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Chapter 1

Introduction

An important question in general equilibrium theory is whether the foundational properties of competitive
equilibria established for classical pure exchange economies persist when agents exhibit other-regarding
preferences (ORP) and are permitted to execute voluntary transfers.!

While standard general equilibrium models rely on the absence of consumption externalities to ensure
market clearing and efficiency, real-world economic interactions - ranging from climate initiatives and philan-
thropic transfers to tax compliance and political redistribution - are inherently driven by fairness, reciprocity,
and social interdependence.

From a general equilibrium perspective, incorporating social preferences fundamentally alters the func-
tioning of exchange. The presence of consumption externalities violates classical assumptions required for
equilibrium existence and generic regularity, breaks the First Welfare Theorem, and indeed necessitates a
formal redefinition of Pareto optimality.

On the more economic applied side, empirical and macroeconomic evidence underscores the scope of non-
selfish allocations - such as individual charitable giving in the United States exceeding $374 billion annually
and non-profit sectors generating significant GDP shares across Europe. On the other hand, the rigorous
micro-foundations of such economies under voluntary transfers remain analytically challenging.

To systematically analyze exchange economies subject to social preferences and voluntary transfers, our
broader research program evaluates three increasingly general theoretical frameworks: the classical pure
exchange economy with selfish preferences and no transfers, the exchange economy with other-regarding
preferences and no transfers, and the exchange economy with other-regarding preferences and voluntary
transfers.

For each specification, three foundational equilibrium properties are crucial for the analysis: existence,
generic regularity, and Pareto optimality. In classical environments, all three properties are well-established
under standard conditions. Extending these foundations, Bonnisseau et al (2026) demonstrate that under
consumption-based ORP without transfers, existence and generic regularity can be preserved, though Pareto
optimality generically fails, opening scope for welfare-improving interventions. The goal of the present paper
is to analyze those results in economies which allow voluntary inter-agent transfers under both wealth-based
and consumption-based preference structures. Specifically, this paper establishes generic regularity in the
wealth-based setting - a prerequisite structural stepping stone for subsequent welfare analysis.

Introducing ORP and voluntary transfers invalidates several classical assumptions on individual utility
functions. First, monotonicity generally fails; while utility increases in the consumption of agents toward
whom an individual feels altruism, it may decrease in the consumption of targets of spite or hostility.
Second, quasiconcavity may be violated, as simultaneous altruistic and spiteful motives break the structural
convexity of upper contour sets. Third, standard boundary conditions are also disrupted by the presence of
other-regarding, spiteful preferences.

When voluntary transfers are introduced, two additional structural complications arise: unrestricted
transfers destroy the compactness of aggregate choice correspondences, and particular transfer configurations
can render individual budget sets empty.

IThe first paper to analyze a general equilibrium model with wealth-based other-regarding preferences and transfers is
Kranich (1988). Several years later, Mercier Ythier (2000) analyzed a model with transfers in which other-regarding preferences
are based on other people’s utility from consumption. More recently, several contributions have provided more consistent,
accurate, and general existence proofs; see, in particular, Donato, Sperati, and Villanacci (2025a, 2025b) and Donato, Platino,
and Villanacci (2026).



6 CHAPTER 1. INTRODUCTION

Moreover, combining other-regarding preferences (ORP) with voluntary transfers introduces a twofold
interdependence. First, utility interdependence implies that household welfare directly depends on the con-
sumption and transfer choices of other households. Second, constraint interdependence implies that available
wealth depends directly on transfers chosen across the economy. These non-decomposabilities prevent the
equilibrium system from decomposing into independent first-order conditions from individual optimization,
forming a crucial barrier to establishing regularity. As a result, the equilibrium function’s Jacobian matrix
in the standard exchange economy—see, e.g., Villanacci et al. (2002, p. 241)—is considerably simpler than
the Jacobian in our framework (see Section 5.3).

The use of a finite local parametrization of utility functions to show both existence and regularity goes
back to the seminal works by Smale (1974) and Allen (1981). On the other hand, local parametrizations
have been used in the general equilibrium literature (especially in contributions on indeterminacy and Pareto
improvement) to study the properties of equilibria after regularity has been obtained. In our paper, we
use parametrizations to obtain the regularity result. To the best of our knowledge, the only papers that
use our approach are those by Bonnisseau and del Mercato (2010), in a specific case, and Citanna and
Villanacci (2002), using a rather heavy machinery approach. Kung (2008) models the functional structure
of the economy using a finite local parametrization; this assumption obviates the mathematical difficulties
addressed by our proposed framework (see Section 4).

In brief, our main contribution is to establish the regularity of equilibria in a model characterized by
strong interdependence among households—an aspect that works against the direct application of standard
results derived under the complete absence of such interdependence. We also provide a general proof strategy
that, in our view, can be applied to other classes of models beyond the one considered here.

The remainder of the paper is structured as follows. Section 2 formally outlines the general equilibrium
framework with other-regarding preferences and voluntary transfers. Section 3 introduces an equivalent defi-
nition of equilibrium and states our main theorem on generic regularity. Section 4 establishes the properness
of the so-called natural projection (from the equilibrium set to the space of economies). This result is the key
tool used to show that the set of regular economies is indeed open (in the appropriately defined topological
space). We provide a detailed proof that covers our case and, we hope, serves as a useful pedagogical aid
in understanding a proof that is only briefly sketched in the literature. Indeed, we were unable to find a
rigorous proof of properness in any article currently available in the literature. Section 5 develops the local
finite parametrizations of selfish and altruistic components and proves the density of regular economies. Sec-
tion 6 synthesizes these results to provide the full regularity result. Finally, Appendix 7 contains auxiliary
topological and differential topology lemmas, ensuring a relatively self-contained presentation.



Chapter 2

Set up of the model

We describe an economy in which households exchange goods (or commodities) in order to maximize their
well-being. A commodity is denoted by ¢ € {1,...,C} := C. A household is denoted by h € {1,...,H} :=H
and she is described by the following objects:!

a consumption set X; C RY with generic element z;, = (a5),.. € RY, where 2, € R denotes the
consumption of good or commodity ¢ by household h;

an endowment set Ej, C R with generic element ej, = (€5)ec € RY, where ef € R denotes the amount
of good ¢ owned by household h; total resources are denoted and defined as follows: r:= 3, ;, ex.

Commodities can be exchanged with other commodities at exchange ratios described by a price vector
p belonging to the normalized price set P := {p € RE L pt = 1}, where commodity 1 is chosen as the
numeraire.

Households can also choose to transfer resources to other households: each household i € H can choose
a transfer vector 7, = (Thh')h’eH\{h} IS Rf_l , where 735, denotes the amount of the numeraire good 1
that household h wants to transfer to household A’ € H\ {h}. Assuming that 735/ is non-negative formalizes
the idea that households are prohibited from “stealing” goods and that they comply with this institutional
requirement.

0n € © C R denotes household h’s wealth. We also define 6 = (6),),,c,, € © and 6,), = (On)prer(ny €
ef-1,

Household A’s utility function depends upon her own consumption and anyone else’s relative wealth and
it is denoted and defined as follows.

Up: X x O — R (2n,00) = un (@) + Y v (Ow)
h'eH\{h}

where
Up, - Xh — R

describes the “selfish” component of the overall utility function of household h, and for any h’ € H\ {h},
Vhh! - 0 —R

describes the utility accruing to household h from a given value of the wealth of household 7’.

For “physical/biological” reasons, we assume non-negativity of consumption. More precisely, we assume
Xn = RE 1. Using a standard “survival assumption”, we endow households with a strictly positive vector of
goods, as formally assumed below.

Assumption 1. For any h € H, e}, € R£+.
Selfish utility functions satisfy the following assumptions.

Assumption 2. For any h € H,

ul. up : Rg 4+ — Ris a three times continuously differentiable function;

1Economically meaningful restrictions on the sets defined below will be presented in the remainder of the section.

7
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u2. uy is differentiably strictly increasing, i.e., for every xj, € REJH Duy, (xp) > 0;
u3. uy, is differentiably strictly concave, i.e., for every xj € REJF and D?uy, (75,) is negative definite;

u4. for any u € R, {xh S R$+ sup (zh) > g} is closed in the Euclidean topology of RC.
The set of all utility functions uy, satisfying the above Assumptions is denoted by U C CS(Rg +R).

Remark 1 As verified in Appendiz 7.1,

1. Clge ({xh € R$+ sup (xh) > a}) C R%_ < Clge ({xh € R%_ sup (xh) > a}) N }"(R%_) = g,
where F (REQ is the topological boundary of R£+,

2. if up, satisfies Assumptions ul, u2 and us3, then,

< ug’: for any x € RY,, Clge ({zn € RY, tup (z4) > u(z)}) CRY,, and >

uy, 18 unbounded below.
1=
< u4. for any a € R, Clge ({:rh € R£+ sup (zg) > a}) C R$+. >
2. &
( w4’ for any o € R, {xp, € R, :up (1) > a} is RY closed. )

Remark 2 Below, we provide some comments on the assumptions introduced in Assumption 2.

ul. All the results obtained in the present paper require uy is C2. We also want to provide results for
the case in which uy, is C3, as this will be needed for the analysis of the optimality properties of equilibrium
allocations that we plan to undertake in future research. The motivation for this stronger assumption can be
found, for example, in Footnote 7 in Remark 6 on page 428 of Villanacci et al. (2002), as well as in some
of the literature cited there on Pareto-improving analysis.

u2 and u3. Assumptions u2 and u3 are widely used in general equilibrium theory with smooth preferences.
They are strengthening of the monotonicity and convexity assumptions usually imposed and are frequently
used in the analysis.

ug. As discussed in the remark above, Assumption u4 is a strengthening of Assumption uj’. It is crucial
in our model because the presence of the other-regarding term in the utility function makes it more difficult
to apply the standard analysis, which consists in obtaining a lower bound for affordable utility in terms of
the agent’s own endowment.

Remark 3 The argument of vy is the relative wealth of household I/, i.e.,

pirpeh/Jr Z Th!'h' — Z Th'h"

neH\{h'} hreH\{h'}

The numerator of the fraction is the value of the household’s endowment, plus the value of the transfers it
receives, minus the value of the transfers it gives. Therefore, by the monotonicity of the utility function, the
household’s net wealth equals the value of her consumption at any utility-mazximizing choice - see constraint
set below in Definition 8. We then have

Prh PZheH\{h/} Th
pr pr

0< <1

)

where the first strict inequality follows from the fact that price, consumption and total resource vectors
have strictly positive components, and the first equality follows from market clearing. The above observations
imply that the domain of the function vy has to be the open interval (0,1).

For any h € H and h' € H\ {h}, the properties which the function
Vhh! - (0, 1) — R

may satisfy are as follows.
v1. vpps is three times continuously differentiable;
v2. vpp is differentiably strictly increasing, i.e., for every s € Ry, v},, (s) > 0;
v2’. vy is decreasing;
v3. vy is differentiably strictly concave, i.e., for every s € Ry, v}, (s) < 0;
v4. vpp is bounded below.



Remark 4 Observe that if Assumptions v.1, v.2, v.3., and v.4 are satisfied, then vy is bounded above as
well - see Proposition 71 in the Appendiz 7.1. Observe also that if vy is bounded, it could be that vy, is
unbounded as in the case of ¥s.

Remark 5 Below, we provide some comments on the assumptions introduced above on vpp: .

vl. v2 and v3. Comments presented about ul,u2 and u8 apply here as well. Indeed, weaker continuous
versions of those assumptions are needed to show the existence of equilibria in Donato, Platino, and Villanacci
(2026). Assumption v4 basically says that “you do not care infinitely for the poverty of people you like”.

The set of all functions vy satisfying the above Assumptions v1, v2, v3, and v4 is denoted by V C
C*((0,1),R).

Definition 6 If {X; :i € {1,...,n}} is a family of pairwise disjoint, possibly empty, subsets of a set X such
that UP_ X; = X, then we say that {X; : i € {1,...,n}} is a generalized partition of X.

Assumption 3. For any h € H, there exists a generalized partition {Bh, B,\L} of the set H\ {h} such that
By, = {h' € H\ {h}: vnp satisfies properties v1, v2, v3 and v4 },
B,\L = {h' € H\ {h} : vpp satisfies properties v1 and v2’}.

Remark 7 We are going to refer to By, and 82 as the sets of individuals that household h likes and dislikes,
respectively.

We now make a quite important modelling assumption.

Assumption 4. For each household h € H, the total value of transfers it makes to other households cannot
exceed the value of its own endowment, i.e.,

Z Thir < Pep.

h'eH\{h}
Given a vector z = (2',...,2°) € RY, denote 2\ := (22, ,2%) € R®~!. So, in particular,
c-1
P\ = (P)eecri1y € RYY S

Define also

Bh:#Bhv B:ZheHBh;

B>L = #B}\w B\ = Z}LEH B}\w

Ah (p\) = (Thh,)h’EH\{h} S RH_l CTh Z 0 and Z Thh' S PER s
h'eH\{h}
T = (Tn)pen e=(en)hen U= (Un)pey v= ((vhh’)h’GBh,)hEH’ vt = ((”hh’)h/eBl)heH'

An economy is?

’

B\
£ = (e,u,v,v\) EREE x U? x VB x (V\> =F.
Definition 8 The vector (m*,p*\, ((f ) hreBy) s ((T;L‘h/)

for the economy &' € E' if
1. for any h € H, household h mazximizes, i.e.,

for given & € E/, p*\ € RE;I, ((T}f’h”)h"EH\{h/})h/eH\{h} € (Xh’eH\{h}Ah' (P*\));

_ \ o
h’eB\)) € Rgf foJrl xREXRE" is an equilibrium
h

2We adopt the symbols £ and E’ rather than the more natural notation £ and E, since £ and E’ appear only a limited
number of times in the remainder of the paper, while £ and E will be introduced later and used extensively.
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(3327 (T;;h/)h/e?‘-t\{h}) € R$+ x RE=1 solves

max _
(@h:(Thi s e (ny ) ERG | XRA 1

un (Tn) + 2 e (ny Vnk! (Tlr (p*eh' + Thw + 2o prer (v n) Thh = 2ohrer\ {1} 7—;;%,,)>
subject to

Pren + D per\(hy Thn = 2ohrer\[n} Thi' — D TR 2 0

pen — Zh’e?—[\{h} Thir 20

for any b’ € H\{h}, Thn >0.

2. markets clear, i.e.,

> (xj, —en) =0.

heH

The reason for which the above definition contains no “market clearing conditions for transfers” is a
consequence of the simple result below. For any 7 € RHH -1 p e §and e € Rgi

Yood wR=. > T (2.1)

heH h'eH\{h} heH heH\{h}

Theorem 9 If Assumptions 1, 2 and 3 are satisfied, then for any economy E° € E°, an equilibrium
(*, (Tin e ny, P*\) € R x REHE-1) RO exists.

Proof. The proof is contained in Donato, Platino, and Villanacci (2026) and is based on the equivalence
among different types of equilibria and an existence theorem. Observe also that, using Remark 4, we have
that the assumptions we make on the functions vy, imply that they satisfy continuity, strict monotonicity,
and boundedness, which are the assumptions made in Donato, Platino, and Villanacci (2026). ]



Chapter 3

The goal of the analysis

A key step in the existence proof presented in Donato, Platino, and Villanacci (2026), as well as in the proof
of our main results, is the introduction of a notion of fictitious equilibrium, which is shown to be equivalent
to the standard notion of equilibrium while being considerably easier to analyze.

More precisely, this section proceeds as follows. The underlying strategy is to show that, without loss of
generality, the equilibrium notion introduced in Definition 8 can be reformulated by effectively disregarding
the households belonging to the set B,i. Accordingly, in Definition 11, we formally introduce this alternative
equilibrium notion, referred to as a B equilibrium. We then characterize B equilibria by means of Karush—
Kuhn-Tucker conditions and, in Proposition 14, establish the equivalence between the standard equilibrium
and B equilibrium notions. Having established this equivalence, we show that the study of regularity proper-
ties of the original equilibrium can be reduced to the analysis of the more tractable B equilibria. We conclude
the section by stating the regularity theorem, which constitutes the main result of the paper. This result
is an indispensable tool for analyzing the Pareto properties of equilibrium allocations, a topic that will be
investigated in a future paper.

Define

& = (e,u,v) GREE xUH x VB .=E,

B_p={h € H:h € By}, ie., “the set of households who like h”,

B\_m ={hWeHH:he B,\L,}, “the set of households who dislike h”,

B = (Bn)pcy € XnenP (H\ {h}), where P (H\ {h}) is the family of all subsets of H\ {h},

Ap (p\) = {(Thh/)h/esh ERPr 7, >0 and 30, cap qny Thi < peh}

Observe that
g = (5,1)\) EExV\ =FE.

Remark 10 We endow the set E of economies with a topology as follows. Consider the topological vector
space RO x (C3(RY ., R))}H x (C3((0,1), R))Bendowed with the product topology derived from: the standard
Euclidean topology on REM ; the C® compact-open topology on C3 (REJF, R); and the C® compact-open topology
on C3((0,1),R) - see Section 4 and Appendiz 7.3. Then, we endow the subset of economies E C REH x

(C3(R$+,R))H x (€3((0, 1),R))B with the induced subspace (relative) topology.

We can then give the following definition of equilibrium - which uses Walras’law in the rewriting of the
conditions for market clearing.

Definition 11 The vector (x,p*\,((Tﬁh/)h'elsh)hey) € RV x RYYY x RE is a B equilibrium for the
economy £ € E if
1. for any h € H, household h mazimizes, i.e.,

11
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for given £ € E, p*\ € RE;{ ((T;'h”)h"eBh')hfeH\{h} c (Xh’eH\{h}Ah' (p*\)),
(z},, (Tin wen,) € RY x RB" solves

max
(z;u(fhhl)h/ggh )ERG, xREA

un (Tn) + X pep, Vhh (ﬁ (p*eh’ + Thw + 2onreB_,\(h) Thh — DonreB,, T;:’h”))
subject to

Peh + D s, Thin = 2onen, Thiv — P xn >0

pren — Zh’EBh Thi 2> 0

for any h' € B,, T >0

Z (xz\ — e,\L) =0.

heH
Below we present the system of Karush-Kuhn-Tucker conditions and market clearing condition associated
with the above definition.
Defined
((Thh’)h’eBh)heH = (Th)he”,l-[ =T ()‘h)heH =A (('Yhh')h’eBh)heH =% (nh)heH =1,
€= (az,T,)\,'y, n,p\) eRTE XxRExRY, x RExR¥ xRY' =&
and n = dim Z, we can introduce the so-called extended equilibrium function as follows."

F:ZxE >R

(3.1)
F (£,&) = conditions in (3.2) below,
For any h € H,
c Duy, (zn) — Anp (1)
enr +Tpp + 1 Tty — " Tprptt
Bh I%T’U;Lh/ (P h nh! T2 eBHh/\;i} hiTh = 2oh €B,, 'h'h ) _ )\h + Ynh' — Nh for any h/€Bp, (2)
1 peh—i_zh/eBﬂh Th'h _ZhleBh Thh' — PTh (3)
Bh min {Thh’7 ’Yhh’} for any h/€By, (4)
1 min{l_ZhleBh Thh’,nh} (5)

c1 Toen (wh—cn) (6)
(3.2)
where the first column contains the number of components of the vector shown in the corresponding row.

Definition 12 £ € = is an extended B equilibrium associated with the economy & if F &,€)=0.
Definition 13
F:ExRB xE — R" xRB'

(e ) — (8 (1))

1'We use F instead of the more natural symbol F' because the former appears relatively few times in the remainder of the
paper, whereas the latter will be introduced below and used extensively throughout.
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Proposition 14 1. (z*, (Thn nreBn) pen ,p*\) is a B equilibrium for € <
there exists (\*,v*,n*) such that F (z*, (T )nreB) hen ,A*,W*,n*,p*\,é’) =0.

2. If (z*, ((T;{h/)hlegh, (Tfth’)h'eB,\L) ,p*\) is an equilibrium for (5,1)\), then <(Tfth’)h'e3,§>

3. (a*, ((Ti{h/)h'esm (TinnreB) ) en

(@, (77 nreB) hen ,p*\) is a B equilibrium for &.

he heH

,p*\) s an equilibrium for (S,v\) &

4. (z*, <(T;:h/)h/€3h7 (T;h’)h/eB;) ,p*\) s an equilibrium for (€,v\) <

heH
there exists (\*,v*,n*) such that F (Jc*, ((T;;h/)h,GB\7 (T;:h’)h'els\) ,/\*,’y*,n*,p*\,é’) =0.
h h

heH

Proof. 1. It is easy to verify that the set of maximizers of the maximization problem described in the
Definition of B equilibrium is characterized by the associated Karush-Kuhn-Tucker conditions. Indeed, the
choice set Rf 4 X RE" is open and convex, the objective function is strictly concave, constraint functions are
linear and there exists (zp, 7,) € RE L X RB» which satisfies each constraint with a strict inequality. Indeed,

taken
*

€hn D én

Th= g > 0, and for any k' € By, Thi' = ST >0,
we have
*x, + Z <p'e 1 + B < p'e a < p'e
Thh — + — —
P Tn hh! S P €Ep SH  2H =P € 5Y7i D én
h'€By,
and > ”
_ p*eh _ wes, P Ch *
Z Thih = SH oH <P ép.

h'€Bp h'€Bn

Existence of a solution to the maximization problem is not insured: the constraint set is not compact. On the
other hand, we do know that an equilibrium exists from the existence analysis presented in Donato, Platino
and Villanacci (2026). Uniqueness follows from strict concavity of the objective function with respect to
the choice variables and quasi-concavity of the constraints.

2. and 3. are the content of Proposition 15 in Donato, Sperati and Villanacci (2025a).

4. [=] It follows from 2. and 1.; [<] It follows from 1. and 3. ]

Proposition 14 allows to say that to study regularity of equilibria, it is enough to analyze B equilibria instead
of equilibria. Indeed to analyze regularity amounts to investigate:

a. the cardinality of the equilibrium set associated with each economy;

b. smooth dependence of the endogenous variables from exogenous variables;

c. zero being a regular value of the extended equilibrium function.

Any of the above described properties about equilibria can be studied using the corresponding charac-
teristic of B equilibria, as a consequence of Proposition 14. Indeed,

a’. from Proposition 14.3, it is clear that the cardinalities of the two sets of equilibria is the same;

b’. If we show that £ depends smoothly on &, then we also get that & := (£,7') depends smoothly on
&= (5 , v\), simply because changes in v\ € V\ do not affect & and transfers 7/ remain zero for any value
of the exogenous variables;

c¢’. Defined ((Thh/)h/eBb)he’H =7\, observe that the partial Jacobian matrix of F' is
£ 7
} | N ]
De F° (5,7\,5,1;\) — F | DF(&E) 0 |
| |
™ [0 I |

and then det De/ ' = det D¢ F - det I = det D¢ F.

The goal of our analysis is to show the following result, which is proved in Section 6. The Theorem below
is an application of Glockner Theorem, which is presented in Section 7.6.

Since Glockner’s theorem relies on the concept of Michal-Bastiani differentiability, we first introduce its
definition. For further details, see Appendix 7.3.
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Definition 15 Let E and W be two locally convex and topological real vector spaces.

A function f: V. — W defined on' V C E an open subset of E, is said to be Michal-Bastiani differentiable
if:

1. fec®(V.W);

2. the function

t —
dyf:VxE—=W, (w,5)+—>}in(1)f(w+ St) f ()
—

is well defined, i.e., the limit always exists and it is component-wise finite;

3. dpy f is continuous.
If f: V — W is Michal-Bastiani differentiable, then we set f € Ci, (V,W).

Theorem 16 There exists an open and dense set D C E such that,
~ \—1
A. for every £ € D, there exists r € N such that (Fgo) (0) = {5? =1, ...,rgo}.

B. There exist an open neighborhood V (SO) C E of % for any i = 1,...,rc0 an open neighborhood
O (520) C = of €2 and a function ;= V (50) — R"™ such that

L ¢ ech (V(£0) R,

2 G (V (%) C O ().

3. ¢ (£%) = ¢,

4. for anyi,j=1,....r such that i # j, O (5?) nao (5?) =g,
5. foranyi=1,...re0, {(€.€) €0 (&) xV(€):F(¢.6) =0} ={(6) €O (&) x V (£°) : £ =G ()},
6. {(g,g) EEXV(E%): F (€)= o} —U {(6,6) € 0(£9) x V (£°) 1 £ = ¢ ().

Remark 17 Note that from Theorem 16 we obtain a family of functions (; which are continuous on open
neighborhoods of £. Openness is meant with respect to the subspace topology described in Remark 10.

Remark 18 Roughly speaking, the above Theorem says that for any economy E° in the “quite large” set D
A. the number of associated equilibria is finite;
B. there exists an open neighborhood V (50) of E° for which
(1., 2., 3., 5.) each associated equilibrium depends smoothly from the economies in V (50);
(4.) each equilibrium is locally isolated;
(6.) the number of equilibria associated with each economy is constant in V (50).



Chapter 4

Openness: Properness of the natural
projection

In this section, we prove that the so-called natural projection is proper.! This result plays a fundamental

role in the analysis of a broad class of general equilibrium models with smooth utility functions, including
the model studied in this paper. To the best of our knowledge, the existing literature either does not provide
a proof of this result or provides only a brief argument. We therefore present a complete, detailed, and - to
the greatest extent possible - self-contained proof. As will become clear, establishing this result requires a
substantial amount of work.

Definition 19 The natural projection is the function
pr:F10)=E, (£&) —E&.
Proposition 20 F is continuous.

Proof. Each component function of F is the algebraic sum or product of linear functions or functions
which are proved to be continuous in Lemmas 22, 23, 24 and 25 presented below.
]

Proof. Then the desired result follows from Theorem 18.4, page 110, in Munkres (2000). ]

The following result establishes the continuity of the so-called evaluation map. A proof can be found, for
example, in Theorem 46.10, page 286, Munkres (2000).

Theorem 21 If X is a locally compact Hausdorff space, Y is a metric space and C (X,Y) is endowed with
the compact-open topology, then g : C (X, Y) x X =Y, (f,x) — f(x) - also called the evaluation map - is
continuous.

Note that Rf . is a locally compact Hausdorff space?. (A topological space X is locally compact if every
point has a neighborhood whose closure is compact. R is a metric space.)

For completeness, we provide also with a proof of the continuity of the evaluation map on C3. We remark,
that in the proof we are going to deal with sequences of functions and vectors. Here and along the paper we
use the notation (m[k})keN for any sequence in k € N.

Lemma 22 IfC? :=(C3 (REJF,R) s endowed with the compact-open topology, then
¢ UXRY, =R, (u,z) — u(z)

18 continuous.

1Let(X,d) and (Y, d’) be metric spaces. We say that a function f : X — Y is proper if it is continuous and for every compact
set K CY, the set f~1 (K) is compact in X.
2In a Hausdorff space: Limits of convergent sequences are unique. Compact sets are closed.

15
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Proof. Since the compact-open topology is metrizable, then sequential continuity implies continuity and
it suffices to show that3

if (u[k], x[k}) is a sequence in C3 x R%_ converging in
(the compact-open topology) x (the relative topology of R in RY,) to (w,Z) € C* x RY,,

then ulf! (z[¥]) is a sequence in R converging to u ().

We want to show that Ve > 0 3 N, z 5 € N such that Vn > N. 75, [u” (2™) — @ (T)| < €.
The main idea of the proof is to use the assumptions, i.e., the facts that w*! K % and 2 & T, and the
following triangle inequality : |ul*l (zI¥)) — 7 (Z)| < [ul¥ (2¥) — 7@ (x| + |7 (=) — u (7)|.
Recall that, from Theorem 515 in the “Compact Open Topology” Chapter in the “Notes on Topology”,
Since {f,} C C3(X,Y) converges to f € C*(X,Y) in the compact-open topology,
then
{fn} converges uniformly on compact sets to f

Observe that )
1. since z*] — T, we have that z*l € Z .= ({x[’“] (ke N} U {f}), a compact set;
k]

2. Since ul*l converges uniformly on compact sets to @, we have that Ve > 0 HNE{ zw € N such that

k> NL, .. Vo e ({x[k’] K e N} U {T}) |l (@) — 7 ()| < £

By choosing z = z*] € Z, we have

Ve>04 N;Zﬂ such that Vk > N;Zﬂ,

bl (o)~ o) < §

From the continuity of @ and the convergence of (z)) we have that

keN?

Ve > 0 IN2__ € N such that Yk > N2_ _

£,T, 0 £,T,u’

u(zM) —u(z)| <

[ S]]

Observe that
) (o)~ @)] = [u) () 7 (o) + 7 (o) — (7)) <

< |ult (2 — 7 ()| + |u (=I¥) —u (7)].
Then
Ve >0 3N. zm = max {N! , 2, N2_ 2} € N such that Vk > N. zz, | ul (2¥) —u(z)| <

as desired ]
In a similar manner it is possible to prove the following.

Lemma 23 Letr > 1. For every s € {0,--- ,r}, the map

a partial s — th derivative of u computed at x, ifs > 1,

¢°: C"(RY,,R) xRY, - R, ¢°(u,x) = {u(:ﬂ), if s = 0.

s continuous.
Note that the case s = 0 is just the evaluation map.
We consider now the space U as a subset of C3 (Rg +,R) induced by the compact-open topology.

Lemma 24 Let s € {0,1,2,3}. The map

a partial s — th derivative of u computed at x, ifs=1,2,3,

s, C s —
¢ UXRY, >R, ¢ (u’x)_{u(x), ifs = 0.

s continuous.

3To avoid confusion between superscripts and sequence indices, we use the notation [k] for the latter, as in 5[’“].
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In a similar manner we consider V as a subset of C3 ((0,1),R) induced by the compact-open topology.

Lemma 25 Let s € {0,1,2,3}. The map

v(x), ifs =0,
¢:Vx(0,1) =R, ¢°(v,z) =< as—th derivative of u computed at x, ifs=1,2,3.

1S continuous.

We provide now with some properties of the functions v € V. Recall that, as mentioned in Remark 4,
vpp and vy, are bounded, see Proposition 71 in the Appendix 7.1.

Proposition 26 Let (v,), oy be a sequence of functions in V which converges in the compact-open topology
toveV. Then,

1. there exists a € R such that for any n € N and for any x € (0, 1), we have v, (z) < a, i.e., {v, : n € N}
is uniformly bounded above.

2. it is false that {v, : n € N} is uniformly bounded below.

Proof. 1.
For any z( € (0, 1), from uniform convergence on compact sets (indeed, pointwise convergence is enough)

we have that
R
vn (x0) = v (x0),

! (20) S (z0) .

Then, the following sets are compact in R:
So := {vn (x0) : m € N} U {v(x0)},

Sy = {v), (xg) :n e N}U{v' (z0)}
Then, it is meaningful to give the following definitions

My = max Sy € R,
M; =max 51 € Ry.

where M; € R because the functions v,, are differentiable and strictly increasing and My and M; do
not depend upon n € N.
Since v is concave and differentiable, then for any n € N, any = € (z¢, 1) - we have

>0 ,20€(0,1)
Un () < vy (20) + 0, (w0) (T —20) < Mg+ My (x —20) < Mo+ M.

For any z € (0, xg], since v, is strictly increasing, we have
v () < vy (x0) -

Then, for any n € N, v, is bounded above by My + M;.
2. We define v,,: (0,1) —» R as
vp(z) =In(z + 1) — ne™"",

and v: (0,1) = R as
v(z) =In(zx +1).

We have the following properties (for any n € N):
e v,,v € C3(0,1),R);

oV, = H-% +n2%e ™ >0 and v = H-% > 0, for every x € (0,1);
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o V) = —ﬁ —n3e " <0 and v = —ﬁ < 0, for every z € (0,1);

o v/ = (H#)S +nte " and V" = ﬁ, for every x € (0,1);

e lim, o+ v, () = 1+ n? < oo for every n € N, and lim,_,o+ v'(2) = 1 < oo.

Hence v,,v € V, for every n € N.
We study the convergence of the sequence v,,.

e For every x € (0,1) we have lim,, , { oo vn (%) = v(x), i.e., there is pointwise convergence of v, to v on
(0,1).

e In order to study the uniform convergence on compacta it is enough to study the convergence on a
generic closed interval [a,b] C (0,1).

Indeed, let K C (0,1) be compact, therefore there exist 0 < a < b < 1 such that K C [a,b] and then

— < — .
o v, (2) — v(a)] < max v (z) — v(a)]

Hence if the right-hand side converges to zero with respect to n, then we have the convergence to zero
also of the left-hand side.

Let 0 < a < b< 1, then

lim max |v,(z) —v(z)]= lim max ne” ™ = lim ne "* =0.
n—+00 zcfa,b) n—+00 zr€fa,b) n—-+00

Let 0 < a <b< 1, then

2

lim max v/ (z) —v'(z)| = lim max n?e " = lim n%e "* =0.
n—+00 z€|a,b] n—+00 x€(a,b) n—s+00
e Let 0 <a<b<1,then
3 " 2 _ s 3 _—nx __ . 3 _—na __
lim max |v,(x) —v"(x)] = lim max n’e = lim n’e " =0.
n—+00 z€a,b) n—+00 z€la,b) n——+oo
e Let 0 <a<b<1,then
lim max v/ (z) —v"(z)] = lim max n’e ™" = lim n'e " =0.
n—+00 z€(a,b] n—+00 x€[a,b] n—-—+oo

Hence there is uniform convergence of v, to v and their derivatives until the third order on every compacts
of (0,1). Therefore, v,, converges to v with respect to the compact-open topology in C3((0,1),R).
Finally, we show that the sequence v,, is not uniform bounded from below. Indeed, by the increasing property
of v,, we have

inf v,(z)= lim v,(z) = —n,
x€(0,1) n(®) 0+ n(@)

for every n € N. Therefore the sequence cannot be uniformly bounded: let M > 0 be such that for every
x € (0,1), =M < v,(x) < M. We can find ng € N such that ng > M. Since

inf v, = —ng < —M,
Al o) = =0

we conclude that v, is not uniformly bounded. ]
Proposition 27 pr is proper.

Proof. First of all observe that since projections are continuous functions and pr is the restriction of a
continuous function to a subset of the domain of the projection, then pr is continuous - see also Theorem
18.2.d, page 107 in Munkres (2000).

Taken a compact set K C E, we want to show that pr—! (K) is compact. Take a sequence (£ IF])
contained in pr—!(K) and therefore such that F (¢F ) = 0 and assume that, up to a subsequence,
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EFl 5 €€, ie., (e[k])kEN converges in the Euclidean topology to € € Rgfand (u[k])keN and (v[k])keN in

the appropriate subspace of the compact-open topology u € U H and U € EB . It suffices to prove that, up to
a subsequence, (£*)zen converges to a well chosen € € Z such that F(€,€) = 0.
The proof proceeds by establishing a sequence of claims, the first of which is the most difficult one.
Claim 1.

For any h € H, (mglk])k , admits a subsequence converging to T € RS’Z_H (4.1)
€

which is done below.
Observe that mL] ke N} is bounded below and above, as verified below.

«. Boundedness below. Since { K] ke N} - R%_ is bounded from below by zero.
5. Boundedness above From the fact that for any k£ € N, F (f[k‘} ,S[k]) = 0, we have that for any
h e H, ach, = ZheH Zhih, .Z‘hk]. Therefore, since (e%k]>k N up to a subsequence, converges and
€

{x[ like N} is bounded from below , the result follows.

We also provide a different proof of buondedness above. By the fact that F(¢* £*) = 0 for any
k € N, summing equation (3) in (3.2) with respect to h, using equation (6) in (3.2) and invoking equation
(2.1), one easily shows that market clearing condition is satisfied for any commodity. Thus, 0 < LL’[h/] <
D ohen egl = D hth :z:Elk < Dhen e[h] holds true for any k¥ € N. By the convergence of (GL])kEN to e,
for any commodity ¢ € C, (3, e%] Jken converges to Y, ., €. So, fixing ¢ > 0 and ¢ € C, there
elfle < > hen €, + & Defining b := (b°)ccc, with
be = max{d,y e%} ck=1,...,n—=1}U{} ),y & +¢}, we have 0 < x[ <« D ohen eh} <bforany k € N,
Wthh concludes the proof of boundedness above.

exists N > n = n(e, ¢) such that, for any k > n, 3,4 €,

Then,

mgf] does converge to T, € RY. (4.2)

We are then left with showing that z;, € R{,.
For any k € N, define ¥ := Y ohen egﬂ and T the limit (up to subsequences).

: (k] _[k] PlK - plkly LIkl =
Claim. Forany k € N, (z;°, 7, ) := -1p,, ), where mj, := max.ec | maxq ‘go k€ Np U = >
Ch h

‘n'hH’ ‘n'hH
0, belongs to the constraint set of the maximization problem presented in the Definition of B equilibrium
(see Definition 11) at £ € E, pP\ € RYT!, ((T,[I]f],,/)huegh,) € (Xpem mAn (PFN)).
Proof of the Claim.
First of all, let’s “construct” the choice of 7, . For any c € C and k € N, let N,

; then, it is enough to take Vj := max ({ k]C ke N} {EC }),
ey, h

h'eH\{h}

Kle ¢ Nbe large enough in or-

der to have that [ r[k]c < eH or N[k} > T

h
where the max exists because the set { tk e N} {g—z} is compact, and 7, := max {Ny : c € C} € Ry,
h
Then, we have

1
for any k e N, —rlfl < e%k]. (4.3)
Th

Observe that since for any h € H, c € C, k € N, % > 1 then 7, > 1.
Ch

Let’s now check that (mglk], TL}) belongs to the constraint set described above.

The first constraint is p[k R Dohe B, TLh, < p[k k] Zh,€B . T,[l’,c]h ; indeed,

K] 4] k. ik o) 1,09 Bl
p[ ]ih + Eh’EBh Thi = p[ ]Tth + Zh’EBh p7th <

(K] K] (4.3)
<ly :p[k]%r[k] < p[k]eL} < p[k] I Swes., TH

)

[

where the last inequality follows from the fact 3, cp5 Th,]h > 0.
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The second constraint is /¢, T[hk}]L/ < p[’f]e[k] indeed
ZTW'—Z o = 7P
W E€B, h E€B,

and the last term is smaller than p[k]e[f], as desired.
The fact ILk] > 0 is obvious.
End of the proof of the Claim.

Then, since by definition, (m% ], T}[l }) is solution to the maximization problem presented in the Definition

11 of B equilibrium at ¥ € E, plF\ e R§+1, ((T}[L]f]hu)h”esh/)

the Claim above, we have that for any k € N,

heH\{h} € (Xwem\(nyAw (p[k]\)) , and using

k k k k k
(o) + S, o, (b (90l = S, bt (S ) + 78 ) ) 2

[k] (

k k
Em] <7th> +Zh’eBh v}[zi]ﬂ (ﬂth) )

(z0) (=0)

[k] 1 k] K] (%] k] [#1,,.1%]
) + ZhIEBh 'Uhh/ W (p[ ]eh/ Zh”eBh/ Th/h//) +<Zh”€B*}h/\{h} Th//h/) + Pﬂ’h'f‘H

(4.4)
where the last inequality follows from the Assumption v2, i.e., the fact that v%, is strictly increasing.
Observe that, since 7, > 1, then MLH € (0,1).

Moreover, from Proposition 26 (uniform boundedness above), we have that there exists v € R such
that

for any k € N and any 9,[:?] €(0,1), v,[k,l, (GL]‘,]) < U (4.5)

: (k] 1 — 1
Moreover, from uniform convergence on compact sets, (vhh, ren converges to Unn (7 ) € R

7\'}7,H
and then, the following definition is well given:

5 i ({o () kb o (). »

Subclaim. For any h' € By, Upn > %hh,.
Proof of the Subclaim.

For any k € N and 0% € (7T H,l) we have that

(4.5) (1) 1 (4.6) ~
Uhh’ > Uhh/ (9+) U;zkh]/ (ﬂ‘hH) > Uhh',

where (1) follows from the Assumption v2, i.e., the fact that vgk}l, is strictly increasing.
End of the proof of the Subclaim.
We then have

9 () 4

k k
u%] (mH) + D hes, Ui[ul (mlH) + AT
(4.5),(4.6) (4.7)

k k k
- Zh’eBh ’U}[L]'},/ (p[k]lr[k] ( [k ]eh’ - Zh"EBhl T}[l/llu + (Zh”EB_,h/\{h} T}E//]h/) + T}[Lh]’)) >

%k] (mH) + Y wes, (ﬁh/ — th/) .
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Then, defined,

- ~ Subclaim
ly, == Z ( Vhh! — Uhh’) > 0

h'€Bp,

we have that .

f EeN [k]< [k])> (k] (" — .

or any k € IN, Up |\ Ty ) 2= Uy o H h

oo —
Define Sy, = { 4;[:]}[ }k U{z77t which is a compact set. Observe that
=1
for any k € N ulk! (:r[k]) > ylM ﬂ — 1, > min ul? (r) —In. (4.8)
’ hZh 2=\ o H ~res, "

We need to prove the following key result.
Claim 1’. For any h € H, there exists a sequence (egp,)reny With elements in R such that

0. for any k € N, g5, >0,
a. for any k£ € N, min,¢g, u%ﬁ] (r) > min,cg, Tp(r) — €gp, and (4.9)

b. Ekh ﬁ> 0.

Proof of Claim 1°.
For any k € N, define

€gp = Max uhk] (r) —ap (r)| >0,
reSy

and then (4.9.0) is satisfied. For simplicity, let egp := €.
Observe that e, does not depend upon r. Then for any r € S}, and any k € N, we have uglk] (r) —ay (r)] <

e and then? —¢j, < u%ﬁ] (r) — @y, (r) < e and therefore

for any r € Sp, and any k € N, we have u%k] (r) > ay (r) — eg. (4.10)

Then, from (4.10),

for any r € Sp, and any k € N, we have u%k] (r) > mibr} up, (') — e,
T’ E€Sh

and then

ok A
for any k € N, we have min uL] (r") > min uy, (') — e,
r'""eSh r’'eSy

and (4.9.a) is proved.
Moreover, using convergence on compact sets (and the fact that Sy, is indeed compact), we do have that

Ve >0 3K () € N such that Vk > K (¢), Vr € Sp, we have ‘uhk] (r) — (r)‘ <e,

Ve >0 K (¢) € N such that Vk > K (¢), max u%k] (r) —ap (r)’ <&,
re€Sh
and then .
ex = max |ufi) (r) = @ () >0,

rESh

and (4.9.b) is proved.
End of the proof of Claim 1°.

Fact. Let up, € U. If there exist xy, € ]R£+ and u € R such that uy, (z),) > u, then there exists z € R$+
such that up (z;,)) = u.

4For any a € R and € € R4 4, we have |a| < ¢ if and only if —¢ < a < +¢ if and only if € > —a > —&. In other word, |a| < ¢
if and only if a, —a € [—¢, +¢].
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Proof of the fact. Since wj is unbounded below - see Appendix 7.1, there exists = € Rg 4 such that
up () < u < up (zp). Since wuy, is continuous and its domain RE . is convex and therefore connected, then
the desired result follows from the Intermediate Value Theorem for continuous functions.

End of the proof of the fact.

~ . _ >0 | _
Defined Ty, = argmaxy, cs, un (xp), we have that @y, (Zp) > ming, cs, Un (1) < ming, c¢s, @ (xn) — lp.

Then, from the Fact above, we have that

there exists j, € RY, such that uy, (z}) = ming, es, U (zn) — Iy (4.11)
Then, using Claim 1’, we have that there exists a sequence (ex),cy With elements in R such that
for any k € N,
48) (4.9.8) (4.12)
. . .J.a . _ (411) _ «
u%c] (x%c]) > mingeg, u&lk] (r)=1ln > mingeg, Up(r) —ex —ln = T (x)) — €k

Let 1 = (1,...,1) € R® and § > 0 small enough such that x} — 351 € R£+. Then by strict monotonicity,

we have Uy (x}) > Up(x), — 61). Then, since ¢, LN 0, there exists kq such that k > ki implies @y (z},) — e >
up(xf —61) and then, from (4.12),

Vk >k, ulf @ >, - 1), (4.13)

Observe that z} — 261 > zj, — 301 € RY, . Consider any Z;, € R{, such that
ﬂh(fh) = ﬂh(l’z — 251) (414)

Since 8 := up(z} — 201) < Uy (z}, — 01) := o, we have ¢ := anﬁ > 0. Since convergence on compact sets
implies pointwise convergence, then we have that

~ koo oo (414) _
“%c] (@n) — un(zn) @y up(x), —201)

and then there exists ko € N, ks > kq such that for any k& > ko,

. — 1
u(@h) < Tn(af, - 201) +&:= B+ 2 b O‘;ﬂ Qo= — 1), (4.15)

where (1) follows from the fact that O‘Tw <asa+f<22as f—a<0,as assumed.

Then,

RPN (415 k)

for any k > ko, up (x,") > up(xy, —01) > wuy (Tp)

Then, from the concavity of u[hk], for k > ks,
0 < ull(@})) - u) (@) < Dy @) (2! — F) (4.16)

From the definition of convergence in the compact-open topology, which is equivalent to the uniform
convergence on compact sets and implies pointwise convergence, we have that DIhuLk] (ZTh) LA D, un(Zh).

Moreover, from (4.2), x%c] — T, and from the continuity of the dot product we then have Dmhuglk] (Zn) (x%k] -

%h) — thﬂh(fh) (xh — %h) Then, from (4.16),
Dzh,ﬂh(fh) (fh - fh) > 0.

Summarizing, we showed that for any Z, € RY, such that @, (Z) = up(z), — 261) - see (4.14) - we do
have Dgchﬂh(%h)(fh - %h) >0, i.e.,

Ty € N {y € RC : D,, T, (T1)(y — Tn) > 0} := B. (4.17)

EhE{ZGR$+:ﬂh,(z):uh,(a:;f&sl)}

Define
A={ye R§+ 2T (y) > ap(z), — 201)}.



23

In Proposition 28 below, we prove that A = B. Then, from (4.17),
Ty € B= A C Clge (A) = Clge ({y € RY, : wn(y) > un(z), —201)}) CRY,,

where the last inclusion follows from Assumption u4, and therefore we obtained the desired result (4.1), i.e
that 7, € RY,,.

*

Claim 2. (A%“]) e admits a subsequence converging to \ € Rf 4
e

Since p' = 1, for any h € H, from equation (1) in (3.2), we have
K ([ lk k
Dol (o) = A

Taking limg_, 4o of both sides, we get

(k] _ ulF (R — () o X
kll)riloo)\ kgmoo Dl;ll (xh ) = Dw}huh (xh) = Ap > 0,
where last equality follows from the fact that uj, is C® and the last strict inequality comes from Assumption
u2 - we also used the fact that Dri uglk] converges uniformly on compact sets.

Claim 3. (p[k]\) k]eN admits a subsequence converging to p' € jorl.
Again from equation (1) in (3.2), we get

k] (K] = _
D u (l‘h ) Dx\ Up (.’L‘h)
lim p[k]\ = lim = b = ﬁ\ >> 0,
k—+o00 k—+o0 )\Ef] (>0)
Ak

where again the last strict inequality comes from Assumption u2.

Claim 4. (T}[L ]>k admits a subsequence converging to 7 € Rf".
€N

Observe that for any h € H, any h' € By, any k € N, we have
T}[ﬁl], >0and 0 < Z T , < plle; [k] (4.18)
h'eBy,

Observe that from Claim 3 and the assumption, up to subsequences, pl*! LA D, e[ A €. Therefore, from

the continuity of the dot product, pl¥l El] converges and therefore {p[k] El] :keN } is a bounded set and

therefore it is bounded above. Then, for any h € H, there exists fh € (0,1) such that for any k € N, we
have p[k]ef] < Ly, and from (4.18),

0< > i < pMel < Ty,
h'eBy,
Summarizing, for any k € N, Tf[bk] belongs to A (fh> = {7- = (’Thh/)h/EBh eRB»: 73, >0, Zh,egh T < fh}
Since A (fh) is a compact set, then, up to a subsequence, (T,[Lk])[ | does converge to some T} € Rf’l.
k]eN

Moreover, from (4.18), we have 0 < >,/ 5. Thn' < Pep.

Claim 5. (’ygﬁ,)keN and (n,[Lk])kEN admits a subsequence converging to 7,,, € Ry and 7, € Ry,

respectively.
We distinguish two exhaustive cases.
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Case 1. Zh’eBh Thi < Pep.
Preliminary remark. If z(* — 2, y¥l — y and y > z, then there exists N € N such that for k& > N,
(k] ~ gk
Y
Then, taking the convergent subsequence to be the sequence itself, from the preliminary remark, we have

that there exists N € N such that for any & > N, >,,c5, T}[ﬁl, < p[k]e%ﬂ and then, from equation (5) in

(3.2), we have

for any k > N, nLk] = 0 and therefore n,[lk] — 0.

Then, for any h' € By, we have what follows. From equation (2) in (3.2), we have

K (K], (K] (k] (K]
0< k] 1 1[k] p! ]eh’ +Thh’+2h”63_>h/\{h} Th”h'_Zh”EBh/ T/t )\[k] (k]
S Yaw = T oFE Vi PRI TE] T AL T
k
%
1 — Pep+Thps +Zh”eB \{h} ?hyllhlfzh//eg Th!p!! — =0 -
5 Uhh ( =M . + A T = Th
k] k] _[K] k] _ (%] [k]
pie,  +T /+Zh” B nYy Ty Z}N B,, Thipt p[k]:r k
Observe that b < thf/k]\;[;“}] AR R Pt WRT ST = 6] does converge up to subse-
quence to 0, = P22 € (0,1): indeed

N +)
B DT = g T
D Th
- 1.
ESIES o <
pr

hh!
Case 2. Zh’GBh Thh' = PER > 0.
Then, there exists h € B, such that 7,7 > 0 and then there exists N € N such that for any & > N,

Then also v!*) (L‘);ﬁ]) converges to Upp (0/) - see Lemma 25 - where 6, does belong to the domain of vy,

(k]
Uy 0 and then
for any k > N, 'y}[lk% =0, ie. 'y}[;% — 0.
From equation (2) in (3.2), we have
0 < kKl _ 1 v/[k] p[k]e[:/]+T;[J;’1]/+Zh”eBﬂh/\(h} Ti[z’jlhlfzh”eBh/ Ti[ﬁ]h” . )\[k] + [K]
SNy = T g Vi pIT TR T
o
1 - ﬁh’+?hh/+2}z/’es_> /\{h}?h”h’_zh”elﬁ ,?h’h” — 7:0 o
55 Uhn ( s . + Ah + T =g
Then, using the argument presented in Case 1, we can show that for any h” € Bj\ {}Az}, we have that
(k]

Vhno 7 Whh” .

Claim 6.
Finally since for any k € N,

ﬁ@mﬁw)zq
taking then limit for & — 400 and since from Lemma 20, we have that Fis continuous, then we have
FEE) =0

as desired.
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Proposition 28 Let uy, € U, and z}, as in the proof of Proposition 27. Define® x} —201 = x}*, o = up(x}*),
={yeRY, 1unly) =a},

and recall that we defined
A={y RS, :un(y) > al,

() {veRY: Dy, un(@n)(y — Tn) > 0}
§;LEAI

Then A = B.
Proof. For lighter notation, write u instead of u, and x instead of zy,.
[A C B]
Take y € A; then by definition of A, we have u (y) > a, or
u(y) —a>0. (4.19)
We want to show that for any 7 € A!, i.e., u (T) = a, we have that D,u(Z)(y — %) > 0. Take an arbitrary

7 € AL (4.20)

Since u is concave, then u (y) < u (%) + Du (%) (y — T) or

Du(@) (y—7) = u(y) —u(@). (4.21)
Then,
(4.21) (4.20) (4.19)
Du@)(y-7) = u(y)—u@) = uly)-a = 0,
as desired.
[B C 4]

We want to show what follows Let € RY be such that for any 2° € A!, we have Du (zg) - (x — x0) > 0.
ThenxeRC+and ) > u(xg) = a=u(z*).
Proof of 1.

Suppose otherwise, i.e., x ¢ R%—.’ ie., x € RC\RE+. By assumption, z** € R£+. Then,
38 € Ry such that z 4+ -1 >> 2™, (4.22)

as verified below.
First Proof.
Take 5 > max {:C**C —z:c€ C}, then,
a. since 2** € RY, and z ¢ RY, , i.e., 3¢ € C such that 2¢ < 0, we have that

(>0) >0
there exists ¢’ € C such that z**¢ + (—xcl) >0, (4.23)
and therefore 8 > 0;
b. for any ¢ € C, ¢ 4+ 8 > ¢ 4 x™*¢ — x¢ = x**°.
End of the proofs of (4.22).
Then, by monotonicity of u, we have
u(x+pF-1)>u(x™). (4.24)
Moreover, there exists
aeR, (4.25)
such that
r+a-1 E]—‘(REQ = {wERC:xZOand Jc € C such that z° = 0} (4.26)

5Below, Al is an Indifference surface.
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as® verified below. Define ~
a=max{—z:c€C}:=—z°>0,

where the inequality follows from the fact that by assumption
T € RC\R$+ = {x € R® : 3¢ € C such that z¢ < O}.
Then x +a -1 = (2° + a) e is such that
0 if e=¢
a:“—s—max{—xcl o EC} >a¢+ (—2¢)=0 if c#¢C
Observe that

B> a, (4.27)

as verified below. Observe that since x** >> 0, then for any ¢ € C, z**¢ — 2¢ > —z¢ and f =
max {z**¢ —2¢:c€C} > max{-2¢:ce€C}:=a.”
Then, from (4.25) and (4.27), we have that

r<zr+a-l<<z+p8-1.

Claim. There exists v* € (0, 8) such that z+ (o +7*)-1 >> z+a-1 and therefore z+ (v +7*)-1 € R{ |
and
such that u (z + (e +77) - 1) < wu (™). (4.28)

Proof of the Claim.

First of all observe that, for any v € Ry, from (4.26), = + (o +7) - 1 € RY,. Now suppose that (4.28)
does not hold

Suppose otherwise; then for any n € N such that % < f3, we have

(o (24 L) 1) 20w,

Then, z+a-1 € Clge ({y € RY, :u(y) > u(z**)}), as verified below. For any ¢ > 0 there exists n. € N
such that =+ (g-i— n%) ‘leB(zx+a-1,¢)andu (JC + <Q+ n%) : 1) > u (z**) . But then, from Assumption

ud, z + a1 CRY,, contradicting (4.26).
End of the proof of the Claim.

Summarizing

(4.28) (4.24) (4.25)
u(z+(a+9%)-1) < u(@) < w@+p8-1) < u(lz+(a+p)-1).

Then, by continuity of the function U : Ry — R, a — u (z + « - 1), we have that
(>0)
v €| v*,B | such that

z+ (a+7)-1>>2+a-1and therefore z + (a4 ) - 1 € RY, and

u(z™)=u(x+ (a+v)-1),

where
a+v >0 (4.29)

6F (RS, ) M2 (C1(RT,)) \Int (RS, ) = RO\RY, = {w € RC : (Vi € {1,..,n},@; > 0) A=~ (Vi € {1,..,n},a; > 0)} =

Lac ERC: (Vie{l,..,n},z; >0)A(3j € {1,..,n} such that z; <0)}={z € R :Vie {1,..,n},z; > 0A (3j € {1,...,n} such that z; =0)}.
Fact. If for any ¢ € C, ¢ > y°, then M, := max {z°:c € C} and M, := max{y°: c € C} exist (from the extreme value
theorem) and M, > M,.

. Def. M, Assu.
Proof. There exist k € C such that My = y*. Then, M, > ~zF > yF = M,.
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from Claim

because o > 0 and vy > 7* > .
(4.29)
Then, defined zp ;=2 4+ (a+v) -1 € R$+, we have

u(zp) = u(z**) and

Assu. ud (>>0) (>>0)
0 < Du(xo):(r—z0)=Du(wg) | —(at) 1]|<0,

which is the desired contradiction.
Now suppose that x € R$+ and our Claim is false, i.e., u (z) < u (z**).
Therefore,
there exists ¢/ € C such that z**¢ > 2¢": (4.30)

suppose otherwise, i.e., then ** < z and, by monotonicity, u (z**) < u (z), a contradiction. Then there
exists

v € R4y suchthat z+v-1>> 2%
. . (4.30)
Indeed, is enough to take v € R such that -1 >> z** — x, i.e., v > max {z*** —z:c€C} > 0.
Then, u(z) < w(x*™) < w(r+v-1). By continuity there exists v* € (0,7) such that u(z**) =
u(x+7*-1). Then, defined zg =z +~*-1 € REJF, we have

u(xp) = u (z**) and

+)
Du (zg) - (x — xo) = Du(zo) - (—y*-1) < 0.

contradicting our assumption that for any 2 € AL, Du (z0) - (z — z¢) > 0. |
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Chapter 5

Density: The o — 5 model

In general equilibrium theory, to show density of a given property in the economy space amounts to use the
following result - see Theorem 26, page 151, in Villanacci and others (2002).

Theorem 29 Let M, 2 and N be C" manifolds of dimensions m, p and n, respectively. Let f : M xQ — N,
(x,w) — f(x,w) be a C" function. Assume r > max{m — n,0}. For any w € Q, we set f,: M — N by
fo(@) == f(z,w). Ify is a regular value for f, then Q} := {w € Q: y is a regular value for fo,} has full
measure in  and, therefore, is dense in Q.

In the case in which M, ) are open subsets of Euclidean spaces and N is an Euclidean space, to show
that say 0 is a regular value for f amounts to compute the rank of the Jacobian Df (z,w) € M (m + p,n)
and show that rank is equal to n.

On the other hand, in many (and perhaps all) applications of general equilibrium theory, the domain
of the equilibrium function is the Cartesian product of open subsets of Euclidean spaces and (subsets of)
function spaces. At first sight, the presence of function spaces prevents a direct application of Theorem 29.
However, by introducing a suitable finite parameterization of the functions involved, it is possible to:

1. define a new equilibrium function whose domain is an open subset of a Euclidean space;

2. simplify (or, in some cases, make possible) the proof of regularity, since finite parameterizations effec-
tively increase the number of columns of the relevant Jacobian matrix, thereby facilitating the establishment
of the desired rank condition.

A rigorous treatment of these ideas is provided in Section 5.1. Section 5.2 introduces the a— 3 economy, which
provides the finite parameterization of our framework. Section 5.3 shows that borderline cases are absent
on an open and dense subset of the economy space. Section 5.4 introduces the so-called partition functions
Fp, which are smooth and allow us to apply Glockner’s theorem. Finally, by exploiting the properties of
these functions, we show that the set of regular economies is an open and dense subset of the space of all
economies.

5.1 Recipe to get density using finite parametrizations

In this Section we want to present a Recipe to get density using finite parametrizations of the functions
defining economies.

Let the following objects be given:
an open subset II of R¥; to fix ideas take IT = Rgf with generic element e;

a subset U of (C* (RY,,R),7L), where 7.} is the compact-open topology on C? (RY,,R);

a subset V of (C3((0,1),R),72), where 72 is the compact-open topology on C?((0,1),R);

E :=R$Y x UM x VB is the set of economies with generic element <(eh)he?-t s (Un) per s ((vhh’)h'el@n)heﬂ);
an open set = of R".

Since the same construction is employed to prove density in both Lemma 48 and Lemma 62, corresponding
to the equilibrium functions F' and Fp, respectively, throughout this section we use the generic notation

29
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G:ExE R, (£E) — G(£,E) or
é:Engfo;{fo/B—)R”, ({,e,u,v)l—>é(§,e,u,v).
to cover both settings.

We can now define the following so-called “finite parametrization” of the functions u; and vpp/. For the
selfish part of the utility function, we follow closely Allen (1981), Lemma 4.1, page 292 (and Lemma 38,
page 35 in Carosi, Gori, Villanacci (2007)).

Definition 30 For any ay € R&_, define

c
lo, : RS, = R, mh»—>2a2~log(x2).

c=1

and
U+ lo = (un +lay ) ey -

Also set uq = (uah)heH'
For any h € H and I’ € By, take Bpp € Ry and define B, © vy = (Bpne - Vhnt ) prep,, »
and

BOv = (Bh ©vn)per = ((Bunvnn) e, ) ey -
Observe that since oy, € Rg +, then ug ., is not defined.
The goal of the analysis is as follows. Defined a condition p (£, e, u,v), we want to show that there exists a
~ -1
dense subset D* of E such that for any (e, u,v) € D*, we have that for any £ € (G(E,uﬂ,)) (0) condition
p (&, e,u,v) holds.

Condition 1. For any oy € R$+7 Up + la, € U. For any Brp € Ry, Brpvpn € V.

Remark 31 In our framework, Condition 1 is verified in Lemma 38 and Lemma 39.

Definition 32 Q = RYY x R x R with generic element w = (67 (ah)h€H7((ﬁhh’)h/eBh)hey) =
(e,a, B).
Condition 1 allows to present the following definition.

Definition 33 For any (u,v) € UH x VB, define the corresponding finite parametrization version of the
equilibrium system function as follows.

G : EX R x REH x RE — R",

@(u,v) (57 6 &, B) = é (gv ¢, (uh + l(xh)he’}-{ ) ((ﬁhh’vhh’)h’eBh)he’H> = é (f? e,u+ lom B © U)

v o

Definition 34 For any (u,v) € UH x VB,
N -1
V) = {w €Q: forany €€ (G(u,v)‘w) (0), condition p (§,e,u+1q, 8O v) holds} .

Condition 2. For any (u,v) € U7 x VB, QF = is full measure in €.

(u,v)
Remark 35 In our framework, Condition 2 is verified in Lemmas 45 and 61, for different definitions of

p(& e u,v).

Conditions 3. a. For any u; € U and for any (compact-open topology) open neighborhood N, of wuy,
there exists €, € Ry, such that for any ay, € R$+ N Bge (0,e), we have that up, + s, € Ny, ;

b. For any vpp € V and for any (compact-open topology) open neighborhood N, , of vy, there
exists dpn € Ryt such that for any Sy € (1 — Opn, 1+ 6hh/)7 we have that Bpp vpn € N,

Vpn!*
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Remark 36 In our framework, Condition 3.a. is verified in Proposition 122, and Condition 3.b. is verified
in Proposition 111 and in Lemma 114, Propositions 119 and 120 contained in the Section 7.3.3, which is
taken from the Chapter on “Compact-open topology” in Villanacci (2026) which is cut and pasted here.

We are now ready to prove the desired result.

Proposition 37 If Conditions 1., 2., 3a. and 3b. hold true, then

D* = {(e,u,v) eE: forany€ € (é(e%v)) (0), condition p (&, e, u,v) holds}

is dense in E.

Proof. Let an arbitrary(e, u,v) € E be given; let an arbitrary open neighborhood

N* = Bgen (e,€) X (XpenNN;, ) % (XheH (Xh’eBhN;hh/)>

of (e,u,v) and € > 0 be given, where “open” means that for any h € H and any h' € By, N, is open in

the relative topology of U with respect the compact-open topology on C? (Rg T R) and N:h is open in the

h/
relative topology of V with respect the compact-open topology on C3 ((0,1),R).
We want to show that

~ -1
there exists (e, u’,v") € N* such that for any & € (G(e’,u’,v’)> (0), condition p (&, e’,u',v") holds.
(5.1)
Since N;;, and Ny, are open in the relative topologies described above, then there exists a compact-open

’

topology open neighborhood N,, and N,,,, such that

N;, =N, NUand N = N,

Uph!

ny. (5.2)

Observe that since, from Condition 2, for any (u,v) € U x VB, we have that 7, . has full measure in €,
then Qz‘u ) is dense in €, as well. Therefore, for any 2 open subset S of 2, we do have SN Q* 75 &. For

any h € H and h' € By, define the open sets

Sy = REJF M BRC (075h),

Thi = (1 = Opny L+ Onnr) s

where €, € Ry 4 and dpp € Ry, are defined in Conditions 3a. and 3b.
Then (Bren (€,€) X (XnenSn) X (Xnen (Xnen, Thir))) is 2 open and since 7, 1 is dense in 2, we have
that
(Bren (€,€) X (XpenSn) X (Xnew (Xwes, Thnr))) N Q) # 2
Therefore, by definition of Q7 . there exists (e*, a”, §*) € (Bren (€,€) X (XnenSn) X (Xnen (Xnes, Thn')))
such that

N -1 ~
for any £ € (G(u’v”(e*’a*’ﬁ*)) (0), i.e., for any & € = such that G (f, (uh + I )heH Br o vh)) =0,

condition p (f, (uh + Lo )hEH By o vh)> holds.

Observe that, from Condition 1, for any h € H, up, + I, s € U and for any h € H and h' € By, Bhpvnn € V.
Since from Condition 3.a and 3.b, up +1lu, € Ny, and BrhVnn € Ny,,,, we did obtain the desired result.
Indeed, summarizing, we found (e o, f*) such that

e’ :=e* € Broun (e,¢),
’._ (5.2) "
u o= (Uh + Lo )hEH € Xnen | Nu, nNU) = XhEHNuhv

(5.2)
v = (B O Un) ey € Xnen (Xh/eBh, ( o 1) V)) = Xpen (Xh'eBthfW) ,
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ie.,
(e/,u',v") € N*. (5.3)
Moreover,
for any £ € = such that G (&, ¢ ,u',v") =0, condition p (€, €', u’,v") holds. (5.4)
(5.3) and (5.4) are exactly the desired result (5.1). ]

Summarizing, the Recipe is as follows.

0. Specialize the Notation presented above;
1. Define condition p (&, e, u, v);

2. Check Conditions 1., 2., 3.a. and 3.b.

5.2 The a — 5 model

Following the ideas provided in Section 5.1, we now introduce the finite parameterization that will be used
throughout the paper. For each h € H, we consider finite parameterizations of both the selfish and the
altruistic components of household h’s utility function, see Definition 30.

Lemma 38 For any he H, h' € By, , Bun € Ry and vpp € V, we have that Bppvpn € V.

Proof. We have to check that 8y, vpp satisfies Assumptions v1-v4. Indeed,

v1. Brn/Upn is three times continuously differentiable; v2. Bppivy,, > 0 and Bppvpy is differentiably
strictly increasing; v3. Sppvy,, < 0 and Sppvps is differentiably strictly concave; v4. the right derivative
of Brn vpp is ﬁhhfv;jl, (0), which is bounded above. [ |

Lemma 39 For any up € U and oy, € R$+, we have U, €U.

Proof. ul. u,, is obviously C*(RY,,R).
u2. Simply observe that Dy ug, (zn) = Dyeu(wn) + ‘;‘E > 0.

L

ud. D%u,, = D%uy, + diag ((— ( ac’cl)g) > is clearly negative definite.
Th ceC

ud. Define lo, (zn) = > .ccaf log(zf). From Lemma 72, we want to show that, for any v € Imug,,
Clge ((uoéhr1 ([, +OO))) NORY, = &, where IRY, denotes the boundary of RS, . Tf (u,, )~ ([u, +00)) =
&, then we are done. Otherwise, we have what follows.

First of all observe that

oo™ e < ([ 100 012 ([242). o

as verified below. Take zj, € (ua, )" ([u, +00)), i.c., un(zp) + la, (xn) > u, and suppose our desired claim
does not hold, i.e., up(zp) < 5 and ly, (zp) < %; then, up(xp) + la, (zn) < 5 + 5 = u , which is the desired
contradiction. Then,

—

Clge ((ta) ™ (1, +00))) @ (tt0,) ™ (1w +00)) € wi? ([4,4+00)) Ul ([%,+0)) &

Clge (uy, " ([5,400))) U Clee (Io,) ([5,+20)))

where (1) and (2) follow from the facts that up and l,, are continuous functions and that the closure of
a closed set is the set itself.
Then,

Clre ((1a,) ™" ([, +50))) NORE, €

(Clae (157" ([4+59))) U Clec (152 ([4 +09))) N RS, =

(Clee (uy, " ([3,+00))) NORT,) U (Clie (Ig,) ([3,+00))) N IRY,)
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By assumption, it is Clgc (u,:l ([3,+00)))NORY . = @. Let us prove that Clge (15} ([5,+00))) NORY . =
.

By contradiction, suppose there exists z;, € Clge (I3} ([§,+00))) NORY . Since zj, € ORY ., then there

exists ¢ € C such that zf, = 0. Since x5, € Clgc (l;h1 ([%,—l—oo))), then there exists a sequence (x%c])keN

converging to xp, such that l,, (ac%c]) = af, log(x%k]c) + D ese af log(x[hk]c,) > 3 for any k € N. Since

(x%c]c)keN converges to 0T, then, since af > o, it is easy to check that af log(mglk]c) — —oo and therefore

limg 400 la, (wglk]> = —oo. Hence, there exists N € N such that [, (x%c]) < %, for any £ > N, contradicting
the fact that {x%f] tke N} C 1.} ([§,+00)). This concludes the proof of Lemma 39. ]

Definition 40 An o — 3 economy is

E' = (e,u,v,a,B) G]Rgf x UH x VB ngf XRir — Rl

Definition 41 The vector (x*7p*\, ((T;h/)hlegh)heH) e RYM x Ri;l x RE s an a — B equilibrium for the
economy E' € B! if
1. for any h € H, household h mazximizes, i.e.,
for given E* € El, p*\ € Ri;l, ((T;;/h//)h//esh/)hle,H\{h} € (Xhleq_[\{h}ABh/ (p*\)) , we have that (x5, (77 )wen, ) €
R$+ x RB» solves
max

zh!("-hh’)h’eBh)eRi+XRBh

Uy, (xh) +
1 * * *
Zh'eBh th"uhh’ (E (p En’ + Thh' + Zh"EB_)h/\{h} Thipr — Eh”EBh/ Th’h”))

subject to
pren + Zh/eg% Thih = Zh’el’ﬁ’h Thir — P T 20 A
Pen = Y prep, Thir = 0 Mh

for any b € B, Tha >0 Yhh

Z (xz\ — ez) =0.

heH

We can introduced the so-called extended equilibrium function as follows.
F 2xR{E xut x v xRGH xRE, - R™,
(& e u,v,a,8) — a (&, e,uq, B Ov) = last column in (5.6) below

C Duah, (xh) - )\hp (1)

1 / 1
Bn  wes, pjﬁhh/vhh/ (;T (peh/ + Thh + Zhueg%,\{h} Th''h! — Zh/legh, Th’h“)) — X+ = (2)

1 Pen + D wen.,, TWh = Xniep, Thh' — PTh (3)
By wes, min{ran, yn} (4)
1 min {pen — >, e, Thiv 7} (5)
c-1 2 ohen (xh - 6;\1) (6)
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For any (u,v) € U x VB, we define the finite-dimensional parameter space
._ CH CH B
Q:=RYY xRYY xRY

with generic element w = (e, a, 8) € 2. We then define the finite-dimensional extended equilibrium function
F' as the restriction of F to a fixed (u,v):

F .= ﬁ(u’v) ExQ— R (f,w)»—>l3(§,u,v,w)zﬁ(f,e,umB@v). (5.7)

Roughly speaking, the goal is to show that 0 is a regular value for F.

5.3 The analysis of borderline cases

Remark 42 An obvious immediate problem in showing that for any & € Z such that F (§,w) = 0, det D¢ F (§,w) #
0 is that the min function used in the definition of F is not even differentiable when both the constraint and
the multiplier are equal. Very simply, consider the following two examples.

Example 1.

fiR=R, f(z)=min{—(x—1)+1,(x — 1)+ 1} = min{—x + 2,2} is not differentiable if x = 1.

Ezample 2.

g:R—>R, g(x) :min{—x2—|—1,(az—|—%) (a:— %)}, or

h:R—=R, h(z)= min{fa:2 +1-— %, (x + %) (x — %) — %} are not differentiable in —%\/ﬁ, i 10.

Based on Remark 42, if we take £ € 2 such that F'(£,w) = 0, then, since the minimum of the value of
a constraint and the associated multiplier have to be equal zero, then it may occur that both of them are
zero, in which case differentiability is lost. This situation is commonly referred to as a borderline case. The
strategy we adopt to address this issue follows the approach developed by Cass, Siconolfi, and Villanacci
(2001). Roughly speaking, we show that borderline cases do not arise on an open and dense subset of the
economy space. Once this result is established, we can return to a standard approach. We now formalize
these ideas and prove the desired density result

First of all, we then present a general definition of regular value as follows.

Definition 43 Given a function g : A C R® — R™, x +— g(x) which is C° on A and C' in an open
neighborhood of g=1 (0), then 0 is a reqular value for g if for any x € g~1 (0), we have dg, is onto.

The key step in handling the borderline cases is provided by a result whose proof, given in Appendix
7.4, adapts the proof strategy developed by Cass, Siconolfi and Villanacci (2001). We begin by introducing
the necessary notation, then state the main result of those authors in Proposition 44, and finally apply it to
establish the desired conclusion in Lemma 45.

Observe that, in the definitions of F , F , and F| for every h € H, there are By, + 1 component functions
written in the form of min. For each agent h, we refer to these as the min-constraints associated with
agent h (see, for instance, (4) and (5) in (5.6) under F'). Notice also that, under F', component function
(3) of (5.6) takes the form min{pesn + >, cn_p Twn — D_prepn Thi — PTh, An}. However, for any element
belonging to (F)~1(0), component function (1) of (5.6) implies that A, > 0, by Point (u2) of Assumption
2 together with the fact that p > 0. Therefore, min{pen + > cp_p Th'h — Doprcpn Thih' — DThy An}y =
Pen + D nien —h Th'h = Y prenn Thiy — PTh. A similar argument applies to F and F.

It is is useful to rewrite the functions F and F separating the C? component functions from the min functions,
as formally done below.

Define

~ .= CH H B n—m
@2 x RYY xU” x V7 =R ,
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Duy, (zn) — Anp

1,7 1
(€ ) pr Uhh! (,7 (peh’ + Zh//ezsﬁ,ﬂ Th!'h' — Zh“eBh/ Th”l”)) = An+Yr = Mh
b 67 u) ,U

pen + theg_,h Th'h — Eh/egh Thh! — PTh heH
\ \Y.
D ohen (xh — )

m:Z(Bh—l—l):B—i—H; M={1,..,m};

heH
for any h € H,
cH B C—1_pCH Bj,+1 (Thi e,
gn  RYH X RE X RETRIT 5 REHL () e ) v L (5.8)
pen — Zh/eBh Thh!
Yhi
P = e RO+ (5.9)
Mh
and

c-1 (Thi e,
g:RngRBXR-‘r; XREE_)Rm’ (m,T,p\,e) — (gh (xaTvp\ae)>h ’H: )
€
ben — Zh/egh Thh' ) hen

= (Hh)he?[ e R™.
Then, without loss of generality, up to reordering of the component functions, we have
- & (57 e? u7 U)
F:2x R xut xvB SR, (€ e,u,v) —
(min {g; (2, 70" €) s 15}) jenr
Similarly, we can define

~.= CH H B CH B n—m
PrEXRYT XUT X VIR xRy, - R ,

(& e u,v,,0) —
Dug,, (x1) — Anp
p%ﬂhh'%h/ (p% (peh' + Do hreB,,, T — Dopres,, Th’h“)) = An + Yhn =
Peh + D pien,, Th'h = Dpren, Thiv — PTh hen
Dohen (UU}\L - GD-
Then, without loss of generality, up to reordering of the component functions, we have
F:2xRYE x U x VEXRIY x RE, — R,
@ (& e u,v,0,B)

& euv,aB) —
(min {gj (HT,T;P\7@> 7/1‘j})jeM
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Define

P(M) =
{ (M+O»M0+a{j}) e (P (M))3 :j € M and

{M*0, MOF} is a generalized partition of M\ {j} }
The 40 subscript means that multiplier is strictly positive and associated constraint is zero and similarly

for the subscript 0+. Observe that defined m*® = #M1% and m®t = #M%F, we have mOt mt0 ¢
{0,1....;m — 1} and m®T +m™° = m — 1. Then, for any (M+O,MO+, {]}) € P (M), define

~

.= CH H B CH B n—m mOT+mTO042=m+1 _ mn+1
F(M+07M0+7{j})._.XR++XZ/[ x V7 xRYY xRY, — R x R =R""

@(g,e,u,v,a,ﬁ)
(gk (-777 T, p\7 e))keM“’
(&&%%%ﬁ) — (p“l)leMo‘*'

9gj (l’, Tvp\a 6)
Hj
For any (u,v) € U x VB, define also
Farso a0t (39).uw) = Flareo yov (g3)- (5.10)

We can now state the needed result, recalling the definition in (5.7):

F .= ﬁ(u)v) 22X — R (&, w) »—>ﬁ(§,u,v,w) = F(£,e,uq, B O0).

Proposition 44 If
1. (ezistence) For any w € Q, (F,)"" (0) # @.
2. For any (M0, M%* {j}) € P(M), 0 is a regular value for Fiar+o mo+ (51
then

= {w €0 :V(z,pu) € (F,) " (0),Vj € M, either ju; >0 or gj (& w) > 0}

has full measure in €.

Then we can apply Proposition 44, to get the following result, which says that “ typically in 2, borderline
w economies do not exist”.

Lemma 45 For any (u,v) € UH x VB,

—1 -~ -1
w€eQ: for any € € (F,)  (0) := (F(u,v)‘w> (0),
foranyhe H, I € By,

?uw) = either (ypp >0 and Thp =0 ) or (ypw =0 and Thp >0 )

and

either ( pep — Zh'eBh, Thie >0 and n =0 ) or ( pep, — Zh’eBh Thw =0 and np >0 )

has full measure in €.
Proof. To get the desired result, we have to check that the two assumptions in Proposition 44 are verified
in the case we are analyzing:

1. Existence: see Theorem 9;
2. It is showed in Proposition 46 below. ]

Proposition 46 For any (MJrO, MO+, {]}) € P (M), 0 is a regular value for F(pr+o po+ (53)-
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Proof. Consistently with Proposition 127 and Remark 128 in the Appendix 7.4, the strategy of the proof
is as follows. All households but one are outside borderline cases. Define { B, B;QL} a generalized partition of
B;,. Conditions about the constraints and the multipliers for households who are not a borderline case are
as follows:

Thiy =0 for A’ € B}L,
Yan =0 for b’ € Bz,
and

either pep, — 3/ cp, Thir =0
orn, =0

Conditions about the maximization problems for the households described above are the first equations of
the extended systems presented in the following pages. Moreover, the household h* who is at a borderline
case can be in one of the following three situations.

i. there exists h’' € By~ such that 7+« = <y = 0 and pey, — Zh’eBh* Then = 0; or

ii. there exists b’ € By« such that 7p«p = Yp+p = 0 and np« = 0; or

iii. pPeER — Zh’GBh* Th*h! = 0 and Nh*x = 0.

No other qualitatively different situations are possible. Below, we analyze those three cases. In other
words, there exists three qualitatively different types of households, depending on how they can be at a
borderline case. Without loss of generality, those households are denoted by h =1, h =2 and h = 3 in the
matrices describing situations i., ii. and iii. in the following pages. We have to show that the associated
Jacobian matrix has full row rank, a goal which is accomplished performing elementary super-rows operations
in the order specified in the last column of the matrices we present below and using the matrix in a box in
the corresponding column. First of all, we compute the Jacobian of an important version of the equilibrium
function and then we accomplish what said above. We also use the Lemma 89 in the appendix.

We proceed as follows: 1. we rewrite the extended system; 2. we compute the Jacobian matrices
associated with the two typical no-borderline case households; 3. we analyze case i., ii. and iii. described
above.

Observe that an important sub-block of the Jacobian we want to compute is as follows.

C B 1 By, 1 Bp | By 1 | co1]| B,
1
Tp Th /\h Yh h Th! Th!! €n €n ﬁh

C' | Duy, (zn) — Anp D2u,, —p
By, ﬁ'ﬁhh’ dlg -1 1|1 -1 * * * * dlg

’ 1 _ 1

Uhn! (pr)? Pr
1 Brnt Bhn
pr ’U” ’L)l ’
(pep+1hnr + hh' hh
h”EB_)h/ \{h} Tp!! p!
- Zhr”EBh/ Th.’h”)
_)\h"l"Yhh/ —Nh
1 pehrfzh,legh Thi'+ —-p -1 * * 1 D
Zh/es_,h Th'h —PTh
T
By | Thn I 10
b
2

Bh Yhh' 0| IB%
1 Mh 1
or Peh—z;ﬂezah Thi! -1 1 p

Let’s consider the more difficult case in which 7, > 0 and perform the elementary row operation
“subtract the last row from the row of the budget constraint”.
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C Bh 1 Bh 1 Th' Th!! 1 C—1 By,
1
Tp Th An | Nk en | ey | Bn
2
C | Duy, (zp) — Anp D-uy, —p
Bh, #';th/ dg -1 1 -1 * ES * * ?g
/ 1 —_
Uhn! (pr)2 Pr
G Brn f;m’
(pep +7ppr+ v hh!
h//EB%h/ \{h} Tp!! B!
- Zh”EBh, Th!n!"y
— At Ypnr =Nk
1 Per—2 e, Thi'+ -p * *
Zh’eB n Th'h "PTh
1
By, | Thw Iz |0
h
2
Bj; | nnw 0 Iy
h
L | m 1
or pertheBh Thh! -1 ! P

Observe that there are only zeros on the left of the two involved super-rows.
possibility would be to consider the equivalent system in which substituting in the upper bound on transfer
constraint in the budget equation constraint. In other word, you observe that the following two systems are
equivalent - with obvious notation.

¢ (w,m)
ar + bx

axr

|
o

and

o (z,m)

Another, equivalent,

o




[
Case i S
M |y | M | @2 | T2 A2 |y | M2 | a3 T3 A3 | v | M3 | B B2 B3 e) el |ed | el | Qs o553
—p @ 0
NS
1 I 1 « * * * * g 0
o>
>
=
* * = 3
o)
|
oy 4
O 4
juy]
p\ - 1
=
D2 -p =~ 0
=
* 1 | T —1 * * * * * é 0
Q
3
=
=T
—p -1 * n 1
4
Yon!! 4
n2 4
Duag D2 —p 0
—A3p
pes. * * -1 1 -1 * * * * 0
pr
BSh,’
YU3h!
~3n’
=13
pez+ * 3
STy
=3T3
—pz3
T3n! 4
Y3n!! 4
pes —1 1
—XTap
V31 4
21,;’7 or or oI 2
B

6€
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In detail you have what follows. Do 0:

10

10

10

Yy Y
VT

TEL

MELg—€ad

14EL,

e,

sxd—"' cmﬁw\
€M +ead

Tl

14T,

071

14Ty

Cwd— T~
Mg +Tad

ML —Tod

Ty

ST,

Txd— ETN\
T4 Tod

€l

TTEL

£y

€L

€x

el

TATL

¢

cL

cxr

T

AT

'y

T

Tx




Do 1:
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X1

T1 A1

Yin’

| T2

72

A2

Yan!

2

€3

73

A3

Y3n’

N3

€1

pe1+3Ty,4
!’
=7, —pT1

(7]

Tin!

V1w

7]

Top!

Yon!!

[o7]

72

peg/+27'h/3
727—3}1' —pT3

T3p!

Y3n!!

31

\ \
Ewh “Cn

01

01

0r

Do 2 and era

se colu

ns of zero:

Z1

! Vin!

2

Y2n!

712

T3

73

Y3n!

pe1+XT,,
—E‘rih, —px1

[—r]

T1in!

(7o)

Yin!!

[o1]

Tan!

Yan!!

72

pe3+XTyr4
—374,, —pr3

T3p!

Y3n!!

31

Do 3

T1

Yin!

T2 Yan!

2

73

Y3n!

T1n!

[To]

Y1in

[o1]

Top!

7o)

Yon'!

72

T3n!

Y3n!!

m

Y31

and then we are done.




Case iii.

4%

1

T1

Y1n!

m

2

T2
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Y2p!

72

3

73

A3

Y3n!

3

B2

B3

a2

D2

D2

D2

pe3+

T3n!

V3!’
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—XTap

13

\
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““n
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or

or
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pes * * B 1|1 _1 * * * *
pr
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’
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T3n! 4
Y3n!! 4
n3 -1 4
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—e)
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Definition 47 For any (¢,€) € E x E such that F (€,€) = 0, we say that (€,€) is not at a borderline case
if “the conditions in Definition of qu,v) are satisfied”, i.e.,

for any h € H, W € By , either (v > 0and mppy = 0 ) or (Y = 0 and 7y > 0 ) and
either ( pep — Zh/eBh Thiy >0 and 1, =0 ) or (pep — Zh'eBh Thiy =0 and np >0 ).

Lemma 48 The set

-1
Dy = {5 €E: forany € € (Fg) (0), (& &) is not at a borderline case}

is dense in E.

Proof. We want to apply the Recipe presented in Section 5.1.

Condition p (§,e,u,v) is “(£,£) is not at a borderline case”.

Condition 1 is verified in Lemma 38 and Lemma 39.

Condition 2 is verified in Lemma, 45.

Condition 3.a. is verified in Proposition 122.

Condition 3.b. is verified in Proposition 111 and in Lemma 114, Propositions 119 and 120 contained in
the Section 7.3.3 which is taken from the Chapter on “Compact-open topology” in Villanacci (2026). ]

5.4 Auxiliary P Economies

In this section, exploiting the fact that equilibria associated with economies in D; are not borderline cases, we
introduce the so-called partition functions Fp (see Definition 51). These functions are obtained by replacing
the components of F involving minimum operator with one of the two functions appearing in the corre-
sponding minimum. By construction, the partition functions are smooth, allowing us to apply Glockner’s
theorem (see Lemma 68). Moreover, for an appropriate choice of P, the functions F and Fp coincide locally
(see Lemma 52), and the zero set of F is a strict subset of the union of the zero sets of all Fp (see Lemma
53). Exploiting these properties, we show that the set of so-called regular economies is open and dense in
the space of all economies (see Corollary 66). The above results are then used to establish regularity in the
full sense; see Theorem 16 and its proof in the next section.

To continue our analysis, we need to introduce some definitions.

Definition 49 For any h € H, J, = {1,...,Bp + 1}, where By + 1 is the cardinality of the set of min-
constraints of household h ’s maximization problem.

Definition 50 For any (§,€) € Z x E such that F (£,€) = 0, define the following generalized partition of
In:
jhl (f’g) = {] € jh * Ghj (xaTap\76) > 07,uhj = 0}7

‘7h2 (575) = {] € jh * Ghj (x,T,p\,e) = Ovﬂh]’ > 0}7 (511)
\7]-:3 (5’5) = {J € jh * Ghj (.ﬁ,T,p\,e) = O)/”'hj = O}

Instead of restating each constraint explicitly, we prefer to provide a more general description of the con-
straints. See, for instance, the definitions of g;, and py, given in (5.8) and (5.9).

Following the approach of Cass, Siconolfi, and Villanacci (2001), and motivated by our focus on the economies
in the set D, we exclude by definition the exceptional case in which both a multiplier and its associated
constraint are equal to zero. Accordingly, we exogenously fix a generalized bipartition corresponding to the
remaining, generic cases.
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Definition 51 For any h € H, let Py, be the family of generalized bipartitions Py, = {Pﬁ, P}?} of Jn. Defined
P = XnenPn with generic element P := (Py)),cq,. For any P € P, define

Fp:ZxE —R",

¢(8,€)

(&, &) — (1) je pr
CHECER I I

We now present two results linking the zeros of F and ﬁp.

Lemma 52 Assume that (§,€) € E x E is such that ﬁ(f,é‘) = 0. If there exist P',P" € P such that

€
P’ # P" and Fp: (€,€) = Fpn (£,€) =0, then £ ¢ Dy.

Proof. If P’ # P”, then there exists h € H such that P) := (P;', Pj?) # (P}*, P/?) := P}/. Therefore,
being P} and P/ generalized partitions of M}, := {1,..., B, + 1}, we have that P/' # P/! and therefore,

without loss of generality', there exists j € P/ such that j ¢ P//* and therefore j € P/?. Since Fpr (&) =0
and j € P* , then py; = 0; since Fpr (£,€) =0 and j € P;? | then gp; (z,7,p\,e) = 0.
Summarizing,

there exist h € H and j € M}, such that pun; = 0 and gy (x,T, P\, e) =0

and
F(,€)=0.
Therefore, from Definition 47, we do have that £ ¢ D;. [

- ~ o\ -1
Lemma 53 F~!(0) C Upep (Fp) (0).

Proof. We want to show that if £ (&,€) =0, then there exists P € P such that ﬁp (£,€) = 0. Indeed,

o Pl L P(&€)
(min {gj (2077710\76) 7Mj})jeM

Then, by definition of min, for any h € H, there exists a generalized partition? {M;, M), M} of My,
such that N
P(&€)

(gjhl (xﬂ—ap\ve))jhleM:U
F(f,g) = (Uj;LQ (a:?T?p\’e))theJV[}?Jr

( (951, (2.7,0\€))

(Hjng (2,7,9\,€))

4 00
Ing €My heH

Let P (M}OLO) be the family of generalized bipartition {P,?Ol, P}(Lm} of Mp°. Then, for any h € H, define
the family of sets
Pl ={M"upr}

P2 ={M;" U P2

Then, for any P = (P,}, P}%) constructed as described above, we do have F (£,8) = Fp (£,8)=0. =

heH

1Similar argument holds if there exists j € P;L’l such that j ¢ P;Ll; indeed, then j € P;’LZ.
2This partition depends upon (&, £).
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Remark 54 The inclusion established in the previous result is generally strict, since the zero set of Fp may
contain points at which either the constraint or the corresponding multiplier is negative, a possibility that is
excluded by the definition of F'.

Remark 55 A somehow interesting, difficult problem is what follows. Given P € P, and consider the
associated projection prp : (Fp)_1 (0) = Q, (§,w) = w . It is hard to show that prp is proper, and we
strongly conjecture that prp is not proper. Then, the question is as follows. What are the properties on
equilibria, reqular economies, smooth dependence which survive to that loss? We loose openness. Therefore
the set of regular economies is full measure but not open. That is the case of R\Q.

Definition 56
Fp:Z2 x RVE x Yy x VEXRYE x RE, — R, Fp (€, e,u,v,0,8) = Fp (€, €, ta, B O v)
For any (u,v) e U™ x VB, Fp = ﬁP,(u,v);
Fp:ExQ—=R", (e B)— Fp(&ea,p)
Remark 57 For any P € P, F, is C'.

Remark 58 As a consequence of Lemmas 38 and 39, the results stated in Lemmas 52 and 53 also apply to
Fp.

Recall that from (5.7), F := ﬁ(u’v) Ex Q- R (& w) — ﬁ({,u,v,w) = ﬁ(f,e,ua,ﬁ ©v).

Definition 59 For any (u,v) € UH x VB |

(u) =

{ weQ:forany & e (F,)"(0), for any P € P, Fp (€,w) =0 = det D¢Fp (£,w) #0 }
Remark 60
Qo) =
{ weQ: forany P € P, for any € € (F,)"(0), for any £ € (Fpy)~ ' (0), det DeFp (6,w) #0 } =

Npep {w €Q: for any € € (F,) " (0) N (Fpy) " (0), det DeFp (€,w) # o}.
Lemma 61 For any (u,v) € UH x VB the set QZ‘; ) is a full measure subset of Q2.

Proof. First of all, we show that for any P € P, 0 is a regular value for Fp. Indeed, the proof of the
desired result is an easier version of the proofs presented in Proposition 46. Using the same technique as the
one used there, with the only exception that here we have two types of households, it is sufficient to consider
the following table, where without loss of generality, we consider only two households denoted by h = 1 and
h = 2. Observe that, by definition of Fp, no borderline case exists.
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Then, we have verified that for any P € P, 0 is a regular value for Fp, and from Theorem 123, we have
that there exists a full measure subset Q% of € such that for any w € Qp, 0 is a regular value for Fp,,.
Define

Q = NpepQs = Npep {w € Q: forany € € (Fp,) ' (0),  det D¢Fp (§,w) # 0} .
Since

) = Npep {w €Q: forany € € (F,) "1 (0) N (Fpo) " (0),  det DeFp (£,w) # o} ,

then Q C Qz‘;‘ 1})3 and, using the fact that the intersection of a finite number of full measure sets is itself

full measure, we are done. [

Lemma 62 The set
Dy =

o\ -1
{EEE:foranyﬁe(Fg) (0),

for any P € P, Fp (€, £) =0 = det DeFp (£,€) #0}
is a dense subset of E.

Proof. Again we apply the Recipe to get density presented in Section 5.1.

Condition p (¢, €) is as follows: for any P € P, Fp (§,£) =0 = det D¢Fp (§,€) # 0.

Observe that Condition 1, 3a and 3b are the same as in the proof of Lemma 48. For completeness, we
repeat what said in that Lemma about those conditions.

Condition 1 is verified in Lemma 38 and Lemma 39.

Condition 2 is verified in Lemma 61.

Condition 3.a. is verified in Proposition 122.

Condition 3.b. is verified in Proposition 111 and in Lemma 114, Propositions 119 and 120 contained in
the Section 7.3.3 which is taken from the Chapter on “Compact-open topology” in Villanacci (2026). m

3To better understand the inclusion  C Q** simplifying notation, let two sets A (w) and B (w) depending on w € Q and

(u,v)’
a generic condition p (§,w), with £ € E, be given. Define
S ={weQ:forany £ € A(w)NB(w), pw)}

and
§:{w€ﬂ:f0rany£€3(w)7 p(§w)}.

Then, we have S C S**.



Chapter 6

Generic Regularity

The present Section is devoted to prove the main result of the paper which is Theorem 16.

Definition 63
D =D;NDs.

Proposition 64 D is E open and dense.

Proof. Openness. Observe that

o\ -1
Dy = {5 € E:for any € € (Fg) (0), (&,€&) is not at a borderline case} =

\-—1
E ek :forany e (Fg) (0),
— ) forany he H,h' € By,
either ( Yrre > 0 and Ty =0 ) or ( Yo = 0 and Ty >0 ) and
either ( pep — Zh’eBh Thiy > 0 and 7, =0 ) or (pe, — Zh/eBh Thiy =0 and 7, >0 )

Then D; is open from properness of the natural projection, i.e., Proposition 27, and Proposition 133.
Observe also that

D, =
(ECE: forany (£,€) € F~1(0)N <mp€p (ﬁp)_1 (0)>,

det DeFp (€,€) #0}

Then the desired result follows again from the properness of the projection, Proposition 132!, together
with the continuity of the determinant and the continuity of D¢Fp on F~1(0) N (Npep(Fp)~1(0)).

density.

First Proof.

From Lemma 45 and Lemma 61, for any (u,v) € U x VB, Q:u,v) N Q’(kz’v) has full measure in §2. Then,
following the same strategy used in Proposition 37, D is dense in [E.

Second Proof.

From the above argument, both D; and Dy are open. From Lemmas 48 and 62, D; and D, are dense in
[E. Then, the desired result follows from the fact that the intersection of a finite number of open and dense
sets is (open and) dense - see Proposition 83. ]

INote that in Proposition 132 is showed that the set O is (£ x [E)-open, where O is defined only via a (generic) constraint
of the form g ((§,€)) > 0. In our specific case of the D2, the condition is given by det D¢ Fp (§,£) # 0. We remark that
Proposition 132 implies anyway the operness of Dy. Indeed, we can write

Dy =Df UD;,

where D;’ (resp. Dy ) is given by the condition det D&ﬁp (&,€) > 0 (respc. —det Déﬁp (& €) >0).

49
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Lemma 65 For any (¢,€) € 2 x D such that F (€,) = 0, there exists a generalized partition P (£,€) € P
and an open neighborhood N (§,&) of & such that for any & € N (§,€), F (£',€) = Fpe) (£, €), and Fg is
Cl on N(f,g) ) DEF (5,5) = Dng({jg) (f,g) and det DgF (5,5) = det Dng(&g) (5,5) 7& 0.

Proof. Since, by assumption, F (£,€) =0 and & := (e,u,v) € D, then, from the Definition of Dy, for
any h € H, there is a partition {J}! (£,€), T2 (&, €)} of J), such that

F(e.)
( (min {gn; (SU,T,P\ae) vﬂhj})jej,i(&f) > -
heH

(min {ghj (337 P\, e) }))jej,?(@f)

gb, (E? 67 u’ ,U)
= (/‘hj)jej}}(g’\g) ,
(ghj (9577717 »e))jejh?(g,g) hen

and, still by definition of Dy, we have that for any h € H,

(/J’h]')jej}?(&g) >>0
(6.1)

(ghj (x’T’p\’e))jGJé(g,S) >> 0.
Therefore, choosing P (§,&) = (.7;3 (& e), T2 (&, e))heﬂ’ we have that

F(£€6) = fp(g,s) & €).

Then, (since the identity function is continuous) and since gj; are continuous functions, from Proposition
91,
there exists an open neighborhood N (§) of £ such that

(6.2)
for any & € N (), the strict inequalities in (6.1) are satisfied.
Therefore for any &' € N (€),
¢(¢,¢) )
Fe,6):= 2)
((mm {gnj (z,7,p\,e) 7ﬂhj})j€Mh>heH
?(&€)
/ ~
= Fhj JETL(EE) = FP(E,S) (8,5)
/ / /
(ghj (.13 TP 76))j€‘73(§’5) hen
and then all the other desired results follow. [

Corollary 66 For any £ € D, where D is an open and dense subset of E, 0 is a reqular value for ﬁg (and

therefore, for any € € (ﬁg) (0), we have det Dgﬁ (&) #0).

Proof. From Proposition 64, D is open and dense in E. Then, “just taking a subset of the statement”

of Lemma 65, we have what follows. _
For any (£,€) € 2 x D such that F (£,&) = 0, there exists an open neighborhood N (&, &) of £ such that

Feis Cl on N (¢,€) and det D¢F (€,&) # 0.
~ N\ -1
. O . . 1 . . . _
Therefore, F' is C”, and it is C* in a neighborhood N of (Fg) (0) (indeed N = Uée(ﬁgo)—l(o)NP &,

-\ -1 -
which is an open set) and for any £ € (Fg) (0), we do have det D¢ F' (€,€) # 0. Using Definition 43, we

can conclude that 0 is a regular value for Fe. ]
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Definition 67 T := Rgf X (xheH <C3 (R$+,R) X (C3 ((0,1) ,R))Bh’)) and for any P € P,

Fp:ExT =R,

(&, e,u,v) — Component functions of Fp
Lemma 68 For any P € P, Fp € C};.

Proof. Following what was said in Definition 134 in Appendix 7.6, we need to show that
1. Fp € CO(E x T,R").
2. The function

duFp: (ExT)x (R x (R x (xnen (€ (R B) x (¢2(0,1),R)™)))) = R,

((5, e, u, ’U) , (5*’ 6*, 'LL*, ’U*)) — limy 0 -FP((fvequ)"Ft(f*@*7:«*71}*))_]:13((57@7“,”))

is well defined, i.e., the limit always exists and is component-wise finite.

3. dp Fp is continuous.

Below, we present the proofs of the above mentioned results.

1.

It follows from the same argument used to show properness.

2.

Taket # 0, (€, e,u,0) € (£ x T), and (€%, ¢*, u*,v*) € R"x (RCH x (xheH (03 (RS, ,R) x (€3 ((0,1) ,R))Bh)»,
we have that Fp ((§,e,u,v) +t (£, e*,u*,v*)) — F ((§,e,u,v)) is equal to the list of component functions

below.
D (up, +tu) (zn +tz}) — (An +tAL) (p+ tp*) — Duy, (xh) + Anp (1)

1 /
) o) (Ve +t (Vips)")
((p-‘rtp*)(eh/ +te;,))+zh,,65_}h, (Th//h/+tTh*,”h/)_Zh”€Bh/ (Th/h// +t‘r;:,h,/) )

(p+tp*) (r+tr*)
— (An +tAS) + Yhw + Y — 0n — i+

pen +2 e ThIth! = 2ontteB, , Th!h!!
1 ' E€B_ 1 €By
- (prvhh’ ( pr — )\h + Yhh' — Nh

—(p+tp*) ((zn +tay,) — (en +tep)) —p(zn —en) +

+Zh/€BHh (Th/h + tT;:/h) - Zh,GBh (Thh/ + tT;:h/) + (3)
/

=D weBo, TWh T 2 s, Thir

Thh' + t’T;:h, — Thh' or Yhh' + t’y}th, — Yhh' (4)

(p+tp*) (en +tey) — D iep, (Thn +tT5) —pen + D pep, Thiv (5)
or mp+tyi—mnn

=D hen (xk + tx?) + 2 hen (62 + teZ\) = X hen 5”2 + 2 hen 62 (6)
Below, we proceed as follows. For each of the six component functions defined above, we first simplify

the corresponding quotient fp((g’e’u’v)ﬂ(f*’6*2“*’1’*))_;((5’6’“’1’)) and then compute the limit of the resulting
expression as t — 0.

(1)

D (up, + tuy) (xp + tx)) — (An +tA)) (p + tp*) — Dup, (zr) + Anp
t

Duy, (xp, + tay) — Duy, (xp) + tDuj, (xp + tz}) — App — Aptp* — tAfp — tQA;‘Lp* + A\np
t

Duy, (zp, + tz}) — Duyp, (xp)
t

+ Duj, (zp + txy) — Anp™ — App — tALD™.
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Taking limits of the above expression and using the fact that wuy, is C3, we get

lim Duy, (xp + tay) — Dup (xn)
t—0 t

+ Duj, (zp) + Anp™ — Nip = D?uy, (zn) -z, + Duj, (zh) + Anp™ — ALp.

In more detail, observe that the last equality above follows from what was said below. Dropping h, we want

M = D%y (z)-z*. Observe that, given an arbitrary C* function g : REJF —

glattz)—g(z) _
t

to verify that lim;_q

R, then, from the definition and properties of the directional derivative, we have lim;_,q
Dg (x) - z* . Then we are left with showing that D (Du (z)) = D?u (z). Indeed,

J;l xc
Da;l’u (,CE) Dllzlu (CC) Dxlxo’u (z)
D, cu(x) D ogu(x) D,cpcu(x)

(2)
Here we use the fact that elementary operations on continuous functions give rise to continuous functions
as well and the computations below. To simplify notation, we use the following definition. For any h € H
and h' € By, s
Hh/ 12X Rgf — R

pep+2 e Th,”h’*Zh//gBh, Th!!!

() — AL
Then,
0((&e) +t(£,e7)) =

((p+tp*) (ens+tel, ))+Z,L,,€BHM (rnrrnr+tr ) ((+tp™) (e +tes ) ~Sires,, (Tt ) (0 tp™) (e +tel,))
(p+tp=)(r+trr) ’

observe that 6 is a C? function because it is the ratio of an affine function with a denominator strictly
positive.

Below we consider different terms in (2) one by one.

Observe that

1 _ 1 _ 1 1 1) o
(p+tp*) (r+tr*) pr+tpr*+tp*r4+t2p*r* pr pr+tpr*+tp*r+t2p*r* pr
(6.3)

1 (1_ tpr* +tp*r+t3p*r*
pr pr+tpr*+tp*r+tZp*r*

Then,

6.3)

ey Whw 1t (Wh)) (0 (& e) + (€7 %)) = rvpm (0 (€, &)

L (1= G ) (v + £ (o)) (0((€ ) + (7€) = g (B(€,€)) =

2, k%

o Whn (0((6.0) + 1 (€% €")) = v (0(6,0))) — b Bttt - (vi) (0 (6, €)

Then dividing by ¢t and taking the limit for ¢ — 0, we get

v (0((&,e)+t(€",e)))—v, . (0(€,€)) tpr* +ip*r+t3p*r*

. . (1)
ﬁ hmt_>0 L 7 - — ﬁ hmt—>0 pr+tpr+tp T+ t2p : (U;h’) ( (67 )) :

= 1D (vhy 00) (€.€) - (€)= 20 () (B(E,0)) = 2D (vhy 0 ) (E.0) - (€7, ")

where (1) follows from the fact that

. vl (0((&,e = e W—v! , (O((E e
hmt*)O hh ( ((5 )+t(§ - ))) hh ( ((5 ))) —

lim o (o DEITHELN e 0ED _ (416 ) (g e) - (€7, €7),

t
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and the last equality follows from the fact that compositions of C! functions are C! and from a well-known
property of the directional derivative.
Let us now study the other terms.

—An = EAL + Yhh F V5 — NMh = O+ An — Yan + 0 =
Summarizing, the limit of the term in (2) as ¢t — 0 is
1 * % * * *
ED(U;W 0f) (& e)- (§5,€") = AL+ Vhn — M-

3)

— (p+tp") ((wn + tay) — (en +tef,)) — p(xn — en) +
Zh/GB*}h (Th/h + tT;:/h) — Zh,GBh (Thh/ + tT;:h/) — Zh,eB‘}h Th'h —|— Zh’EBh Thh! =

— (pxh +tp*xn + tpx) + t2p*:v;; — pen — tp*en, — tpe) — t2p*ez — pxrp + peh) +
DohieB, Th T hen, Thin = 2nes, Thh! T 1D picn, T = 2omreB, Thh T 2 nep, Thh! =

— (tp*a;h + tpxy + t2p*x;‘l — tp*ep — tpej, — t2p*e’,§) +t Zh,eg_’h Tpop, + 1t Zh/egh Thn
Then,
limy 0 1 (= (tp*an + tpaj, + t2p*a}, — tp*en — tpen — 2p*en) + 3 pep_, Thn =t 2open, Thi) =
lim; ¢ (f (p*@p + pxj, + p*tay, — pen — pen — o en) + D picp ., Thin = Qnes, Tf;h,) =

= (pP*xn + pxy —pen —pen) + D pcn,, Thin = 2hreny Thi

(4)
lim + iy = T = Tpp-
t—0 t
(5)
(p+tp*) (en + tep) — Zh’eBh (Thwt +t7355,) — pen + Zh’eb’h Thh' =
pen + tp*en +tpey + 1pe; = e, Thw =t X pep, Thw — Pen + Xpiep, Thit =
tp*en +tpey, + °p ey — 3 1ep, Thn
and ] .
limg 0 ¢ (tp*eh + tpe} + t*prel — tzh,egh T,;kh,) =
limg o (p*eh + pej, + tp*ey, — Zh’el’j‘h Tifh') =
p*en + pej — Zh/egh Thi
(6)
> (:v\ +tx*\> -> (e\ + te*\) -> ) + > e\ =
ner \Th h heH \Cn h heH Th heH €n =
> IE\+tZ z*\fz e\thZ 6*\72 x\+z e) =
het Th het Th heH Ch heH Cn heH Th heH Ch
> hen T\t 2 hen en = £ hen (:v;\ - 62\)
Then,

w\ o\
th—% cheH (fh €n ) _ Z (1‘2\ _ 62\) .

heH
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3.
Summarizing what was said above, we have that

limy_p ZEUECHDHUE 00 )~Fr((Eea)) _

D2uy (zp) - o}, + Duj, (xp) + App™ — Ap

oD (v 00) (E,€) - (€7,€") = Ny + 5 — 705

— (P*xn + pry —pTen —pen) + D pen,, Thin = 2oneB, Thi
Tin OF Yip

p*eh +pe;kL - Zh/GBh Tf’:h/ or 7’];:

Shen (1 —ei)

The proof of continuity of the function dFp then follows from the same argument used to show that F
is continuous. In more detail, we have the following;:

We remark that the continuity with respect to the Euclidean norm is clearly satisfied. We observe that
C3 (RY,,R),C?((0,1),R) are equipped with the compact-open topology, which implies, in the case of C*
functions, the uniform convergence on compacta of the functions themselves, their gradients and Hessians.

Let, for instance, (wy, s,) be a converging sequence in V' x T. Then there is a sequence of functions
(Un) ey With elements in U converging to some u € U and a sequence (z,),,cy with elements in RYY
converging to some r € Rgf . Then we have that Duy, converges uniformly on compacta to Duy, and
D?uy, ,, converges uniformly on compacta to D?uy,.

From the previous point,

D?upn(hn) - @ + DUjy o (@) = Anupry = A oD
By the property of uniform convergence on compacta we have
. 2 _ N2
nEIJIrlOOD Upn(Thn) = D7 up(zh),
Lemma 69 Let us consider any P € P, £ € E and & € 2 such that ﬁp(f,é’) =0 and
det D¢ Fp(€,E) # 0.

Then there exists an E open neighborhood V*(E) of €, a Z open neighborhood O(§) of & and a function
¢*:V*E) = R™ such that

1. ¢* € CL(V*(E):R™,

2. ¢{(V(€) S 0(),

5. ¢ = ¢,

4. {(6,6) €0©) x V*(€) : Fp(&,€) = 0} = {(£,€) € 0() x V*(£) 1 £ = " (€)}.

Proof. The result is an application of Glckner’s Theorem 139 to the function
Fp:ExT —R"

presented in Definition 67.
Indeed, all the assumptions of Glockner’s Theorem, i.e., Theorem 139, are satisfied, as verified below.
O corresponds to = which is an open subset of an Euclidean space;



%)

V' corresponds to Rff X (xheH <C3 (R$+, ]R) X (C3 ((0,1) ,R))Bh’>) which is an open subset of a topo-
logical vector space ?;

Fp is C}; from Lemma 68;

the other two assumptions are explicitly assumed here.

Therefore, we can conclude that there exists a Rgf X (xhe% (63 (RE_H R) X (C3 ((0,1) ,R))Bh>) open
neighborhood V' (€) of £, a = open neighborhood O(¢) of ¢ and a function ¢ : V/(£) — R™ such that

I C e L (V(E:R™,

2. ¢(V(€)) € 0(8),

3. (&) =&, and

L. A€ ) € O&) x V(&) : Fp(£,€) =0 ={(£,€) € O(§) x V(&) : £ = (&)}

Consider now the set

V€)=V (E)NE.

Clearly V*(€) is an E open subset of E and £ € V*(E). Define
¢ = Qo)

Then

1. ¢* € C3; (V*(E),R™), by definition of Michal-Bastiani differentiability for not necessarily open sets
(which is based on the fact that the restrictions of continuous functions are continuous);

2. ¢*(V*(E)) C O(8), because V* (£) C V (€) and from 27;

Eevr(e

3. (&)=Y = ¢

We are left with showing® that

1. 4:={(6.6) €0(€) x V*(£) : Fp(6,6) = 0} = {(6,€) € 0(€) x V*(£) 1 € = C*(E)} := B.

Indeed, that is a consequence of Claim 0 below, but we also provide a simple direct proof.

= Def. Fp 4 def. A, EeV™(E)
b (£.E)€B=&=C*(€) I e L (6)E Fp(6,6) =05 Fp(e,6) = 0. n

Proof. of Theorem 16.

Observe that from Proposition 64, D is open and dense in E.

We can now show that for any £° € D, all conditions in the statement of Theorem 16 are satisfied.
A.

_ o -1
Take £Y € D (and therefore to 9 € Dy). Since, from the existence result, pr is onto, then # (Fgo) (0) #

0. Moreover, )
(Feo) (0):={cc=:F(ee’) =0}
and

prt (50) = {(E,EO) e=ZxE: ﬁgo = 0} = (ﬁgo)_l (0) x {50}.

~ -1 ~
Then, # (pr)~" (E%) = # (Fgo) (0). From Corollary 66, we have that 0 is a regular value for Fgo and
since the dimensions of the domain and the dimension of the codomain of the function ﬁgo are the same,
~ o\l
then, from Proposition 34, page 42, in Villanacci and others (2002)%, (pr)~" (£°) and (Fgo) (0) are a

set of isolated points. Since, pr is proper, then (p?")*1 (50) is a compact set of isolated points and from
Corollary 16, page 86 in Villanacci and others (2002)°, we get the desired result.

B.
Take £° € D. Observe that by definition of D, from A., and Lemma 65, for any i € {1,...,rg0}, there

exists a partition P} = {(jhl (€2,%), 72 ( ?750))%%} € P and a E open neighborhood N (£7) of &Y such
that for any € € N (£0), F (£,£°) = Fpo (¢,£°), and Feo is C* on N (£9) , DeF (£9,£°) = DeFpo (£2,€°)

2Tt is obvious that T is a subset of RO x (xpez (C3(RE,R) x (C3((0,1),R))Br)).

3For a different proof of the desired result, see Claim 0 in the next section.

4A set M is a zero-dimensional manifold if and only if it is a set of isolated points.

5Let M and N be C* manifolds of the same dimension, respectively, let f : M — N be a C° function, and let y be a regular
value for f such that f~!(y) is compact. Then f~1(y) is a finite subset of M.
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and det Dgﬁ( 9,E9) = det Dé’ﬁPiO (€2,£%) # 0. Then the assumptions of Lemma 69 are satisfied and we
can conclude that there exists an E-open neighborhood V;*(£°) of £9, a Z-open neighborhood O(&?) of &9
and a function ¢} : V;*(£°) — R" such that
19 ¢ € C (Vi (E°);R™),
20 GV (€9) € 0(&D),
30. ¢ (&%) =&Y, and
2. {(6,6) € O(ED) x V¥ (%) : Frn(€,6) = 0} = {(€,€) € O() x V77 (€°) : € = GF()}.
Observe that, still by definition of D C Dy, we have that for any h € H,
for any j € J? ( ?,50), /J?U > gnj (mO,TO,pO\,eo) =0
(6.4)
for any j € J} ( ?,50), Ghj (SUO,TOapO\aGO) > ﬂ%j =0

Then, defined & = (29, 7°,p%\, u°) and £° = (e, u°,v°) € D, we have

Fo (€0,80) P

7 (&7.€°)
0
(v hj)jeﬁ(ﬁ?ﬂ)

(9nj ($°77071’0\’60)%@5(6?750) )heH

(6.4)

50 50
mln .’IIO T s 0\ 5 9 })
( p ) th ]EJ}%(E,’O#S‘O) =

0 0\ 0} 10
mln X T .
( y D ) Y jGJ,f(E?,ED) oy

F 050:

Defined ¢} (€) = (z* (), 7% (€), 1" (€),p*\ (€)) and since ¢} and the functions gj,; are continuous, then
there exists an open neighborhood N (50) of £9 such that for any £ € N (50), the strict inequalities in (6.4)
are still satisfied, i.e.,

for any € € N (£°) N V;*(£9),
for any j € I (€0,£°), iy (€) > gy (& (€),7 (€).p™ (€) .¢) (6.5)
for any j € J} (€0.€°). gny (@ (€),7° (€),0™ (€) ¢) > 1 (©).
Then, for any £ € N (£°) N V;*(£°) := V; (£°),
3¢ (6).)
0" B (€).8) = ( CHC) B ) -
(905 (= (). 7€)1 ) N jeaeren) ) e
3(¢; (€).8)
(min {1z, ©). 0, (= ©). 7 ©) p™ (€).0)}) __, DL B 0).8)

JeT(€0.€°) -
(min {ghj (l’* (&), (€) P (&) ,e) Mg (5)}>j€~7;f(5?750) heH

Summarizing,

for any i € {1,...,7g0}, for any & € V; (£2), F (G (£),8) =Fpo (¢; (£),€) =0. (6.6)
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Claim. Defined ZZ = we have

i)’
A:={(6€) €0 (&) x Vi (€) :6=G (&)} =
Bi={(,€) €0(€) x Vi (£°) : Fpo(6,€) =0} = (6.7)
C = {(5,5) €0 (&%) x Vi (%) : F(&,€) = 0}7

Proof of the Claim. B

The first equality in (6.7) follows from 4° and the fact that V; (£°) C V;*(€°).

The second equality follows from a. and b. below.

a. If (¢,€) € A= B, then (§,€) € C. B B

From the fact that A = B, we have that for any (£,€) € O (§2) x V; (£°), £ =¢ (&) & Fpo (§,€) = 0.

From (6.6), we have that for any ¢ € {1,...,7¢0}, for any € eV, (50) cVvr (50),

€= (E) implies F(£,€) = Fpo (§,€) =0and (€,€) € 0 (€)) x V; (£9)

as desired.
b. If (£,€) € C, then (§,€) € B.
Indeed, we are going to show that there exists an open neighborhood O** (f?) X (Vl** (80) ﬂD)G of

(€2,£°) such that
for any (€,€) € 0™ (&) x (V" (°) D), F(£E)=0= Fpo (£E) =0. (6.8)
Observe that for any P’ € P\ {P?}, from the contrapositive of Lemma 52, we have
Fpr (£0,€%) # Fry (€0,€°) =0,

Then, by continuity of Fp for any P’ € P, there exists a neighborhood O** (f?) X (Vz** (50) ﬂD) C
O (£9) x V; (£°) of (€2,&°) such that

for any (£,€) € O** (5?) x (Vi Cla D) and for any P’ € P\ {Pio},

~ ~ ~ 6.9
Fp/ (€,€) has the same sign of Fp: (£),€°) , hence we have Fp: (&, €) # 0. (6.9)

By the existence result and by definition of D, we have that

for any £ € (V;™* (€°) ND) there exists £ € = such that F(£,6) =0,

and there exists P (¢,€) € P such that ﬁp(g’g) (&,€) = 0 (see the proof of Lemma 65 to construct P(&,E)).
(6.10)
We want to show now that P (¢, &) = PP, which provides us with (6.8).
Then, from (6.9) and (6.10), we have that

for any £ € (V;* (£°) N'D), for any £ € O™ (£) C = such that F(¢,€) = 0, we have ﬁpio &&)=0,

as desired.
End of the proof of the Claim.

For lighter notation, below we denote O** (f?) and (VZ** (50) N D) by 19) (59) and IA/Z (50) , respectively.

Then, using 1° - 4° and (6.7), we can conclude that there exists an E-open neighborhood X//\; (50) of &9,
a Z-open neighborhood 9} (§?) of ¢ and a function Zl : ‘A/Z (50) — R”™ such that

V. ¢ e Ch(Vi (€9),R™),

2. G(Vi (€7) O (€7).

3. G(EY) =€) and

2.1 {(6,6) €0 (€2) x Vi (£%) : F&,€) = 0} = {(,€) € O(&0) x Vi (€°) : £ = Gi(&) }.

6Recall that D is an open set and, by assumption, £° € D.



o8 CHAPTER 6. GENERIC REGULARITY

Moreover, since £° € D C D,, from Corollary 66, we have that
det DeF (£,E%) # 0.

Since Z is a Hausdorff space, and for any i € {1, ...,7¢0 }, £2 are isolated points, then for any i € {1, ...,rgo},
there exists an open neighborhood O (f?) such that
£20()no (§§J) =g for any i,j € {1,...,rg0} and i # j.
With a slight abuse of notation, we denote O (5?) =0 (f?) noO (5?).
~\ —1 ~
Then for any ¢ € {1,...,7g0}, (Q) (O (f?)) is an open neighborhood of £° contained” in V; (50),
without loss of generality Vi (50) itself. Then, we can rewrite (6.7) as follows.

5. {(6,€) € O(0) x (%) : F(&,6) = 0} = {(¢,€) € O(&0) x Vi(€%) : £ = G(&) }.

Define now®

g0 .
vE)=N(G) ©E).
i=1

We remark that V (£°) is not empty. In particular £° € (@)71 (0 (&Y)) and V (£°) is an open neigh-
borhood of £ in D. R

Since V; (50) is E-open and (; is continuous, then V' (50) is E-open. Moreover, since for any ¢ €
{1,...,rg0}, it is the case that £ € Vi (50), a (50) =¢) and €° € E, then €% € V (50) - shortly V (50) is
an open neighborhood of £° contained in ‘71 (50). For any i € {1,...,7g0}, define

G = Gi|v(ev)

which is C},, because it is the restriction of a C}, function. Therefore, we can rewrite 5. above “substituting
the smaller neighborhood V' (£%) 7 as follows.

5. forany i € {1,...,re0}, {(5,5) €O () xV (2 : F(&,8) = 0} ={(&)e0 (&) xV () ¢=¢ (&)}
The possibility of “substituting the smaller neighborhood”, which will be also used again below, can be
verified as follows, using a lighter notation.
Claim 0. If
{(z,y) e AxB:F(z,y) =0} ={(z,y) e Ax B:y=((z)} (6.11)
and B’ C B, then S :={(z,y) € Ax B : F(z,y) =0} ={(z,y) e Ax B :y=((z)} :=T.
Proof of Claim 0.

(z,y) €S =

(z,y) €Ax B' C Ax Band F(z,y) =0 2"
x, S X aln = €T =

(z.y) € Ax Band y = (2) 'S

(z,y) € T;

(z,y) €T =
(xay)EAXB'QAxBandy:((x)(G':E)
(z,y) € Ax Band F (z,y) = 0"
(z,y) € 5.

End of the proof of Claim 0.
We can also rewrite 1°., 2’. and 3’., 4’.1 and 4.2, as follows.

L ¢ eCy(V(E%);R),

2. GV () <O (&),

3. G(E) =€

709

(6.12)

4. 0(&) N0 (&) =@ for any i,j € {1,...,reo} and i # j.

7& is continuous, 5? €O (5?) and a (80) = {Z.D.
8

Observe that even choosing V0 (50) = ﬁ:ﬁ?\/}l (50) it could be the case that Conclusion 6. does not hold.
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We are left with showing 6, i.e.,
{(€.6)e=xV () F(6,6) =0} =U {(€.) €0 (&) x V() :6=G(E)}.  (613)

Below, we present two different proofs: the first one is close to the approach provided in Villanacci and
others (2002), which combines the proof of Proposition 34 and Remark 35, pages 94 and 95 and Corollary
37, pages 98 and 99 there; the other proof tries to rewrite the proof presented in Gori (2007).

Basic idea of the proofs.

Step 1. Show that there exists a well chosen open neighborhood V (50) such that

{€e)ezxV(e): Fe,e) =0} = U {68 € 0(€) x V (£°) : F(&,8) =0}
Step 2. From 5.,

for any i € {1,...,7¢0}, {(5,5) €0 (5?) xV (50) : ﬁ(&(‘f) = O} = {(5,5) e 0 (f?) xV (50) E=(; (5)}

Of course, the difference between the two proofs lies in the accomplishment of Step 1. In the first proof,
the key ingredients are those developed by Villanacci et al. (2002), mentioned above, which rely on the
properness of the projection. In the second proof, the argument begins by assuming, by contradiction,
that the desired result does not hold. This assumption makes it possible to construct a sequence which, by
properness, converges to an equilibrium associated with £, in addition to the rgo equilibria that had already
been shown to be the only ones existing.

First proof. | Observe that from part A., we do have

prot (%) = {(6750) EEXE: Fgo (€) = 0}
-1 (6.14)
= (Feo) " (0) x {€%) = {&0 s € (1, reo}} x {9}

Moreover,
U;Ey ((0 (€) x V (E9))nF! (o)) —
= U5 {(5,5) €0 (&) x V(%) F (€)= o}

is an F~! (0) open neighborhood of pr—1 (50),

as verified below. Observe that the set above is clearly F-! (0) open because (O (f?) xV (50)) is E
open. Moreover, it is a neighborhood of pr—! (50), as verified below:

pr? (50) (6.14) {(5975()) - (5950’8())} C
(6.15)

c Ui ((0(@) <V () nF ).

where the last inclusion is proved in detail below. For any i € {1,...,7¢0}, what follows is true. Since
0] (5?) is a neighborhood of £? and V (50) is a neighborhood of £°, we have that ( 9, 50) €O (5?) xV (50).
Moreover, from Conclusion A. above, we have that F ( 9, 50) = 0 and therefore ( 9, 50) € F! (0).
Observe that
pr is proper and therefore closed, (6.16)

and
pr is onto and therefore £° € Im (pr). (6.17)

Then, we can apply Proposition 9, page 11, in Villanacci and others (2002),° with the following identifi-
cations about assumptions and conclusions.

9Let f: X — Y be a closed map between topological spaces X and Y. Let y be an element of f(X), and let U be an X
open neighborhood of f~1 (y). Then there exists a Y open neighborhood V of y such that f~! (V) C U.
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Assumptions:
top space X | topspaceY | f: X - Y f:X =Y closed | y € f(X)
F~1(0) E pr:F-1(0) = E | (6.16) (6.17)
and
U ) U open neighborhood of f~1 (y)

Ui ((0 () x V (E))nF! (0)) prt(€°) | (6.15)

Then the Conclusion of quoted Proposition 9 is

there exists a Y open neighborhood V' of y such that f=1 (V) C U;

which, in the analyzed case, becomes

there exists a E open neighborhood V* (50) of €9 such that

prt (v (€)= {(6,6) e Ex V7 (€9) : F(6,6) =0} €

_ (6.18)
cuE ((0(&) x V() nF(0) =
— U {(6.6) € 0 (&) x V (£) : F(¢,€) = 0}.
For any i € {1,...,rg0}, define
wi={(&€) 0 (&) xV () F(ge) =0}
which is an F~1 (0) open neighborhood of (€2, £0). Therefore, from (6.18), we have
prot (V*(EY)) C U W (6.19)
Moreover, define
V(EN) =V (E9) nV* (&), (6.20)
which is an open neighborhood of £% and for any i € {1,...,7¢0 }
Wii=pr=t (v (£9) a2 (g 8) € 0 (¢0) x VT (€)  Fig €) =0}, (6.21)

which is a F! (0) open neighborhood of (£2,£9).
Observe that for any 4,5 € {1,...,7¢0 } with i # j, we have W N W{ = & because W' N W = @, which
follows from the fact that O (£7) N O (£9) = @. Moreover,

(6.20) (6.19) .
ot (VE) S (V) S Ut (622)
Therefore,
pret (Ve (€9)) 2 et (Ve (€9) 0 (U W) =
(6.23)
= Uz, (ot (v (€0) nw) 2

Summarizing, we get the desired result 6. as follows.

Te0 1171
Ui:lw* .

prt (Ve (€9) = {(6,8) eZx V() F (. €) = 0} C29) greo i 02V

—us {66 o) x v (€0)  Fe.e)=0} ¢

=UZ {(£,6) €0 (&) x V= (£°) : (i (€) = &}
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where (1) follows from 5., Claim 0 and the fact that V** (£°) =V (€%) nV* (£°).
Claim.

U [(6,6) € 0 (&) x V™ (£9) : ¢, (6) = €} 2

U {(£,6) e ExV* (€9) 1 ¢ (€) = €}

Proof of the Claim.
(2) follows from the inclusion arguments below. We want to show that

A=US {0 (&) x V(£ :G(6)=¢} =

(6.24)
U {(6.8) €2V (€9) : i (6) =€) = B

[C] Obvious.

2]

Take (£,€) € B.

Assumption. There exists ¢ € {1,...,7¢g0} such that (¢,€) € 2 x V** (80) and (; (£) =¢.
Suppose our desired conclusion does not hold true, i.e.,

— (there exists j € {1,...,rgo} such that (£,&) € O (£7) x V** (£°) and ¢; (€) =€), ie.,
for any j € {1,...,rg0}, either

a. (£,€)¢0 (5;-)) x V** (80) or
b. ¢ (&) # &

Since by assumption, (; (£) = &, then for j = 4, b. does not hold and a. holds. Then, we have that
(£,€) ¢ O (&) x V** (&Y); since by assumption (§,&) € E x V** (£Y), then we have that
£¢0(). (6.25)

Since, from (6.20), V** (£°) C V (£°), (6.25) contradicts Condition 2. in (6.12), as desired.
Property (6.13), i.e., Conclusion 6, follows up to considering V' (50) in (6.13) as a smaller open neigh-
borhood of £Y in D so that (6.24) holds.

’ Second proof‘ (the one proposed in Gori (2007)).
Claim 1. There exists a [E open neighborhood V' (80) of £° such that

Uiz {e e o) xv(e): Fe =0} =

{(5,5) €TV (2): F(£E) :o}.

Proof of Claim 1.

(€]

Obvious, because for any ¢ € {1,...,7¢0}, O (f?) cz=.
(2]

We want to show that

3 a neighborhood V (£°) of £° such that V (£, &),

( (€& e=xV () md F(6,)=0 )= €U0 ().
Suppose otherwise, i.e.,

for any E open neighborhood N? of £,
(6.26)

T

36 € N° 3¢ € = such that F (¢,€) = 0 and £ ¢ U250 (€9).



62 CHAPTER 6. GENERIC REGULARITY

Let €9 = (€%, u% vY). For any k € N define

V[k] _ BRCH (60,]];;) % BZ/{H (UO, ]1;) X BvB ('007 ]i)

which is a E open neighborhood N° of £°. Then 3€* € V¥ (£9) and 3¢ € = such that F (¢W, ey =0
and ¢[F ¢ UTSO ({0). Moreover, by deﬁnition of V¥, we have that £F — £°. Then, from Lemma 70

below, we have that, up to a subsequence § — fo.~
Then since F is continuous, 0 = (f[k] gk ) — F (50,80) = 0. Therefore,

& e (ﬁg) ) A L0 e {1, re0} ) CUESO (€0). (6.27)
Since for any k € N, we have ¢% € 7% (O (f?))c, which is a = closed set, then we have that

& e iz (0 ()

contradicting (6.27).
End of the proof of Claim 1.
Therefore, we get

{(575) EEXV () :F (€)= 0} Claim 1.
7"50 {(5 g) €0 (EO) xV (50) . (§,g> _ O} Conchgi(m 5.

{8 e0 (@) xV(EY)¢=¢ (&)}

i.e., Conclusion 6. [

Lemma 70 Let (e[k],u[k],v[k])keN € (Rif x U x VB) such that ( Ikl ylk] ) kg0 ¢ Rcf xUH x VB
be given. Assume that for any k € N, there exists £l € = such that F (f[ 1 el [kl ’U[k]) = 0. Then,
(f[k])keN admits a convergent subsequence to £* € = such that F (f*,EO) =0.

Proof. It is an easy consequence of the properness of pr. Consider the compact set C := { (e[k], ulfl, v[k]) ke N}U
{€°}. Since pr is proper, then pr=! (C) is compact. Since

for any k € N, there exists ¢# € 2 such that F (§[k},e[’“],u[k]7v[k]) =0, (6.28)

ie., for any k € N, (E[k},e[k],u[k],v[k]) € pr—t (e[k],u[k],v[k]), we have that {(ﬁ[k k]l ol ) ke N} -
pr~1 (C) and therefore admits a subsequence, without loss of generality the sequence 1tse1f7 which converges
to (£, e*,u*,v*). Since if a sequence converges, then any subsequence converges to the same limit, we
do have that (£*,e*,u*,v*) = (5*,50). Finally since F is continuous and using (6.28), we have that 0 =

limy oo F () el ulk] olF) = F (g7, £9). n
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Appendix

7.1 Some remarks on the utility function

Proposition 71 a. For any h € H, up, is unbounded below and
b. For any h € H and I/ € By, v is bounded above .

Proof. a.
Suppose otherwise, i.e., uy is bounded below, i.e.,

3k € R such that Yoy, € RS, up (z) > k. (7.1)

Then, defined 1 = (1,...,1) € R, consider the sequence (1)n€N. Then, from (7.1),

n

{711:nEN}Q{xER$+:uh(zh)Zk}. (7.2)

Obviously, 11 — 0 € R®. Then,

n

1 (7.2) c Assu. 4 C
0 € Clge H:nEN - Cch({xER++:uh(xh)2k}) c RY,,

which is the desired contradiction.
b.
For simplicity, drop the subscript hh’. Take xo € (0,1). For any x € (x0, 1), since v is concave and
differentiable, then we have
v(z) <v(zo) +v (m0) (x — m0) -

Since z € (xp, 1), we have x — xg < 1 and since v’ (xg) > 0, we have
v (zo) (z — o) < v ().

Then,
for any zo € (0,1), for any x € (x¢,1) , v(x) <v(zg)+ v (x0).

Since v is strictly increasing, we have

(>0)
for any x¢ € (0,1), for any x € (0,z0] , v(z) < v(zo) < v(zo) + V' (20).

Summarizing, for any xzg € (0,1) and for any = € (0,1), we have v(z) < v(xg) + v'(z¢). Therefore, for
1 11 :
any z € (0,1), we have v(x) < v(5) +v'(5), as desired. |

Lemma 72 Clge (u; ' ([u,+00))) CRY, < Clge (u;,"' ([u, +00))) NORY, = 2.

63
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Proof. Preliminary Remarks.
1. Since Rg . is open, then from Proposition 647 in Math 2 Notes, we have that

RY, No(RY,) =2. (7.3)

Clge (RS, ) = RY. (7.4)
3 c c c c ]Rg is closed c
[C] Since R} € RY, then Clge (R, ) = Clge (RY) = RY.
D] Taken =z € RY, consider the sequence (z 4+ =1¢ whose elements belong to .Then z+-1¢ —
Tak RY ider th 7111 nen Wh 1 bel RY, . Th 7111
x, and therefore z € Ad (R$+) = Clge (R£+).
3. If uj, ' ([u, +00)) = @, then the desired result is trivially true.
End of Preliminary Remarks.

=]
Assu. .
Observe that Clge (u;* ([u, +00))) NORY, "C RY, noRY, e
(<]
Suppose otherwise, i.e., there exists # € R® such that
z € Clge (u; " ([u, +00))) (7.5)

and z ¢ RY, . Since u, ' ([u, +00)) C RS, , then

7.4
Clpe (uy* ([u, +00))) € Clge (RE,) =V RS
Therefore
z €RY and z ¢ RY
and then x € 6R$ +, and, then, from (7.5), we get the desired contradiction. ]
Proposition 73 Assume that uy, satisfies Assumptions ul, u2 and u3. Then,

< wf’: for any x € RE_H Clge ({xh € R$+ sup (xh) > u(g)}) C R%_, and >

uy, 18 unbounded below.
1.&
( u4. for any a € R, Clge ({zn € RS, 1 up (zn) > a}) CRY,. )
2. &
< uy”. for any o € R, {xh € R%_ sup (zp) > a} is R closed. >

Proof. 1. [=]

From Proposition 71.1, is uy, is unbounded below. Moreover, for any z € R%_ defined u := u (), from
u4, we have Clpce ({xh € REJF sup (z) > g}) - REJr.

1. [<]

Take k € R. Since uy is unbounded below, then there exists xp, € R$+ such that up, (zpi) < k. Then,

{:ch c R£+ L Up (xh) > k} - {Cﬂh c RE-&- L Up (.’th) > up, (xhk)}
and
Clge ({zn € RY, s up (zn) > k}) C Clge ({an € RS, up (z1) > up (zhr)}) S RY,,

where the last inclusion follows from the assumption.
The proof of 2. < requires some results and it is provided in Proposition 77 below. [

Remark 74 Observe that it is false that wj’ implies uwj. Indeed, v : Riy — R, x — log (1 + ) satisfies
u4’, but not u4. ( Meanwhile @ : R4y — R, x — log (z) satisfies both w4 and uj’).

Lemma 75 Let a topological space (X, T), a topological subspace (Y, Ty) (i-e., Y C X and Ty be the relative
topology) and a set B CY. Then, Cliy, 1) (B) = Clix ) (B)NY.
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Proof. See Theorem 17.4, page 95 in Munkres (2000). ]

Proposition 76 Given a topological space (X, Tx) and sets B,Y C X, if
1. BCY C X,
2. B is Y-closed, and
3. Clix7) (B) C Y,
then B is X -closed.

Proof. From Assumption 1, we can use Lemma 75.

Assu. 3 Lemma 75
Clix,7x) (B) 7= "Clix,73) (B)NY 77="" Cliy,1) (B)

Assu. 2

B.

Proposition 77 For any o € R,
( Clge ({zn € RY, tup (z) > a}) CRY, )& ( {zeRY, s up () > a} is RY closed )

Proof. [=]

Take X = RC, YV = ]R£+ and B, = {xh c ]REJr cu(zp) > a} where u : ]R%_ — R is a continuous
function and Clge (B,) € R, . Observe that

1. B, CRY, CRY,

2. B, is REJr—closed, because u is continuous;

3. Clge (Bo) € RY., by assumption.

Then, from the previous Proposition, {.Th € R%_ cu(zp) > a} is R¢-closed.

[<] Recall B, = {xh c R£+ cu () > a} and the basic fact

B, is RY closed < Clge (Ba) = B, (7.6)
Then,
ssu. an . Def. Bo
CIRC (Ba) A :d () B, eg R$+
]

7.2 Various basic facts
Definition 78 Given two topological spaces (X, Tx) and (Z,Tz), then
B={UxV:UecTx andV € Tz}
is a basis for a topology on X x Y, called the box or product topology Tx x z-

Remark 79 Therefore if (x,z) € S € Txxz, then there exist U, € Tx and V, € Tz such that (z,z) €
Uy xV, CS.

Definition 80 Given a topological space (X, Tx) and x € X, the family of neighborhoods of x is denoted
and defined as follows.
Nxgo(@)={UCX:2e€U and U € Tx}.

Definition 81 Given a set A C (X, Tx) ,the set of adherent points to A is denoted and defined as follows.
Adix7)(A)={zeX: foranyU € Nix7y)(x), UNA# 2},

Proposition 82
Ad(x,7x) (4) = Clix,73) (A4) .

Proof. See Math 2 notes. The proof is presented there for metric space, but it does generalize. [

Proposition 83 The intersection of a finite number of open and dense sets is open and dense.
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Proof. Take two open and dense sets V and W. We want to show that for any open nonempty set A,
we do have AN (VNW) # @. Indeed, AN(VNW)=(ANV)NW. Since V is dense, then ANV is open
and nonempty. Then, since W is open and dense, then (ANV)NW £ &, as desired. [

Proposition 84 The intersection of a finite (in fact countable) number of full measure sets has full measure.

Proof. Let {A, : n € N} be a family of sets with full measure, i.e., such that for any n € N, p (Anc) =0.
We want to show that N,cyA, has full measure, i.e., u ((ﬁneNAn)C) = 0. Indeed, p ((ﬂneNAn)C) =
u (Un GNA,C: ) <D onen (Ag ) = 0, where the weak inequality follows from countable subadditivity of measure.

(]

Proposition 85 (Corollary 2.5.9, page 64, in Webster (1984))If K is a convex subset of R™ such that
Int (K) # @, then Cl(Int K) =Cl K.

Proposition 86 (Proposition 2.38, page 50 in Hu and Papageorgiou (1997)) A set-valued function ¢ : X =
Y is lower hemi-continuous if and only if Cl(p) is lower hemi-continuous.

Proposition 87 (in Hildebrand (1974), bottom page 23) If ¢ : X = Y is a set valued function which is
closed graph and if p (X) is contained in a compact set, then ¢ is upper hemi-continuous.

Proposition 88 (Lemma 1, page 33, in Hildebrand (1974)) If a set-valued function ¢ of a metric space in
R™ s non-empty valued, compact valued, convex valued, closed and lower hemi-continuous Then ¢ is upper
hemi-continuous.

Proposition 89 Given A€ M (n,n),B € M(n,m),C € M(l,m) withl <m and A nonsingular. Then,

A B I, B
rank[o C}rank{o C}

Proof. Observe that

A B A"t 0 _[I, B
{ 0 C :|(n+l)><(n+m). [ 0 Iy ](n+m)x(n+m) - { 0 C }
and
rank[g1 g} -{Aol IO ] zl"ank[g1 g} ,
(n+D)x (ntm) " d(ntm)x (ntm) (n+1)x (n+m)
where the equality follows from Proposition 22.2 in my notes on Differential Topology. [ ]

Proposition 90 Let g: R — R be a continuous function. Assume that (xo, po) € R? is such that
9(z0) > Ho.
Then there exists an open neighborhood N C R? of (xg, po) such that for every (z,u) € N, we have
g9(z) > p.

Proof. Assume
g(xo) > po-
Define

Since g is continuous at xg, chosen

there exists n > 0 such that
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Hence,
)
g(z) > g(zo) — 3

Now consider the open neighborhood

é
N:{(m,u)eR2:|x—xo<n, |u—u0|<3}.

For any (z,u) € N,

5 5 26
_——_—= 6 _——_—= —_—
g(x) > g(wo) 3 = Hoto—g=hot o,
while
<o+l
m < o 3

Therefore, for every (x,u) € N,

(x) > + 20 + i 0 >0
x) — -] - ==
g H Ho 3 Ho 3 3 )
and
g9(@) > p.
Hence there exists an open neighborhood N of (zg, f19) such that for all (x,u) € N,

g(z) > p.

Proposition 91 Let g: R — R be a continuous function, and f: R> = R. We define

F:R*— R27 F(.’E,/J) = (f(xaﬂ)?min{g(x)7u})v

and
F:RP =R Fi(z,p) = (flz,p),p).

Assume that g(zg) > po. Then there exists an open neighborhood N C R? of (20, po) such that F and Fy
coincide on N.

Proof. Since g(zp) > po and g is continuous, from Proposition 90, there exists an open neighborhood
N of (zg, o) such that
glx) > for all (x,u) € N.

Therefore, for every (x, ) € N,
min{g(z), u} = p.

Hence,
F(a,p) = (f(z, ), min{g(x), u}) = (f(2, ), n) = Fi(z, p).
Thus
F|y = Fi|n,
that is, F" and F} coincide on N. [

7.3 Some facts on the compact-open topology

Below, first we present some basic facts whose proofs are contained in Villanacci (2026). For facts not proven
directly in that work, precise references to the underlying literature are provided there. For foundational
concepts regarding the compact-open topology on spaces of continuous functions, we refer the reader to
Munkres (2000), Hart (2003), and Schmeding (2022). We note, moreover, that Schmeding (2022) extends
this framework to C* functions.

Next, we describe in detail several results more specific to our analysis.
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7.3.1 Basic results

Definition 92 Let the following objects be given: (X, T), (Y,T') topological spaces and the class A of
compact subsets of X. The topology generated by the subbasis

Seo ={F(A,G) CF(X,Y):Ac A, GeT'} (7.7)
is called compact-open topology on F(X,Y) and it is denoted by Teo-

Definition 93 Let the following objects be given: a topological space (X,T), a metric space (Y,d) and a
sequence (fn)nen € F(X,Y)®. We say that (fn)nen converges uniformly on compact sets to g € F(X,Y) if
for any compact subset E of X, Ve > 0, Ing := ng(E, &) such that Vn > ng, V x € E, d(fn(x),g(x)) < e.

Remark 94
uniform N uniform convergence N pointwise

convergence on compacta convergence
Theorem 95 Let (f,)nen € CO((X,T), (Y,d)) be given.
(1) (f)nen converges uniformly on compacta to g € C°((X,T), (Y,d))

=
(2) (fn)nen converges to g € C°((X,T), (Y,d)) with respect to the compact-open topology.

To define a metric on the compact-open topology we need to introduce the concept of hemicompactness.

Definition 96 A topological space X is hemicompact if there exists a sequence of set K, n € N, contained
in X such that

1. X = Uj{i‘iKn, where for any n € N, K, C K,,+1 and K,, is compact; and

2. If K C X is a compact set, then there exists N € N such that K C Ky, .

Proposition 97 An open subset of an Euclidean subspace is hemicompact.

Proposition 98 Let X be a topological space and (Y,d') a metric space. Let C(X,Y) denote the set of
continuous functions from X to'Y. If X is hemicompact, then C (X,Y) with the compact-open topology is
metrizable and the metric is defined as follows. Let the family {K, : n € N} presented above be given.

For any n € N and for any f,g € C(K,,Y),

dx, (f.g9) = max d' (f (x),g(z))

reK,
Then a desired metric on C(X,Y) is

—+oo

A(f,9) =Y 5 min{d, (£,9), 1}

n=1

Proposition 99 The metric
+00 1
dl (fag) = Zmin{wadf(n (fag)} )
n=1

and the metric
—+oo

& (f,9) = 3 5 min{dc, (£,9), 1},

n=1
induce the same topology.
Definition 100 Let X be a (real) vector space and let T be a topology on X. (X,T) is a topological vector

space if

s (X, T)x (X,T) = (X,7), (x1,22) = 1 + X2
and
p: (R, Te) x (X, T) = (X,T), (\z)—= Az

are continuous, where T. denotes the Euclidean topology on R.
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Definition 101 (X, T) is a Frechet space if it is
1. a Topological vector space,
2. metrizable,
3. complete,
4. locally convex, i.e., every neighborhood of zero contains a convex neighborhood of zero.

Proposition 102 (C2 (RLF,R) ,7'2) is a Frechet space, where Ta is the topology induced by the metric dsy.
Remark 103 (C2 (RLF,R) ,7'2) is not a normed space.

7.3.2 Open neighborhoods

The following definitions and properties are adapted from Villanacci (2026), modified here to hold within
the space C3.

We first introduce some notation. Let A be an open subset of R, and equip C3 (4, R) with the compact-
open topology. We denote by 7.1 the topology induced by the compact-open topology on C3 (A4,R). We will
consider also the space C3 ((0,1),R) equipped with the compact-open topology, which we denote by 7.2.

We recall some notions about norms of higher-order derivatives and their relation with the compact-open
topology.

Let f : R® — R be sufficiently differentiable. The meaning of ||[D?f(x)| and ||D3f(z)|| depends on which
norm is imposed on the corresponding multilinear maps. The standard choice is the operator norm.

The second derivative D? f(x) is a bilinear map
D?f(x) : R™ x R™ — R.
Its operator norm is defined by

ID*f(2)ll=  sup  [D*f(z)[v,w]|.
el <1, llwl<1

Equivalently,
ID?f ()] = o 0T D? f(x)w].
v||=1,||w]||=1

Similarly, the third derivative
D3f(z): (R")® = R
is a trilinear map. Its operator norm is

ID*f(@)ll=  sup  |D*f(x)lv,w,2]|,
el el 1211 <1

where

D3 f(z)[v,w, 2] VW 2.

n
Z 8118%6 k
Hence, its norm is the supremum of the absolute Value of this expression over unit vectors v, w, z.

Remark 104 (Relation with the compact-open topology) When considering the space C" (R ++,R),
we say that
fn—F
in the C" compact-open topology if the derivatives of all orders up to r converge uniformly on every compact
subset of REJr.
In norm notation, this means that, for every compact K C R%_,

sup ||Djfn(a:)—Djf(x)|| — 0, ji=0,...,m
rzeK

where || D7 f(z)|| denotes the operator norm of the j-linear map D7 f(x).
For j =0, one interprets D°f = f. Thus, the corresponding term is simply

sup |fn(x) — f(x)]-
reK

Therefore, if the compact-open C™ topology is being defined formally, it is useful to specify the norm used
on the spaces of multilinear maps.
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Definition 105 For any f € C? (A,R), compact subset K of A and any e € R,

V(f,K,e):=
={9eC(AR):Vze K |f(z)—g(z)] <& [D(g - [) ()] <,

D*(g - f) (@) <e,

D g~ f) (x)]| <}

We are going to show that

1. feV(f K,e);

2. V(f,K,e) € TL;

3. For any f € C3(A,R) and for any open neighborhood Oy of f, there exists a compact set K C A and
e € Ry such that f € V (f, K,e) C Oy.

Then, defined

V(f)={V(f,K,e): K is a compact subset of A and e € Ry},

V (f) is a local basis at f, and
{(V(f): feC®(AR)}

is an open neighborhood system for 7.1.
Let us now present the proofs of the above mentioned results.

Remark 106 Clearly, for any f € C? (A,R), compact subset K of A and any e € R, |,
feVI(f Kze)
For f € C3(A,R) and K C A compact, we define
. 2 3
1l i = mavs |F(2)| + mas |Df ()] + max | D2 ()| + max | D% )]

We quote for the following result also Hart (2003) where it is claimed that the set V' (f, K, ¢) is a basis for
the compact-open topology in the case of continuous functions. For completeness, we provide with a proof
on the case of C3 functions.

Lemma 107 )
V(K6 = {9 €CO(AR) g~ flype <<}

Proof. Since f, g and their derivatives are continuous functions on K compact, from the extreme value
theorem, there exist «*,z, z,z € K such that

lg = flls.x =g =) @)+ 1I1D(g— 1) @) +||D*(g - ) @) + |D*(g = f) ()] -

Then, the two needed inclusions follow easily. In both cases, we show the contrapositive.

[C1Tfllg — fll3, = €, thenat least one of [(g — f) ()|, [ID(g — f) (@), [[D*(g = £) @), [ D*(9 — ) (@)||
is greater than e.

[D] If 3 « € K such that, without loss of generality, |(g — f) (x)| > €, then |(g — f) (z*)| > ¢, contradicting
the definition of z*, since [|g — f||; < € implies |(g — f) (z*)| <e. L]

Lemma 108 Given a metric space (X,d), if K C X is compact, U C X is open and K C U, then there
exists r € Ry such that for any x € K, B(x,r) CU.

Proof. For any x € K, since U is open and z € U, there exists r, € Ry} such that
B(z,r;) CU.

The family {B(z, %) : # € K} is an open cover of K. Since K is compact, there exists a finite subcover
{B(z;, %) 1 i € {1,...,n}} such that

(7.8)

Observe that since for any « € K, we have B(x,r,) C U, we also have that for any i € {1,...n},

B(x;,ry;,) CU (7.9)
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Define ,
7= mln{ 5 11 € {1,...,71}} > 0. (7.10)
Let z € K. Then from (7.8), there exists i € {1,...,n} such that z € B(z;, 5*) and then
d(z,z;) < ’"; (7.11)
Let
y € B(x,r); (7.12)

we want to show that y € U.

Observe that
(7.12) (720) s,

dly,z) < r (7.13)
Then (713 (711)
7.13),(7.11) 1, .
dly.z:) < dy,2) +d(,,) S =
Thus y € B(z;,7s,) and from (7.9), we have y € U. L]

Proposition 109 For any f € C* (A,R) and for any open neighborhood O¢ of f, there exists a compact set
K CAandeeRyy such that f e V (f, K,e) C Oy.

Proof. First of all observe that if Oy is a neighborhood of f, then from Proposition 107, Topology Notes,
there exists B € 7.} such that f € B C Oy. (7.14)
Then, by definition of 7.1, 3n € N, 3 K, ..., K,, compact and 3 Uy, ..., U,, open such that such that
B=n,F(K;,U;).

Define
K = Ui:]—Ki
which is a compact set.
For any i € {1,...,n}, f(K;) is a compact set contained in the open set U;. Then, from Lemma 108,

there exists €; € Ry 4 such that

for any x € K;, B(f (z),&;) CU;. (7.15)
Defined € = min {ey, ...,£,} > 0, we then have

for any i € {1,...,n} and any = € K;, B(f (z),e) CU,.
We now want to show that

V(f,K,e)C B=nN"_,F(K;,U;). (7.16)

Take g € V (f, K, ¢); then by definition of V (f, K, ¢),
by £ € K. 17 0) =g @) <2, 1DU =) @l < [P =)@ <2 |DU =@l <2,

We want to show that for any i € {1,...,n}, g € F (K;,U;) or for any x € K;, we have g (x) € U;. Indeed,
for any x € K;, we have that x € K = U, K; and from (7.17),

def. e

[f(z)—g(@)<e < &
and similarly we have ||[D(f — g) (z)|| < &, [|[D*(f — g) (#)|| < &, and ||D*(f — g) (z)|| < &;. Hence

(7.15)
g(m) €D (f (x) 761') g Uiv
as desired.
Finally, we get
Rmk 106 (7.16) _ (7.14)
f S V(faK7€) g B g Of

which proves the desired claim. ]
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Proposition 110 For any compact set K C A and anye € Ry, V (f, K,¢) is open.

Proof. We are going to prove that for any g € V (f, K,¢) there exists B € T such that g € B C
V(f. K,e).
From Lemma 107,

V(f K,2)={g€C®(AR): llg— fllyu <=} (7.18)
We set 6 := ||g — fl|3 x and define

n=e—0>0 a=1
3
Since g is continuous on K, by definition of continuity, for any € K there exists r5 o 1= ry > 0 such
that

g(B(2,1.)) C B(g(x),a) CR. (7.19)

We remark that by continuity of Dg, D?g and D3¢ on K we have a similar property for each of the derivatives.
Namely, there exist 7,7, 7, > 0 such that

Dg (B (z,7,)) € B(Dg(z),a) CR", D?¢(B(z,7,)) C B (D2g (:U),a) C R"Q,

and 3
D%g (B (2,7,)) C B (D¢ (z),a) CR™.
Up to choose the minimum between the four radius, we can consider for all the balls involved 7, to be

the common radius.
Observe that for any « € K, we also have

Ty

B (:c, %) ccl (B (x, 3)) C B(z,ry). (7.20)

Since {B (;v, %) CR":x € K} is! an open cover of K there exists n € N, and for any i € {1,...,n},
xz; € K and r; > 0 such that {B (:Ei7 %) CR":4=1, n} is still a cover of K. Then,

K CULB (a5 ) € UL (B (5 5))

and

W T 2) i 3)
K C (u;;lm (B (zg))) nk 2 ur, (01 (B (ac 5)) mK) CK
where (1) follows from the fact that for arbitrary sets C, K, if K C C, then K C C N K;
(2) from the distributive property of set operations, i.e., “(AUB)NC = (ANC)U(BNC)’;
(3) from the fact that C N K C K. Then, K = U, (Cl (B (a:i, %)) ﬂK). Then, defined, for any
1€{1,...,n},
K, = Cl (B (x %)) nK,

we have
K =U", K;. (7.21)
Observe also that for any ¢ € {1,...,n},
B (xi, %) ca (B (J;i, %)) ift notes {a: ER": ||z — x| < %} C B(wi, 1) - (7.22)

Then, we have

99 =g (A (B (. 2)) K)o (A (B (2. 2 E g Br) 'S Blaz).0)  (723)
Define

Ui = B(g(z:),2a) CR, V;=B(Dg(z;),2a) CR", W; =B (D% (x;),2a) CR",

1To be precise we should take B (m, %) N A. Indeed, since, by assumption, A is an Euclidean open set, such r; does exist.
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and
Zi = B (D%g(x;),20) CR™ .

Let K; := CI (B (,’Ei, 75‘)) N K is compact because the closure of a set is closed, in any Hausdorff space
compact sets are closed, and a closed subset of a compact set is compact. We now choose

By =N F(K;,U)) ={he€C®(AR):Vie {1,...n},h(K;) CU;},

(
By =N F(K;,V;) ={h€C®(AR):Vie{l,..,n},Dh(K;) C V;},
By =N F(K;,W;) = {h €C®(A,R) Vi€ {l,..,n},D*h(K;) C W;},
By =N F(K;, Z;) ={h€C®(AR):Vie {1,...,n},D*h(K;) C Z;},
and then
B:= By NByN B3N By.

We are left with showing that g € B C V (f, K, ¢).
1. ge B.
Indeed, for any 7 € {1,...,n},

(7.23)
9(K;) € B(g(zi),o) € B(g(x),2a) =Ui.

2. BCV(f,K,e).

Take h € B, we want to show that for any « € K, |h(z) — f (z)|] < €. Since x € K, from (7.21), there
exists ¢ € {1,...,n} such that z € K.

Since h € B and x € K;, we have h (x) € h (K;) C U; and then

|h () — g ()] <20 (7.24)

From (7.23),
g (i) — g (2)] < o (7.25)

From (7.18), and since g € V (f, K, ¢) and also z; € K; C K, we have
g (zi) — f(x)] < 6. (7.26)
Then, from the above three inequalities, we get

7 (z) = f (@) < [h(x) = g ()| + g (2:) — g (@) + |g (2:) — [ (2)]

def. def. n
=N =

<2a+a+d=3a+9 +46 e—0+0=c¢.

In a similar manner as above, it is possible to prove that for any x € K

ID(f = 9) ()] <e,

|D*(f = g) (@)]| <&, and |[D*(f —g) (2)]| <

which implies g € V (f, K,¢) as desired. ]

7.3.3 Open neighborhoods and finite parameterizations

As described in Section 5.1, a crucial step in our proof of regularity is showing that Conditions 3.a and 3.b
are satisfied. That is, for any utility function and any neighborhood of that function (in the compact-open
topology), there exists a finite-dimensional parameterization belonging to that neighborhood. Below, we
provide alternative proofs of this result using the approaches developed in the previous sections. We offer
multiple proofs because their applicability varies across general equilibrium models: a specific approach may
work in certain contexts where others fail.
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The Sequence approach.

Proposition 111 Let f € C3((0,1),R) and let Of be any compact-open open neighborhood of f. Then there
exists 6 > 0 such that for any B € (=4,9),

(1+p5)f € Oy.

Proof. We define the sequence

fn = (1 - ;) fec*(0,1),R)

We show the following:

Step 1. (fn),en converges to f with respect to the compact-open topology.
Step 2. Desired result.

Step 1. We prove first that f,, converges uniformly on compact sets to f. Indeed, we want to show that
for any compact subset K of (0,1), Ve > 0,

Ing := no(K,€) such that Vn > ng, Vz € K,

(1+3)f@) = f@]=3lf(@)<e

Let By := maxgek |f (z)|. Then, for any x € K,  |f (z)| < L Bg. Observe that + Bx < ¢ if and only if

n > BTK. Choose ng(K,e) = 25%. Then,

Vz € K, Vn > no(K,e), we have 2 |f (z)] < 1By < ﬁBK: £ <e,

as desired.

The convergence on compacta of the derivatives of f,, to the derivatives of f until the third order, follows
exactly as above since all the derivatives of f,, f are continuous until the third order.
Step 2.

From Theorem 515 in Villanacci (2026), we have that for any open neighborhood Oy of f, there exists
ny € N such that for any n >nj, (1+ 1) fe€Oy.

We observe that (C3 ((0,1),R) ,7;20) is locally convex, i.e., every neighborhood of zero contains a convex
neighborhood of zero, because it is a Frechet space. Hence, every function f € C3((0,1),R) admits a basis
of open convex neighborhoods. Therefore,

there exists an open convex neighborhood O3 of f contained in Oy and there exists ng € N such that

for any n > ny, (1—1—%)]”60;520]«
(7.27)
Take 6+ = nio, we want to show that for any « € (0, nio) we do have that (14 ) f € O}. Indeed, since
I<a< %, then there exists ng > ng such that

and from (7.27), we have

<1+1)f, <1+1>f60f.
Na no

Then, from the convexity of O} we have (1+«)f € O, where a € (0 i).

' ng
Considering the sequence ((1 — %) f)n eN\{1} and following the same argument as done above, we can
show that there exists ¢ > 0 such that if o € (—d,+0), then (1 + ) f € Oy, as desired. |
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The Metric approach.

Since C3 is a metric space, obviously, the very natural choice is Bcs,ay (f,€), where d is the distance introduced
in the subsection A Metric in the chapter of the compact-open topology of Topology Notes. To get the desired
result, we need some preliminary definitions and facts.

Proposition 112 For any p € Ny and any ng € Ny such that p > ng, we have
“+oo
1. If Zk:p ay converges, then

+oo p—1 +oo
Z ap = Z ar + Z ag , (7.28)
k=ng k=ng k=p

+oo
and therefore Zk:no ap converges.
2. If Zﬁjm aj converges, then

+oo +o0 p—1
dook= D ak— D ak, (7.29)
k=p k=ng k=ng
and therefore Zgﬁ; ax converges.
3. If Z;ﬁfm ay converges, then
“+o0
L kz ar =0, (7.30)
=p

i.e., the “tail” of a convergent sequence converges to zero.
Proof. See Notes on Series. ]

Remark 113 From my Notes on series (see part on geometric series), we have

VB0 d0-d)
- 2 ) —1— = :=8,€(0,1).
Z<2) €(0.1)

1-1 2

(SIS

Lemma 114 For any v € V, for any open (in the C3 compact-open topology) neighborhood O, of v, there
exists 6 € Ry such that for any o € (—0,+96), (1+a)v e O,.

Proof. We have the following metric:

n

o0
1
= E — min { max |awv (z)| + max |a - v’ (z)| + max |a- 0" (z)] + max |- v” (x)| + max |a - 0" (x)], 1} :
rzeK, zeK, zeK, rzeK, zEK

where we used the fact that |(1+ «) - v (z) — v (2)] = |av (z)].
From the following property: for a,b € Ry,

min{a + b,1} < min{a, 1} + min{b, 1}

we can consider, for simplicity, the case

— 1
d((1+a)'v,v):;271min{£z}z(§iav(x)|,1}.

The other cases follow also from the argument below because of the continuity of the derivatives of v.
Since, by assumption, O, is an open neighborhood of v, then there exists ¢ > 0 such that B (v,e) C
O,. Therefore, it suffices to show that there exists § > 0 such that for any a € (—4,4), we have that
d((14+ a)v, v) <e. Observe that from Lemma 112.3, we have that

oo

: 1 .
pgr-‘,l:loo Z szln{;l;z}é|av(x)|7l}—0,

n=p+1
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i.e., for any € > 0 there exists P. € N such that for any P > P.,
o0

1 5
Z o min {afrel?()i lav (2)], 1} <1
n=p+1

From Lemma 112.2 and 112.1, we have

Dot 2n min {max;ek, |av (2)[,1} =
=>r_ 2" min {max,eg, |ov (z)|,1} + Zzo:erl 2% min {max;ex, |ov ()|, 1} <

< En 15w L min {max,cp, |av (z)|,1} + N
Observe that
min { max |av ()|, 1} < |a| max |v (2)].
rzeK, zeK,

Since v is continuous and for any n € N, K, is compact, then for any n € {1,..., P}, there exists v, € R}
such that v, = max,ck, |v(z)|.
Define

vp, = max{vy,...,vp,} >0
We distinguish two cases:
Case 1.
vp, = 0. This implies v(x) = 0 for all z € U5;1 K,,. Consequently, av(z)| =0 for all n < P, and
any «. The finite sum is zero, and the total distance is just the tail which is bounded, i.e.,

— 1
d((1+ a)v,v) = 0+nzzp:+12—nmin {afrela}i av(m),l} < i <e

In this case, any § > 0 satisfies the condition.
Case 2.
vp, > 0. Then,

d((1+a)v, U)<Zn | 5 min {max,ck, |ov ()], 1} + £ Zn L5 |l - vp t+§=

Rmk. 113
= |af - v, Zn12"+z€1 " laf - vp, - Bp, + 5

Then, chosen § = ;=<5 > 0, we have that if || <, then
Pe €
€ € N e €
d(1+a) v,v) <l|al-vp, '5Pf+i < m.v& '5PE+Z:§ <e,
as desired. ]

Again on the distance approach

Proposition 115 Given a metric space (X,d), let M (X,d) be the associated metric topology. Then the
following family of subsets of X is a basis of M (X,d):

B(X,d)={BCX: 3ze€X IrecRyy such that B= B(x g (x,7)} = {Bx,a)(x,7): 2 € X andr e Ry, }.

Proof. We use Proposition 107, page 36, in my Notes on Topology: Let (X, 7 ) be a topological space.
A collection B of subsets of X is an analytical basis for 7 if and only if

1.BC T, and

II. Vx € X, VS € T such that x € S, 3B € B such that z € B C S, i.e., for all points x in any (X, T )-open
set S, there exists a basis element B such that z € B C S.

Let’s verify the above two conditions.

L. follows from the fact that B(x q) (z,7) € M (X, d) - which is a fact from Math 2.

II. is just the definition of M (X,d): S is an (X,d) - open subset of X if for any x € S we do have that
HARS Int(X7d) (S). ]
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Proposition 116 Given a metric space (X,d). Let the box topology on X x X be denoted by Txxx. If O
is an open neighborhood of (xg,y0) € X x X, i.e., (xo,y0) € O and O € Txxx, then there exist 1,02 € Ry
such that Bx q) (70,01) X B(x,4) (Y0,02) is a Txxx open neighborhood of (zo,yo) contained in O.

Proof. From Proposition 380, page 114, in my Notes on Topology the following family of subsets of
X x X is a basis of Txxx

Bxxx ={AC X x X :3C,D € B(X,d) such that A =C x D}

From Proposition 115 and condition II. defining a basis, since (zg,y0) € O € Txxx, there exist z,y €
X, 74,7y € Ry 4 such that (z0,y0) € O C B(x,q) (z,72) X B(x,q4) (y¥,7) and therefore there exist d1,d2 € Ry 4
such that B(x g (20,01) € B(x,q) (z,72) and Bx a) (¥0,02) € B(x,q) (y,7y). Summarizing, there exist
61,02 € Ry such that B(x q) (70,01) X B(x,q) (y0,02) € O. Finally, B(x,q) (z0,01) X B(x.a) (40,02) is a
Txxx open set because, from Proposition 115, B(x qy (z0,61) X B(x,q) (¥0,02) € Bxxx and part I in the
characterization of basis, presented in Proposition 107, page 36, Bxxx C M (X, d). [

Lemma 117 Given a metric space (X,d), then for any (z,y), (xo,y0) € X X X,
|d(z,y) — d(z0,y0)| < d(z,20) + d(y,y0)
Proof. Observe that using the triangle inequality twice, we have
d(z,y) < d(z,x0) + d(x0,y) < d(z,20) + d(0,Y0) + d (Y0, y)

and then
d(z,y) — d(zo,y0) < d(z,z0) + d(Y0,y) - (7.31)

With a completely symmetric argument, interchanging = with x¢ and y with yg, we get

d(l‘o,yo) - d(a:,y) < d(x()vx) + d(yayo)v
and
d(l’,y) - d(xoay()) > = (d (ffo,x) + d(yayO)) : (732)

From(7.31), (7.32) and the fact that for any a,b e R, —b < a < b < |a| < b, we get the desired result.
[

Proposition 118 Given a metric space (X,d), then d : X x X — R is (boz-topology, Fuclidean topology on
R) continuous.

Proof. We want to show that for any (zo,y0) € X x X, for any ¢ € R there exist a box topology open
neighborhood O, 4,y of (2o, o) such that if (z,y) € O(zq,y0), then |d (x,y) — d (20,%0)| < €.

From Proposition 116, there exist 1,02 € Ry 1 such that Bx gy (20,61) X B(x,q4) (0, 02) is a Tx xx open
neighborhood of (20, 40) and therefore Bx 4y (x0,61) X B(x,q) (¥0,02) € O.

Therefore, it suffices to show that for any (zg,y0) € X x X, for any ¢ € R, there exist 1,02 € Ry for
any = € B(x ay (z0,01) and y € B(x q) (Yo, 02) we have |d (z,y) — d (o0, y0)| < €, or that

for any (x,y0) € X x X, for any ¢ € Ry |
there exist 01,02 € Ry such if d(x,20) < 61 and d (y, yo) < d2,
then |d($,y) - d(x07y0)| <e.

Choose 01 = d2 = 5. Then,

Lemma 117 £
ld(z,y) —d(zo,50)l = d(z,20) +d(y,50) < 5+

| ™

as desired. [ ]
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Proposition 119 Let f € C3((0,1),R) and let Oy be any compact-open open neighborhood of f. Then there
exists § > 0 such that for any o € (—9,9),

(1+a)f € Oy.

Proof. Since continuity implies sequential continuity and from Step 1. in Proposition 111 the sequence
((1 + %) f ) nen converges uniformly on compact sets to f, we have

ngr}rlocd<(1+i)f—f) —d(f,f) =0,

i.e., Ve >0 3N, € N such that Vn > N, |d((1+ 1) f — f)| <e. By the convergence with respect to the
compact-open topology in C3((0,1),R), we have also

. 1 / r\ 1 l "_ ) — lim l me e\ _
i a () o) = () 7o) = o ( () o) =0

and hence (1+ 1) f € B(f,e) C Oy, as desired.
Hence, following the same argument of Proposition 111, we can find § > 0 such that for every « € (0,4) we
have (1+«) f € B(f,e) C Oy.

Considering the sequence ((1 — %) f)n eN\(1} and following the same argument as done above, we can
show that there exists § > 0 such that for every o € (—9,+0), then (1 + «)f € Oy, as desired. ]

Open neighborhood system approach

As an application of the results presented in the Section 7.3.2, we get what follows.

Proposition 120 Let f € C3((0,1),R) and let Oy be any open neighborhood of f. Then there exists § > 0
such that for all o € (—0,9),
(14+a)feOy.

Proof. Since Oy is open and contains f, then there exists a compact subset K of (0,1) and ¢ > 0 such
that V (f, K,e) C Oy. Then it is enough to show that there exists § > 0 such that if |a| < §, then

1+a)feV(f K,e).
Let M = [|f|l5 jc- The condition (1 + ) f € V (f, K, &) means that

max |
reK

(1+a) f(z) = f(2)| + max| (1 + a) f'(z) = f'(2)| + max| (1 + ) f*(2) = f*(2)] + max]| (1 + ) f"(z) = [ (2)]
~fo] (x| ()] + mag | )]+ mag 1 ()] + ol 0)])
— o M <,

If M =0, we are done. Otherwise, define

Thus, for any « € R such that |a| < §, we obtain
11l = I M < 57M <
0 = | — 5
3,K M ’
as desired. -

Definition 121 Fized h € H, consider up, € U and oy, = (O‘Z)cec € REJF and define u,, as

Uqy, © Th — up(xp) + Z ag, log zf,. (7.33)
ceC
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Proposition 122 For any u, € U and for any (compact-open topology) open neighborhood N, of up, there
exists e, € Ry, such that for any oy, € R$+ N Bge (0,er), we have that up + la, € Ny,

Proof. From Proposition 565 in Villanacci (2026), - see Section 7.3.2 cut and pasted here from those
Topology Notes - there exists a compact set K C R£+ and € € Ry such that up, € V (up, K,e) C Ny, .
Recall that

V (up, K,¢€) := {g ec? ( R$+,R> s llg — Uh||3,K < e},
where
171l ac = max | (2)] + max | DF ()| + max || D2 () | + max | D7 (2)
for any f € C3 ( REJF,R)
Observe that for any K compact of R++7 ap € R$+, there exists L® € R, such that
¢y

C
1Van = wnllg e = [ o, - log(a5) |, <
’ . )
C C
< maxgex Z _y o, - |log <xz>| + E;’f V(S8 - [ Ditog (a5)]) < (7.34)
<a*- c 1|10g ‘H a*- L 7

where (1) follows from the triangle inequality and the fact that i, € RS, (2) from o* := max{a§ : c =1, ...,

R, 4, and (3) from the fact that since K is compact and ZS:1 llog (2§ )| can be used to defined a C? function
: RY, — R; observe also that L¥ € R;. (Observe that if K = {1} C R®, then L* = 0.)

If LK =0, then for any oy, € RY,, we have that Uy, € V (up, K, ¢).

Assume now that L > 0. Take aj, >> 0 and such that a;, < st - 1o. Then, max{af, : c=1,..,C} <

st ‘= €n. Then, for any aj € (ORC’, STR lc} C R%_, we have
(7.34) € €
[Ua), —unllz < (max{aj:c=1,...,C}) LK < J[F Lx = 5 <e
Since RS, N Bge (0,e5) € (Oge,en - 1¢],2 we have that for any ap € RS, N B e (0,ep), un + la, €
V (up, K,e) C N,,, as desired (we did use Condition 1 to insure that uj + s, €U ). |

7.4 Borderline situations are rare

The motivation of this section is what follows. In general equilibrium analysis, we often want to prove that
0 is a regular value for a smooth function F' and some of the component functions of F' do include a min
function - say as a consequence of the fact that F' involves Karush-Kuhn-Tucker conditions. An obvious
immediate problem is that the min function is not even differentiable when both the constraint and the
multiplier are equal to zero, which can be called a “borderline” cases. We therefore show that borderline
cases occur in a closed and measure zero subset D* of the economy space.

We need the following definition and results whose proofs are presented in Villanacci and others (2002).

Theorem 123 (Theorem 26, page 151) Let M, Q and N be C' manifolds of dimensions m, p and n,
respectively. Let f: M x Q — N be a C! function.

If y is a reqular value for f, then there exists a full measure subset Q* of Q such that for any w € Q*, y
is a regular value for f,, (where, f, : M — N, x — f(x,w)).

If dim M < dim N, then for any w € Q*, f1 (y) = @.

Definition 124 Let (X,d) and (Y,d’) be metric spaces, and let f : X =Y be continuous. We say that f is
proper if for any compact subset K of Y, we have that f~! (K) is compact.

Proposition 125 (Theorem 19, page 90) Let (X,d) and (Y,d') be metric spaces, and let f : X — Y be
continuous. If f is proper, then f is closed.

20Observe that

1.z e R$+ N Bgc (0,e) & l.a. £ >> 0, and 1.b. ||z|| < e., and

2.z € (Ogc,e-1c] C RC & for any ¢ € {1,...,C}, 0 < z¢ < ¢.

We are going to show that -2 = —1.

-2 < 3¢’ € {1,...,C} such that z¢ ¢ (0,e). If z¢ < 0, then we contradict 1.a.; therefore, z >> 0. Now, if z¢ > e, we have
|l]|? = chzl ()% > €2 and then ||z|| > &, contradicting 1.b.

C} e



80 CHAPTER 7. APPENDIX

7.4.1 The case of one min function

Let the following objects be given. A nonempty open set = C R"™, a nonempty open set Q@ C R* | a C
function ¢ : 2 x R x Q — R, (£, \,w) = ¢ (&, \,w), a C! function g : 2 x Q@ — R, (§,w) — g (& w).

Define the functions

1

FiZxRxQ—R"™,  (£\w)— ( r‘fﬁ(ﬁ’{i’f;)(éw)} ) , (7.35)

(& w)
FO:Z2xRxQ— R"2 (§,A,w)H(g(§,W) )
A

Assumption 1. (existence) For any w € 0, (F,)”" (0) # @.

Assumption 2. (properness) pr: F~1(0) — Q, (z,\,w) — w is proper.
Assumption 3. 0 is a regular valued for FY.

Proposition 126 Defined
0 = {w €N :V(E,N) e (F,) ' (0), either (A\>0 and g (€,w) =0 ) or { g(&,w) >0 and A = 0) },
if Assumption 1 and 2 hold, then Q* is open; if Assumption 1 and 8 hold, then Q* is full measure.

Proof. Observe that
O =
={weQ:V(w)eE
={weN:V({A) € E xR such that F ({,\,w) =0, either A # 0 or g (§,w) # 0} := B,

—

I

where (1) follows from what said below.

Q* C B: obvious: a > b= a #b.
B C O we want to show that if F({,\,w) = 0 and either A\ # 0 or g({,w) # 0, then either

(A>0and g(&§,w)=0) or { g(§w)>0and A =0). Indeed, if F (£, A\,w) = 0, then min{g (§,w),A} =0
and

min{g ({,w),A} =0 = [ g¢g(w)>0and A\=0,o0r |
| g w)=0and A>0,or |
dA=
| g(&w)=0andA=0 | = ggg:igiggﬁw>8"” (7.36)
|
]

| and

A#0org(§w)#0 [ A#Oorg(§w) #0

Openness (a topological argument).
Define

C={6,\w) EEXRxQ: F(,N\w)=0,A=0and g(£,w) =0} C F1(0).

Observe that since C C (F)~'(0), then pr(C) is well defined. Moreover, C' is closed and then, from
Assumption 2, pr (C) is closed. Observe that

—
—

pr(C) := {w eN:3 (E,X,w) € C such that pr (E,X,w) = w} =
} =

= {wEQ: E(E,X) € = x R such thatF(Z,X,w) :O,X:Oandg(g,w) :O},

Q

={we:3(A) € ExRsuch that (£ w) €

where (1) follows from the fact that pr (E, A, w) = w. Then the following set is open:

Q\pr (C)={weN:V (£ A) € 2 x Reither F(§,\,w) #0or A#0 or g(§,w) # 0}.

ExRs. th. F (€A w)=0,either (A\>0and g(§,w)=0) or {(g({w)>0and A=0)}

@
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We are left with showing that
Q\pr (C) = Q7,

which is done below.
Recall that

O ={weN:V( N €ZE xR such that F (&, \,w) =0, either A # 0 or g (§,w) # 0} =
={weQ: V(AN €eEEXR, F(,\,w)=0 = either A # 0 or g (£, w) # 0}

O\pr (C) CQ*:

We want to show that if w € Q\pr (C), then for any (£, A) € Z x R such that F (&, A\,w) = 0, either A # 0
or g (§,w) #0.

Since w € Q \ pr(C), if F (£, \,w) =0, then either A # 0 or g (§,w) # 0, as desired.

O C Q\pr (C):

Take w € 2*. Observe that

A EEXR = [ F(§Aw) #0,

| or

| FENw) =0 “SY either A 0 or g (£,w) £0

Then, for any (z,\) € X x R™, either F (z,\,w) # 0 or A # 0 or g (x,w) # 0, as desired.
The desired result also follows from what said below.

Assume

p(§Aw) = (F({Aw) #0),

q(%&w) = (either A £ 0 or g (§,w) #0).

Define

Npr(C)={we:V ({,AN) eEXR™, p(E,\w) V ¢(§A\w)}

g* ={we:V (&N eEXR™, (p(E \w) = ¢ \w)}
bserve

((p) = ad=((Cp)Va)=pVae.

(7.37)

Full measure (differential topology argument).
We want to apply Theorem 123, with the following identifications

M QN m pln fMxQ—N
FO.ZxRx O — R 2
A, w)
ExXR|[Q[R™2 | n41|k|n+2 (6
A
Assumptions:
Theorem: Our case:
fiscC! By assumption
y is a regular value for f | Assumption 3 with y =0
m=dimM <dimN=n | n+1<n+2
Conclusion:
Theorem: Our case:

3 full measure set Q* s. th. Vw € Q*, 7! (y) = @; | 3 full measure set T's. th. Vw € T, (Fg)fl (0) =o.

w

Then we can conclude that

-1

T .= {weQ: (FO) (0):@}:{weQ;V(g,A)eaxR, FO (¢, M\ w) # 0}
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has full measure. We are left with showing that 7' = Q* or T = (Q*)C Recall that
= {w €N :V(E,N) e (F,) " (0), either (A >0and g(&,w)=0 ) or {g(&w)>0and A =0) }

() = {weQ:I(EN) € ExRsuch that F(£,\,w) =0, A =0, g(&w) =0} PLF

_f weQ:3(&N) € ExRsuch that ¢ (§,w) =0, min{\, g(&w)} =0, B
Sl ~(A>0and g(§,w)=0 ),~ (g(§,w)>0and A =0) B
={weN:3(N) € ExRsuch that ¢ (§,w) =0, A =0, g(§,w) =0}.

where the last equality follows from the fact that

min {\ g (§,w)} = or (g(&w)>0and XA=0)

either (A >0 and g (§,w)=0 )
0 <:>< >
or { g(&w)=0and X =0)

TC = {weQ:3(€,)) € E x R such that FO (£, \,w) = 0} Pe=F

={w e Q:3(§AN) € E xR such that p (§,\,w) =0, A\ =0, g(§,w) =0}

7.4.2 The case of several min functions

Let the following objects be given. A nonempty open set = C R"™, a nonempty open set Q@ C R* | a C!
function ¢ : E x R™ x Q@ — R", (£, \,w) = ¢ (£, \,w), a C! function g: E x @ — R™, (£, w) = g (&,w).
Define M :={1,...,m},

e om tm P (&AW :
F:ExXR" xQ— R ’ (f,)\,w)'_) ((min{)‘jagj(faw)})jeM >,

P (M) =
{ (MO, MO {5}) € (P (M))?:j € M and

{M*+O, M°*} is a generalized partition, i.e., a partition with possible empty elements of M\ {j} }

The 40 subscript means that multiplier is strictly positive and associated constraint is zero and similarly
for the subscript 0+. Observe that defined m*® = #M*° and m®* = #M=F, we have m°*t, m*0 ¢
{0,1....,m — 1} and m®" + m™® = m — 1. Then, for any (M*°, M°* {j}) € P (M),

— 0+, +0 o
F(M+D,M0+,{j}) EXR™ x Q — R x R™ ™ +2_m+1’

@ (& A w)
(gr (&, W))keMJro
(57/\’0‘)) = ()‘l)leMO+
g;j (67 w)
Aj
Assumption 1. (existence) For any w € 0, (F,)”" (0) # @.
Assumption 2. (properness) pr: F~1(0) — II, (£, \,w) — w is proper.
Assumption 3. For any (M*°, M {j}) € P (M), 0 is a regular value for F{p+o po+ (5})-

Proposition 127 Define
O = {w €NV (EN € (F) " (0),Y) € M, either (\; >0 and g; (€,w) =0 ) or { g; (&,w) >0 and \; = O>} ,

if Assumption 1 and 2 hold, then Q* is open; if Assumption 1 and 8 hold, then Q* is full measure.
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Remark 128 Assumption 8 says that in the analysis of the borderline cases, it is sufficient to consider only
one borderline case at the time.

Proof. of Proposition 127.
Openness.
Observe that using the same argument presented in the proof of Proposition 126, we have that

Q* = {w eN:V(EN) € (Fw)_1 (0),¥j € M, either A\; # 0 or g; (§,w) # O} =

={weQ:V(, ) € ExR™such that F (§,\,w) =0, Vj € M, either \; # 0 or g; ({,w) # 0}
Define
C={ENw) EEXR™ xQ: F(¢\w)=0and 35 € M such that \; = 0 and g; (£,w) =0} C F~1(0).

Observe that since C C F~1(0), then pr(C) is well defined. Moreover, C' is closed and then, from
Assumption 2, pr (C) is closed. Indeed,

pr(C) :={weQ:3({\w) € C such that @ =pr ({,\,@) =w} =
={weQ: I(,A) € Z x R™ such that F ({,\,w) =0 and 3j € M such that \; =0 and g; ({,w) = 0}.
Then the following set is open:
MNpr (C) ={weQ:V (§,\) € 2 xR™ either F (£, \,w) # 0 or for any j € M, either A\; # 0 or g; (§,w) # 0}
We are left with showing that

Q\pr (C) = 7,

which is done below.3
Recall that

={weQ:Y () € ExR™such that F (§,\,w) =0, Vj € M, either \; # 0 or g; ({,w) # 0}
={weQ: V(N EEXR™, F(§,\,w)=0 = Vj € M, either A\; #0 or g; (§,w) # 0}

Q\pr (C) CQ*:

We want to show that if w € Q\pr (C), then for any (£,A) € = x R™ such that F'({, \,w) = 0, either
A#£0or g(&w) #0.

Since w € Q \ pr (C), if F(§,\,w) =0, then either A # 0 or g (§,w) # 0, as desired.

O C Q\pr (C) :

Take w € Q*. Observe that

(ENESXRT = [ F(E\w) £0,
| or

| F(A\w)=0 wegr Vj € M, either A £ 0 or g(§,w) #0

Then, for any (£, \) € E x R™, either F'(§,\,w) # 0 or Vj € M, either A # 0 or g (§,w) # 0, as desired.
The desired result also follows from what said in (7.37), with

q (&, A\ w) = (either \; #0 or g; (§,w) # 0, Vj € M).

Full measure.
We want to apply Theorem 123, with the following identifications

M Q| N m p|n f:MxQ—N
ExR™ [ Q| RetmH n+m | k| n++m+1 F(M+0,M0+,{j}) 2 X R x Q — R" x RM+1

3The proof is almost identical to the proof of the previous proposition.
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Assumptions:
Theorem: Our case:
fisCt By assumption
y is a regular value for f | Assumption 3 with y =0
m=dimM <dimN=n|n+m<n+m+1
Conclusion:
Theorem: Our case:

3 full measure set T(ps+0 a0+ (53) 8. th.

3 full measure set Q* s. th. Vw € Q*, f71 (y) = &; -1

Yw € T(M+0,M0+7{j})7 (FMJrO,MOﬂ{j} | w) (O) = .

Then,
—1
Tiar+o, po+ g4y i= {w e (FM+0’A{0+${]'} ‘ w) (0) = @} =

={weQ:V(§N) €EXR™, Fyrro o+ 53 | w(é A w) #0}
has full measure. It is enough to show that N(ar+o a0+ (ipepar)Tiar+o,mo+ (53 € Q*. Indeed, we are

going to show
#\C “
Q") C Um+0, Mo+ {j})eP(M) (T(JVI+“7MO+a{j}))

Defined
—1
Z(]V[*“,M”*,{j}) = Q \ T(M+0,M0+,{j}) = {w c Q N (FM+0,1VIO+,{j} | w) (O) 75 @} =

= {w €N:3(& ) € E x R™ such that Fupvo o+ 5y | w (& \w) = 0} ,

we want to show .
(€27)7 S Ugnr+o, Mo+, (51 e P Z(a+0 Mo+ (5}) -

Indeed,
Q)¢ = {w €N:3(E,N) e (F,) ' (0) 3j € M such that Aj =0and g; (§,w) = O} Def. F
3(¢,\) €ExR™, 3 (1\70+, MO, ]\/4\00) € P (M),3j € M such that
e (& Aw)=0
)\k =0 . I
f ke MOt *
weN: gk(f,w)>0) ' (g)
A >0 . o
fle Mt
g (57“):0 ) '
/\j/:() o T
f g4 e MO
gj’(fvw)zo ) =
3(6,\) €ExR™, 3 (1\7% MO, J\YOO) € P (M), such that
90(57)‘3(")) =0 e
A =0 if k e MOt
w e g1 (&w)=0 ifle M+ =
gjr (§w) =0 if j' € M\ {5}
(w0 )
gi (§,w) =0

3(6,)\) €EExR™, 3 (z\70+, MO, 1\700) e P (M) such that

P (€A w) =0 N
Ap =0 if ke MOt

weN: 1 =
g (Ew) =0 ifle MU (MOO\{j}>

(wied=o)
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J(E,N) €ExR™ 3 (1\70+,z\7+0 U (1\700\ {j}) ,{j}) € P(M) such that
=JdweN: =

(Ffwﬂﬁwu(m%{j}),{j})_1 0) 42

3 (304, 3740 U (M™\ {3}) . {4}) € P (8)

_Jluecq. 3(&A) € ExRMsuch that

<Fyo+ﬁ+°u(ﬁ°°\{j})7{j}) - 0) 42

= {w €eQ:3 <M0+,M+0 U (Moo\ {j}) 7{3'}) € P(M) such that w € Z(J\?otﬂwu(ﬁw\{j}),{j})}

= Un+0, M0+, {;}) € P(M) Z(M+0, MO+ {5})5

as desired.
Observe that inclusion (x) follows from the fact the set after that symbol is obtained from the set before
it just eliminating some conditions to be satisfied. [

7.5 On openness and density

Lemma 129 Let X and Y be topological spaces. If for any x € X, there exists a dense subset D, CY such
that for any y € D, a property p(z,y) holds, then there exists a dense subset D of X x Y, defined as

D={(z,y) € X xY :y€ Dy},
such that for any (z,y) € D, the property p(z,y) holds.
Proof. It is a direct consequence of the two propositions below. [

Proposition 130 Let X and Y be topological spaces. Suppose that for every x € X there exists a dense
subset D, CY. Define
D={(z,y) e XxY :yeD,}.

Then D is dense in X x Y.

Proof. Let W C X X Y be a nonempty open set. In the product topology, there exist nonempty open
sets U C X and V C Y such that
UxV CW.

Choose any zo € U. Since Dy, is dense in Y, we have
VND, #@.

Let yo € VN Dg,. Then
(xo,90) €U XV CW.

Moreover, yo € Dy, hence (zg,yo) € D. Therefore,
WnNnD #g@.
Since every nonempty open subset of X x Y intersects D, the set D is dense in X X Y. [

Proposition 131 Let X and Y be topological spaces. Suppose that for every x € X there exists a subset
D, CY such that for any y € D,, the property p(x,y) holds. Then, for any

(,y) € D:={(x,y) e X xY :ye D,},

we have that p(x,y) holds.
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Proof. By assumption, for every € X there exists a subset D, C Y such that y € D, = p(z,y).
Now take any (z,y) € D. By the definition of D, we have y € D,.

Applying the given assumption for this z, it follows that p(z,y) holds.

Therefore, every (z,y) € D satisfies p(x,y). |

Proposition 132 If:
1. F:ExXE =R, (£&) — F(£,€) is a continuous function,
2. the natural projection function pr : ﬁfl(O) — E is proper,
3. the function g : 2 x E — R is continuous,

then the set
0= {5 e E: for any (€,€) € F1(0), g(£,€) > o}

is E-open.
Proof. Define the sets
A={(g.€) e F(0): g(¢.€) > 0},
Bi= F1(0)\ A={(68) € F'(0): g(,8) <0}

where B is a F ~1(0)-closed set because g is continuous.
Then pr(B) is E-closed because pr is proper, and therefore

E\ pr(B)

is E-open.
To get the desired result, we have to show that O = E \ pr(B), as verified below. Observe that:

pr(B) = {S cE: El(g, g) € B such that pr(g, E) = 5} def_pr

EGE:H(g,g)EBsuchthatgzg}:
EEeE:3(EE) eB} def. B
EEE:3EE) e {(5,5) e FH0) : g(¢, ) go}} -

E€E: 3 €E) € F~1(0) such that g(€,6) < 0}

Il
et Wentn Wanten Wanten'

and then N _ N
E\ pr(B) = {5 EE:V(EE) e FL(0), ¢(E,&) > o} .

Proposition 133 Let g(¢,€) and p be a generic constraint function and its associated multiplier, respec-
tively. Suppose that for any (£,€) € F~1(0),

9(&, &) >0, p >0, min{g(§, ), u} = 0.

Then the following sets are open:

O, = {5 e E: for any (£,€) € F1(0), g(£,€) >0 and p = o} :

Oy = {5 e E: for any (§,€) € ]3*1(0), 9(&,€) =0 and u > 0}.
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Proof. Define N
Avi={(€.€) € F71(0) 1 g(6,€) > 0 and = 0},
By = {(575) e F710): — (g(£,€) > 0 and pu = o>} .
Observe that (£, €) € F~1(0) implies that min{g(¢, ), u} = 0. Moreover,

< min{g({, €),u} =0 >
A —
~{g(£,€) > 0 and p = 0)

<e1therg§€)>0and,u—0

org(&,€)=0and x>0 >
org(§,€)=0and p=0 >

g(&,€) >0 and p=0)

e1therg£€ =0and p >0,
org(§,€)=0and u =10

= <
< ) = GleE)=0md 20,
Summarizing, if (€,€) € F~1(0), then

—{g(&,€) >0and p=0) < (g(§,E)=0and p>0). (7.38)

Then,
By = {(5,5) € F1(0) : g(£,€) = 0 and p > 0}
and Bj is a closed subset of F ~1(0). Then we can follow the standard proof. Since the projection pr is

proper, then pr(Bj) is closed and E \ pr(Bj) is open, see Proposition 132.
We want to show that Oy = E \ pr(Bj), which is done below.

pr(B;) = {5 e E:3(£,E) € F(0) such that g(£,€) =0 and p > 0}7

and
E\pr(By) = {€ € E:V(EE) € F(0), ~{g(£,€) =0and i > 0)}
(739 {5 EE:V(E E) e FY(0), g(€,6) >0 and = 0} el 01 ).
The proof for O, is perfectly symmetric. [

7.6 Michal-Bastiani differentiability and Glockner’s Theorem

We refer to Schmeding (2022) for further details and results concerning Michal-Bastiani differentiability and
Glockner’s theorem.

Michal-Bastiani differentiability and differentiability

We recall the definition of Michal-Bastiani differentiability for functions defined on open subsets of R™.

Definition 134 Let E and W be two locally convex and topological real vector spaces.
A function f: V — W defined on' V. C E an open subset of E, is said to be Michal-Bastiani differentiable

if:
1. fec®(V,W);

2. the function

is well defined, i.e., the limit always exists and it is component-wise finite;
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8. dyrf is continuous.

If f: V — W is Michal-Bastiani differentiable, then we set f € Ci, (V,W).
We also need to define C! function in the case in which the domain is not necessarily an open set.

Definition 135 Given a function f: X C E — R"™, v +— f(v), where X is not necessarily open, we say
that

1. f € CO(X,R™) if f is continuous on X ;

2. f € Cy (X,R") if for any vo € X there exists an E open neighborhood N (vo) and a function
f N (vg) = R™ such that

1. for anyv € N (vo) N X, g(v) = f (v);
2. feCi; (N (v),R").

Remark 136 Given an open subset O of R™, an open subset V' of a topological vector space E and a function
f:OxV =R (z,v) — f(z,v), with standard notation, we define

foranyv eV, fo:= fro; : O =R, z+— f, (x) = f(z,v).
If f, € CL (O CR™ R™), then from basic analysis, for any xo € O, there exists a linear function
d(fo)y : R" = R" ur— d(f'U)mo (u)
such that

f(zo + tw,v) — f (zo,v)
: )

Vi € R", d(fu),, () = [Da () (w0)] - w = (£)' (w05 w) := lim

From basic analysis, d (f,) is an invertible linear function if and only if the Jacobian [D, (fy) (zo)] is an
invertible matriz.

Proposition 137 Let an open subset A of R™ and a continuous function f : A —— R™ be given. Then, the
following statements are equivalent:

1. fisCl;

2. dp f is continuous, i.e., f is Cis;

3. f is differentiable and [’ is continuous.

Proposition 138 Let an R™ open set O and an E open set V be given. If f : OxV — R™ is Michal-Bastiani
differentiable then for any v € V, f, € C* (O C R™ R").

Proof. Since f and djsf are continuous by assumption, then from Proposition 220 in my Notes on
Topology, for any v € V', we have that f, and das (f,) are continuous, i.e., f, is Michal-Bastiani differentiable.
Then the desired result follows from Proposition 137. [

The implicit function theorem by Gléckner

Theorem 139 Given an open subset O of R™, an open subset V of a topological vector space E and a
function f: O xV =R, (z,v) — f(x,v), assume that

1. feCl (O xV,R") and

there exists (xo,v9) € O XV such that

2. f(zo,v0) =0, and

3. d(fug)y, : R" = R™ is invertible,

then®

there exist an open neighborhood O (x9) C O C R™ of xg, and open neighborhood V (vg) CV C E of vy
and a function ¢ : V (vo) = O (xg) such that

1. ¢ €CH(V (vo),R");

2. C(V (v0)) € O (z0);

3. ¢ (vo) = wo;

4 {(5,v) € O (w0) X V (1) : f (,v) = 0} = graph ¢ = {(z,0) € O (o) x V" (vn) : # = € (v)}.

4Indeed, the standard conclusion of the finite dimensional version of the Implicit Function Theorem holds true.
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Remark 140 We emphasize that the general version of the implicit function theorem presented above is
essential for our analysis, rather than the classical version (see, for instance, Lang, 1983, p. 131, or Coleman,
2012, p. 166). This is because one of the factors in the Cartesian product constituting the domain of the
equilibrium function is the space of three times continuously differentiable utility functions endowed with
the C® compact-open topology. Since this topology is not induced by a norm, the classical implicit function
theorem is not applicable in our setting. By contrast, the space of utility functions equipped with the C3
compact-open topology is a topological vector space, so Glockner’s implicit function theorem applies and
provides the appropriate framework for our analysis.
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