0 )45, gor Vi (L= )04+ D)+
h EBh

weshe VW((17/\)w2/+k0)+2h/65%,,wg, th,’((1*/\)“’;1/+)‘w;:’)+zh/68w’h,,1 Vi (A=) wy,+A1)+
) ©SPh h

Zh/eg’l{O th/((1—/\)1+)‘0)+Zh/681,11,;:/ Vi (L= 14+Aw ) +32,, o110 Vi (L=X)14A1).
h

h
(A9)
Taking into account of quasi-concavity of up + 3, 5, Uniy and that the argument of
each addendum belongs to (0,1) and Vi, = vpa, we get, for any (z),, w), ), (¢}, w},) €
RY, x [0,1]P, for any n € N and for any A € [0,1],

up((1 — ANz, + Azi)+

Sesg0 Vin (=N EAXDET g, Vi (1= E430)+ 5, 01 Vi (=X A= 1))+
h &

€B,,
w0 Van (L=Nwp AN+ )y Vi (L=Nwp Adwl )43 3 Vi (L= X)wi, A (1= 1))+
h’Eth h’eth h h’eth
Sresto Vi (A=NA=0+AD+T o, Vi (A=N A=) FMN 4T, gt Vi (=D (1= D+AA=5)=

h EBh
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up((1 — ANz, + Azy)+

Zh/eBU 0 Upns (1=A) g +A5)+2 0w, O (1=2) 3 +Aw) )+ 0.1 U (1=A) 7 +A(1= 7))+
n'eB, h

h'eB

O (L=X)wy, +A5) 4+

,0
n'es, b h’EB;Uh/ v
v

zh,egl 0 U (=N A=2HADHE 4 v (=N (1= E) 2w+
h

h! By,
h'enB €

min{up (z},) + Zh/eBO ovpn (L) + Z SO v (%) + Zhlego vop (E)+
Z .0 Unh! (wh') + Z u)}/ wlt, ’Uhh/ (wh') + Z w 1 vhh/(wh,)Jr

w’
h!
B h

Zh’eBl o vpp (1= 3) + Zh’el’j’l wp, e (1= 1) + Zh/eBl . ”hh'(l — )

uh(zh) + Zh/ego 0 'Uhh/( ) + Z 5 wy, Uhh/ (’LUh/) + Zh’ 5O vpp (1 — ﬁ)+
h
1
2 e g0 Y onne () + Zh,GB:h,,w,{, vhne (Wiy) + 25 B onw (1= )+
Zh'esl o onn (1= 7) * Zh/esl’wﬁf/ Uni (W) + Zh’eBl 1 opp (1 — *)}
h
(A10)

Taking limits for n — 0 of both sides of (A10) and using the continuity of the involved
functions and the min function, the facts that the inequality in (A10) holds in the
limit, and that Vipr 0,1) = vnn and Vi (0) and Vipe (1), we get the desired result.
Indeed,

up((1 = Nz, + Az)) + Zh/eBh Vi (1 = Nwi,, 4+ Awyl) = up((1 — N)aj, + Azf)+
> a0 Van (0)+32 0,w!’, thf(/\wﬁf/)+2h,€go,1 Vi (M) +
h h'es, h h

w0 Van (A=Xwp )+ w o’ Vi (=X wy, +Aw) )+ w! 1 Van (1= Nwy, +A)+
hh,’ h/eghh/ n’ % B)

(1,0) Vi (1=2))+22 @', Vin (A=X)+Aw),)+30
h nes, h

h'eB

Zh’es (1.1) Vi (1)2

min{up (z},)+> 00 0w, oo Vi (0)+32 wh 0wl wr L Vit (Wi, )+32

h'eB

up (23,)+32

h’ezs UB

w0 510 VW(O)+Z 0wyl | wh ol Ll Vs (w/)+32 w! 1
h
min{uy, (z}) + Zh/eBh Vi (w},), uh(mg) + Zhlegh Vi (W)}

Appendix B Properties of set-valued functions

Consider D:IICR? »— X CR", m—— {z € X : f(r,x) > 0}, where f : II x X —
R™. We provide a list of conditions to be satisfied by f which imply that D has nice
properties.

Definition 19. A function F: X CR"™ — R, with X nonempty and convex, is said
to be

(i) quasiconcave iff for any x,y € X and A € [0,1] one has

F(Az + (1= A)y) 2 min{F(z), F(y)};
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(i) semistrictly quasiconcave iff for any z,y € X such that F(z) # F(y), one has

iii) Locally NonSatiated if Vo € X and Ve > 0, 3z’ € Bx (x,¢) such that F (z') > F (z);
i) (Globally) NonSatiated if Vo € X J2’ € X such that F(z') > F(z).

Proposition 20. (Villanacci (2022), Corollary 42, page 15) If X is a convex met-
ric space and F : X — R is continuous, then f is semistrictly quasi-concave and
NonSatiated < f is quasi-concave and Locally NonSatiated.

The following two results provide a slight generalization of Propositions 17 and
18 in Donato et al. (2025) extending the domain of the set-valued maps defining the
constraints from Euclidean spaces to nonempty, convex subsets of Euclidean spaces.
Proposition 21. Let X be a nonempty convex subset of R™ and the function f :=
(fi)it, : X = R™, & f(z) be given. Moreover,

foranyic{l,..,m}, C;:={zxeX: fi(x)>0},
C:={zreX: f(x)>0}=n",Cy
for any i € {1,...,m}, C; = {reX: fi(zx) >0},
C = {zeX: f(x)>>0}= 0?;151‘;

If for any i € {1,...,m}, fi is either i. continuous, . semistrictly quasi-concave, iii.
such that there exists z € X such that f;(2) > 0, or i. continuous, ii’. quasi-concave
and ii’. such that there exists z € X such that f;(z) > 0 and Locally nonsatiated, then

1) C =Int(C) and 2) C = CI(C).

Proof. The proof follows the same steps as the proof of the Proposition 17 in Donato
et al. (2025). O

Proposition 22. Let a subset II of RP a nonempty convex subset X of RC and a
function f:1Ix X — R™, z— (f;(m,2))7, be given (with f; : TIx X — R). Let also
the following set valued function be given.

D:I—-—X, no—{zeX: f(rx)>0}
D:MM—-—X, n——{zeX: f(rz)>>0}

I If 1. D is non-empty valued, 2. f is i. continuous and for any j = 1,...,m and
for any m € 11, either 3a. f;(m,-) is 4. semistrictly quasi-concave or 3b. f;(m,-) is ii’.
quasi-concave and iii’. Locally nonsatiated, then D is non-empty valued convex valued,
closed graph and lower hemicontinuous. II. If in addition either 4a. D is compact
valued or 4b. Im(D) is contained in a compact set, then D is upper hemicontinuous.

Proof. The proof follows the same steps as the proof of the Proposition 18 in Donato
et al. (2025). O

Lemma 4. (see Donato et al. (2025))Let X1,Xs and Y be metric spaces and ¢ :
X1 ==Y, 21 =0 (1) and ¥+ X1 x Xo == Y, (21,22) —=— @ (x1) be set-
valued functions. Then if ¢ satisfies any of the properties listed below, then v does
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as well: 1. non-empty valued; 2. convex valued; 3. closed; 4. compact valued; 5. lower
hemi-continuous; 6. upper hemi-continuous.

Declarations

e Conflict of interest. The authors declare that they have no conflicts of interest
relevant to the content of this article.

References

Arrow, K.J., Hahn, F.: General Competitive Analysis. Holden Day, San Francisco
(1971)

Balasko, Y.: Wealth concerns and equilibrium. J. Math. Econ. 59, 92-101 (2015)

Borglin, A.: Price characterization of stable allocations in exchange economies with
externalities. J. Econ. Theory 6(5), 483-494 (1973)

De Bernardi, C.A., Vesely, L.: Rotundity properties and non-extendabiity of lipschitz
quasiconvex functions. J. Convex Anal. 30(1), 329-342 (2023)

Debreu, G.: A social equilibrium existence theorem. Proc. Natl. Acad. Sci. 38(10),
886-893 (1952)

Del Mercato, E.: Existence of competitive equilibria with externalities: a differential
viewpoint. J. Math. Econ. 42(4-5), 525-543 (2006)

Donato, M.B., Sperati, C., Villanacci, A.: Opportunity-based other-regarding prefer-
ences in general equilibrium: existence. Decis. Econ. Finance, 1-37 (2025)

Donato, M.B., Sperati, C., Villanacci, A.: Consumption based other-regarding pref-
erences in general equilibrium: Existence. Journal of Dynamics and Games 15,
125-151 (2026)

Donato, M.B., Villanacci, A.: Variational inequalities, maximal elements and economic
equilibria. J. Math. Anal. Appl. 519(1), 1-24 (2023)

Florenzano, M.: General Equilibrium Analysis: Existence and Optimality Properties
of Equilibria. Kluwer Academic Press, Boston (2003)

Kranich, L.J.: Altruism and efficiency: a welfare analysis of the walrasian mechanism
with transfers. J. Public. Econ. 36, 369-386 (1988)

Kreps, D.: Microeconomic Foundations I - Choice and Competitive Markets. Princeton
University Press, Princeton (2013)

Laffont, J.J., Laroque, G.: Effets externes et theorie de I’Equilibre
general. In: Cahiers du Seminaire d’Econometrie. Paris,

32



https://api.semanticscholar.org/CorpusID:157326237 (1972)

Lombardi, N., Platino, V., Villanacci, A.: Regularity in an exchange economy with
other-regarding preferences. Working paper (2026)

Mercier Ythier, J.: The effectiveness of distributive policy in a competitive economy.
J. Public Econ. Theory 2(1), 43—69 (2000)

Shafer, W., Sonnenschein, H.: Equilibrium in abstract economies without ordered
preferences. J. Math. Econ. 2, 345-348 (1975)

Villanacci, A., Carosi, L., Benevieri, P., Battinelli, A.: Differential Topology and
General Equilibrium with Complete and Incomplete Markets. Kluwer Academic
Publishers, Boston (2002)

Villanacci, A.: Variational inequalities for maximization problems with continuous,

locally nonsatiated and quasiconcave utility functions. mimeo, Universita degli Studi
di Firenze, Italy (2022)

33



	wp798_fronte
	Working Paper no. 798
	Maria Bernadette Donato, Vincenzo Platino, and Antonio Villanacci
	October 2026
	CSEF - Centre for Studies in Economics and Finance 
	Department of Economics and Statistics – University of Naples Federico II
	Working Paper no. 798

	Donato_Platino_Villanacci_working paper2026_3

